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Part I: Introduction to 

Higher-Form Symmetries

3



Ordinary Symmetries

Q(Md�1) =

Z

Md�1

dd�1xJµ(x)n̂µ

<latexit sha1_base64="+ymlTUHeZdWumMRAkkkUC4OkbRo="></latexit>

Ug = ei↵Q(Md�1) g = ei↵

<latexit sha1_base64="+FAy7fhUaSYVqEHpW4/+GoeG4uc="></latexit>

Let’s start with a suggestive way of describing a familiar thing:

For a symmetry G with conserved current , integrate the time component over all space to get the charge Q.

(Think of space as a codimension-1 manifold that splits the spacetime into two pieces)

Jμ

Express G transformations by constructing a unitary operator out of Q:
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Ordinary Symmetries

Q(Md�1) =

Z

Md�1

dd�1xJµ(x)n̂µ

<latexit sha1_base64="+ymlTUHeZdWumMRAkkkUC4OkbRo="></latexit>

Ug = ei↵Q(Md�1) g = ei↵

<latexit sha1_base64="+FAy7fhUaSYVqEHpW4/+GoeG4uc="></latexit>

Let’s start with a suggestive way of describing a familiar thing:

For a symmetry G with conserved current , integrate the time component over all space to get the charge Q.

(Think of space as a codimension-1 manifold that splits the spacetime into two pieces)

Jμ

Express G transformations by constructing a unitary operator out of Q:

Jµ = i('@µ'† � '†@µ')

<latexit sha1_base64="lBoVtptH0VKJdNv+7sJSaNiRWz4=">AAACOnicbVDLSgMxFM3UV62vqks3wSLUhWVGKroRim7EVQv2AZ223EnTNjTzIMkUytDvcuNXuHPhxoUibv0AM+0s7ONA4OSce29yjxNwJpVpvhmptfWNza30dmZnd2//IHt4VJN+KAitEp/7ouGApJx5tKqY4rQRCAquw2ndGd7Hfn1EhWS+96TGAW250PdYjxFQWupkK49t2w3xLWY4b49ABAOG7QCEYsCnTiK27S708cX8dVXheSebMwvmFHiZWAnJoQTlTvbV7vokdKmnCAcpm5YZqFYUjyacTjJ2KGkAZAh92tTUA5fKVjRdfYLPtNLFPV/o4yk8Vf93ROBKOXYdXemCGshFLxZXec1Q9W5aEfOCUFGPzB7qhRwrH8c54i4TlCg+1gSIYPqvmAxAAFE67YwOwVpceZnULgtWsXBVKeZKd0kcaXSCTlEeWegaldADKqMqIugZvaNP9GW8GB/Gt/EzK00ZSc8xmoPx+wdKrq01</latexit>

The unitary                    tells us that the field transforms as           U✓ = ei✓Q

<latexit sha1_base64="UijwaKDiYfmb9Jzj73UKN+g8o1w=">AAACBHicbVC7SgNBFJ2Nrxhfq5ZpBoNgFXZF0UYI2lgmYB6QrGF2cpMMmX0wc1cISwobf8XGQhFbP8LOv3GSbKGJBy6cOede5t7jx1JodJxvK7eyura+kd8sbG3v7O7Z+wcNHSWKQ51HMlItn2mQIoQ6CpTQihWwwJfQ9Ec3U7/5AEqLKLzDcQxewAah6AvO0Ehdu1jvph0cArIJvaJwnwo6f9LapGuXnLIzA10mbkZKJEO1a391ehFPAgiRS6Z123Vi9FKmUHAJk0In0RAzPmIDaBsasgC0l86OmNBjo/RoP1KmQqQz9fdEygKtx4FvOgOGQ73oTcX/vHaC/UsvFWGcIIR8/lE/kRQjOk2E9oQCjnJsCONKmF0pHzLFOJrcCiYEd/HkZdI4Lbtn5fPaWalyncWRJ0VyRE6ISy5IhdySKqkTTh7JM3klb9aT9WK9Wx/z1pyVzRySP7A+fwC6HZeD</latexit>

'(x) ! U✓'(x)U
�1
✓ = ei✓'(x)

<latexit sha1_base64="9TcoPt1pMkLM3Pu4wKejgvsHlOo="></latexit>

U✓'(x) = [R(✓) · '(x)]U✓

<latexit sha1_base64="neJmBqmrG/aflm+E0yJEWMUYHN0=">AAACJHicbVDJSgNBFOyJW4zbqEcvjUFILmFGIgoiBL14jGIWyAyhp6eTNOlZ6H4TDEM+xou/4sWDCx68+C12FkETCxqKqle8fuXFgiuwrE8js7S8srqWXc9tbG5t75i7e3UVJZKyGo1EJJseUUzwkNWAg2DNWDISeII1vP7V2G8MmFQ8Cu9gGDM3IN2QdzgloKW2eV5rO9BjQLAzIDLu8cJ9EV/g1m1hKhexQ/0Ifrku/om0zbxVsibAi8SekTyaodo23xw/oknAQqCCKNWyrRjclEjgVLBRzkkUiwntky5raRqSgCk3nRw5wkda8XEnkvqFgCfq70RKAqWGgacnAwI9Ne+Nxf+8VgKdMzflYZwAC+l0UScRGCI8bgz7XDIKYqgJoZLrv2LaI5JQ0L3mdAn2/MmLpH5cssulk5tyvnI5qyOLDtAhKiAbnaIKukZVVEMUPaAn9IJejUfj2Xg3PqajGWOW2Ud/YHx9A3Nco3s=</latexit>

E.g. a 4d complex scalar  with a U(1) symmetryφ

or equivalently

Q ⇠
Z

d3xJ0

<latexit sha1_base64="R5DeyLhQvhOwSepjb/c9idUZl5s=">AAACAXicbVDLSgMxFM34rPU16kZwEyyCCykzWtFl0Y24asE+oDMtmUymDU0yQ5IRS6kbf8WNC0Xc+hfu/BvTdhbaeuDC4Zx7ufeeIGFUacf5thYWl5ZXVnNr+fWNza1te2e3ruJUYlLDMYtlM0CKMCpITVPNSDORBPGAkUbQvx77jXsiFY3FnR4kxOeoK2hEMdJG6tj7VegpyqFHhYZh+ww+QO8E3radjl1wis4EcJ64GSmADJWO/eWFMU45ERozpFTLdRLtD5HUFDMyynupIgnCfdQlLUMF4kT5w8kHI3hklBBGsTRlDpmovyeGiCs14IHp5Ej31Kw3Fv/zWqmOLv0hFUmqicDTRVHKoI7hOA4YUkmwZgNDEJbU3ApxD0mEtQktb0JwZ1+eJ/XTolsqnldLhfJVFkcOHIBDcAxccAHK4AZUQA1g8AiewSt4s56sF+vd+pi2LljZzB74A+vzBzLIlM0=</latexit>

'(x, t)

<latexit sha1_base64="kii9vWCS7trlcmrfd4YlgTriSTc=">AAAB83icbVBNSwMxEM3Wr1q/qh69BItQQcquVPRY9OKxgv2A7lKyabYNzWZDMlsspX/DiwdFvPpnvPlvTNs9aOuDgcd7M8zMC5XgBlz328mtrW9sbuW3Czu7e/sHxcOjpklSTVmDJiLR7ZAYJrhkDeAgWFtpRuJQsFY4vJv5rRHThifyEcaKBTHpSx5xSsBKvj8iWg14+ekCzrvFkltx58CrxMtICWWod4tffi+hacwkUEGM6XiugmBCNHAq2LTgp4YpQoekzzqWShIzE0zmN0/xmVV6OEq0LQl4rv6emJDYmHEc2s6YwMAsezPxP6+TQnQTTLhUKTBJF4uiVGBI8CwA3OOaURBjSwjV3N6K6YBoQsHGVLAheMsvr5LmZcWrVq4eqqXabRZHHp2gU1RGHrpGNXSP6qiBKFLoGb2iNyd1Xpx352PRmnOymWP0B87nD2tJkUk=</latexit>

t

<latexit sha1_base64="UxXCAGDTaUNCc8ZkLJcN6TsViGQ=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsN+3azSbsToQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IJHCoOt+O4W19Y3NreJ2aWd3b/+gfHjUNnGqGW+xWMa6E1DDpVC8hQIl7ySa0yiQ/CEY3878hyeujYjVPU4S7kd0qEQoGEUrNbFfrrhVdw6ySrycVCBHo1/+6g1ilkZcIZPUmK7nJuhnVKNgkk9LvdTwhLIxHfKupYpG3PjZ/NApObPKgISxtqWQzNXfExmNjJlEge2MKI7MsjcT//O6KYbXfiZUkiJXbLEoTCXBmMy+JgOhOUM5sYQyLeythI2opgxtNiUbgrf88ippX1S9WvWyWavUb/I4inACp3AOHlxBHe6gAS1gwOEZXuHNeXRenHfnY9FacPKZY/gD5/MH4sGNAA==</latexit>

U✓(t
0)

<latexit sha1_base64="pJq3Y+oATh3wwMCfpGDRK4uYZdY=">AAAB83icbVDLTgJBEJzFF+IL9ehlIjHihewajB6JXjxi4gIJuyGzQy9MmH1kpteEEH7DiweN8erPePNvHGAPClbSSaWqO91dQSqFRtv+tgpr6xubW8Xt0s7u3v5B+fCopZNMcXB5IhPVCZgGKWJwUaCETqqARYGEdjC6m/ntJ1BaJPEjjlPwIzaIRSg4QyN5bs/DISCr4vlFr1yxa/YcdJU4OamQHM1e+cvrJzyLIEYumdZdx07RnzCFgkuYlrxMQ8r4iA2ga2jMItD+ZH7zlJ4ZpU/DRJmKkc7V3xMTFmk9jgLTGTEc6mVvJv7ndTMMb/yJiNMMIeaLRWEmKSZ0FgDtCwUc5dgQxpUwt1I+ZIpxNDGVTAjO8surpHVZc+q1q4d6pXGbx1EkJ+SUVIlDrkmD3JMmcQknKXkmr+TNyqwX6936WLQWrHzmmPyB9fkDDamRDA==</latexit>
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• Obey the group multiplication law


• Are topological, i.e. invt under smooth deformations


• Induce symmetry transformations on charged operators 

Ordinary Symmetries
Ug(⌃d�1) = exp


i↵

Z

⌃
dd�1xJµ(x)n̂µ

�

<latexit sha1_base64="14P5hObsXS8GiTwK0gwygvcMqUc="></latexit>

Ug1(⌃) · Ug2(⌃) = Ug1g2(⌃)

