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Introduction

® In a compactification, gravitational potential: [eg. D=4+d — 4]
[/ 1 for me, DD for
™~ m12)1 AT r > KK U ~ UD rD—3 r < KK

e Up reproduced by resumming Yukawa contributions from KK masses my

In a direct product

ds7 + ds?(X) Weyl law:

N V2
> My ~ 2 (de(X))

k — o0

m12>1 4 — Mpy DQV(X)

[Weyl ’11,... Levitan ’52}

Wq = V(Bd)
unit d-dim. ball
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e?(ds? + ds?(X)) and yet the Weyl law is still
1/d
_ k
ml%l,zl = mll))l,D2VA(X) M ~ 27 (de(X))

H
fX ddye(D—Q)A\/g

even in presence of singularities,

if they are nice enough

[Hormander ’68, ...
Ambrosio, Honda, Tewodrose 17,
Zhang, Zhu ‘171

® What’s going on?

The solution to the puzzle will involve the wavefunctions
and a property we call weighted quantum ergodicity



Plan

® Spin-two KK tower

® Weyl law from gravitational potential
® Quantum ergodicity

® The role of singularities



Spin-two KK tower

Table 5
Mass operators from the Freund-Rubin ansatz

. . Spin Mass operator
® KK masses: spectrum of internal diff. operators -
(23/2)(1)' @ ?1;2 +7Tm/2
famous review [Duff, Nilsson, Pope "85} 1-0.@ A1+ 12m2 2 6m(dy + dmA2
1* 4
Example : (172w 4,21 n—9mf2
- . (12 3.2 3mj2-
Freund-Rubin 0+<')M‘~” A?+ Mfg’i 12m (Ao + 9m )L
+(2) _ m2
g-ﬂ)- @ ?)Lz +46m0 +8m?
: : . [Csaki, Exlich, Hollowood, Shirman’oo:
® Model-dependent in general, but universal for spin-two T Bachas, Bates ]

‘weighted Afw — _e—fvm(efvmw) f= (D — 2)A

Laplacian’
2A 2 2
A iy, = m%wk e“”(dsj +ds3(X))
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and this indeed follows from internal Einstein,
in string theory and more generally



[De Luca, De Ponti,

e Several universal bounds on my Mondino, AT "21-23]

Usually one needs a local inequality of the type

f=(D-2)A

N=2-d<0
and this indeed follows from internal Einstein,
in string theory and more generally
® A fun example: mi < 600k2max{m%, |A] + 02}
2 2 2 2
mi > |Al+ o mi < |Al+o _
, , D=d+n
ms3 ms3

m2 ) m2 ) o =+D —2sup|dA]

ms3 ms3

(o] (o]

mig
A+ 0 Al + 0
o m%
k k

higher masses constrained by m? higher masses constrained by |A| + o2
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Weyl law from gravity

o A = (0 for now: unwarped

expectation: 2—D
dlwg ™D

1 2 —MET aV,
U oz 2y Yicly)e™™ e (2m)d pd+

D—
m12)1,4 = mPl,DQV(X )

e what shall we do with the wavefunctions 1;.?

e smear particles on internal space: [, ddy\/§ on both sides

expectation:
1 — d'wd V(X)
o> Ay ~ G

use ‘Karamata’s Tauberian theorem’

1/d
k
C> my ~ 27 (de(X)) \/

ST —akt/dr 1 00 —kte _ _dl
idea: ) e ~ Tar)d Jo dke = (ar)?

[similar to heat kernel proof ] y



Ergodicity

® classical ergodicity: for almost all initial conditions

> trajectory dense in phase space
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Ergodicity

® classical ergodicity: for almost all initial conditions

> trajectory dense in phase space

[Schnirelman 74,
@ Colin de Verdieére 83,
Zelditch ‘87}

e quantum ergodicity: almost all 1y
oscillate around constant

. fB \/§¢Z __ V(B)
hm’f,:égo [x Vav: — V(X) vBc&

® occasional eigenfunction can be ‘scarred’:
peaked around classical closed trajectory

if there are no scars,
quantum unique ergodicity

example on a

Riemann surface
pictures: {Dyatlov 21, ’23]

example on

‘Bunimovich stadium’
picture: {Reichl ’92}
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® QE expected to be common. If it holds: Still A = 0!

expectation: 2—D
dlwg ™p1,D
1 2 —MT N ’
U m2 v > Vi (y)e ™ N (2m)d pd+l

[, d*y,/g on both sides; at large k, [, ¥7 ~ V(B)

expectation:
= La—mypr ~ dlwg V(X)
o rvo o @mdde

and conclude Weyl law as before.
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H

