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Part I: Introduction to
Higher-Form Symmetries



Ordinary Symmetries

Let’s start with a suggestive way of describing a familiar thing:

For a symmetry G with conserved current J#, integrate the time component over all space to get the charge Q.
(Think of space as a codimension-1 manifold that splits the spacetime into two pieces)

QMg 1) = / 1 T (@),

Ma_1

Express G transformations by constructing a unitary operator out of Q: U, = e'*@Ma-1) g = e'®




Ordinary Symmetries

Let’s start with a suggestive way of describing a familiar thing:

For a symmetry G with conserved current J#, integrate the time component over all space to get the charge Q.
(Think of space as a codimension-1 manifold that splits the spacetime into two pieces)

Q(./\/ld—1)=/M d“ "tz JH(x)n,

Express G transformations by constructing a unitary operator out of Q: U, = e'*@Ma-1) g = e'®
E.g. a 4d complex scalar ¢ with a U(1) symmetry ¢
JH = i(pdtpt — pTotp) Q ~ /dgx A p(z,t) ®

The unitary U, = 9% tells us that the field transforms as
o(x) = Upp(z)Uy = ()

or equivalently  Upp(x) = [R(0) - p(x)|Us



Ordinary Symmetries

Now generalize by defining the “unitary” on an arbitrary Uy (Sa_1) = exp _Z- o / Jd—1,. TH ()R _
(d-1)-dim manifold (“symmetry defect operator,” SDO) AT - :

SDQOs for conserved global symmetry currents obey nice properties:

® Obey the group multiplication law U, (X) - U, (X) = Uy, 4, (2)

® Are topological, i.e. invt under smooth deformations

Ug(Xag-1)Uy-1(X5_1) = exp zoz/ 0, JH (x
= U,

UQ(Z)°U—1(E)—H%U—1(

g —1 (E)

® |nduce symmetry transformations on charged operators ®

Ug(X)ORr(x) = R(g) - Or(x)Uy(X")



Higher-form symmetries

“Define” the symmetry of a QFT by the collection of SDOs and their relations.

. use the same prescription to define generalized
symmetries with (p+1)-index conserved currents acting on p-dimensional charged objects.

JH1 T pt O, Jpmpr1)

SDQOs are defined on codimension-(p+1) surfaces Z(d_p_l)

(Ensures SDOs always have well-defined linking with charged objects. Note that
local operators are charged only for ordinary p=0-form symmetries.)

At this point differential forms are essentially obligatory. Conserved (p+1)-index
current is co-closed, so convenient to define SDO via closed dual (d-p-1)-form

Oy =0 < > dJip =0
6




Higher-form symmetries

For example: p=1-form symmetry in d=3.

Conserved 2-form current, charged objects are 1-
dimensional (line operators), SDOs defined on circles.
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Higher-form symmetries

For example: p=1-form symmetry in d=3.

Conserved 2-form current, charged objects are 1-
dimensional (line operators), SDOs defined on circles.

L(¥)

<

|

D\Aj

—>

p-form global symmetries necessarily abelian for p>0:

R(): L)

_

)Mj




Examples in d=4

Maxwell electrodynamics
(no charged matter)

1. “Electric” 1-form symmetry  J""(z) < F""(x)
Conserved by EOM: 9, J""(z) =0

Charged objects: Wilson lines ~ Wy (7y) = e'?J- 4

2. “Magnetic” 1-form symmetry — J**(x) oc F*¥(x)
Conserved by Bianchi identity: 9, J"*(x) = 0

Charged objects: 't Hooft lines

~

-

Periodic scalar (axion)
a~a+2nf
1. O-form symmetry (shift)
J, < 0,a
2. 2-form symmetry

O

Charged objects: axion string worldsheets

\_ J
4 R
Yang-Mills
(No matter charged under center)

1-form center symmetry
Charged objects: Wilson loops
Wgr(v) = Trrexp <z 7{ TféAZda:“)
g i Y