<latexit sha1_base64="+Gb1BzAEDFlQBayFAnk3on9C6ec=">AAACJXicbZDLSsNAFIYnXmu9RV26GSxC3ZSkVHShUHTjsqJpC00Ik8mkHTq5MDMRSujLuPFV3LiwiODKV3GaBrStPwz8fOcczpzfSxgV0jC+tJXVtfWNzdJWeXtnd29fPzhsizjlmFg4ZjHvekgQRiNiSSoZ6SacoNBjpOMNb6f1zhPhgsbRoxwlxAlRP6IBxUgq5OpXlpv1XXNctR9oP0Rn0MZ+LGFO67/0ekZMOEddvWLUjFxw2ZiFqYBCLVef2H6M05BEEjMkRM80EulkiEuKGRmX7VSQBOEh6pOeshEKiXCy/MoxPFXEh0HM1YskzOnfiQyFQoxCT3WGSA7EYm0K/6v1UhlcOhmNklSSCM8WBSmDMobTyKBPOcGSjZRBmFP1V4gHiCMsVbBlFYK5ePKyaddrZqN2ft+oNG+KOErgGJyAKjDBBWiCO9ACFsDgGbyCdzDRXrQ37UP7nLWuaMXMEZiT9v0Dhreiyg==</latexit>

Ug(⌃) · Ug�1(⌃0) = I ! Ug�1(⌃0) ⇠= Ug�1(⌃)

<latexit sha1_base64="C6X90Sl1rVkoC1stuGceTMgI1Q4="></latexit>

Ug(⌃)OR(x) = R(g) · OR(x)Ug(⌃
0)

<latexit sha1_base64="WGsi2qNbQ/Y1iSZCN6aCgvcfkac=">AAACMHicbVDLSsNAFJ3UV62vqEs3g0VsNyWRim6EogvdWauphaaEyXSaDp08mJmIJfST3PgpulFQxK1f4aQNqK0HBg7n3MPce9yIUSEN41XLzc0vLC7llwsrq2vrG/rmVlOEMcfEwiELectFgjAaEEtSyUgr4gT5LiO37uAs9W/vCBc0DG7kMCIdH3kB7VGMpJIc/dxyvJJ9TT0flaHtI9nHiCWXI6dRui/DE9goeUrH3VDOuj/R/bKjF42KMQacJWZGiiBD3dGf7G6IY58EEjMkRNs0ItlJEJcUMzIq2LEgEcID5JG2ogHyiegk44NHcE8pXdgLuXqBhGP1dyJBvhBD31WT6dJi2kvF/7x2LHvHnYQGUSxJgCcf9WIGZQjT9mCXcoIlGyqCMKdqV4j7iCMsVccFVYI5ffIsaR5UzGrl8KparJ1mdeTBDtgFJWCCI1ADF6AOLIDBA3gGb+Bde9RetA/tczKa07LMNvgD7esb3ISnDQ==</latexit>

Now generalize by defining the “unitary” on an arbitrary 
(d-1)-dim manifold (“symmetry defect operator,” SDO)

SDOs for conserved global symmetry currents obey nice properties:

⌃

<latexit sha1_base64="EsRMwNhhMPc+9WAgz+1lJ8u/Tus=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzQOSJcxOZpMx81hmZoWw5B+8eFDEq//jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WE9WGKflgxwkNBR5IFjOCrZOa3Xs2ELhXrvhVfwa0TIKcVCBHvVf+6vYVSQWVlnBsTCfwExtmWFtGOJ2UuqmhCSYjPKAdRyUW1ITZ7NoJOnFKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauOrMGMySS2VZL4oTjmyCk1fR32mKbF87AgmmrlbERlijYl1AZVcCMHiy8ukeVYNzqsXd+eV2nUeRxGO4BhOIYBLqMEt1KEBBB7hGV7hzVPei/fufcxbC14+cwh/4H3+AG33jws=</latexit>

⌃0

<latexit sha1_base64="ZpjOemo4NN9PjfrV3vi8DC1z6LI=">AAAB7nicbVDLSgNBEOz1GeMr6tHLYBA9hV2J6DHoxWNE84BkCbOT2WTIPJaZWSEs+QgvHhTx6vd482+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kmt7gMbCHzWK5X9ij8DWiZBTsqQo94rfXX7iqSCSks4NqYT+IkNM6wtI5xOit3U0ASTER7QjqMSC2rCbHbuBJ06pY9ipV1Ji2bq74kMC2PGInKdAtuhWfSm4n9eJ7XxdZgxmaSWSjJfFKccWYWmv6M+05RYPnYEE83crYgMscbEuoSKLoRg8eVl0ryoBNXK5X21XLvJ4yjAMZzAOQRwBTW4gzo0gMAInuEV3rzEe/HevY9564qXzxzBH3ifP9BOjzw=</latexit>

b⌃

<latexit sha1_base64="GWo8O6ZW2SGJa9xcIwZO7go50R8=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoiih6LXjxWtB/QhLLZbNqlu0nY3Sg19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbZVWVtfWN8qbla3tnd2qvbffVkkmCW2RhCeyG2BFOYtpSzPNaTeVFIuA004wup76nQcqFUviez1OqS/wIGYRI1gbqW9XvUcW0iHWyLtjA4H7ds2pOzOgZeIWpAYFmn37ywsTkgkaa8KxUj3XSbWfY6kZ4XRS8TJFU0xGeEB7hsZYUOXns8Mn6NgoIYoSaSrWaKb+nsixUGosAtMpsB6qRW8q/uf1Mh1d+jmL00zTmMwXRRlHOkHTFFDIJCWajw3BRDJzKyJDLDHRJquKCcFdfHmZtE/r7ln9/Pas1rgq4ijDIRzBCbhwAQ24gSa0gEAGz/AKb9aT9WK9Wx/z1pJVzBzAH1ifP3Yckvg=</latexit>
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Ug(⌃d�1)Ug�1(⌃0
d�1) = exp


i↵

Z

b⌃
@µJ

µ(x) ddx

�

<latexit sha1_base64="kbHS5em4culijj1I4lGxBvIDGCE="></latexit>



Higher-form symmetries
“Define” the symmetry of a QFT by the collection of SDOs and their relations.


[Gaiotto, Kapustin, Seiberg, Willett ’14]: use the same prescription to define generalized 
symmetries with (p+1)-index conserved currents acting on p-dimensional charged objects. 


SDOs are defined on codimension-(p+1) surfaces Σ(d−p−1)

Jµ1···µp+1

<latexit sha1_base64="1lSHnvFsA/yu/pt81CQE2p1wxWY=">AAACA3icbVDLSsNAFJ34rPUVdaebwSIIQkmkosuiG3FVwT6giWEymbRDJ5kwMxFKCLjxV9y4UMStP+HOv3HSZqGtBy6cOede5t7jJ4xKZVnfxsLi0vLKamWtur6xubVt7ux2JE8FJm3MGRc9H0nCaEzaiipGeokgKPIZ6fqjq8LvPhAhKY/v1DghboQGMQ0pRkpLnrl/c585UerZ0MEBVxIWjyw5sfPcM2tW3ZoAzhO7JDVQouWZX07AcRqRWGGGpOzbVqLcDAlFMSN51UklSRAeoQHpaxqjiEg3m9yQwyOtBDDkQles4ET9PZGhSMpx5OvOCKmhnPUK8T+vn6rwws1onKSKxHj6UZgyqDgsAoEBFQQrNtYEYUH1rhAPkUBY6diqOgR79uR50jmt24362W2j1rws46iAA3AIjoENzkETXIMWaAMMHsEzeAVvxpPxYrwbH9PWBaOc2QN/YHz+ADFolz8=</latexit>

@µ1J
hµ1···µp+1i = 0

<latexit sha1_base64="zWwnvIcEgSmGWOcnTHeQk2E8e3s="></latexit>

dJd�p�1 = 0

<latexit sha1_base64="cD2Hqziu8gzgoVmmO39Wcm3Ul24=">AAAB+HicbVDLSsNAFL3xWeujUZduBovgpiWRim6EohtxVcE+oA1hMpm0QyeTMDMRauiXuHGhiFs/xZ1/4/Sx0NYDFw7n3Mu99wQpZ0o7zre1srq2vrFZ2Cpu7+zulez9g5ZKMklokyQ8kZ0AK8qZoE3NNKedVFIcB5y2g+HNxG8/UqlYIh70KKVejPuCRYxgbSTfLoXozs/DSlpxx+gKOb5ddqrOFGiZuHNShjkavv3VCxOSxVRowrFSXddJtZdjqRnhdFzsZYqmmAxxn3YNFTimysunh4/RiVFCFCXSlNBoqv6eyHGs1CgOTGeM9UAtehPxP6+b6ejSy5lIM00FmS2KMo50giYpoJBJSjQfGYKJZOZWRAZYYqJNVkUTgrv48jJpnVXdWvX8vlauX8/jKMARHMMpuHABdbiFBjSBQAbP8Apv1pP1Yr1bH7PWFWs+cwh/YH3+ACr/kXo=</latexit>

@µJ
µ1···µp+1

p+1 = 0

<latexit sha1_base64="kgL3wZR6iyDbIzj6Tj7DDi14HQA=">AAACG3icbVBNS8NAEN3Ur1q/oh69LBZBEEpSKnoRil7EUwX7AU0Mm822XbrJht2NUEL+hxf/ihcPingSPPhv3LQ5aOuDZd6+mWFmnh8zKpVlfRulpeWV1bXyemVjc2t7x9zd60ieCEzamDMuej6ShNGItBVVjPRiQVDoM9L1x1d5vvtAhKQ8ulOTmLghGkZ0QDFSWvLMOnRiJBRFzHPCBN7cpzp4NnRwwJWE+SeNT+wsmwV4AS3PrFo1awq4SOyCVEGBlmd+OgHHSUgihRmSsm9bsXLTfCxmJKs4iSQxwmM0JH1NIxQS6abT2zJ4pJUADrjQL1Jwqv7uSFEo5ST0dWWI1EjO53Lxv1w/UYNzN6VRnCgS4dmgQcKg4jA3CgZUEKzYRBOEBdW7QjxCAmGl7axoE+z5kxdJp16zG7XT20a1eVnYUQYH4BAcAxucgSa4Bi3QBhg8gmfwCt6MJ+PFeDc+ZqUlo+jZB39gfP0AC3egJQ==</latexit>

