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Overview

Lattice gauge equivariant convolutional Learning fixed-point actions
neural networks (L-CNNSs)
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Open source: https://gitlab.com/openpixi/lge-cnn
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QCD on the lattice

Lattice Gauge Theory allows for precision ) Machine learning approaches:

determination of non-perturbative -

guantities in quantum chromodynamics - Normalizing flow

(QCD). Kanwar, Albergo, Boyda, Cranmer, Hackett,
Racaniére, Rezende, Shanahan (2020), ...

Calculate hadron masses, decay

- Continuous normalizing flow
Gerdes, de Haan, Bondesan, Cheng (2024)

constants, thermodynamic quantities at
finite temperature (QCD phase transition),

topological properties, or glueball spectra. - Diffusion models

Zhu, Aarts, Wang, Zhou, Wang (2024)
Solve Feynman path integral numerically \L : . .
using Monte Carlo methods o \J - Fixed point ?ctlon
& ' Holland, Al, Miller, Wenger (2024)
Gauge transformation: < V
Rotation in internal color space T A
at each space-time point gluon quark

Image from Bi et al. EPJ Web Conf. 245 (2020) 09008

Wilson action for gluons: Gauge transformation of link variables:
SwlU] = g% Z Z n1— B o] Uﬂ(n) — UL(”) = {2(n) Up,(n) 2(n+ /fL)]L
rxEAN pu<v
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Quantum field theory on a lattice

Partition function for SU(N.) gauge theory

2N

C

2

a with gauge coupling // =
8

Expectation values of observables can be calculated as

for a characteristic length scale f
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Renormalization group transformation

& i
Critical slowing down, NS S £ .. Large lattice
topological freezing x artifacts
] \
z;) 7 (lh'
RGT RGT RGT RGT

/
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Introduce a (real space) renormalization group transformation (RGT)

The fixed point is the saddle point
exp {_ﬁfAf[V]} — [QUexp {—ﬂ AU+ T|U, V])} inr;['hi classbicafl Iimgg — 0,
which can be found by a
Blocking kernel minimization condition.

The effective action //’A’| V| is described

P. Hasenfratz, F. Niedermayer,
Nucl.Phys.B 414 (1994) 785

by infinitely many couplings {c, |
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Blocking kernel

TU,V] = - % 2, {ReTr (V,U(XB) - Q;i'(x3>) =.JE }

C
Xp:H

. .
- /
.
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Sﬂsmeared[U] — S(Zé ZS +Sd +Shd - -

'pl

e o e + + ...
B Xp+ U ‘ 1

Choice of blocking kernel determines how couplings are
modified across scales.
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Renormalization group transformation and Fixed point action

o Renormalization group flow in
(szﬂlt'il‘gile Ela = oo infinite-dimensional coupling space.

Renormalized trajectory
(RT) at weak coupling
RT close to FP action.

FP action _ _ .
Fixed point (FP) action

keeps values of critical
couplings for finite
values of gauge coupling
B =2N./ g?
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Fixed point action using older parametrizations

Static quark-antiquark potential Extraction of string tension o
6— 2 ] 71 L L
J & ~
* - +
}// - 120 .
gf 2~ ");/ ] o
-~ o B=3.400 ot
S T f”’p a p=3150 ] - -
0l A B=2.927 | 115 R
o p=2.860 C
- x  p=2.680 o
o * B=2.361 C O Wilson action
2tm - Lo B FP action
] i
AT T R IR R qqol
0 1 2 3 4 5 6 000 010 020 030 040
r/ro (a/r0)2

fit to V(T)z%—%%—ar

Niedermayer, Rifenacht, Wenger, Nucl.Phys.B 597 (2001) 413, hep-lat/0007007
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Symmetries on the lattice

Translationql symmetry Rotation, mirror symmetry Lattice gauge symmetry
- Convolutional neural networks —. Group equivariant CNNs ~. Lattice gauge equivariant CNNs
(CNNs) (G-CNNs) (L-CNNs)
T _1H Global
/// :E ’; . pooling v/
Input /?7/ & Dense
Convolutions/pooling network : _
(stride = 1) v/ rm = mr?
Bulusu, Favoni, Al, Muller, Schuh, Cohen, Welling, ICML 2016 Favoni, Al, Miller, Schuh,

Phys.Rev.Lett. 128 (2022) 032003

Phys. Rev. D 104 (2021) 074504
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L-CNN data

Combine lattice links U

and locally transforming objects W

tuple (U, W)