Spontaneous higher-form symmetry breaking

p-form symmetries can be spontaneously broken, giving p-form goldstone bosons

O-form symmetry: charged operator I B “depends only on the points
acquires an expectation value |x—;ﬁm<0($)0(y)> (0(2)){O(y)) # 0 on which the operators live”



Spontaneous higher-form symmetry breaking

p-form symmetries can be spontaneously broken, giving p-form goldstone bosons

O-form symmetry: charged operator I B “depends only on the points
acquires an expectation value |x—;ﬁm<0(w)0(y)> = (O@){Oy)) # 0 on which the operators live”

p-form symmetry: spontaneously broken if charged operator defined on a
surface I » acquires an expectation value that depends only on Fp

F(T,) " finite SSB

o~ F(Ty) - _
<Wq (Fp)> € g V()](%III)I)]-—)OO ReVol(Fp) < o0 unbroken

\




Spontaneous higher-form symmetry breaking

p-form symmetries can be spontaneously broken, giving p-form goldstone bosons

O-form symmetry: charged operator I B “depends only on the points
acquires an expectation value |x—;ﬁm<0(w)0(y)> = (O@){Oy)) # 0 on which the operators live”

p-form symmetry: spontaneously broken if charged operator defined on a
surface I » acquires an expectation value that depends only on Fp

. F(T',) " finite SSB
—F(T) p) _
<WCI(FP)> € g V()](%III)I)]-—)OO ReVol(Fp) <\ o0 unbroken
For example: in 4d Maxwell theory, Wilson loops have perimeter law scaling <W> ~ o g°P

iNn the Coulomb phase, electric 1-form symmetry is spontaneously broken.

= The photon is the goldstone boson of the spontaneously broken 1-form symmetry

9



Explicit higher-form symmetry breaking

What about explicit breaking”? Charged matter explicitly breaks higher-form symmetries.

For example, electric 1-form symmetry of U(1) electrodynamics. Two ways of seeing:

e Current conservation violated by matter current 0, """ oc J“ |, SDO not topological.

® Dynamical charged matter makes Wilson lines endable, SDOs no longer link lines.

10



Explicit higher-form symmetry breaking

What about explicit breaking”? Charged matter explicitly breaks higher-form symmetries.

For example, electric 1-form symmetry of U(1) electrodynamics. Two ways of seeing:

e Current conservation violated by matter current 0, """ oc J“ |, SDO not topological.
® Dynamical charged matter makes Wilson lines endable, SDOs no longer link lines.

Symmetry is broken above the mass threshold of charged matter, but exact in the local Lagrangian density™ below it.
This is very different from explicit breaking of O-form symmetries....

1 = = Although EFT below threshold contains irrelevant operators that change the
~ — — e
L 4 o 7+ 1 P+ mW EOM, there is still a conserved 2-form current
m 2
| O F* ~ 0, (cFMF* 4 ...) TV MY L RV 2
£N—Z MVFMV+CF4—|—...

In some sense, emergent higher-form symmetries are nearly™ exact accidental symmetries
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Explicit higher-form symmetry breaking

What about explicit breaking”? Charged matter explicitly breaks higher-form symmetries.

For example, electric 1-form symmetry of U(1) electrodynamics. Two ways of seeing:

e Current conservation violated by matter current 0, """ oc J“ |, SDO not topological.
® Dynamical charged matter makes Wilson lines endable, SDOs no longer link lines.

Symmetry is broken above the mass threshold of charged matter, but exact in the local Lagrangian density™ below it.
This is very different from explicit breaking of O-form symmetries....

1 = = Although EFT below threshold contains irrelevant operators that change the
~ — — e
L 4 o 7+ 1 P+ mW EOM, there is still a conserved 2-form current
m 2
| O F* ~ 0, (cFMF* 4 ...) TV MY L RV 2
£N—Z MVFMV+CF4—|—...

