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F(x)+ <VF(x),y — x> +21—y||y—x||2
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Gradient Descent

At every iteration k € N,

1
Ts1 = argmin {Fuk) +H(VF (@, =)+ -l - xknz}
Yy

=z —YVF ().
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Gradient Descent

At every iteration k € N,
Tpt1 = — YV (z1).

BUT VF must be available!
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A motivating example

toucan (97 %)
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A motivating example

toucan (97%) cat (95%)

z v st ||| <e z+v
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The optimization perspective

v* € argmax F'(v) := L(f(z +v),y) subject to lo|| < e.

vERd
Where
> (z,y) € X XY input-output > f:X =Y classifier
» ¢ maximum pertubation threshold > L:Y xY — Rloss function
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The optimization perspective

v* € argmax F(v) :== L(f(x +v),y) subject to lv|| <e.
vER?

> Black-box optimization: Gradients not available.
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The optimization perspective

v* € argmax F(v) := L(f(x +v),y) subject to
vER?

» Black-box optimization: Gradients not available.

o]l <e.

Other examples
> Robotics
» (Hyper)-parameter tuning
» Reinforcement Learning
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Finite-Difference Method

in F
e
We can use
TR == ’Yl”c) gr(zk) = VF(zy) Trt1 = Tk — Yegr(Tr)
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FD: Finite-Difference Method




Function evaluation cost

lk + h;\c — F(xp,
Tpr1 = Tk — %Z Z ( )61'

The iteration is expensive: d + 1 function evaluations
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Random Finite-Difference Method

At every iteration k € N, sample (v,(j))le with ¢ < d and compute

¢ 0
F h - F i .

Tpy1 = Tk — Tk E (s + k;:: ) @) v,ﬂ,) with

i=1

» random directions (v,(f))le

[4] Duchi, J. C., Jordan, M. I., Wainwright, M. J., & Wibisono, A. (2015). Optimal rates for zero-order convex optimization: The power of two function evaluations.
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[5] Ghadimi, S., & Lan, G. (2013). Stochastic first-and zeroth-order methods for nonconvex stochastic programming. SIAM journal on optimization, 23(4), 2341-2368.



Random Finite-Difference Method

At every iteration k € N, sample (v,(:))le with ¢ < d and compute

¢ (i)

F h - F i .

Tht1l = Tk — Yk Z (@ & k;:: ) (z) v;i) with t<d
i=1

> random directions (v{")¢_,
— unstructured directions: sampled i.i.d. from some distribution ‘
— structured directions: orthogonal, let V be a random matrix with columns v
d

EVVT=I and V'V%= 7!

[4] Duchi, J. C., Jordan, M. I., Wainwright, M. J., & Wibisono, A. (2015). Optimal rates for zero-order convex optimization: The power of two function evaluations.
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[5] Ghadimi, S., & Lan, G. (2013). Stochastic first-and zeroth-order methods for nonconvex stochastic programming. SIAM journal on optimization, 23(4), 2341-2368.



Unstructured Finite-Difference Structured Finite-Difference




Gradient Accuracy Comparison

Let d = 200 and A € Rx4,

Q
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llg(x) = VAX)||
IV

10!

100 A

f(x) = 0.5]|Ax — y||?

—8— structured directions
—®— uniform on sphere
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Structured and Unstructured Directions

» Higher approximation accuracy than unstructured methods [1].
» Better empirical results [3].
» Few theoretical results available [6, 1, 7, 12]

- No non-smooth analysis was provided.
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» BUT: I non-smooth
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Non-smooth Optimization

x* € argmin F'(x)
zER?
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Smoothing

Fp(z) :=E, pa[F(z + hu)]
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Fp(z) :=E, pa[F(z + hu)]
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Smoothing

Fp(z) :=E, pa[F(z + hu)]

» [}, is differentiable [2].

> F convex = F}, convex and F(z) < Fj(z)

» F L-Lipschitz — F;, L-Lipschitz and F,(z) < F(x)+ Lh
» F L-Lipschitz — Fj, L\/d/h-Smooth!

[2] D. P. Bertsekas. Stochastic optimization problems with nondifferentiable cost functionals. Journal of Optimization Theory and Applications, 12(2):218-231, Aug
1973.
J. C. Duchi, P. L. Bartlett, L. Peter, and M. J. Wainwright. Randomized smoothing for stochastic optimization. SIAM Journal on Optimization, 22(2):674-701, 2012
X. Gao, B. Jiang, and S. Zhang. On the information-adaptive variants of the admm: An iteration complexity perspective. Journal of Scientific Computing,
76(1):327-363, Jul 2018
UniGe ‘ MoLGa T.Lin, Z. Zheng, and M. Jordan. Gradient-free methods for deterministic and stochastic nonsmooth nonconvex optimization. In S. Koyejo, S. Mohamed, A. Agarwal,
D. Belgrave, K. Cho, and A. Oh, editors, Advances in Neural Information Processing Systems, volume 35, pages 26160-26175. Curran Associates, Inc., 2022.
F. Yousefian, A. Nedi “c, and U. V. Shanbhag. On stochastic gradient and subgradient methods with adaptive steplength sequences. Automatica, 48(1):56-67, 2012.
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Smoothing Lemma for Structured Approximation