U = (Wpey SU(N.) matrices
W = {WT@} with Wa;@ = (ENCXNC

Gauge transformation
IoUs = Qwa,#QlﬂL
TQWa:,i = QxWx,szy

Machine-Learned Fixed-Point Actions

n{u

(_,.»"ﬂ(_n + 0) n+ g+ v

e

U,(n) |

L

O | LI}U(T? + ll)

H_T

U,(n) T_H + [

from: Gattringer, Lang (2010)

Gauge equivariant (gauge covariant) function

f(Tol, ToW)

= TofUW)

Gauge invariant function

f(Told, ToW)

Andreas Ipp
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Lattice gauge equivariant layers

Convolution (L-Conv) Bilinear layer (L-Bilin) Trace layer
£ |
o= AT e g 1 1A Pe
> / / / / // /
-l ( / / | 1] e rd /f"' 4/ v /
/.{_‘:____745 -~ /// / / /r'/ / ,/ ; N~ /,/ /
| ZE /'/ rq A1 1 J (9= // of /"/ r
1] t// 11 1A AT T 11 1 1 11 )l L7
LT 2P 9= 11 > d9%d
//J// 1 // [ 1 e § // // rrg // 1% //
14 11 147 174 - - |
il 9%l PPl bl sl ndp%d
’/// //// ”//
Convolution wish shared weights and proper parallel Multiply W at each lattice point Generate gauge invariant output
transport along coordinate axes
/ 1" g .
UW) = (UW) UW) x UWV) — U,W") Wi = Tr Wy € C
r_ T "o 2 : /
Ik g,k

Ol = oiiaf = gl e AR R RE
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Generic L-CNN

Plaq, Poly (Z/{? W)

U
gauge links

(input)

L-Conv:
* convolution of parallel-transported W objects
* parallel transport only along coordinate axes

L-Bilin:
* bilinear layer, product of locally transforming objects

L-Act:
* activation functions multiply W objects by scalar,
gauge-invariant functions

L-Exp:
* update link variables using exponential map

Machine-Learned Fixed-Point Actions

predictions
(output)

gauge inv. output

Favoni, Al, Muller, Schuh,
Phys.Rev.Lett. 128 (2022) 032003

Trace:
* calculate gauge invariant trace

Plaq:
* generate all possible plaquettes

Poly:
* generate all possible Polyakov loops
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Fixed point action using L-CNNs

Parametrize action model in particular way:

AFCNN (] 3 AP (V] S (N, V] - N (1)
:C/V n=0 '\

Prefactor controls continuum behavior L-CNN

Loss function combines action values and its derivatives £ = w1 L1 + waLo
chg

1
El: L4Nng"AFP[ ] AL CNN[‘/;”’
e =1
cfg
FP L-CNN 2
L2= 32L4Nf ZZTr [(DoulVil = D VY

Technical remark: derivatives of L-CNNs are obtained through backpropagation
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relative action error [%)]

derivative error

Scan through various architectures

& =) g I = Supervised learning
3.00 1 3.00 3.00 - from coarse
configurations and
2.00 2.00 + u 2.00 Corresponding
oo oo oo minimized action
' ' - I ' e I values on fine
% = — Ll | E E i i
0.00 , , , : L I v ... Y ] . ... il .. configurations.
1 2 3 4 4 8 12 16 24 28 32 60 64 80 96 1 2 3 4 5 6 7
0.25 1 =3 0.25 1% o 0.25 1™ Also use derivatives
_ Q of fixed point action
0.20 0.20 - 2 0.20 - for learning.
0.15 0.15 - 0.15 -
2
0.10 0.10 = 0.10
) I I I 1 I 1 I ) 1 I 1 I ) 1 1 I ) 1 I ) 1
1 2 3 4 4 8 12 16 24 28 32 60 64 80 96 1 2 3 4 5 6 74 Holland, Al, Miiller, Wenger
number of layers > channels > kernel size Phys.Rev.D 110 (2024) 7, 074502

Train 130 models of various sizes for 4* lattice, SU(3) gauge group, and Bwi € [5,10].
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Learning the fixed point action with L-CNNs

| L-CNN
9 10.00 E ITIc-4
o : . . APE444
2 ] e %y & S APEA431
S jo0q AR K g TR g b
S ; >
R 3 x| 3%
2 ' E
= 0.10 3 T e
< 3
< ]
®
0.01 | T 1 1 1 T T 1073 | T T 1 T T T
50 6.0 7.0 80 10.0 12.0 15.0 20.0 50 6.0 7.0 8.0 10.0 12.0 15.0 20.0
L-CNN superior to older parametrizations But
of FP action. L-CNN: Holland, Al, Miiller, Wenger, Phys.Rev.D 110 (2024) 7, 074502
Best model: L-CNN with APE444, APE431: Niedermayer, Rifenacht, Wenger (2000)
3 |ayers with 12, 24, 24 channels Type llla, llib, llic: Blatter, Niedermayer (1996)
and kernel size 2, 2, 1. Quadratic, Type I, Il: DeGrand, Hasenfratz, Blatter, Niedermayer (1995)
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Properties of the learned FP action