In some sense, emergent higher-form symmetries are nearly™ exact accidental symmetries

“However, breaking is apparent in effective theory of Wilson lines in the IR.
10



Explicit higher-form symmetry breaking

Higher-form symmetries decompose under compactification and can be further broken via boundary conditions

For example: 5d U(1)on R4 x S'/Z> Ay — (A, As)

Dirichlet BCs for AM (i.e.

odd parity) explicitly break
1-form symmetry on
boundaries, Wilson lines Jun X Fyn
\_ Y,
can now end there.

Electric 1-form
symmetry

Unsurprising from N
perspective of 4D EFT; odd ectric 1-fgs Scalar 0-form

parity for A, projects out symmetry

J,LL X 8MA5

Zero mode, N0 massless y

U(1) in 4d.

11



Anomalous higher-form symmetry breaking

Higher-form
Symmetry

Higher-group Non-invertible
symmetry symmetry

12



Higher-group symmetry

When higher-form symmetries mix due to 't Hooft anomalies

To study mixing, revisit trick from 't Hooft anomalies: imagine weakly gauging p-form symmetries,
.e. couple (p+1)-form current to (p+1)-form background gauge field

AS — /Bp_|_1 /\ Jd—p—l 5Bp_|_1 — dAp

Consider a theory with a U(1) 1-form symmetry and a U(1) O-form symmetry.

If the symmetries decoupled, theory invariant under separate background gauge transformations

0A = dAg 0B = dA,
If symmetries mix w/ a higher-group structure (“2-group”), only invariant under correlated transformations:

K Field strength of A
0A = dA 0B = dA i
0 oo Y P

Leads to emergence conjecture: if both symmetries emerge in the IR, the “bad” symmetry cannot emerge
at a higher energy than the “good” symmetry. (Satisfied by anomaly inflow, monopole catalysis, etc.)

13



Axion Yang-Mills

An interesting example: Axion Yang-Mills

1 1 (
S:§/da/\*da gQ/tr(G/\*G) 87T2f/atr(G/\G)

e (O-form PQ symmetry J, < Oua

3 global
symmetries e 1-form Z, center symmetry of SU(N)

of Interest;

O

e 2-form scalar symmetry Juvp ~ €40,00°a

2-form and 1-form symmetry together have a 3-group structure
= Emergence scales should satisfy E, 2 E;

v/ Satisfied by anomaly inflow, also by perturbative effects.

14



What else can this do for
particle theory?



Part Il: High-quality Axions and
Higher-Form Symmetries



Axion Quality Problem

[Holman, Hsu, Kephart, Kolb, Watkins, Widrow '92; Kamionkowski & March-Russell '92; Barr & Seckel '92; Lusignoli & Roncadelli ‘92]

For a conventional PQ axion, axion is the pNGB of a spontaneously broken U(1)pg, global symmetry: & (z) — fe'#)//
By assumption, the only explicit breaking is from QCD via the anomaly: V' (a) >~ —AéCD cos(a/ f)

Axion vev neutralizes QCD @ term at the minimum of the potential £

17



Axion Quality Problem

[Holman, Hsu, Kephart, Kolb, Watkins, Widrow '92; Kamionkowski & March-Russell '92; Barr & Seckel '92; Lusignoli & Roncadelli ‘92]

For a conventional PQ axion, axion is the pNGB of a spontaneously broken U(1)pg, global symmetry: & (z) — fe'#)//

By assumption, the only explicit breaking is from QCD via the anomaly: V' (a) ~ —AéCD cos(a/ f)
Axion vev neutralizes QCD @ term at the minimum of the potential £

However, additional explicit violation of U(1)p, in the UV can spoil the solution:

f

Auyv

‘C‘ 67:5
Aly

Vuv D P|*®" = V(a) D ( )” ftcos(na/f + 6)

Expect global symmetries broken by quantum gravity; for f ~ 10714 GeV, Ayyv ~ Mp1 problematic below n ~ 6 — 8

Not just a naive EFT expectation: wormhole contributions give rise to global symmetry breaking of the expected form

Many model-building solutions: compositeness, discrete (gauge) symmetries, ...
but significantly complicates the simplicity of the axion solution to the Strong CP problem.

