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Plan

• Weyl law from gravitational potential

• Quantum ergodicity

• The role of singularities

• Spin-two KK tower



• KK masses: spectrum of internal diff. operators

• Model-dependent in general, but universal for spin-two [Csaki, Erlich, Hollowood, Shirman’00; 
Bachas, Estes ’11]
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Spin-two KK tower
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in (3.2.18) and (3.2.21). Recalling the caveat under which these results were obtained, we now return to
the modes specified in (5.1.55) and derive the mass matrix for the corresponding AdS fields. Starting
with the minus sign in (5.1.55), it follows from (5.1.53) and (5.1.56) that Vi(x) = 0. By means of (5.1.51)
and the decomposition of Vi~in (5.1.59) it can then be shown that in fact Vi~= ~ with the implication
that the ~m of .0 on M7 spinors must be excluded from the ~1) tower. In the case of the plus
sign in (5.1.55), we notice that the original gauge condition (5.1.43) can no longer be maintained since
Ftm 1.5mE is identically zero. Instead we pick the gauge Vi = 0, which leads to y’~”D4,,~= 0 and
(0+ 8my5),~= 0. Thus, these modes can be absorbed into the structure of the towers ~1) and ~4),

respectively.
The results of this section are collected in table 5. As in [80],the different towers of a given spin are

distinguished by superscripts. For fermions and pseudoscalars, the first (second) superscript refers to the
negative (positive) part of the spectrum of the relevant first-order operator, while for the bosonic towers
with superscripts the first (second) one corresponds to taking the minus (plus) sign in the expression for
the mass operator. Concerning these towers, there is the following caveat; although some fields are
obtained from perfectly respectable modes of some operators on M7, they should nevertheless be
omitted from the physical mass spectrum. These fields are in the 0~’~tower the 0 and 7m

2 eigenvalue
modes of 4~and in the ~1) tower the 7m/2 mode of .01/2. Note that for clarity, we have reinstated
subscripts on the differential operators on M

7 in table 5 indicating whether the operator acts on p-forms,
LI,,, second-rank symmetric transverse and traceless tensors,

4L, spinors, 01/2, or vector spinors, 03,2. It
remains only to compute the spectrum of these operators on the particular M

7 in question. We
emphasize that table 5 is equally applicable to both homogeneous and inhomogeneous spaces. (To date,
however, the mass spectrum hasbeen computed in full only for the round S

7 [34,80, 90, 194, 195, 279], as
discussed in section 7.2, and for the N(k, 1) spaces [197]as discussed in chapter 9. Partial results for the
squashed S7 of chapter 8 may be found in [65, 92, 198] and for the M(m, n) spaces of chapter 9 in [34,
35, 36, 199].)
We also point out that by setting m = 0 both in table 5 and in the caveat about excluded modes, we

obtain the result for a Kaluza—Klein reduction on a Ricci flat space. The massless sector is then
determined solely by the zero eigenvalue modes of the relevant operators on M

7, information about
which is provided by Betti numbers b,,, etc. It is, however, important to realize the only if the internal
space is Ricci flat is this the case. There is, however, a subtlety for spaces with non-zero b1. The classic
example is T

7 for which the spectrum is completely known (see section 9.1).
A number of comments on table 5 are now in order, recalling the properties of the operators given in

section 4.3.
Table 5

Mass operators from the Freund—Rubin ansatz

Spin Mass operator

+

(3/2)~~~’(2) 41,2 + 7m/2
~ (2) + 12m2±6m (41 + 4m2)’12

(1/2)~~~’(1) 41/2 — 9m/2
(1/2)~~~(2) 3m/2—
O~1~3) 4o+44m2± 12m(4

0+9m
2)’12

AL—4m2
O_(1)(2) ~2+ 6mQ+ 8m2

Example: 
Freund–Rubin
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<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠

