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Many thanks to Massimiliano, Roberto, Leandro, Daniel,
Prasanna, Giancarlo, German for this Symposium. 

The subject of this talk is Stefano's work on high-energy 
limit in QCD and small-x physics: 

       - Factorization theorem and resummation 

       - Exclusive evolution equation (CCFM equation)   
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KEY IDEAS

Resummation
    recast the high-s (multi-Regge) problem as an infnite tower of 

      logarithmic terms to be summed to all orders in perturbation theory 

Matching 
     what is the role of sub-asymptotic terms – look for methods to 

        uniformly include fnite orders, to be matched on to resummation  

Soft-Gluon Coherence 
     what do multiple soft-gluon emission and exchange look like

        in the high-energy limit – how does this infuence QCD evolution      
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Resummation of high-energy logarithmic
corrections to heavy favor production

Ex.: heavy flavor leptoproduction for  

           where the gluon distribution is given by   

,

Catani, Ciafaloni, H [1990, 1991]
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Resummation of high energy logarithms (cont'd)

asymptotic 
resummation 
effect 

● Investigated at HERA / LHC

● Will be relevant for HL-LHC / FCC 
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Mapping on to short-distance factorization:
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Hard-scattering coeffcient functions 
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QCD favor-singlet evolution

Catani, H [1993, 1994]

k = 2: reobtained by full 3-loop calculation 
              [Moch, Vermaseren, Vogt: 2004]        

k = 3: ongoing 4-loop calculations [2022 - 2025] 
          Moch et al; Falcioni et al; Gehrmann et al        
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Current efforts toward N3LO accurate
phenomenology

McGowan, Cridge, 
Harland-Lang, Thorne
[EPJC83 (2023) 185, 
arXiv:2207.04739]

N3LO PDFs

4-loop approximations 
constructed from x → 0 
(and x → 1) asymptotics
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Sub-asymptotic Effects: Matching
Resummation and Finite Orders

 Catani, Ciafaloni, H [1992] 

Devise procedure for subtractive
matching at next-to-leading order. 

Insight from energy-momentum 
conservation (going from N = 0 to 

N = 1 moment).  

C_match

C_1-loop

C_match

C_1-loop

(1-x)/x

(1-x)/x
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Applications of matching and
high-energy resummation:

quarkonium production

D Boer et al., Physics case 
for quarkonium studies at 
the Electron Ion Collider,
arXiv:2409.03691  
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Soft-gluon coherence
The CCFM approach: what does soft-gluon coherence look like in
                                     the high-energy (multi-Regge) kinematics

● Eikonal insertion currents: 

● Color coherence effect:

Catani, Fiorani, Marchesini [1990]
Ciafaloni [1988]
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CCFM: coherence in the high-energy limit

Longitudinal momenta exchanged
along the initial-state decay chain
become small: x << 1
Internal emissions non-negligible
Yet, current is factorizable at high
energy!  

> J depends on transverse momentum transmitted down the chain
                 → TMD (or unintegrated) matrix elements and 
                                     parton density functions
                                                                        (→ see present-day “TMDs”) 
  
            > virtual corrections imply, besides Sudakov form factors, 
                              modified branching probabilities
                                                                             (→ “parton-shower” MC)   
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Exclusive evolution equation

● Returns the Balitski-Fadin-Kuraev-Lipatov (BFKL) anomalous dimension  
                                    in the inclusive limit for x → 0

● Incorporates angular ordering and soft-gluon radiation with leading logarithmic
                    accuracy to all orders in the strong coupling for x → 1 

Ciafaloni 
Catani-Fiorani-Marchesini
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Evolution codes and Monte Carlo event
generators based on CCFM equation         

SMALLX (Marchesini and Webber 1991, 1992) 

CASCADE (Jung and Salam 2001; Jung et al. 2010; Baranov et al. 2021) 

LDCMC (Gustafson, Lonnblad and Miu, 2002; Lonnblad and Sjodahl, 2005) 

uPDFevolv (Jung, Taheri-Monfared and H, 2014; Jung et al., 2024) 

DIPSY (Gustafson, Lonnblad et al. 2011, 2015)    

PB TMD: an evolution equation developing from CCFM but with full 
                                    collinear-emission kernels. 
●   Like CCFM, it is based on TMD densities and angular ordering. 
●   Unlike CCFM, it does not include BFKL corrections.
   However, these may be restored via TMD splittings.   

Jung, Lelek, Radescu, Zlebcik, H: JHEP 01 (2018) 070
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PB TMD: an evolution equation developing from CCFM
                                  Jung, Lelek, Radescu, Zlebcik, H: JHEP 01 (2018) 070   

where

,

● solvable 
by iterative 
MC technique
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Integrated PB-TMD with angular ordering:

● after integration over kT, shown to
     coincide with “CMW” result for 
           coherent branching   

[Catani-Marchesini-Webber, 

Nucl. Phys. B349 (1991) 635]  

 Keersmaekers, Lelek, van Kampen & H, 
      Nucl. Phys. B949  (2019) 114795 
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Extension of branching algorithm
to TMD splitting functions

Hentschinski et al., Phys. Lett. B 833 (2022) 137276  [arXiv:2205.15873]

● TMD splitting probabilities now computed for all flavor channels

formulates new TMD branching 
including off-shell (TMD) splitting 
functions defined from high-energy 
(Regge) limit of partonic decay
amplitudes

relevant for future developments 
at the highest energy frontier, where 
small-x phase space opens up and 
high-energy resummations are
called for 

Catani, H [1994]
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Extension of branching algorithm
to TMD splitting functions

Momentum sum rule check 
(for 3 diferent boundary conditions 
on the strong coupling and the 
soft-gluon resolution scale) 

Modifed Sudakov form factor from
angular-averaged TMD splittings 

Azimuthal correlations from 
full TMD splitting functions     

Hentschinski et al., Phys. Lett. B 833 (2022) 137276  [arXiv:2205.15873]
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Z-BOSON TRANSVERSE MOMENTUM

with TMD multi-jet merging 

without TMD merging 

[Bermudez Martinez, Mangano & H , PLB 822 (2021) 136700 [arXiv:2107.01224]]
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An application of PB TMD evolution equation to
jet event shapes at the LHC

A. Bermudez Martinez, M. Mangano, M. van Kampen, H: in progress 

slide by 
M. van Kampen

Discussion 
with Stefano, 
autumn 2022
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              Thanks for your 
                   attention 
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             Thank you Stefano, 
 
               for the physics 

            and the good times 
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