17



Extra-dimensional AXions

Axions also arise from the compactification of higher-dimensional theories.

Long history in string theory [Witte
Selberg ‘86, ...|, but the essential p
|[Arkani-Hamed, Cheng, Cre

N '84; Choi & Kim ’85; Barr '85; Dine &
Nysics can be understood in field theory.

minelli, Randall ’03; Choi ’'03; ...]

Simplest toy model: U(1) field theory in 5D, one dimension compactified on S’

18



Extra-dimensional AXions

Axions also arise from the compactification of higher-dimensional theories.

Long history In string theory [Witten '84; Chol & Kim '85; Barr '85; Dine &
Selberg ‘86, .../, but the essential physics can be understood in field theory.
[Arkani-Hamed, Cheng, Creminelli, Randall ’03; Choi ’03; ...]

Simplest toy model: U(1) field theory in 5D, one dimension compactified on S’

U(1) gauge field SU(N) gauge field (“QCD”)
Y . N
5D | _ _
S _/( zggdCA*dC zegGA*G | 87T20/\Tr[G/\G]) 5] = [es] = —1/2

Cyv = (Cy, Cs) *

1 1 s
54]3:/(—5]’2(16’/\*(16’ BQTT[G/\*G] |

2e; 3

18



Extranatural Inflation

Nima Arkani-Hamed, Hsin-Chia Cheng, Paolo Creminelli and Lisa Randall
Jefferson Physical Laboratory,
Harvard Unaversity, Cambridge, MA 02138, USA

The extra component
As of an abelian gauge field propagating in the bulk can-
not have a local potential, due to the higher dimensional
gauge invariance; a shift symmetry protects it similarly to
what happens to a four-dimensional PNGB.

19

Extra-dimensional Quality

Quantum gravity corrections
to the potential (5) are negligible if the extra dimension
is bigger than the Planck length, different from what is
expected in a 4d PNGB model. Again locality in the
extra space is the key feature; virtual black holes can-
not spoil the gauge invariance and do not introduce a
local potential for A5, while non-local effects are expo-
nentially suppressed by ~ e 2™MsE hecause the typical
length scale of quantum gravity effects (the 5d Planck
length M; ') is much smaller than the size of the extra
dimension.
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Nima Arkani-Hamed, Hsin-Chia Cheng, Paolo Creminelli and Lisa Randall
Jefferson Physical Laboratory,
Harvard Unaversity, Cambridge, MA 02138, USA

The extra component
As of an abelian gauge field propagating in the bulk can-
not have a local potential, due to the higher dimensional
gauge invariance; a shift symmetry protects it similarly to
what happens to a four-dimensional PNGB.

Extra-dimensional Quality

Quantum gravity corrections
to the potential (5) are negligible if the extra dimension
is bigger than the Planck length, different from what is
expected in a 4d PNGB model. Again locality in the
extra space is the key feature; virtual black holes can-
not spoil the gauge invariance and do not introduce a
local potential for A5, while non-local effects are expo-
nentially suppressed by ~ e 2™MsE hecause the typical
length scale of quantum gravity effects (the 5d Planck
length M; ') is much smaller than the size of the extra
dimension.

But this is clearly not the whole story!
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not spoil the gauge invariance and do not introduce a
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nentially suppressed by ~ e 2™MsE hecause the typical
length scale of quantum gravity effects (the 5d Planck
length M; ') is much smaller than the size of the extra
dimension.

But this is clearly not the whole story!

e (Gauge symmetry is a redundancy of description, what’s the actual symmetry at play”?
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Nima Arkani-Hamed, Hsin-Chia Cheng, Paolo Creminelli and Lisa Randall
Jefferson Physical Laboratory,
Harvard Unaversity, Cambridge, MA 02138, USA

The extra component
As of an abelian gauge field propagating in the bulk can-
not have a local potential, due to the higher dimensional
gauge invariance; a shift symmetry protects it similarly to
what happens to a four-dimensional PNGB.