<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

<latexit sha1_base64="MJ9MbYHWdVm728wh4S197YTsMCc="></latexit>

d!!d

(2⇡)d
V (X)
rd+1

<latexit sha1_base64="Sofsik1+5ptymzVBGV/3m6+hXyI="></latexit>

1
r

P
k H�mkr



• classical ergodicity: for almost all initial conditions

trajectory dense in phase space
example on a 

Riemann surface
pictures: [Dyatlov ’21, ’23] 

Ergodicity



• classical ergodicity: for almost all initial conditions

trajectory dense in phase space
example on a 

Riemann surface
pictures: [Dyatlov ’21, ’23] 

Ergodicity

[Schnirelman ’74, 
Colin de Verdière ’85, 

Zelditch ‘87] 

<latexit sha1_base64="L6VEEzeEWO1NugbVj2x+JgWslIA="></latexit>

OLPk!1
k/2e

R
B

p
g 2

kR
X

p
g 2

k
= V (B)

V (X)

<latexit sha1_base64="I5A617f5PHdw0/lBxZWfXEXkPhM="></latexit>

• TXDQWXP HUJRGLFLW\� DOPRVW DOO  k

RVFLOODWH DURXQG FRQVWDQW

<latexit sha1_base64="Ns0hFPWn/kjGw5IJ7fw2fyeocHU="></latexit>

8B ⇢ X



• classical ergodicity: for almost all initial conditions

trajectory dense in phase space
example on a 

Riemann surface
pictures: [Dyatlov ’21, ’23] 

example on
‘Bunimovich stadium’ 

picture: [Reichl ’92] 

• occasional eigenfunction can be ‘scarred’:
peaked around classical closed trajectory

if there are no scars, 
quantum unique ergodicity

Ergodicity

[Schnirelman ’74, 
Colin de Verdière ’85, 

Zelditch ‘87] 

<latexit sha1_base64="L6VEEzeEWO1NugbVj2x+JgWslIA="></latexit>

OLPk!1
k/2e

R
B

p
g 2

kR
X

p
g 2

k
= V (B)

V (X)

<latexit sha1_base64="I5A617f5PHdw0/lBxZWfXEXkPhM="></latexit>

• TXDQWXP HUJRGLFLW\� DOPRVW DOO  k

RVFLOODWH DURXQG FRQVWDQW

<latexit sha1_base64="Ns0hFPWn/kjGw5IJ7fw2fyeocHU="></latexit>

8B ⇢ X



<latexit sha1_base64="Jk10fBMhzhEcQBywTXv1ikz0rts="></latexit>

U / 1
m2

3O,4r

P
k  

2
k(y)H�mkr

expectation:
<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠

<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

• QE expected to be common. If it holds: 
<latexit sha1_base64="mv5n308a6ukrz8AM0/j5t4LU+cM="></latexit>

6WLOO A = 0�
<latexit sha1_base64="T7PRnFdFuTEzVD+2IcFyR2tGZbs="></latexit>

d!!d

(2⇡)d
m2�D

3O,D
rd+1



4d

<latexit sha1_base64="n5DQ0KrZf2oV6zuAtMVUyqg9DJg="></latexit>

X

<latexit sha1_base64="gydyV+r8r6HThpV99lQgtQkBASY="></latexit>

y

<latexit sha1_base64="cNMUsr9IWAd8NtumY4awwbz6WN4="></latexit>

r

<latexit sha1_base64="SM/by9YSTsZvGOyn/fwkIQnXGH0="></latexit>

M1

<latexit sha1_base64="4DMjoL5GkNja0wR8qkbDIZx5YOE="></latexit>

M2

<latexit sha1_base64="Jk10fBMhzhEcQBywTXv1ikz0rts="></latexit>

U / 1
m2

3O,4r

P
k  

2
k(y)H�mkr

expectation:
<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠

<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

• QE expected to be common. If it holds: 

<latexit sha1_base64="cF6Dtb0KiXemhVqOauyaHFjGGb0="></latexit>R
B Gdy

p
g RQ ERWK VLGHV� DW ODUJH k�

R
B  

2
k ⇠ V (B)