Ug(⌃d�p�1) = ei↵
R
⌃ Jd�p�1

<latexit sha1_base64="pQdIX/Io+fOA6mIrXZsFuASSa9E=">AAACInicbVDLSgMxFM3UV62vqks3wSLURcuMVNSFUHQjriraVujU4U6atqGZzJBkhDL0W9z4K25cKOpK8GNMH4K2HggczjmXm3v8iDOlbfvTSs3NLywupZczK6tr6xvZza2aCmNJaJWEPJS3PijKmaBVzTSnt5GkEPic1v3e+dCv31OpWChudD+izQA6grUZAW0kL3tS9Tp595p1AvCSViEqOIN9fIrpXcKwCzzqAnaZ0N44gvHlT2rgZXN20R4BzxJnQnJogoqXfXdbIYkDKjThoFTDsSPdTEBqRjgdZNxY0QhIDzq0YaiAgKpmMjpxgPeM0sLtUJonNB6pvycSCJTqB75JBqC7atobiv95jVi3j5sJE1GsqSDjRe2YYx3iYV+4xSQlmvcNASKZ+SsmXZBAtGk1Y0pwpk+eJbWDolMqHl6VcuWzSR1ptIN2UR456AiV0QWqoCoi6AE9oRf0aj1az9ab9TGOpqzJzDb6A+vrGx1wojI=</latexit>

At this point differential forms are essentially obligatory. Conserved (p+1)-index 
current is co-closed, so convenient to define SDO via closed dual (d-p-1)-form 

(Ensures SDOs always have well-defined linking with charged objects. Note that 
local operators are charged only for ordinary p=0-form symmetries.)
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Higher-form symmetries
For example: p=1-form symmetry in d=3.


Conserved 2-form current, charged objects are 1-
dimensional (line operators), SDOs defined on circles.

7



Higher-form symmetries
For example: p=1-form symmetry in d=3.


Conserved 2-form current, charged objects are 1-
dimensional (line operators), SDOs defined on circles.

p-form global symmetries necessarily abelian for p>0:
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Examples in d=4

Jµ⌫(x) / Fµ⌫(x)

<latexit sha1_base64="byRuK9czmCmNhFpnyu8SOFlsnL8=">AAACDnicbVDLSgMxFM34rPU16tJNsBTqpsxIRZdFQcRVBfuAzlgyaaYNzWRCkhHL0C9w46+4caGIW9fu/BvTdha29UDgcM693JwTCEaVdpwfa2l5ZXVtPbeR39za3tm19/YbKk4kJnUcs1i2AqQIo5zUNdWMtIQkKAoYaQaDy7HffCBS0Zjf6aEgfoR6nIYUI22kjl28uU+9KIEeT0alx2PoCRkLHcOrGbljF5yyMwFcJG5GCiBDrWN/e90YJxHhGjOkVNt1hPZTJDXFjIzyXqKIQHiAeqRtKEcRUX46iTOCRaN0YRhL87iGE/XvRooipYZRYCYjpPtq3huL/3ntRIfnfkq5SDTheHooTBg0ecfdwC6VBGs2NARhSc1fIe4jibA2DeZNCe585EXSOCm7lfLpbaVQvcjqyIFDcARKwAVnoAquQQ3UAQZP4AW8gXfr2Xq1PqzP6eiSle0cgBlYX7/2G5tt</latexit>

@µJ
µ⌫(x) = 0

<latexit sha1_base64="tGCKEWhWdvGVJJwpaWdSY4JjXak=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahbkoiFd0IRTfiqoJ9QBPDZDpph04mYWYiltClG3/FjQtF3PoJ7vwbJ20W2npgmMM593LvPX7MqFSW9W0UFhaXlleKq6W19Y3NLXN7pyWjRGDSxBGLRMdHkjDKSVNRxUgnFgSFPiNtf3iZ+e17IiSN+K0axcQNUZ/TgGKktOSZ+06MhKKIeU6YwOu7NPscnowrD0fwHFqeWbaq1gRwntg5KYMcDc/8cnoRTkLCFWZIyq5txcpNsyGYkXHJSSSJER6iPulqylFIpJtODhnDQ630YBAJ/biCE/V3R4pCKUehrytDpAZy1svE/7xuooIzN6U8ThTheDooSBhUEcxSgT0qCFZspAnCgupdIR4ggbDS2ZV0CPbsyfOkdVy1a9WTm1q5fpHHUQR74ABUgA1OQR1cgQZoAgwewTN4BW/Gk/FivBsf09KCkffsgj8wPn8A9UaYog==</latexit>

Wq(�) = eiq
R
� A

<latexit sha1_base64="0hsT9YAQ5IP/qFVlLDjXNI8gMTs=">AAACDHicbVDLSgMxFM3UV62vqks3wSLUTZmRim6EqhuXFewDOuOQSTNtaJKZJhmhDP0AN/6KGxeKuPUD3Pk3pu0stPVA4HDOudzcE8SMKm3b31ZuaXlldS2/XtjY3NreKe7uNVWUSEwaOGKRbAdIEUYFaWiqGWnHkiAeMNIKBtcTv/VApKKRuNOjmHgc9QQNKUbaSH6x1PKHZbeHOEfH8AKS+5TCIXSp0P5MhZdjk7Ir9hRwkTgZKYEMdb/45XYjnHAiNGZIqY5jx9pLkdQUMzIuuIkiMcID1CMdQwXiRHnp9JgxPDJKF4aRNE9oOFV/T6SIKzXigUlypPtq3puI/3mdRIfnXkpFnGgi8GxRmDCoIzhpBnapJFizkSEIS2r+CnEfSYS16a9gSnDmT14kzZOKU62c3lZLtausjjw4AIegDBxwBmrgBtRBA2DwCJ7BK3iznqwX6936mEVzVjazD/7A+vwBdlGaAA==</latexit>

J̃µ⌫(x) / F̃µ⌫(x)

<latexit sha1_base64="L+MZO2d96KI6dGQul4X5eCbHcaw=">AAACHHicbVDLSgMxFM34rPU16tJNsAh1U2a0osuiIOKqgn1AZyyZTNqGJpkhyYhl6Ie48VfcuFDEjQvBvzFtZ2FbDwQO59zLzTlBzKjSjvNjLSwuLa+s5tby6xubW9v2zm5dRYnEpIYjFslmgBRhVJCappqRZiwJ4gEjjaB/OfIbD0QqGok7PYiJz1FX0A7FSBupbZ94mrKQwJv71OMJ9EQyLD4eQS+WUawjmLlXU27bLjglZww4T9yMFECGatv+8sIIJ5wIjRlSquU6sfZTJDXFjAzzXqJIjHAfdUnLUIE4UX46DjeEh0YJYSeS5gkNx+rfjRRxpQY8MJMc6Z6a9Ubif14r0Z1zP6UiTjQReHKokzBoYo+agiGVBGs2MARhSc1fIe4hibA2feZNCe5s5HlSPy655dLpbblQucjqyIF9cACKwAVnoAKuQRXUAAZP4AW8gXfr2Xq1PqzPyeiCle3sgSlY37+fGKEV</latexit>

@µJ̃
µ⌫(x) = 0

<latexit sha1_base64="FEUXTwMRPCGUnmKUIACqoHfEmkQ=">AAACD3icbVC7TsMwFHXKq5RXgJHFogKVpUpQESxIFSyIqUj0ITUhcly3teo4ke0gqqh/wMKvsDCAECsrG3+Dk2aAliNZOvece3V9jx8xKpVlfRuFhcWl5ZXiamltfWNzy9zeackwFpg0cchC0fGRJIxy0lRUMdKJBEGBz0jbH12mfvueCElDfqvGEXEDNOC0TzFSWvLMQydCQlHEPCeIoaMo6xF4fZdkFY8nlYcjeA4tzyxbVSsDnCd2TsogR8Mzv5xeiOOAcIUZkrJrW5Fyk3QXZmRScmJJIoRHaEC6mnIUEOkm2T0TeKCVHuyHQj+uYKb+nkhQIOU48HVngNRQznqp+J/XjVX/zE0oj2JFOJ4u6scMqhCm4cAeFQQrNtYEYUH1XyEeIoGw0hGWdAj27MnzpHVctWvVk5tauX6Rx1EEe2AfVIANTkEdXIEGaAIMHsEzeAVvxpPxYrwbH9PWgpHP7II/MD5/ADNim3Y=</latexit>

a ⇠ a+ 2⇡f

<latexit sha1_base64="BuOJcu1nzDaDvjuB6VFRWl9iiXU=">AAAB+3icbVBNSwMxEM36WetXrUcvwSIIQtktFT0WvXisYD+gu5TZNNuGJtklyYpl6V/x4kERr/4Rb/4b03YP2vpg4PHeDDPzwoQzbVz321lb39jc2i7sFHf39g8OS0flto5TRWiLxDxW3RA05UzSlmGG026iKIiQ0044vp35nUeqNIvlg5kkNBAwlCxiBIyV+qUyYF8zgQFf4Br2E4ajfqniVt058CrxclJBOZr90pc/iEkqqDSEg9Y9z01MkIEyjHA6LfqppgmQMQxpz1IJguogm98+xWdWGeAoVrakwXP190QGQuuJCG2nADPSy95M/M/rpSa6DjImk9RQSRaLopRjE+NZEHjAFCWGTywBopi9FZMRKCDGxlW0IXjLL6+Sdq3q1auX9/VK4yaPo4BO0Ck6Rx66Qg10h5qohQh6Qs/oFb05U+fFeXc+Fq1rTj5zjP7A+fwBD2iShg==</latexit>

Jµ / @µa

<latexit sha1_base64="x3iotnEpSbRUkpgIvhQG1jB/V1A=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQkqgrGCBTEViT6kJooc12mtOo5lO0hV1IWFX2FhACFW/oGNv8FJM0DLlSwfnXPvtc8JBaNKO863tbS8srq2Xtmobm5t7+zae/sdlaQSkzZOWCJ7IVKEUU7ammpGekISFIeMdMPxda53H4hUNOH3eiKIH6MhpxHFSBsqsI9uAy9OoSdkInRibiQ1RawgUWDXnLpTFFwEbglqoKxWYH95gwSnMeEaM6RU33WE9rN8J2ZkWvVSRQTCYzQkfQM5ionys8LFFJ4YZgCjRJrDNSzY3xMZipWaxKHpjJEeqXktJ//T+qmOLv2McpFqwvHsoShl0PjNI4EDKgnWbGIAwpKav0I8QhJhbYKrmhDcecuLoHNWdxv187tGrXlVxlEBh+AYnAIXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+lPX5AyGUmFk=</latexit>