Extra-dimensional Quality

Quantum gravity corrections
to the potential (5) are negligible if the extra dimension
is bigger than the Planck length, different from what is
expected in a 4d PNGB model. Again locality in the
extra space is the key feature; virtual black holes can-
not spoil the gauge invariance and do not introduce a
local potential for A5, while non-local effects are expo-
nentially suppressed by ~ e 2™MsE hecause the typical
length scale of quantum gravity effects (the 5d Planck
length M; ') is much smaller than the size of the extra
dimension.

But this is clearly not the whole story!

e (Gauge symmetry is a redundancy of description, what’s the actual symmetry at play”?

® [xtra-dimensional gauge invariance doesn’t protect against local effects that badly violate the axion shift
symmetry, e.g. a Stueckelberg mass for the 5d U(1) gauge field.
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Extranatural Inflation

Nima Arkani-Hamed, Hsin-Chia Cheng, Paolo Creminelli and Lisa Randall
Jefferson Physical Laboratory,
Harvard Unaversity, Cambridge, MA 02138, USA

The extra component
As of an abelian gauge field propagating in the bulk can-
not have a local potential, due to the higher dimensional
gauge invariance; a shift symmetry protects it similarly to
what happens to a four-dimensional PNGB.

Extra-dimensional Quality

Quantum gravity corrections
to the potential (5) are negligible if the extra dimension
is bigger than the Planck length, different from what is
expected in a 4d PNGB model. Again locality in the
extra space is the key feature; virtual black holes can-
not spoil the gauge invariance and do not introduce a
local potential for A5, while non-local effects are expo-
nentially suppressed by ~ e 2™MsE hecause the typical
length scale of quantum gravity effects (the 5d Planck
length M; ') is much smaller than the size of the extra
dimension.

But this is clearly not the whole story!

e (Gauge symmetry is a redundancy of description, what’s the actual symmetry at play”?

® [xtra-dimensional gauge invariance doesn’t protect against local effects that badly violate the axion shift
symmetry, e.g. a Stueckelberg mass for the 5d U(1) gauge field.

® How can we systematically account for the whole host of non-local effects? \What contributes?
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4d axion
protected

by 5d gauge
symmetry

4d axion

protected
by 5d 1-form
symmetry

20 h/t M. Reece, TASI lectures [2304.085172]



Higher-Form Symmetry to the Rescue

The free 5d U(1) has an electric one-form symmetry and a magnetic two-form global symmetry.

\_

.
This symmet

ne axion real number shift symmetry is embedded in the electric one-form symmetry.

ry IS difficult to break, protecting the axion potential from dangerous corrections from UV physics.

~

J

50

1/R

40

Electric 1-form (I\/Iagnetic 2-form\

symmetry symmetry
SN X Fyn J x F
_ ¥ . MNR MNR y
4 | N ) ( N )
Electric 1-form Scalar O-form Scalar 2-form Magnetic 1-form
symmetry symmetry symmetry symmetry
g S X F, L J, < 0,Cs ) guvp X eu,,pgé"’(]i . Juw < Fy )

21




Breaking the Symmetry

1 1
Free Maxwell theory in 5d: Jo = 5*xdC, J, =—dC
gz 27T
/ AN
Conserved via EOM Conserved via Bianchi
v W
dJ. oc dxdC = 0 dJ,, o« ddC =0

Can break the electric 1-form symmetry directly with charged matter, anomalies, or gauging the magnetic symmetry.
Axion can also be eaten by gauging the electric symmetry.

Symmetry Modification Current Equation Remnant Symmetry Potential
Electric Matter dJe = Jmatter Zgl) Vi ~ (g;]}}if e 2mhHmsp cos(q6)
Magnetic Gauging dJ, = ZMWdK Zﬁ) me = zMw g4 €K 4
Electric Gauging kJ. = dxdB U(l)gl) m;i=kepaf
ABJ Anomaly dJ. = 25 Tr (G AG] Zg\lf) Vo ~ —Ag cos(IN6)

22



Electrically charged matter

Symmetry Modification || Current Equation | Remnant Symmetry Potential
2
FElectric Matter dJe = Jmatter Zél) Vo ~ (gi}z}){i e~ 2mHmsD cog(gh)

Electric 1-form symmetry no longer conserved in presence of matter:

dJe — jmatter

What’s the consequence for the axion? Gives effective potential via worldline instantons.
Heuristic: theory has distinct topological sectors in which charged particle winds around extra

dimension a different number of times.