<latexit sha1_base64="mv5n308a6ukrz8AM0/j5t4LU+cM="></latexit>

6WLOO A = 0�
<latexit sha1_base64="T7PRnFdFuTEzVD+2IcFyR2tGZbs="></latexit>

d!!d

(2⇡)d
m2�D

3O,D
rd+1



4d

<latexit sha1_base64="n5DQ0KrZf2oV6zuAtMVUyqg9DJg="></latexit>

X

<latexit sha1_base64="gydyV+r8r6HThpV99lQgtQkBASY="></latexit>

y

<latexit sha1_base64="cNMUsr9IWAd8NtumY4awwbz6WN4="></latexit>

r

<latexit sha1_base64="SM/by9YSTsZvGOyn/fwkIQnXGH0="></latexit>

M1

<latexit sha1_base64="4DMjoL5GkNja0wR8qkbDIZx5YOE="></latexit>

M2

<latexit sha1_base64="Jk10fBMhzhEcQBywTXv1ikz0rts="></latexit>

U / 1
m2

3O,4r

P
k  

2
k(y)H�mkr

expectation:
<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠

<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

• QE expected to be common. If it holds: 

<latexit sha1_base64="cF6Dtb0KiXemhVqOauyaHFjGGb0="></latexit>R
B Gdy

p
g RQ ERWK VLGHV� DW ODUJH k�

R
B  

2
k ⇠ V (B)

<latexit sha1_base64="mv5n308a6ukrz8AM0/j5t4LU+cM="></latexit>

6WLOO A = 0�
<latexit sha1_base64="T7PRnFdFuTEzVD+2IcFyR2tGZbs="></latexit>

d!!d

(2⇡)d
m2�D

3O,D
rd+1

expectation:
<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠

<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

and conclude Weyl law as before.

<latexit sha1_base64="VNeP4O6WWg0FeSujxSfXKmK6dVw="></latexit>P
k

1
r H

�mkr

<latexit sha1_base64="MJ9MbYHWdVm728wh4S197YTsMCc="></latexit>

d!!d

(2⇡)d
V (X)
rd+1



<latexit sha1_base64="k8VvaigUP5VqQt3jy9wCJQfl9NY="></latexit>R
X GdyH(D�2)Apg

<latexit sha1_base64="7I8VDOaqBSUHXJ4eY2PmraXl+fI="></latexit>

⌘
<latexit sha1_base64="mATF5DBfqgQVJb+2pmOl+S47D9U="></latexit>

m2
3O,4 = mD�2

3O,D VA(X)
<latexit sha1_base64="nhgePJDsAiNHszzfBhp3Po7TuRg="></latexit>

•1RZ ZDUSHG FDVH� H2A(Gs24 + Gs2d(X))

<latexit sha1_base64="IYzlDnj7UurbmBax1TjIYLTsVnI="></latexit>

ZK\ GRHVQ¶W VA DSSHDU LQ WKH :H\O ODZ"

4d

<latexit sha1_base64="n5DQ0KrZf2oV6zuAtMVUyqg9DJg="></latexit>

X

<latexit sha1_base64="gydyV+r8r6HThpV99lQgtQkBASY="></latexit>

y

<latexit sha1_base64="cNMUsr9IWAd8NtumY4awwbz6WN4="></latexit>

r

<latexit sha1_base64="SM/by9YSTsZvGOyn/fwkIQnXGH0="></latexit>

M1

<latexit sha1_base64="4DMjoL5GkNja0wR8qkbDIZx5YOE="></latexit>

M2



<latexit sha1_base64="k8VvaigUP5VqQt3jy9wCJQfl9NY="></latexit>R
X GdyH(D�2)Apg

<latexit sha1_base64="7I8VDOaqBSUHXJ4eY2PmraXl+fI="></latexit>

⌘
<latexit sha1_base64="mATF5DBfqgQVJb+2pmOl+S47D9U="></latexit>

m2
3O,4 = mD�2

3O,D VA(X)
<latexit sha1_base64="nhgePJDsAiNHszzfBhp3Po7TuRg="></latexit>

•1RZ ZDUSHG FDVH� H2A(Gs24 + Gs2d(X))