Locality measurement

1004 N X p=v

\st( O u#v

1071 < exp (—3.137)

%

10-2 4 X

(1)/poo(0)

103
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Puv

10~4

1075 —

10—6

0 1 2 3 4

distance |r|/a

Couplings of learned fixed point actions
decrease exponentially with separation.
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relative action error (%]

0.30

Rotation and reflection error

©

)

o
1

020 =

0.15 -

0.10 ~

0.05

0.00 ~

—@— pred. error
A rotations

¥ reflections

Bwil
Learned symmetry errors are smaller than
or comparable to prediction errors.

Holland, Al, Miller, Wenger,
Phys.Rev.D 110 (2024) 7, 074502
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Hybrid Monte Carlo

2
D gk Rl - sample momenta p
H(p.U) =5 + AU) i op T - integrate egs. of motion (leapfrog, Omelyan)
d 9H oA correct for H non-conservation
add momentum p @w _ _dit oA
i oUu  ou @ lep(-AH)) =1
1.10
| Leapfrog
= Omelyan 4th [x 100]
1.05 -
—~ 6 -
3 P
I 1.00 7 5
& ERh
0.95 A
2 -
0.90 T T I I 0 ol Mmﬂmul s
0 500 1000 1500 i —0.5 0.0 0.5 1.0
trajectory index AH
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Gradient flow

Gradient flow (GF) in the continuum:

dA,
dtﬂ =D,G,,  with A, (t)
G,m/ — a,u,AV - ayA,u, + [A,Lu AV}
0.5
0.4 -
0 e e e e e e R e e
;LT_J/ g /
= @3-
0.1 7
0.0 1 1 I I
0 1 2 3 4

b a2
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Holland, Al, Miller, Wenger
arXiv:2502.03315

Observable: Scale definitions:
1 2 o
B = GGy, B t=to.5 = 0.3
d
2 2 o
Liischer JHEP 08 (2010) 071 t @ (t <E>) |t:w§.3 =0.3
0.5
0.4 -
PEEE e e e e e P et e e
o 021
<
T0.14
0.0 -
_0.1 1 1 1
0 1 ) 3 4
t/a?
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HMC + Gradient Flow with learned fixed point action

Hybrid Monte Carlo (HMC) with
learned fixed point (FP) action.

Gradient flow (GF) with
learned FP action.

(GF with FP action is
classically perfect!)

GF scale definitions:
(E) 1=y, = 0.3
d

t = (1(E)) le—uz,, = 03

Holland, Al, Muller, Wenger,
Phys.Rev.D 110 (2024) 7, 074502

Machine-Learned Fixed-Point Actions

alfm]
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©
m 0.95 1 = Y

0.90 A1

T FP

M Wilson (plaquette)

P Wilson (clover) =
0.85 7 Symanzik (plaquette)

Symanzik (clover) =

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9
a’ltos
Holland, Al, Muller, Wenger,

arXiv:2504.15870
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Comparison of various continuum predictions

1
I ® -
B(g? =15.79) 1 o
(x1/50) |
-
to.s/to.3 1 e —
4 FP |
i Wilson (plaquette) : L :
toaltos H4  Wilson (clover) —e o
Symanzik (plaquette) 1 . . )
Symanzik (clover) B | Fixed point (FP) action
to /W2 « — T | shows very good
o ! consistency with best
1 .
i —— results fror_n Wilson or
to.a/ W5 4 ] o | Symanzik improved
1 . .
: lattice actions for 4D
1
4 t |
t0.3/W%_3 7 —s— I: = 1 SU(S)
|
_I8 _I6 _I4 _-2 0 2 4 Holland, Al, Muller, Wenger,
Deviation from average (x1073) arXiv:2504.15870
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Summary

- L-CNNs achieve higher accuracy than previous hand-crafted parametrizations
- Fixed-point (FP) actions define a classically perfect gradient flow
- FP actions reduces lattice artifacts in gradient-flow observables

Outlook:
- Measure various quantities (critical temperature, glueballs)
on the lattice using the FP action

- Construct quantum perfect actions

L-Bilin

Open source: https://gitlab.com/openpixi/lge-cnn
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