. d D—-2)A
why doesn’t V4 appear in the Weyl law? Jx d yelP=24 /g
. [De Luca, De Ponti,
e The expectation Uy ~ Up now reads Mondino, AT 24]
r—>
e(D—Z)A ZOO le—kaQpQ ~J d'deAd()f)
k=0 r k s O (27'('7") +
X
M, M,
y (o] (o]



e Now warped case: e’ (ds? + ds?(X)) m123174 = WSEDZVA(X)
H

why doesn’t V4 appear in the Weyl law? [ diyeP=2)4 /g
e The expectation Uy ~, Up now reads {Ii/foil(;fri),D;TP’ZEi,
r—r
—~ - dlwqgVa(X)
(D—=2)A N~ 1 ,—mgr,),2 ~U dV A
e e
D k=07 L .0 (27r)d+1

® Quantum ergodicity can’t be right! LHS would depend on point, RHS doesn’t
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e Weighted quantum ergodicity: almost all 1/}, oscillate around e~/ {Il\)foi‘;fﬁ;fﬁpfﬁi’
- JpVae v v(B)
hm’f@g@ fi Joerp? T V(X) VB C X f=(D-2)A
I unwarped!
our norm. [ v/ge’ V3
Va(X)
P _e(D-2)A
® also supported by \/\/\
. . AMAAAAR z
® some numerical and analytic models
® ‘analogue Schrodinger’ approach: v
Af —e/ (Ao—e_f/2A0€f/2) e/ /\/\ /\/\ T

‘potential’
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e Weighted quantum ergodicity: almost all +;, oscillate around e~/ e Luea, De Ponti
ondino, 24
o9
I Jp V3¢ ¥ _ V(B)
lmkk_ézo [ \Jgel 2 V(X) VBC X f=(D—-2)A
[ unwarped!
our norm. [ v/ge’ V3
Va(X)
. The tati N [De Luca, De Ponti,
expectation Uy ~ Up now reads Mondino, AT ’245
! Siy by ~ S
r—0 (2mr)t
e [ /g on both sides:
VA X V(B) OO_ le—mkr IV, dlwgVa(X)
( )V(X) k=0 r r 0 V(B) (zir;}i—l—l
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e Weighted quantum ergodicity: almost all 1/}, oscillate around e~/ e be o
- Js V3¢’ vy V(B)
hmk,jggo fi Vaeldy o V(X) VB C X f=(D-2)A
I unwarped!
our norm. [ v/ge’ V3
Va(X)
* The expectation Us ~ Up now reads e e o
f 1 _ —mgr,/,2 AU d!deA (X)
e e
. Vi r—0 (2mr)d+!
e [ /g on both sides:
L) 01—y ~ dlw Vet )
W) V) 2o ¢ r—0 TR e

k

. . _ 1/d
—> warping disappears => Mg ~ 2T (wdvm)
‘unwarped’ Weyl law.
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]

models where Uy = 1/r even when X noncompact
T To

e Famous ex.: Randall-SundrumII, Karch—Randall (ryg = L5)
K e .
. _ ccion L) 3 [Verlinde ’99, Chan,
® RSII: D3-branes — T "~ Payl, Verlinde 00]

D5 [Bachas, Lavdas ’17, ’18] based on
e KR: hOl duals Of defeCtS M [D’Hoker, Estes, Gutperle ’o71
\

® In string theory?

in N — 4 Super-YM [Assel, Bachas, Estes, Gomis 11}

NS5

here mg < /|A| < mq

easy problematic, because:

msi < 150k2max{m(2), Al + 02}

[De Luca, De Ponti,
Mondino, AT 23}
‘localization’ only up

to cosmological scale?

® wave-function suppression could help

pushing localization scale down.
ANAAAA
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Singularities

e We expect Uy ~ Up also with physical singularities [D-branes, O-planes}
r— ’

e WQE argument: [, far from singularities v/

on the other hand, not fully rigorous {limits vs. integrals...}

® Nasty enough singularities can break Weyl:

oemyp ~ck® Ya<1/2
3 2d examples with [Dai, Honda,
Pan, Wei 22]
e m3 logmy, ~ 2mk R

¢ Weyl law proven for ‘RCD’ singularities [Ambrosio, Honda, Tewodrose 17
under a certain condition on geodesic balls Zhang, Zhu 17}
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® RCD spaces: replace inequality

Ry — Vo, Vo f + n_l Vi fVaf 20 with an integrated version:

a bound on 97 S for geodesic motion

of probability distributions. @

S=N(1- [y vGe'p™™)

® D-brane singularities are indeed RCD

geodesics attracted

by a D-brane...