<latexit sha1_base64="IYzlDnj7UurbmBax1TjIYLTsVnI="></latexit>

ZK\ GRHVQ¶W VA DSSHDU LQ WKH :H\O ODZ"

4d

<latexit sha1_base64="n5DQ0KrZf2oV6zuAtMVUyqg9DJg="></latexit>

X

<latexit sha1_base64="gydyV+r8r6HThpV99lQgtQkBASY="></latexit>

y

<latexit sha1_base64="cNMUsr9IWAd8NtumY4awwbz6WN4="></latexit>

r

<latexit sha1_base64="SM/by9YSTsZvGOyn/fwkIQnXGH0="></latexit>

M1

<latexit sha1_base64="4DMjoL5GkNja0wR8qkbDIZx5YOE="></latexit>

M2

<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠
<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

<latexit sha1_base64="evzE4wRVKlv06eM6UNqOcbAlJig="></latexit>

H(D�2)A
P1

k=0
1
r H

�mkr 2
k

<latexit sha1_base64="0Hd7uSOJ5Sw4y111JPUTr2HGOc8="></latexit>

• 7KH H[SHFWDWLRQ U4 ⇠
r!0

UD QRZ UHDGV [De Luca, De Ponti, 
Mondino, AT ’24]

<latexit sha1_base64="3mUKnZPsCh3E+fsiI8fAUJ0YjD0="></latexit>

d!!dVA(X)
(2⇡r)d+1



<latexit sha1_base64="k8VvaigUP5VqQt3jy9wCJQfl9NY="></latexit>R
X GdyH(D�2)Apg

<latexit sha1_base64="7I8VDOaqBSUHXJ4eY2PmraXl+fI="></latexit>

⌘
<latexit sha1_base64="mATF5DBfqgQVJb+2pmOl+S47D9U="></latexit>

m2
3O,4 = mD�2

3O,D VA(X)
<latexit sha1_base64="nhgePJDsAiNHszzfBhp3Po7TuRg="></latexit>

•1RZ ZDUSHG FDVH� H2A(Gs24 + Gs2d(X))

<latexit sha1_base64="IYzlDnj7UurbmBax1TjIYLTsVnI="></latexit>

ZK\ GRHVQ¶W VA DSSHDU LQ WKH :H\O ODZ"

4d

<latexit sha1_base64="n5DQ0KrZf2oV6zuAtMVUyqg9DJg="></latexit>

X

<latexit sha1_base64="gydyV+r8r6HThpV99lQgtQkBASY="></latexit>

y

<latexit sha1_base64="cNMUsr9IWAd8NtumY4awwbz6WN4="></latexit>

r

<latexit sha1_base64="SM/by9YSTsZvGOyn/fwkIQnXGH0="></latexit>

M1

<latexit sha1_base64="4DMjoL5GkNja0wR8qkbDIZx5YOE="></latexit>

M2

• Quantum ergodicity can’t be right! LHS would depend on point, RHS doesn’t 

<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠
<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

<latexit sha1_base64="evzE4wRVKlv06eM6UNqOcbAlJig="></latexit>

H(D�2)A
P1

k=0
1
r H

�mkr 2
k

<latexit sha1_base64="0Hd7uSOJ5Sw4y111JPUTr2HGOc8="></latexit>

• 7KH H[SHFWDWLRQ U4 ⇠
r!0

UD QRZ UHDGV [De Luca, De Ponti, 
Mondino, AT ’24]

<latexit sha1_base64="3mUKnZPsCh3E+fsiI8fAUJ0YjD0="></latexit>

d!!dVA(X)
(2⇡r)d+1



unwarped!