23




Electrically charged matter

Symmetry Modification || Current Equation | Remnant Symmetry Potential
2
Electric Matter dJ. = jmatter Zél) Vi ~ (gi’r}}{}){i e~ 2mHmsD cog(gh)
Electric 1-form symmetry no longer conserved in presence of matter: dJ. = Jmatter

What’s the consequence for the axion? Gives effective potential via worldline instantons.
Heuristic: theory has distinct topological sectors in which charged particle winds around extra
dimension a different number of times.

Action from winding w times:  Sg = msp / dr + 2q / C ~ 2rRwmsp + 1qub
Y Y

Effective potential: V' (0) x Z e~ 9B W) 4 o=5m(=w) o Z e~ 2TIWMSD cog (wgh)
weN weN

2m5D K5/2(27TRm5DTL)
(2m)5/2 (2mr Rmspn)5/2

Actual calculation: — —27R Z cos(ngb)

23



Gauging the magnetic 2-form symmetry

Symmetry Modification || Current Equation | Remnant Symmetry Potential
2
Electric Matter dJe = Jmatter Z((Jl) Vo ~ (gf}?ﬁi e~ 2mHEmMsD cog(gh)
Magnetic Gauging dJ. = ZMWdK Zg\y My = ZMW g4 €K 4

Couple a 3-form gauge field K to the 3-form current of the magnetic 2-form symmetry

1 M ex] = 3/2
e » SoP 5 / dK N xdK A K NdC
> B theory ( 2e5. 27 ) MeZ
. M . .
Modifies the EOM to dJ, = —dK Electric one-form symmetry is broken

27
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Gauging the magnetic 2-form symmetry

Symmetry Modification || Current Equation | Remnant Symmetry Potential
Electric Matter dJe = Jmatter Z((Jl) Vo ~ (gf}gf e~ 2mHEmMsD cog(gh)
Magnetic Gauging dJ. = ZMWdK Zg\y My = ZMW g4 €K 4

Couple a 3-form gauge field K to the 3-form current of the magnetic 2-form symmetry

1 M ex] = 3/2
e » SoP 5 / dK N xdK A K NdC
> B theory ( 2e5. 27 ) MeZ
. M . .
Modifies the EOM to dJ, = Z_dK Electric one-form symmetry is broken
7

To identify IR consequences, integrate the EOM for K and plug it into EOM for C:

M M?

2
d*dK — €K %dc — d*dC — gg@% R*(C — Oé)

C acquires a mass (eats dual of K). In terms of 4D axion field, me = gaer s M /2

24



Gauging the electric 1-form symmetry

Symmetry Modification || Current Equation | Remnant Symmetry Potential
Electric Matter dJe = Jmatter Zgl) Vg ~ (Zggf e 2mHmsp cos(q0)
Magnetic Gauging dJ,. = ZdeK Zg\? my = zMw g4 €K .4
Electric Gauging kJ. = %d*dB U(l)él) mi=kepaf

What about gauging the electric 1-form symmetry? Consistent coupling to 2-form gauge field B:

1 1
G50 _ / ( 502 dB A xdB 5(dC — kB) A x(dC — kB)

> preserves invariance under
B 295

C —-C+EkA, B— B+dA

1 k
Refined current J, = —*dC — —*B
95 95
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Gauging the electric 1-form symmetry

Symmetry Modification || Current Equation | Remnant Symmetry Potential
Electric Matter dJe = Jmatter Zgl) Vg ~ (Zggf e 2mHmsp cos(q0)
Magnetic Gauging dJ,. = zdeK Z§\14) my = zMw g4 €K .4
Electric Gauging kJ. = %d*dB U(l)él) mi=kepaf