Jµ⌫⇢ ⇠ ✏µ⌫⇢�@
�a

<latexit sha1_base64="jItQ4S3NOrX7c4BbCZ31+WisIvo=">AAACL3icbVDLSgMxFM3UV62vUZdugkVwVWZE0WVREHFVwT6gU8udNG1Dk8yQZIQy9I/c+CvdiCji1r8w03ZhWy9cOJxz7k3uCWPOtPG8dye3srq2vpHfLGxt7+zuufsHNR0litAqiXikGiFoypmkVcMMp41YURAhp/VwcJPp9WeqNIvkoxnGtCWgJ1mXETCWaru39+00EAkOpG3Vj0Y40EzggMaacWuYEzOtJ8B6YlCGAX+aEhjabtEreZPCy8CfgSKaVaXtjoNORBJBpSEctG76XmxaabaWcDoqBImmMZAB9GjTQgmC6lY6uXeETyzTwd1I2ZYGT9i/EykIrYcitE4Bpq8XtYz8T2smpnvVSpmME0MlmT7UTTg2Ec7Cwx2mKDF8aAEQxexfMemDAmJsxAUbgr948jKonZX889LFw3mxfD2LI4+O0DE6RT66RGV0hyqoigh6QWP0gT6dV+fN+XK+p9acM5s5RHPl/PwC+ripqA==</latexit>

WR(�) = TrR exp

✓
i

I

�
T a
RA

a
µdx

µ

◆

<latexit sha1_base64="eXS+U1+ehB2w079+HVH7wrW2NaQ="></latexit>

Maxwell electrodynamics

(no charged matter)

1. “Electric” 1-form symmetry

Conserved by EOM:

Charged objects: Wilson lines

2. “Magnetic” 1-form symmetry

Conserved by Bianchi identity:

Charged objects: ’t Hooft lines

Periodic scalar (axion)

1. 0-form symmetry (shift)

2. 2-form symmetry 

Yang-Mills

(No matter charged under center)

1-form center symmetry

Charged objects: Wilson loops

Charged objects: axion string worldsheets
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Spontaneous higher-form symmetry breaking

lim
|x�y|!1

hO(x)O(y)i = hO(x)ihO(y)i 6= 0

<latexit sha1_base64="HU45rbVyH+jzzyIF7wfh6AAZf6E="></latexit>

p-form symmetries can be spontaneously broken, giving p-form goldstone bosons

0-form symmetry: charged operator 
acquires an expectation value

“depends only on the points 
on which the operators live”

9



Spontaneous higher-form symmetry breaking

lim
|x�y|!1

hO(x)O(y)i = hO(x)ihO(y)i 6= 0

<latexit sha1_base64="HU45rbVyH+jzzyIF7wfh6AAZf6E="></latexit>

p-form symmetries can be spontaneously broken, giving p-form goldstone bosons

0-form symmetry: charged operator 
acquires an expectation value

“depends only on the points 
on which the operators live”

hWq(�p)i ⇠ e�F (�p)

<latexit sha1_base64="tb75cPYF4qv4KvWCd8q+QfnWIzI=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIIeDLsS0aMoqEcFY4RsXHonnTg4M7vOzAphyY948Ve8eFDEgxfxb5w8wGdBQ1HVTXdXnApurO9/eCOjY+MTk1PThZnZufmF4uLSuUkyzbDKEpHoixgMCq6warkVeJFqBBkLrMXXBz2/dova8ESd2U6KDQltxVucgXVSVKyEAlRbIK1FN+vhEUgJUbpBQz1QQ8Mlxct8kx5+ud2oWPLLfh/0LwmGpESGOImKb2EzYZlEZZkAY+qBn9pGDtpyJrBbCDODKbBraGPdUQUSTSPvf9ela05p0laiXSlL++r3iRykMR0Zu04J9sr89nrif149s63dRs5VmllUbLColQlqE9qLija5RmZFxxFgmrtbKbsCDcy6QAsuhOD3y3/J+VY5qJS3Tyulvf1hHFNkhaySdRKQHbJHjskJqRJG7sgDeSLP3r336L14r4PWEW84s0x+wHv/BCfEoLc=</latexit>

lim
Vol(�p)!1

Re
F (�p)

Vol(�p)
=

⇢
finite SSB
1 unbroken

<latexit sha1_base64="7thADty/SMHzsfyxooFEAt+l3SE="></latexit>

p-form symmetry: spontaneously broken if charged operator defined on a 
surface  acquires an expectation value that depends only on Γp Γp

9



Spontaneous higher-form symmetry breaking

lim
|x�y|!1

hO(x)O(y)i = hO(x)ihO(y)i 6= 0

<latexit sha1_base64="HU45rbVyH+jzzyIF7wfh6AAZf6E="></latexit>

p-form symmetries can be spontaneously broken, giving p-form goldstone bosons

0-form symmetry: charged operator 
acquires an expectation value

“depends only on the points 
on which the operators live”

hWq(�p)i ⇠ e�F (�p)

<latexit sha1_base64="tb75cPYF4qv4KvWCd8q+QfnWIzI=">AAACHXicbVDLSgNBEJz1bXxFPXoZDIIeDLsS0aMoqEcFY4RsXHonnTg4M7vOzAphyY948Ve8eFDEgxfxb5w8wGdBQ1HVTXdXnApurO9/eCOjY+MTk1PThZnZufmF4uLSuUkyzbDKEpHoixgMCq6warkVeJFqBBkLrMXXBz2/dova8ESd2U6KDQltxVucgXVSVKyEAlRbIK1FN+vhEUgJUbpBQz1QQ8Mlxct8kx5+ud2oWPLLfh/0LwmGpESGOImKb2EzYZlEZZkAY+qBn9pGDtpyJrBbCDODKbBraGPdUQUSTSPvf9ela05p0laiXSlL++r3iRykMR0Zu04J9sr89nrif149s63dRs5VmllUbLColQlqE9qLija5RmZFxxFgmrtbKbsCDcy6QAsuhOD3y3/J+VY5qJS3Tyulvf1hHFNkhaySdRKQHbJHjskJqRJG7sgDeSLP3r336L14r4PWEW84s0x+wHv/BCfEoLc=</latexit>

lim
Vol(�p)!1

Re
F (�p)

Vol(�p)
=

⇢
finite SSB
1 unbroken

<latexit sha1_base64="7thADty/SMHzsfyxooFEAt+l3SE="></latexit>

p-form symmetry: spontaneously broken if charged operator defined on a 
surface  acquires an expectation value that depends only on Γp Γp

hW i ⇠ e�g2P

<latexit sha1_base64="ekpHtpYObGnEJLjMpLFMpKViUaA=">AAACCnicbZC7TsMwFIadcivlFmBkMVRILFRJVQRjBQtjkehFatLKcU9aq44T2Q5SFXVm4VVYGECIlSdg421wLwO0/JKlT/85R8fnDxLOlHacbyu3srq2vpHfLGxt7+zu2fsHDRWnkkKdxjyWrYAo4ExAXTPNoZVIIFHAoRkMbyb15gNIxWJxr0cJ+BHpCxYySrSxuvaxx4noc8BN7MkZeYpFGDrZeb9TxrVx1y46JWcqvAzuHIporlrX/vJ6MU0jEJpyolTbdRLtZ0RqRjmMC16qICF0SPrQNihIBMrPpqeM8alxejiMpXlC46n7eyIjkVKjKDCdEdEDtVibmP/V2qkOr/yMiSTVIOhsUZhyrGM8yQX3mASq+cgAoZKZv2I6IJJQbdIrmBDcxZOXoVEuuZXSxV2lWL2ex5FHR+gEnSEXXaIqukU1VEcUPaJn9IrerCfrxXq3PmatOWs+c4j+yPr8AV8gmWw=</latexit>

For example: in 4d Maxwell theory, Wilson loops have perimeter law scaling 
in the Coulomb phase, electric 1-form symmetry is spontaneously broken.

 The photon is the goldstone boson of the spontaneously broken 1-form symmetry [Kovner & Rosenstein ’91]⇒
9



Explicit higher-form symmetry breaking

• Current conservation violated by matter current                        , SDO not topological.


• Dynamical charged matter makes Wilson lines endable, SDOs no longer link lines.

What about explicit breaking? Charged matter explicitly breaks higher-form symmetries.

For example, electric 1-form symmetry of U(1) electrodynamics. Two ways of seeing:

@µF
µ⌫ / J⌫

<latexit sha1_base64="W2vXp6Cg5L51q6ByJpYTwULnOFE=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWakosuiIOKqgn1AZzpk0rQNzWRCkhHK0D9w46+4caGIW7fu/Bsz7Sy09ULIyTn3cnNOKBhV2nG+rcLS8srqWnG9tLG5tb1j7+41VZxITBo4ZrFsh0gRRjlpaKoZaQtJUBQy0gpHV5neeiBS0Zjf67EgfoQGnPYpRtpQgX3sCSQ1RSzwogRed9Ps8ngygZ6QsdAxvO2aZ2CXnYozLbgI3ByUQV71wP7yejFOIsI1ZkipjusI7afZLszIpOQligiER2hAOgZyFBHlp1M/E3hkmB7sx9IcruGU/T2RokipcRSazgjpoZrXMvI/rZPo/oWfUi4STTieLeonDBqbWTiwRyXBmo0NQFhS81eIh0girE2EJROCO295ETRPK261cnZXLdcu8ziK4AAcghPggnNQAzegDhoAg0fwDF7Bm/VkvVjv1sestWDlM/vgT1mfP+i+nJU=</latexit>
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Explicit higher-form symmetry breaking

• Current conservation violated by matter current                        , SDO not topological.


• Dynamical charged matter makes Wilson lines endable, SDOs no longer link lines.

What about explicit breaking? Charged matter explicitly breaks higher-form symmetries.