Structured Central Finite-difference
Sample G uniformly from O(d),

g(‘T) = Gei.

d zf: F(z + hGe;) — F(x — hGe;)
[ 2h

Smoothing Lemma [10]
Then, let Fj,(z) := E, g [F(z + hu)],

Eg(g(z)] = VEu(z).

MalkGa

Globerson, K. Saenko, M. Hardt, & S. Levine (Eds.), Advances in Neural Information Processing Systems (Vol. 36, pp. 36738-36767).

[10] Rando, M., Molinari, C., Rosasco, L., & Villa, S. (2023). An Optimal Structured Zeroth-order Algorithm for Non-smooth Optimization. In A. Oh, T. Naumann, A.
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Algorithm

At every iteration k € N, sample G}, uniformly from O(d) and compute

¢
dz hyGre:) — F(z), — hyGre
Tl =Tk = Tk (@e + hiGres) = Flan = hiGhes)

2h

er

%

=:gr(zx)
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Convergence Rate in Convex Non-smooth setting

Theorem 1[10] If F' is L-Lipschitz continuous, choosing v, = v/+/(k + 1) and hy, =

h//(k+ 1)

_ N C 1
ElF(zx) — F(2")] < VE ‘*‘0(\/%)
with C' > 0.

\

Moreover, the number of function evaluations required to obtain an errore € (0,1) is
O(de?)

UniGe ‘ MaLGa [10] Rando, M., Molinari, C., Rosasco, L., & Villa, S. (2024). An optimal structured zeroth-order algorithm for non-smooth optimization. Advances in Neural

Information Processing Systems, 36.
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Convergence Rate in Non-Convex Non-smooth setting

Theorem 2 [10] If F is L-Lipschitz continuous, choosing v = v/+/(k + 1) and hy, =
h
k
, N
ol —

s B k k

> Wk vk

=0
with C' > 0.

Moreover, the number of function evaluations required to obtain an error e € (0,1) is
O(dvVdh='e2)
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[10] Rando, M., Molinari, C., Rosasco, L., & Villa, S. (2024). An optimal structured zeroth-order algorithm for non-smooth optimization. Advances in Neural
Information Processing Systems, 36.
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Numerical Experiments
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Total Variation

Huber Loss

0
100
100
107
100
I T — single Gaussian | & 107
k3 ] ~—— Single Sphe 1l 3
= = ingle Spherical | X
T 1 —— Multi Gaussian 1
3 10 = —— Multi Spherical 3 100
S < — &
= = Ours =
. 10
100 = Single Gaussian — Single Gaussian
— Single Spherical 100 — Single Spherical
— Multi Gaussian Lo | = Multi Gaussian
= Multi Spherical = Multi Spherical
—— Ours —— Ours
107
O 250 S0 7500 10000 12500 15000 17500 20000 T 250 00 750 10000 12500 15000 17500 20000 0 250 00 750 10000 12500 13600 17300 20600
function evaluations function evaluations function evaluations
Infinity Norm L1 Norm Sparse Group Lasso
100
10t
9x100
10
Bx10°
- 10 10t —— Single Gaussian
s el = —— Single Spherical
X 1 5 —— Multi Gaussian
= = 100 = —— Multi Spherical
= i3 — ours
6x10°
107
— Single Gaussian — Single Gaussian -
—— single Spherical —— single Spherical B
— Multi Gaussian L] = Mot Gaussian
5%10°{ —— Multi Spherical —— Multi Spherical
—— Ours —— Ours
O 230 S000 7500 10000 12300 13000 17500 20000 0 2500 00 7500 10000 12500 13000 17300 20000 250 5000 7500

Q
UniGe | MaLkGa
g oY

function evaluations

function evaluations

10000 12500
function evaluations

15000 17500 20000

21



UniGe

Conclusions

Summing up
> A structured finite-difference method for non-smooth optimization.
— Theory + experiments

MakGa
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Conclusions

Summing up
> A structured finite-difference method for non-smooth optimization.
— Theory + experiments

Results
» Smoothing Lemma
» Convergence rates
> Convergence of the iterates
»> Empirical Experiments

MakGa
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Research Directions

» Extensions

» Non-convex setting
» Analysis in stochastic non-smooth setting

> Applications [9, 3]

— Variance Reduction (coming soon on arXiv.)

— Stochastic smooth setting [11]
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