What about gauging the electric 1-form symmetry? Consistent coupling to 2-form gauge field B:

1 1 preserves invariance under
SoP — / ( 5>dB A xdB 5(dC — kB) A x(dC — kB)>
2eq 29¢ C —-C+kAN, B—B+dA
1 k
Refined current J, = —*dC — —+B
1 2 2 95 95
A, ~ Bys ep4 = ep(2TR)
, , 4d Stueckelberg theory
S4D:/< s dfl/\*dfl—§f2(d«9—kfl)/\*(d9—kfl)+...> where axion gets eaten,
€B 4

m; = kepaf
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Breaking by anomaly

Symmetry Modification Current Equation Remnant Symmetry Potential
Electric Matter dJe = Jmatter Zgl) Vo ~ (gﬂ%}}f e~ 2mHEmMsD cog(gh)
Magnetic Gauging dJ, = ZdeK ZE\? me = zMw g4 €K 4
Electric Gauging kJ. = dxdB U(l)gl) m;i=kepaf
ABJ Anomaly dJ. = 25 Tr (G AG] Zg\lf) Vo ~ —Aé cos(IN6)

Axion coupling to QCD starts its life as a 5D Chern-Simons term,

N

1 N
S5DD/( 5G A *G A 20/\Tr[G/\G]>
2es ST
which clearly breaks the electric 1-form symmetry: dJ.

(RHS non-trivial thanks to instantons)

20
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Breaking by anomaly

Symmetry Modification Current Equation Remnant Symmetry Potential
Electric Matter dJe = Jmatter Zgl) Vo ~ (gﬂgf e~ 2mHEmMsD cog(gh)
Magnetic Gauging dJ, = ZMWdK ZE\? me = zMw g4 €K 4
Electric Gauging kJ. = dxdB U(l)gl) m;i=kepaf
ABJ Anomaly dJ. = 25 Tr (G AG] Zg\lf) Vo ~ —Aé cos(IN6)

1 . .
S4D3/( STr [G A G A
2e;

Axion coupling to QCD starts its life as a 5D Chern-Simons term,

S5D3/( 12G/\*GI NQC’/\Tr[G/\G]>

2es ST

which clearly breaks the electric 1-form symmetry: d.J iTr G AG]
€ 2

(RHS non-trivial thanks to instantons) 87

Reduced to four dimensions, gives the conventional axion potential

N .
S0 Tr |G NG|+ .. ) V(0) ~ —AéCD cos(IN6)

ST

20




Magnetically charged matter

Related: anomaly terms involving additional U(1)’s w/ monopoles can break the electric 1-form symmetry.
Recall axion mass from monopoles in Axion-QED [Fan, Fraser, Reece, Stout 2105.09950)]

In a theory with a monopole and a tower of dyons charged under a U(1), mass spectrum depends on @ angle:

2
m% — m?w + mzA <7’L 29 > [Jackiw]
(s

If there is an axion coupled to F F , mass spectrum depends on the axion field.

Integrating out dyons gives a Coleman-Weinberg potential for the axion

O
MAT Y

Vers(0) = =D o g ge 2mma/ma cos(69) (1+....)

/=1

Key point (for us) is that the monopoles have dyonic excitations thanks to the theta term.

27



Magnetically charged matter

In 5D, if another U(1) couples to C via a Chern-Simons term, its monopole strings will have
excitations that act like charged matter to break the electric 1-form symmetry.

1 1
S5D3/< A A xdA - SWQC/\dA/\dA) AJ. = 5dA N dA
A 70

Anomaly naively breaks 1-form symmetry, but RHS is trivial unless there are monopoles under U(1) 4

28



Magnetically charged matter

In 5D, if another U(1) couples to C via a Chern-Simons term, its monopole strings will have
excitations that act like charged matter to break the electric 1-form symmetry.