For example, electric 1-form symmetry of U(1) electrodynamics. Two ways of seeing:

@µF
µ⌫ / J⌫

<latexit sha1_base64="W2vXp6Cg5L51q6ByJpYTwULnOFE=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWakosuiIOKqgn1AZzpk0rQNzWRCkhHK0D9w46+4caGIW7fu/Bsz7Sy09ULIyTn3cnNOKBhV2nG+rcLS8srqWnG9tLG5tb1j7+41VZxITBo4ZrFsh0gRRjlpaKoZaQtJUBQy0gpHV5neeiBS0Zjf67EgfoQGnPYpRtpQgX3sCSQ1RSzwogRed9Ps8ngygZ6QsdAxvO2aZ2CXnYozLbgI3ByUQV71wP7yejFOIsI1ZkipjusI7afZLszIpOQligiER2hAOgZyFBHlp1M/E3hkmB7sx9IcruGU/T2RokipcRSazgjpoZrXMvI/rZPo/oWfUi4STTieLeonDBqbWTiwRyXBmo0NQFhS81eIh0girE2EJROCO295ETRPK261cnZXLdcu8ziK4AAcghPggnNQAzegDhoAg0fwDF7Bm/VkvVjv1sestWDlM/vgT1mfP+i+nJU=</latexit>

Symmetry is broken above the mass threshold of charged matter, but exact in the local Lagrangian density* below it.

This is very different from explicit breaking of 0-form symmetries….

m

<latexit sha1_base64="dnYsMWDGd6cwdxzyfB0L4TnZDb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2CWM+Q==</latexit>

L ⇠ �1

4
Fµ⌫F

µ⌫ + i ̄ 6D +m ̄ 

<latexit sha1_base64="8JwFsoJESGzFAab2S9uOzjqCXP8="></latexit>

L ⇠ �1

4
Fµ⌫F

µ⌫ + cF 4 + . . .

<latexit sha1_base64="BevIeSCNsDtvG6XW2HARSjobO3M="></latexit>

Although EFT below threshold contains irrelevant operators that change the 
EOM, there is still a conserved 2-form current [Cordova, Ohmori, Rudelius ’22]

@µF
µ⌫ ⇠ @µ

�
cFµ⌫F 2 + . . .

�

<latexit sha1_base64="tOF17DLmeHXPkDkPCZxLFEmcClE="></latexit>

Jµ⌫ ⇠ Fµ⌫ + cFµ⌫F 2 + . . .

<latexit sha1_base64="diSWhJhp2XjyenUnSfUddWd0+UE=">AAACInicbVBLSwMxGMz6rPW16tFLsAiCUHZLRb0VhSKeKtgHdLclm6ZtaJJdkqxQlv4WL/4VLx4U9ST4Y0zbPfThQGAy8w3JN0HEqNKO82OtrK6tb2xmtrLbO7t7+/bBYU2FscSkikMWykaAFGFUkKqmmpFGJAniASP1YHA79utPRCoaikc9jIjPUU/QLsVIG6ltX9+3Eo/H0BPxCHqKclieEc4hnruXWwWjeZ1QK9i2c07emQAuEzclOZCi0ra/TBDHnAiNGVKq6TqR9hMkNcWMjLJerEiE8AD1SNNQgThRfjJZcQRPjdKB3VCaIzScqLOJBHGlhjwwkxzpvlr0xuJ/XjPW3Ss/oSKKNRF4+lA3ZlCHcNwX7FBJsGZDQxCW1PwV4j6SCGvTataU4C6uvExqhbxbzF88FHOlm7SODDgGJ+AMuOASlMAdqIAqwOAZvIJ38GG9WG/Wp/U9HV2x0swRmIP1+wft9KIG</latexit>

In some sense, emergent higher-form symmetries are nearly* exact accidental symmetries
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Explicit higher-form symmetry breaking

• Current conservation violated by matter current                        , SDO not topological.


• Dynamical charged matter makes Wilson lines endable, SDOs no longer link lines.

What about explicit breaking? Charged matter explicitly breaks higher-form symmetries.

For example, electric 1-form symmetry of U(1) electrodynamics. Two ways of seeing:

@µF
µ⌫ / J⌫

<latexit sha1_base64="W2vXp6Cg5L51q6ByJpYTwULnOFE=">AAACD3icbVDLSgMxFM3UV62vUZdugkVxVWakosuiIOKqgn1AZzpk0rQNzWRCkhHK0D9w46+4caGIW7fu/Bsz7Sy09ULIyTn3cnNOKBhV2nG+rcLS8srqWnG9tLG5tb1j7+41VZxITBo4ZrFsh0gRRjlpaKoZaQtJUBQy0gpHV5neeiBS0Zjf67EgfoQGnPYpRtpQgX3sCSQ1RSzwogRed9Ps8ngygZ6QsdAxvO2aZ2CXnYozLbgI3ByUQV71wP7yejFOIsI1ZkipjusI7afZLszIpOQligiER2hAOgZyFBHlp1M/E3hkmB7sx9IcruGU/T2RokipcRSazgjpoZrXMvI/rZPo/oWfUi4STTieLeonDBqbWTiwRyXBmo0NQFhS81eIh0girE2EJROCO295ETRPK261cnZXLdcu8ziK4AAcghPggnNQAzegDhoAg0fwDF7Bm/VkvVjv1sestWDlM/vgT1mfP+i+nJU=</latexit>

Symmetry is broken above the mass threshold of charged matter, but exact in the local Lagrangian density* below it.

This is very different from explicit breaking of 0-form symmetries….

m

<latexit sha1_base64="dnYsMWDGd6cwdxzyfB0L4TnZDb8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkoseiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1atXLZq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP2CWM+Q==</latexit>
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<latexit sha1_base64="8JwFsoJESGzFAab2S9uOzjqCXP8="></latexit>
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Fµ⌫F

µ⌫ + cF 4 + . . .

<latexit sha1_base64="BevIeSCNsDtvG6XW2HARSjobO3M="></latexit>

Although EFT below threshold contains irrelevant operators that change the 
EOM, there is still a conserved 2-form current [Cordova, Ohmori, Rudelius ’22]

@µF
µ⌫ ⇠ @µ

�
cFµ⌫F 2 + . . .

�

<latexit sha1_base64="tOF17DLmeHXPkDkPCZxLFEmcClE="></latexit>

Jµ⌫ ⇠ Fµ⌫ + cFµ⌫F 2 + . . .

<latexit sha1_base64="diSWhJhp2XjyenUnSfUddWd0+UE=">AAACInicbVBLSwMxGMz6rPW16tFLsAiCUHZLRb0VhSKeKtgHdLclm6ZtaJJdkqxQlv4WL/4VLx4U9ST4Y0zbPfThQGAy8w3JN0HEqNKO82OtrK6tb2xmtrLbO7t7+/bBYU2FscSkikMWykaAFGFUkKqmmpFGJAniASP1YHA79utPRCoaikc9jIjPUU/QLsVIG6ltX9+3Eo/H0BPxCHqKclieEc4hnruXWwWjeZ1QK9i2c07emQAuEzclOZCi0ra/TBDHnAiNGVKq6TqR9hMkNcWMjLJerEiE8AD1SNNQgThRfjJZcQRPjdKB3VCaIzScqLOJBHGlhjwwkxzpvlr0xuJ/XjPW3Ss/oSKKNRF4+lA3ZlCHcNwX7FBJsGZDQxCW1PwV4j6SCGvTataU4C6uvExqhbxbzF88FHOlm7SODDgGJ+AMuOASlMAdqIAqwOAZvIJ38GG9WG/Wp/U9HV2x0swRmIP1+wft9KIG</latexit>

In some sense, emergent higher-form symmetries are nearly* exact accidental symmetries

10

*However, breaking is apparent in effective theory of Wilson lines in the IR.



Explicit higher-form symmetry breaking
Higher-form symmetries decompose under compactification and can be further broken via boundary conditions

For example: 5d U(1) on R4 x S1/Z2 AM ! (Aµ, A5)

<latexit sha1_base64="izOtLcbPPAiYVKl66hVsSMX1xhQ=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpREWnTZ6saNUME+oAlhMp20QyeTMDNRSujGjb/ixoUibv0Hd/6N0zYLbT1w4XDOvdx7jx8zKpVlfRu5peWV1bX8emFjc2t7x9zda8koEZg0ccQi0fGRJIxy0lRUMdKJBUGhz0jbH15N/PY9EZJG/E6NYuKGqM9pQDFSWvLMw7p3Ax1B+wOFhIgeYKnuOWFyCute9cQzi1bZmgIuEjsjRZCh4ZlfTi/CSUi4wgxJ2bWtWLkpEopiRsYFJ5EkRniI+qSrKUchkW46/WIMj7XSg0EkdHEFp+rviRSFUo5CX3eGSA3kvDcR//O6iQou3JTyOFGE49miIGFQRXASCexRQbBiI00QFlTfCvEACYSVDq6gQ7DnX14krbOyXSlXbyvF2mUWRx4cgCNQAjY4BzVwDRqgCTB4BM/gFbwZT8aL8W58zFpzRjazD/7A+PwB7liW7Q==</latexit>

Dirichlet BCs for  (i.e. 
odd parity) explicitly break 

1-form symmetry on 
boundaries, Wilson lines 

can now end there. 


Unsurprising from 
perspective of 4D EFT; odd 

parity for  projects out 
zero mode, no massless 

U(1) in 4d.

Aμ

Aμ

Figure 2: Artistic impression of 5d Maxwell Theory with boundaries. Wilson lines WR

charged under U(1)(1)e may end on the boundary, generating U(1)(0)@ .

the U(1)(2)m symmetry at the boundary and preserving U(1)(1)e . All the discussion above goes

through interchanging the two symmetries.

4.2 Maxwell-Chern-Simons Theories

Let us now include a CS term and consider the theory discussed in section 3:

S =

Z
�
1

2
f
(2)

^ ?f
(2) +

k

24⇡2
a
(1)

^ f
(2)

^ f
(2)

. (4.3)

This theory is, generically, not gauge invariant in manifolds with boundaries. There are two

ways to make it gauge invariant. A first approach, consists in coupling the theory to certain

degrees of freedom in the boundary that cancel the gauge variation. We will not consider this

possibility and will content ourselves with setting boundary conditions that guarantee gauge

invariance. It is clear that this theory must be compatible only with DBC’s, which restrict

gauge transformations to not act on the boundary. Indeed, Neumann boundary conditions

generate a dynamical gauge field in the boundary that would be anomalous by the CS term

in 5d. This conclusion can also be reached by explicitly imposing the variation of the action

to vanish on the boundary

�S[a(1), �a(1)]
���
N4

=

Z

N4

�a
(1)

^ ?5f
(2)

�
k

12⇡2
�a

(1)
^ a

(1)
^ f

(2)
. (4.4)

Clearly the only boundary conditions making this variational problem well posed are Dirichlet.