<latexit sha1_base64="Ns0hFPWn/kjGw5IJ7fw2fyeocHU="></latexit>

8B ⇢ X
<latexit sha1_base64="sp8OO7EwdUa++/x53nOXddfDHVU="></latexit>

f = (D � 2)A

<latexit sha1_base64="x20Y4opWsEaErIZzkB5YhuKg90g="></latexit>

• :HLJKWHG TXDQWXP HUJRGLFLW\� DOPRVW DOO  k RVFLOODWH DURXQG H�f

<latexit sha1_base64="m/dTUY8FN5XI15JsAJSfpdqlVag="></latexit>

OLPk!1
k/2e

R
B

p
gHf 2

kR
X

p
gHf 2

k
= V (B)

V (X)

[De Luca, De Ponti, 
Mondino, AT ’24]



unwarped!

<latexit sha1_base64="Ns0hFPWn/kjGw5IJ7fw2fyeocHU="></latexit>

8B ⇢ X
<latexit sha1_base64="sp8OO7EwdUa++/x53nOXddfDHVU="></latexit>

f = (D � 2)A

<latexit sha1_base64="x20Y4opWsEaErIZzkB5YhuKg90g="></latexit>

• :HLJKWHG TXDQWXP HUJRGLFLW\� DOPRVW DOO  k RVFLOODWH DURXQG H�f

<latexit sha1_base64="m/dTUY8FN5XI15JsAJSfpdqlVag="></latexit>

OLPk!1
k/2e

R
B

p
gHf 2

kR
X

p
gHf 2

k
= V (B)

V (X)

<latexit sha1_base64="+fz9KpBV3UZCodPRT7FcQZhbFbM="></latexit> R
B

p
gHf 2

k

VA(X)

<latexit sha1_base64="MQnxajo2pL570gswo3HckyqUgq8="></latexit> =

our norm.

[De Luca, De Ponti, 
Mondino, AT ’24]



unwarped!

<latexit sha1_base64="Ns0hFPWn/kjGw5IJ7fw2fyeocHU="></latexit>

8B ⇢ X

<latexit sha1_base64="a3z5Kh9I5YzeF4IYTFeeSxrxeFo="></latexit>

H(D�2)A

<latexit sha1_base64="n4Aux4wODD1AyD/djE1eZCOn7cA="></latexit>

 2

<latexit sha1_base64="n4Aux4wODD1AyD/djE1eZCOn7cA="></latexit>

 2

<latexit sha1_base64="Q9IhTgZyqWVEV2Ajvhnajhl2mQ4="></latexit>

x

<latexit sha1_base64="Q9IhTgZyqWVEV2Ajvhnajhl2mQ4="></latexit>

x

• also supported by 

• some numerical and analytic models

• ‘analogue Schrödinger’ approach: 
<latexit sha1_base64="w5WqQAeDCGEW3TN7W863SzbtjKQ="></latexit>

�f = H�f
�
�0 � H�f/2�0 Hf/2

�
Hf

‘potential’

<latexit sha1_base64="sp8OO7EwdUa++/x53nOXddfDHVU="></latexit>

f = (D � 2)A

<latexit sha1_base64="x20Y4opWsEaErIZzkB5YhuKg90g="></latexit>

• :HLJKWHG TXDQWXP HUJRGLFLW\� DOPRVW DOO  k RVFLOODWH DURXQG H�f

<latexit sha1_base64="m/dTUY8FN5XI15JsAJSfpdqlVag="></latexit>

OLPk!1
k/2e

R
B

p
gHf 2

kR
X

p
gHf 2

k
= V (B)

V (X)

<latexit sha1_base64="+fz9KpBV3UZCodPRT7FcQZhbFbM="></latexit> R
B

p
gHf 2

k

VA(X)

<latexit sha1_base64="MQnxajo2pL570gswo3HckyqUgq8="></latexit> =

our norm.

[De Luca, De Ponti, 
Mondino, AT ’24]



unwarped!