1 1
S5D3/< A A xdA - SWQC/\dA/\dA> AJ. = 5dA N dA
A 70

Anomaly naively breaks 1-form symmetry, but RHS is trivial unless there are monopoles under U(1) 4

inas: thei 1T 1
5D monopoles are strings; their GgWorldsheet _ / ( J;f dac A xd 40 CAda 0)
worldsheet theory takes the form 2 miy, 27 \
dy=d+24

Gives analogous effective potential to axion:

> R?T?,m? A2 m Sy s
V(@) _ _Z M W€ 4 ERTM/ WCOS (89) X (1 I 47T2€RTM I 167.‘_4622/2]"]%4)

New effect revealed by the higher-form symmetry perspective.
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Irrelevant Effects

Things you might have worried would break the electric 1-form symmetry, but do not:

Kinetic mixing between U(1)s Local irrelevant operators

OV
2gx A4

S5DD/< 12 dA N xdA - n dC’/\*dA) S5D:/( 12dC/\*dC—(’)

2e7 gs€A

Improved current still conserved Improved current still conserved

1 (dC)?
J = —+dC — —xdA - (dC)
9s g5€A A4

29



Gravitational Expectations

Weak gravity conjectures parameterize the extra-dimensional axion quality problem

[Arkani-Hamed, Motl, Nicolis, Vafa '06; de la Fuente, Saraswat, Sundrum '14; Heidenreich, Reece, Rudelius '15; Cordova, Ohmori, Rudelius '22; ...]

5D Electric WGC

There must be electrically
charged matter satisfying

3/2
MsD S QSQMP{,H)

Bounds contribution to axion potential:

S = 27Tm5DR
< 2mqgs RM| &,
= qMp/ f

“Log of the 4D quality problem”

A compelling answer to the axion quality problem.

5D Magnetic WGC

The local electric description of
the U(1) should break down by

A < g5(Mpysp)>/?

Given an ABJ anomaly and
monopoles charged under the
other U(1), bounds action
contributing to axion potential:

R
S XX ) < MPZ)IR2
95
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5D 2-form WGC

If the 1-form electric symmetry
IS gauged, there must be 10
objects whose tension satisfies

2,9 _ 9.9 .3
gTz < g3 Mp 5p

The mass of the gauge boson that
eats the axion cannot be arbitrarily
small compared to the strings,

k15
g2 g4 Mpy

mAz




. Generallzed symmetrles otfer a nevv paraohgm for pa
remalns to be seen What nevv thlngs they can teaCh

ftlc
Us

e physms aIthough it '

'n feur-d|men8|ons

e They are abundant m aX|on medets hjgher—form symmetrles hlgher—group

symmetrles non

2o RRES. -
|| IVel tlble S nmeltri '
y‘ .‘ NV N & J\J 1w »
i J "V-, ",""."'_ b R~ (7-“ . o = -
AN -

bly high quahty of extra

%

elimensmnat aX|ons

Suggests other phenemenologlcatlpttcatrons awa|t exploratlon

— gunnt try Modlﬁcatlon

Current E;quatle_n... Remnatat Symmetry

Po-tentla,l |

*"-;sﬁ},\

e .
-

..<o- la .
‘,}' o S - |
. - . d

T

Qe = Jmareer “ e

(’m5DR) 2

e I -'..VQ Y ;!

e cos(¢6)

& o UU

WIAY;

cosmology (e.q. |

e dJ. = MdK

Ly =

M :
5. 94 CK 4

= 8 ATN R -
— L -"’;
VW .

wmg=kepaf

>, .. 5
P Y & - R o
kS B DS e R P el
F ot ) N T\
J  — Ty s I‘ /\ .
"( kI , v .‘."- _. 2. e & g
Y 'y !9,‘ | -

Vg ~ —-'Aé cos(INO)

N Mt Y S o N -
= -
RAATE , T 1
s4 o) -
) 'qg.‘ EEN
» “n
>

e

Nl
« ‘__-"efv_\ ‘.

NNt

Iroplen

BSenabou et al.

Thank you!

is way has far-reaching implications for
0312.08425; Lu et al. 2312.07650:

)