As we will mention in section 5, this obstruction is made very explicit in holography.

As detailed in section 3 the CS term already breaks U(1)(1)e down to a non-invertible

1-form symmetry �(1)
Q with topological operators given by eq. (3.13). Naively, by extending

the arguments presented in Section 4.1 for the free theory, one is tempted to conclude that the

U(1)(0) symmetry on the boundary su↵ers a similar fate. There are several ways to argue that

– 15 –

[Aguilera Damia, Argurio, Garcia-Valdecasas ’22]

JMN / FMN
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Jµ⌫ / Fµ⌫

<latexit sha1_base64="XVIaWH/nPL0ciO2hC/k18y5lXYg=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4KjNS0WVREHFVwT6gMwyZNNOGJpkhD6EMXbrxV9y4UMStn+DOvzF9gNp6IHA4515uzokzRpX2vC9nYXFpeWW1sFZc39jc2nZ3dhsqNRKTOk5ZKlsxUoRRQeqaakZamSSIx4w04/7lyG/eE6loKu70ICMhR11BE4qRtlLkHtxEecANDIQZwiCTaaZTePWjRW7JK3tjwHniT0kJTFGL3M+gk2LDidCYIaXavpfpMEdSU8zIsBgYRTKE+6hL2pYKxIkK83GQITyySgcmqbRPaDhWf2/kiCs14LGd5Ej31Kw3Ev/z2kYn52FORWY0EXhyKDEM2rCjVmCHSoI1G1iCsKT2rxD3kERY2+6KtgR/NvI8aZyU/Ur59LZSql5M6yiAfXAIjoEPzkAVXIMaqAMMHsATeAGvzqPz7Lw575PRBWe6swf+wPn4BnTEmaE=</latexit>

Jµ / @µA5

<latexit sha1_base64="ewn4Po6HbQTOjHMnnU4DyIbQ5T4=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqhLUCsYCC2IqEn1ITRQ5rtNatZ3IdpCqqCsLv8LCAEKs/AEbf4PTZoCWK1k+Oufea58TJowq7TjfVmlldW19o7xZ2dre2d2z9w86Kk4lJm0cs1j2QqQIo4K0NdWM9BJJEA8Z6Ybj61zvPhCpaCzu9SQhPkdDQSOKkTZUYMPbIPN4OoVeIuNEx+ZGUlPEAsPCy6AR2FWn5swKLgO3AFVQVCuwv7xBjFNOhMYMKdV3nUT7Wb4VMzKteKkiCcJjNCR9AwXiRPnZzMkUnhhmAKNYmiM0nLG/JzLElZrw0HRypEdqUcvJ/7R+qqMLP6MiSTUReP5QlDJoHOexwAGVBGs2MQBhSc1fIR4hibA24VVMCO6i5WXQOau59Vrjrl5tXhVxlMEROAanwAXnoAluQAu0AQaP4Bm8gjfryXqx3q2PeWvJKmYOwZ+yPn8AEFCZ7Q==</latexit>

Electric 1-form 
symmetry

Electric 1-form 
symmetry

Scalar 0-form 
symmetry
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Higher-form 
symmetry

Non-invertible 
symmetry

Higher-group 
symmetry
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Anomalous higher-form symmetry breaking



Higher-group symmetry
When higher-form symmetries mix due to ’t Hooft anomalies [Cordova, Dumitrescu, Intriligator ’18]

�S =

Z
Bp+1 ^ Jd�p�1
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�Bp+1 = d⇤p
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�A = d�0 �B = d⇤1

<latexit sha1_base64="HWq2KpEJSNLtNI11H5cF70fMvIc=">AAACI3icbVDLSsNAFJ3UV62vqEs3g0VwVRKpKIJQ68aFiwr2AU0ok8ltO3TyYGYilNB/ceOvuHGhFDcu/BenTRbaemDgcM653LnHizmTyrK+jMLK6tr6RnGztLW9s7tn7h+0ZJQICk0a8Uh0PCKBsxCaiikOnVgACTwObW90O/PbTyAki8JHNY7BDcggZH1GidJSz7xyfOCK4Bt8jX3scD3pk56FnaGMCYXUpsEE55l6lrnPMnbPLFsVaw68TOyclFGORs+cOn5EkwBCRTmRsmtbsXJTIhSjHCYlJ5Ggl47IALqahiQA6abzGyf4RCs+7kdCv1Dhufp7IiWBlOPA08mAqKFc9Gbif143Uf1LN2VhnCgIabaon3CsIjwrDPtMAFV8rAmhgum/YjokglClay3pEuzFk5dJ66xiVyvnD9VyrZ7XUURH6BidIhtdoBq6Qw3URBQ9o1f0jj6MF+PNmBqfWbRg5DOH6A+M7x8AzaIK</latexit>

�A = d�0 �B = d⇤1 �

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�0F

<latexit sha1_base64="tmUzv0ejdCMBnipKDzCZQYyeAjM="></latexit>

To study mixing, revisit trick from ’t Hooft anomalies: imagine weakly gauging p-form symmetries, 
i.e. couple (p+1)-form current to (p+1)-form background gauge field  

Consider a theory with a U(1) 1-form symmetry and a U(1) 0-form symmetry.

If the symmetries decoupled, theory invariant under separate background gauge transformations

If symmetries mix w/ a higher-group structure (“2-group”), only invariant under correlated transformations:
Field strength of A

13

Leads to emergence conjecture: if both symmetries emerge in the IR, the “bad” symmetry cannot emerge 
at a higher energy than the “good” symmetry. (Satisfied by anomaly inflow, monopole catalysis, etc.)



Axion Yang-Mills

• 0-form PQ symmetry


• 1-form  center symmetry of SU(N)


• 2-form scalar symmetry 

ℤN

An interesting example: Axion Yang-Mills [Brennan, Cordova ’20]

3 global 
symmetries 
of interest:

Jµ / @µa

<latexit sha1_base64="x3iotnEpSbRUkpgIvhQG1jB/V1A=">AAACBXicbVC7TsMwFHV4lvIKMMJgUSExVQkqgrGCBTEViT6kJooc12mtOo5lO0hV1IWFX2FhACFW/oGNv8FJM0DLlSwfnXPvtc8JBaNKO863tbS8srq2Xtmobm5t7+zae/sdlaQSkzZOWCJ7IVKEUU7ammpGekISFIeMdMPxda53H4hUNOH3eiKIH6MhpxHFSBsqsI9uAy9OoSdkInRibiQ1RawgUWDXnLpTFFwEbglqoKxWYH95gwSnMeEaM6RU33WE9rN8J2ZkWvVSRQTCYzQkfQM5ionys8LFFJ4YZgCjRJrDNSzY3xMZipWaxKHpjJEeqXktJ//T+qmOLv2McpFqwvHsoShl0PjNI4EDKgnWbGIAwpKav0I8QhJhbYKrmhDcecuLoHNWdxv187tGrXlVxlEBh+AYnAIXXIAmuAEt0AYYPIJn8ArerCfrxXq3PmatS1Y5cwD+lPX5AyGUmFk=</latexit>

Jµ⌫⇢ ⇠ ✏µ⌫⇢�@
�a

<latexit sha1_base64="jItQ4S3NOrX7c4BbCZ31+WisIvo=">AAACL3icbVDLSgMxFM3UV62vUZdugkVwVWZE0WVREHFVwT6gU8udNG1Dk8yQZIQy9I/c+CvdiCji1r8w03ZhWy9cOJxz7k3uCWPOtPG8dye3srq2vpHfLGxt7+zuufsHNR0litAqiXikGiFoypmkVcMMp41YURAhp/VwcJPp9WeqNIvkoxnGtCWgJ1mXETCWaru39+00EAkOpG3Vj0Y40EzggMaacWuYEzOtJ8B6YlCGAX+aEhjabtEreZPCy8CfgSKaVaXtjoNORBJBpSEctG76XmxaabaWcDoqBImmMZAB9GjTQgmC6lY6uXeETyzTwd1I2ZYGT9i/EykIrYcitE4Bpq8XtYz8T2smpnvVSpmME0MlmT7UTTg2Ec7Cwx2mKDF8aAEQxexfMemDAmJsxAUbgr948jKonZX889LFw3mxfD2LI4+O0DE6RT66RGV0hyqoigh6QWP0gT6dV+fN+XK+p9acM5s5RHPl/PwC+ripqA==</latexit>

{
2-form and 1-form symmetry together have a 3-group structure 

 Emergence scales should satisfy ⇒ E2 ≳ E1

S =
1

2

Z
da ^ ⇤da+

1

g2

Z
tr(G ^ ⇤G)� i

8⇡2f

Z
a tr(G ^G)

<latexit sha1_base64="HQG+CaqGZkE1xmnM/AyUWd3Up54="></latexit>
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 Satisfied by anomaly inflow, also by perturbative effects.✓



What else can this do for 
particle theory?
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Part II: High-quality Axions and 
Higher-Form Symmetries
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Axion Quality Problem

17

�(x) ! feia(x)/f

<latexit sha1_base64="qhpimx9NhrBVZNTGRwaNumxL7AU="></latexit>

V (a) ' �⇤4
QCD cos(a/f)

<latexit sha1_base64="JEnFLmTEOHfEeo0RaY7g+qk8/WA="></latexit>

[Holman, Hsu, Kephart, Kolb, Watkins, Widrow ’92; Kamionkowski & March-Russell ’92; Barr & Seckel ’92; Lusignoli & Roncadelli ‘92]

For a conventional PQ axion, axion is the pNGB of a spontaneously broken  global symmetry:U(1)PQ

By assumption, the only explicit breaking is from QCD via the anomaly:

Axion vev neutralizes QCD  term at the minimum of the potential 🎉θ



Axion Quality Problem

17

�(x) ! feia(x)/f

<latexit sha1_base64="qhpimx9NhrBVZNTGRwaNumxL7AU="></latexit>

V (a) ' �⇤4
QCD cos(a/f)

<latexit sha1_base64="JEnFLmTEOHfEeo0RaY7g+qk8/WA="></latexit>

[Holman, Hsu, Kephart, Kolb, Watkins, Widrow ’92; Kamionkowski & March-Russell ’92; Barr & Seckel ’92; Lusignoli & Roncadelli ‘92]

For a conventional PQ axion, axion is the pNGB of a spontaneously broken  global symmetry:U(1)PQ

By assumption, the only explicit breaking is from QCD via the anomaly:

Axion vev neutralizes QCD  term at the minimum of the potential 🎉θ

f ⇠ 109�11 GeV, ⇤UV ⇠ MPl

<latexit sha1_base64="/IawFE9yJObmqKYCvGxNSL12f2A="></latexit>

problematic below n ∼ 6 − 8

Not just a naive EFT expectation: wormhole contributions give rise to global symmetry breaking of the expected form 
[Kallosh, Linde, Linde, Susskind ’95; …] 

However, additional explicit violation of  in the UV can spoil the solution:U(1)PQ

Expect global symmetries broken by quantum gravity; for

Many model-building solutions: compositeness, discrete (gauge) symmetries, …

but significantly complicates the simplicity of the axion solution to the Strong CP problem.