<latexit sha1_base64="Ns0hFPWn/kjGw5IJ7fw2fyeocHU="></latexit>

8B ⇢ X
<latexit sha1_base64="sp8OO7EwdUa++/x53nOXddfDHVU="></latexit>

f = (D � 2)A

<latexit sha1_base64="x20Y4opWsEaErIZzkB5YhuKg90g="></latexit>

• :HLJKWHG TXDQWXP HUJRGLFLW\� DOPRVW DOO  k RVFLOODWH DURXQG H�f

<latexit sha1_base64="m/dTUY8FN5XI15JsAJSfpdqlVag="></latexit>

OLPk!1
k/2e

R
B

p
gHf 2

kR
X

p
gHf 2

k
= V (B)

V (X)

<latexit sha1_base64="+fz9KpBV3UZCodPRT7FcQZhbFbM="></latexit> R
B

p
gHf 2

k

VA(X)

<latexit sha1_base64="MQnxajo2pL570gswo3HckyqUgq8="></latexit> =

our norm.

[De Luca, De Ponti, 
Mondino, AT ’24]

<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠
<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

<latexit sha1_base64="0Hd7uSOJ5Sw4y111JPUTr2HGOc8="></latexit>

• 7KH H[SHFWDWLRQ U4 ⇠
r!0

UD QRZ UHDGV [De Luca, De Ponti, 
Mondino, AT ’24]

<latexit sha1_base64="3mUKnZPsCh3E+fsiI8fAUJ0YjD0="></latexit>

d!!dVA(X)
(2⇡r)d+1

<latexit sha1_base64="dTdbH7PZaWcdH1QuDBC9sTiYuxs="></latexit>

Hf
P1

k=0
1
r H

�mkr 2
k



unwarped!

<latexit sha1_base64="Ns0hFPWn/kjGw5IJ7fw2fyeocHU="></latexit>

8B ⇢ X
<latexit sha1_base64="sp8OO7EwdUa++/x53nOXddfDHVU="></latexit>

f = (D � 2)A

<latexit sha1_base64="x20Y4opWsEaErIZzkB5YhuKg90g="></latexit>

• :HLJKWHG TXDQWXP HUJRGLFLW\� DOPRVW DOO  k RVFLOODWH DURXQG H�f

<latexit sha1_base64="m/dTUY8FN5XI15JsAJSfpdqlVag="></latexit>

OLPk!1
k/2e

R
B

p
gHf 2

kR
X

p
gHf 2

k
= V (B)

V (X)

<latexit sha1_base64="+fz9KpBV3UZCodPRT7FcQZhbFbM="></latexit> R
B

p
gHf 2

k

VA(X)

<latexit sha1_base64="MQnxajo2pL570gswo3HckyqUgq8="></latexit> =

our norm.

[De Luca, De Ponti, 
Mondino, AT ’24]

<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠
<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

<latexit sha1_base64="0Hd7uSOJ5Sw4y111JPUTr2HGOc8="></latexit>

• 7KH H[SHFWDWLRQ U4 ⇠
r!0

UD QRZ UHDGV [De Luca, De Ponti, 
Mondino, AT ’24]

<latexit sha1_base64="3mUKnZPsCh3E+fsiI8fAUJ0YjD0="></latexit>

d!!dVA(X)
(2⇡r)d+1

<latexit sha1_base64="dTdbH7PZaWcdH1QuDBC9sTiYuxs="></latexit>

Hf
P1

k=0
1
r H

�mkr 2
k

<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠
<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

<latexit sha1_base64="jY1VRCozSAXxhUd6ea3FFtYa9tc="></latexit>

V (B)d!!dVA(X)
(2⇡r)d+1

<latexit sha1_base64="KziYkYPN4Mv/0JbVXGJ8CtmjMFc="></latexit>

•
R
B

p
g RQ ERWK VLGHV�

<latexit sha1_base64="pY6lnUfE3dKCG/5+UR4wAhqjjPo="></latexit>

VA(X) V (B)
V (X)

P1
k=0

1
r H

�mkr



unwarped!