[De Luca, De Ponti,
Mondino, AT 22}

... but repelled
® O-planes are not. by an O-plane



® The additional necessary condition for Weyl:

lim / r dm = lim r dm < oo
r=0+ Jx m(Br(z))  Jx o0t m(B,(z))

weighted measure

of geodesic balls.

® We proved that this holds for D6, D7, D8 [De Luca, De Ponti,
[ + brute forcel Mondino, AT 24}

{the spectrum is continuous in the presence of D3, D4l
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® Physical argument particularly clean if ergodicity holds
® For warped compactifications, a new weighted ergodicity appears

® Rigorous version available also with D-brane singularities



Conclusions

® (ravity compactifications give a perspective on Weyl law
® Physical argument particularly clean if ergodicity holds
® For warped compactifications, a new weighted ergodicity appears

® Rigorous version available also with D-brane singularities

ZIN

® No, one can’t hear the Planck mass. i

IS HINCHLIFFE’S RULE TRUE? -

Boris Peon
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Bounds.

upper

lower

weighted volume

[or 4d Planck mass}

my {smooth; warp.]

[De Luca, AT ’20;
De Luca, De Ponti,

Cheeger diameter Mondino, AT 21,22}

mq {D-branes; warp.}

ms [O-planes] my, [smooth; warp.]

my, {O-planes] m4 [D-branes]



[De Luca, AT 20;

B d weighted volume De Luca, De Ponti,
. Mondino, AT 21,722}
ounas. [or 4d Planck mass} Cheeger diameter
mq {D-branes; warp.}
upper my, {smooth; warp.} ™ {O-planes] my, {smooth; warp.}
lower my, {O-planes] m1 {D-branes}
e[smooth} C [D-branes} C {O-planesl ® [warp.}: bound contains
spaces with spaces with
D-brane sing. O-plane sing, o =+vD — 2sup|dA]

o 4d Planck mass M7 ~ Mg_Q fM \/ge(D—2)A



[De Luca, AT 20;

B d weighted volume De Luca, De Pont,
. Mondino, AT 21,722}
ounas. [or 4d Planck mass} Cheeger diameter
mq {D-branes; warp.}
upper my, {smooth; warp.} ™ {O-planes] my, {smooth; warp.}
lower my, {O-planes] m1 {D-branes}
e[smooth} C [D-branes} C {O-planesl ® [warp.}: bound contains
spaces with spaces with
D-brane sing. O-plane sing, o =+vD — 2sup|dA]

o 4d Planck mass M7 ~ Mg_Q fM \/§e<D—2>A

e Cheeger constant hy: small when hi = ming V;’ii‘l (85)) ‘min. of Rerimeter
A

arca
space has small ‘neck’




Some examples.
[M,, smooth}

total dimension:

cup(e(P—2A 2/n
o mi <max{(D—2)0%, (A + 0%} 48 (k@8 Ss)  p_dn

weighted volume - 0 =D —2sup|d4]
easy to make second term large: Planck mass la, B, ~ 1011

7 [De Luca, AT ’21}
c.g. AdS4 X S /Zpa D — OO using {Hassannezhad 12}

similar ideas in

[Gautason, Schillo, Van Riet, Williams ’15}



Some examples.

sup(e

(D—2)A)

[M,, smooth}

total dimension:

max{ (D — 2)o%, 1 (IA| +0%) | + 3 (k

Omig

easy to make second term large: Planck mass

e.g. AdSy x S"/Z,,p —

® this issue is eliminated working with the diameter:
2
mi < (Al + (D = 1)o?) + 775

but now problem is ‘nonlocal’: how large is diam?

2/n
f dny /gn e(D—2)A )

weighted volume -

D=d+n
D — 2 sup|dA|

g =

[a, 8,7 ~ 101

[De Luca, AT ’21}
using {Hassannezhad 12}

similar ideas in

[Gautason, Schillo, Van Riet, Williams ’15}

[De Luca, AT 21} using {Setti 98}
[De Luca, De Ponti, Mondino, AT 251

for sphere quotients:
[Greenwald ’oo0,
Gorodski, Lange, Lytchak, Mendes 19,
Collins, Jafferis, Vafa, Xu, Yau 22}



. De Ponti, Mondino ’19;
® two bounds in terms of the Cheeger constant: Do L s Fonet Mondino 1o,
2 21 21 . 2212 m;
m1<max{1—0\/\A]+a hlaghl} mk<8\/§kh—11

® combining them: mi < 600k2max {m%, A + 02}