VUV � |c|ei�

⇤n
UV

|�|4�n ) V (a) �
✓

f

⇤UV

◆n

f4 cos(na/f + �)

<latexit sha1_base64="ZALUJyiHhXmxhdl8aY2jjCg3TAQ="></latexit>



Extra-dimensional Axions

18

Axions also arise from the compactification of higher-dimensional theories.

Long history in string theory [Witten ’84; Choi & Kim ’85; Barr ’85; Dine & 
Seiberg ’86, …], but the essential physics can be understood in field theory.


[Arkani-Hamed, Cheng, Creminelli, Randall ’03; Choi ’03; …]

Simplest toy model: U(1) field theory in 5D, one dimension compactified on S1

R

<latexit sha1_base64="ckGBtkcAXvN+UeP23ohtzVDE6Bs="></latexit>



Extra-dimensional Axions

18

Axions also arise from the compactification of higher-dimensional theories.

Long history in string theory [Witten ’84; Choi & Kim ’85; Barr ’85; Dine & 
Seiberg ’86, …], but the essential physics can be understood in field theory.


[Arkani-Hamed, Cheng, Creminelli, Randall ’03; Choi ’03; …]

Simplest toy model: U(1) field theory in 5D, one dimension compactified on S1

S5D =

Z ✓
� 1

2g25
dC ^ ?dC � 1

2e25
G ^ ?G+

N

8⇡2
C ^ Tr [G ^G]

◆
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2e24
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N

8⇡2
✓Tr [G̃ ^ G̃] + . . .

◆
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U(1) gauge field SU(N) gauge field (“QCD”)

✓ ⌘
Z

S1

C
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f2 ⌘ 1/g25(2⇡R)
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[g5] = [e5] = �1/2

<latexit sha1_base64="3Tru/FVEaOppVEtoFcCvk/v7v14="></latexit>

e24 ⌘ e25/(2⇡R)
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CM ) (Cµ, C5)
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Extra-dimensional Quality
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But this is clearly not the whole story!



Extra-dimensional Quality

• Gauge symmetry is a redundancy of description, what’s the actual symmetry at play?
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Extra-dimensional Quality

• Gauge symmetry is a redundancy of description, what’s the actual symmetry at play?

• Extra-dimensional gauge invariance doesn’t protect against local effects that badly violate the axion shift 
symmetry, e.g. a Stueckelberg mass for the 5d U(1) gauge field.

19

But this is clearly not the whole story!



Extra-dimensional Quality

• Gauge symmetry is a redundancy of description, what’s the actual symmetry at play?

• Extra-dimensional gauge invariance doesn’t protect against local effects that badly violate the axion shift 
symmetry, e.g. a Stueckelberg mass for the 5d U(1) gauge field.

• How can we systematically account for the whole host of non-local effects? What contributes?

19

But this is clearly not the whole story!



20 h/t  M. Reece, TASI lectures [2304.08512]



Higher-Form Symmetry to the Rescue

21

The axion real number shift symmetry is embedded in the electric one-form symmetry.

 This symmetry is difficult to break, protecting the axion potential from dangerous corrections from UV physics.

The free 5d U(1) has an electric one-form symmetry and a magnetic two-form global symmetry. 

JMN / FMN
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Jµ⌫ / Fµ⌫

<latexit sha1_base64="XVIaWH/nPL0ciO2hC/k18y5lXYg=">AAACCHicbVDLSgMxFM34rPU16tKFwSK4KjNS0WVREHFVwT6gMwyZNNOGJpkhD6EMXbrxV9y4UMStn+DOvzF9gNp6IHA4515uzokzRpX2vC9nYXFpeWW1sFZc39jc2nZ3dhsqNRKTOk5ZKlsxUoRRQeqaakZamSSIx4w04/7lyG/eE6loKu70ICMhR11BE4qRtlLkHtxEecANDIQZwiCTaaZTePWjRW7JK3tjwHniT0kJTFGL3M+gk2LDidCYIaXavpfpMEdSU8zIsBgYRTKE+6hL2pYKxIkK83GQITyySgcmqbRPaDhWf2/kiCs14LGd5Ej31Kw3Ev/z2kYn52FORWY0EXhyKDEM2rCjVmCHSoI1G1iCsKT2rxD3kERY2+6KtgR/NvI8aZyU/Ur59LZSql5M6yiAfXAIjoEPzkAVXIMaqAMMHsATeAGvzqPz7Lw575PRBWe6swf+wPn4BnTEmaE=</latexit>

J̃µ⌫ / F̃µ⌫

<latexit sha1_base64="5yTuDj7QOQhJtUGyYAnKMls19KQ=">AAACFnicbVDLSgMxFM34rPU16tJNsAhuLDNS0WVREHFVwT6gMwyZTKYNTTJDkhHK0K9w46+4caGIW3Hn35i2A2rrgcDhnHu5OSdMGVXacb6shcWl5ZXV0lp5fWNza9ve2W2pJJOYNHHCEtkJkSKMCtLUVDPSSSVBPGSkHQ4ux377nkhFE3GnhynxOeoJGlOMtJEC+9jTlEUE3gS5xzPoiWwEvVQmqU5gYV39WIFdcarOBHCeuAWpgAKNwP70ogRnnAiNGVKq6zqp9nMkNcWMjMpepkiK8AD1SNdQgThRfj6JNYKHRolgnEjzhIYT9fdGjrhSQx6aSY50X816Y/E/r5vp+NzPqUgzTQSeHoozBk3mcUcwopJgzYaGICyp+SvEfSQR1qbJsinBnY08T1onVbdWPb2tVeoXRR0lsA8OwBFwwRmog2vQAE2AwQN4Ai/g1Xq0nq036306umAVO3vgD6yPbwCjn0k=</latexit>

5d

4d

Electric 1-form 
symmetry

Magnetic 2-form 
symmetry

1/R

Magnetic 1-form 
symmetry

Scalar 2-form 
symmetry

Electric 1-form 
symmetry

Scalar 0-form 
symmetry

Jµ / @µC5

<latexit sha1_base64="JlLrqHOwQj8CdL5VJI/CQpKXoJo=">AAACCXicbVC7TsMwFHXKq5RXgJHFokJiqhLUCsaKLoipSPQhNVHkuE5r1XYi20Gqoq4s/AoLAwix8gds/A1OmwFarmT56Jx7r31OmDCqtON8W6W19Y3NrfJ2ZWd3b//APjzqqjiVmHRwzGLZD5EijArS0VQz0k8kQTxkpBdOWrneeyBS0Vjc62lCfI5GgkYUI22owIa3QebxdAa9RMaJjs2NpKaIBYaFraAR2FWn5swLrgK3AFVQVDuwv7xhjFNOhMYMKTVwnUT7Wb4VMzKreKkiCcITNCIDAwXiRPnZ3MkMnhlmCKNYmiM0nLO/JzLElZry0HRypMdqWcvJ/7RBqqMrP6MiSTURePFQlDJoHOexwCGVBGs2NQBhSc1fIR4jibA24VVMCO6y5VXQvai59Vrjrl5tXhdxlMEJOAXnwAWXoAluQBt0AAaP4Bm8gjfryXqx3q2PRWvJKmaOwZ+yPn8AE1yZ7w==</latexit>

J̃µ⌫⇢ / ✏µ⌫⇢�@
�C5

<latexit sha1_base64="7OXiW0HSVnyWC5TZB+yYH/JuXt0="></latexit>



Breaking the Symmetry
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Symmetry Modification Current Equation Remnant Symmetry Potential

Electric Matter dJe = jmatter Z(1)
q V✓ ' � (m5DR)2

(2⇡R)4 e�2⇡Rm5D cos(q✓)

Magnetic Gauging dJe =
M
2⇡dK Z(1)

M m✓ = M
2⇡ g4 eK,4

Electric Gauging kJ 0
e =

1
e2B

d?dB U(1)(1)e mÃ = k eB,4 f

ABJ Anomaly dJe =
N
8⇡2Tr [G̃ ^ G̃] Z(1)

N V✓ ' �⇤4
G̃
cos(N✓)

<latexit sha1_base64="tOk98np8wj3z87HXFkFgkAEEIes="></latexit>

Je =
1

g25
?dC , Jm =

1

2⇡
dC

<latexit sha1_base64="+ey7WgQr403G81BcYGq1F489UlU="></latexit>

dJe / d?dC = 0

<latexit sha1_base64="3k+PMM7+KbJyBr8GAf2dnAFFxA0="></latexit>

dJm / ddC = 0

<latexit sha1_base64="CSfEcukwIuI8Z9m6tgno+dCkBLo="></latexit>

Free Maxwell theory in 5d:

Conserved via EOM Conserved via Bianchi

Can break the electric 1-form symmetry directly with charged matter, anomalies, or gauging the magnetic symmetry.

Axion can also be eaten by gauging the electric symmetry.



Electrically charged matter
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dJe = jmatter

<latexit sha1_base64="98lBKMUE9F1QNMRz/jqTDfNidOc="></latexit>

Symmetry Modification Current Equation Remnant Symmetry Potential

Electric Matter dJe = jmatter Z(1)
q V✓ ' � (m5DR)2

(2⇡R)4 e�2⇡Rm5D cos(q✓)

<latexit sha1_base64="JE9WLDe3uWto23TZwK595wJ5mHE="></latexit>

Electric 1-form symmetry no longer conserved in presence of matter:

What’s the consequence for the axion? Gives effective potential via worldline instantons.

Heuristic: theory has distinct topological sectors in which charged particle winds around extra 

dimension a different number of times. 
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Electric 1-form symmetry no longer conserved in presence of matter:

What’s the consequence for the axion? Gives effective potential via worldline instantons.

Heuristic: theory has distinct topological sectors in which charged particle winds around extra 

dimension a different number of times. 

SE = m5D

Z

�
d⌧ + iq

Z

�
C ' 2⇡R!m5D + iq!✓

<latexit sha1_base64="34ILT4EhYjMsiQ2d1oMQDgu1xJk="></latexit>

V (✓) /
X

!2N
e�SE(!) + e�SE(�!) /

X

!2N
e�2⇡R!m5D cos (!q✓)

<latexit sha1_base64="B7fSLlZbWfH7Rdep2F974LBNiZc="></latexit>

V (✓) = �2⇡R
1X

n=1

2m5
5D

(2⇡)5/2
K5/2(2⇡Rm5Dn)

(2⇡Rm5Dn)5/2
cos(nq✓)

<latexit sha1_base64="7g6xKr3HI/LIiOh9bAtbKV1FLys="></latexit>

Action from winding  times:ω

Effective potential:

Actual calculation:



Gauging the magnetic 2-form symmetry
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◆

<latexit sha1_base64="0CM/Q7nMr+0fozhAvj8CCRUtT04="></latexit>

dJe =
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dK

<latexit sha1_base64="Il94l5wpDca8pkZfqLIM1Y8x2k0="></latexit>
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<latexit sha1_base64="S1sUAvva1cMc2o4jmCn/Ws3ME90="></latexit>

Couple a 3-form gauge field  to the 3-form current of the magnetic 2-form symmetry K

Modifies the EOM to

“5D BF theory”
[eK ] = 3/2

<latexit sha1_base64="GV4yWjPi19XZlvG6r2KvFwUeYMY="></latexit>

M 2 Z

<latexit sha1_base64="57g7nc1ELKfnBDAphRKsXuKQ8mw="></latexit>

Electric one-form symmetry is broken
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Couple a 3-form gauge field  to the 3-form current of the magnetic 2-form symmetry K

Modifies the EOM to

“5D BF theory”

d?dK = e2K
M

2⇡
dC

<latexit sha1_base64="O0qfOPNGEQEhLoYbapDAk7ckzgM="></latexit>

d?dC = g25e
2
K
M2

4⇡2
?(C � ↵)

<latexit sha1_base64="lsbf9LroLcatC2Don/qDB94Hems="></latexit>

m✓ = g4eK,4M/2⇡

<latexit sha1_base64="1AIsej8fky8C+FqtdjuMt9LoGLQ="></latexit>

To identify IR consequences, integrate the EOM for  and plug it into EOM for :K C

)

<latexit sha1_base64="OOQ0F+AsQvp29m81xZPpV2DaEUk="></latexit>

C acquires a mass (eats dual of K). In terms of 4D axion field, 

[eK ] = 3/2

<latexit sha1_base64="GV4yWjPi19XZlvG6r2KvFwUeYMY="></latexit>

M 2 Z

<latexit sha1_base64="57g7nc1ELKfnBDAphRKsXuKQ8mw="></latexit>

Electric one-form symmetry is broken



Gauging the electric 1-form symmetry
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<latexit sha1_base64="0AcjD8+thAPwTUntSmmN3NIDKMQ="></latexit>

C ! C + k⇤ , B ! B + d⇤

<latexit sha1_base64="IDC4GDQGaAATQEOkDCgQZgbwvNc="></latexit>
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<latexit sha1_base64="B8IVfgyIyGNksigYPSsLPiWCccg="></latexit>

What about gauging the electric 1-form symmetry? Consistent coupling to 2-form gauge field : B

preserves invariance under

J 0
e =

1

g25
?dC � k

g25
?B

<latexit sha1_base64="x3fSdO3dd6ZAjsSRfokykqlSS7E="></latexit>

Refined current
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What about gauging the electric 1-form symmetry? Consistent coupling to 2-form gauge field : B

preserves invariance under

J 0
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g25
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g25
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<latexit sha1_base64="x3fSdO3dd6ZAjsSRfokykqlSS7E="></latexit>

Refined current

S4D =
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� 1

2e2B,4

dÃ ^ ?dÃ� 1

2
f2(d✓ � kÃ) ^ ?(d✓ � kÃ) + . . .

◆

<latexit sha1_base64="9Sgu+K2Q9n9LKp2QkIuPa9GOI0o="></latexit>

e2B,4 ⌘ e2B(2⇡R)

<latexit sha1_base64="fxDM04cK/kfkWE84qwxmLqmzWMM="></latexit>

mÃ = keB,4f

<latexit sha1_base64="apobpj8cgypVyQFgMUwB34/ZQKU="></latexit>

4d Stueckelberg theory 
where axion gets eaten, 

Ãµ ⇠ Bµ5

<latexit sha1_base64="DcJbh39abE5B1AbRMof/G8XY0/c="></latexit>
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<latexit sha1_base64="giCUM1BncQQoXqEKnfXxCusnXPs="></latexit>
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<latexit sha1_base64="3aii8th+x8Ufn9WfafM/a7uu9oQ="></latexit>

Symmetry Modification Current Equation Remnant Symmetry Potential
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<latexit sha1_base64="tOk98np8wj3z87HXFkFgkAEEIes="></latexit>

Axion coupling to QCD starts its life as a 5D Chern-Simons term,

which clearly breaks the electric 1-form symmetry:

(RHS non-trivial thanks to instantons)
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Axion coupling to QCD starts its life as a 5D Chern-Simons term,

which clearly breaks the electric 1-form symmetry:

(RHS non-trivial thanks to instantons)

V (✓) ' �⇤4
QCD cos(N✓)

<latexit sha1_base64="CqXXEgmuss1/JgTUPv8UgUljxck="></latexit>

S4D �
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� 1

2e24
Tr [G̃ ^ ?G̃] +

N

8⇡2
✓Tr [G̃ ^ G̃] + . . .

◆

<latexit sha1_base64="ht8efCwDwmtJWz44h4w36TVFBDg="></latexit>

Reduced to four dimensions, gives the conventional axion potential



Magnetically charged matter
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Recall axion mass from monopoles in Axion-QED [Fan, Fraser, Reece, Stout 2105.09950]

In a theory with a monopole and a tower of dyons charged under a U(1), mass spectrum depends on  angle:θ

m2
n = m2

M +m2
�

✓
n� ✓

2⇡

◆2

<latexit sha1_base64="h397Gkm+NxmDZkRVF3OS1KRFPxE="></latexit>

If there is an axion coupled to , mass spectrum depends on the axion field.FF̃
Integrating out dyons gives a Coleman-Weinberg potential for the axion

Veff (✓) = �
1X

`=1

m2
�m

2
M

32⇡4`3
e�2⇡`mM/m� cos(`✓) (1 + . . . )

<latexit sha1_base64="qslHGf3LzI8fDsHeMt6UuVkYZAQ="></latexit>

[Jackiw]

Related: anomaly terms involving additional U(1)’s w/ monopoles can break the electric 1-form symmetry.

Key point (for us) is that the monopoles have dyonic excitations thanks to the theta term.



Magnetically charged matter
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<latexit sha1_base64="XI5VkcWr7emEQLRjzNa900U8sek="></latexit>

In 5D, if another U(1) couples to  via a Chern-Simons term, its monopole strings will have 
excitations that act like charged matter to break the electric 1-form symmetry.

C

Anomaly naively breaks 1-form symmetry, but RHS is trivial unless there are monopoles under U(1)A
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In 5D, if another U(1) couples to  via a Chern-Simons term, its monopole strings will have 
excitations that act like charged matter to break the electric 1-form symmetry.
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Anomaly naively breaks 1-form symmetry, but RHS is trivial unless there are monopoles under U(1)A
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dA ⌘ d + 2A

<latexit sha1_base64="KKQxTjJpaEBWK3xvMJ4PgqAmwhY="></latexit>

5D monopoles are strings; their 
worldsheet theory takes the form
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<latexit sha1_base64="tH1GKM9WJa9g4rfMTuOFx7pPHbo="></latexit>

Gives analogous effective potential to axion:

New effect revealed by the higher-form symmetry perspective.



Irrelevant Effects
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J 0
e =

1

g25
?dC � 

g5eA
?dA

<latexit sha1_base64="xZRyTzFGAFyDwIY9MtJJTpS8dOE="></latexit>

Local irrelevant operators
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<latexit sha1_base64="uykdn03ap6Gp22HVlltR5T3Wutg="></latexit>

Improved current still conserved Improved current still conserved

Things you might have worried would break the electric 1-form symmetry, but do not: 



Gravitational Expectations
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Weak gravity conjectures parameterize the extra-dimensional axion quality problem

[Arkani-Hamed, Motl, Nicolis, Vafa ’06; de la Fuente, Saraswat, Sundrum ’14; Heidenreich, Reece, Rudelius ’15; Cordova, Ohmori, Rudelius ’22; …]

5D Electric WGC 5D Magnetic WGC 5D 2-form WGC

There must be electrically 
charged matter satisfying

The local electric description of 
the U(1) should break down by

S = 2⇡m5DR

. 2⇡qg5RM3/2
Pl,5D

= qMPl/f
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Bounds contribution to axion potential:

“Log of the 4D quality problem”

Given an ABJ anomaly and 
monopoles charged under the 

other U(1), bounds action 
contributing to axion potential:

If the 1-form electric symmetry 
is gauged, there must be 1d 

objects whose tension satisfies

The mass of the gauge boson that 
eats the axion cannot be arbitrarily 

small compared to the strings,

A compelling answer to the axion quality problem. 



• Generalized symmetries offer a new paradigm for particle physics, although it 
remains to be seen what new things they can teach us in four dimensions.


• They are abundant in axion models: higher-form symmetries, higher-group 
symmetries, non-invertible symmetries…


• They bring clarity to the remarkably high quality of extra-dimensional axions. 
Suggests other phenomenological implications await exploration…


• Solving the quality problem in this way has far-reaching implications for 
cosmology (e.g. [Benabou et al. 2312.08425; Lu et al. 2312.07650; …])

Conclusions
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Symmetry Modification Current Equation Remnant Symmetry Potential

Electric Matter dJe = jmatter Z(1)
q V✓ ' � (m5DR)2

(2⇡R)4 e�2⇡Rm5D cos(q✓)

Magnetic Gauging dJe =
M
2⇡dK Z(1)

M m✓ = M
2⇡ g4 eK,4

Electric Gauging kJ 0
e =

1
e2B

d?dB U(1)(1)e mÃ = k eB,4 f

ABJ Anomaly dJe =
N
8⇡2Tr [G̃ ^ G̃] Z(1)
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Thank you!