<latexit sha1_base64="Ns0hFPWn/kjGw5IJ7fw2fyeocHU="></latexit>

8B ⇢ X
<latexit sha1_base64="sp8OO7EwdUa++/x53nOXddfDHVU="></latexit>

f = (D � 2)A

<latexit sha1_base64="x20Y4opWsEaErIZzkB5YhuKg90g="></latexit>

• :HLJKWHG TXDQWXP HUJRGLFLW\� DOPRVW DOO  k RVFLOODWH DURXQG H�f

<latexit sha1_base64="m/dTUY8FN5XI15JsAJSfpdqlVag="></latexit>

OLPk!1
k/2e

R
B

p
gHf 2

kR
X

p
gHf 2

k
= V (B)

V (X)

<latexit sha1_base64="+fz9KpBV3UZCodPRT7FcQZhbFbM="></latexit> R
B

p
gHf 2

k

VA(X)

<latexit sha1_base64="MQnxajo2pL570gswo3HckyqUgq8="></latexit> =

our norm.

[De Luca, De Ponti, 
Mondino, AT ’24]

warping disappears

<latexit sha1_base64="w1oACKyDt3advnqgD4rGX66oAgE="></latexit>⇠
<latexit sha1_base64="1q4a5p9DYUI8oTNo1GJZNL1Pqkk="></latexit>

r ! 0

<latexit sha1_base64="0Hd7uSOJ5Sw4y111JPUTr2HGOc8="></latexit>
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[De Luca, De Ponti, 
Mondino, AT ’24]

warping disappears
‘unwarped’ Weyl law.
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• possible spin-off application of WQE: gravity localization
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• )DPRXV H[�� 5DQGDOOĦ6XQGUXP,,� .DUFKĦ5DQGDOO Īr0 = L5ī
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• In string theory?
[Bachas, Lavdas ’17, ’18] based on
[D’Hoker, Estes, Gutperle ’07]
[Assel, Bachas, Estes, Gomis ’11]

<latexit sha1_base64="PRsFTuh651OmB361SkLlDeC2Rrc="></latexit>
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165

• RSII: D3-branes [Verlinde ’99, Chan, 
Paul, Verlinde ’00]

<latexit sha1_base64="zZ8ymqPIs8i53cM2qO+X0uZgxIU="></latexit>

• .5� KRO� GXDOV RI GHIHFWV
LQ N = 4 VXSHUĥ<0
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problematic, because:easy

here
[De Luca, De Ponti, 

Mondino, AT ’23]

‘localization’ only up 
to cosmological scale?
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• wave-function suppression could help 
pushing localization scale down.
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Singularities
<latexit sha1_base64="aDRnnxnid00sdSLr39qk8ZGkPps="></latexit>

• :H H[SHFW U4 ⇠
r!0

UD DOVR ZLWK SK\VLFDO VLQJXODULWLHV [D-branes, O-planes]

<latexit sha1_base64="rVyFIIZSaIXlBCUhKjZ8Bt+UFEI="></latexit>

• :4( DUJXPHQW�
R
B � IDU IURP VLQJXODULWLHV X

on the other hand, not fully rigorous [limits vs. integrals…]



Singularities
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• :4( DUJXPHQW�
R
B � IDU IURP VLQJXODULWLHV X

on the other hand, not fully rigorous [limits vs. integrals…]

• Nasty enough singularities can break Weyl:
<latexit sha1_base64="/PAzhaU2qLqKHle9cBXd5dZEDlw="></latexit>

9 �G H[DPSOHV ZLWK
<latexit sha1_base64="6SouH+28qyyXI4BdOyap/CZBDt4="></latexit>

• m2
k ORJmk ⇠ 2⇡k

<latexit sha1_base64="KUrUc2zr2U8J2o7+pxDzuRLggcM="></latexit>

• mk ⇠ ck↵ 8↵ < 1/2
[Dai, Honda, 
Pan, Wei ’22]

• Weyl law proven for ‘RCD’ singularities 
under a certain condition on geodesic balls  

[Ambrosio, Honda, Tewodrose ’17;
Zhang, Zhu ’17]



<latexit sha1_base64="Fts8SANaSL8UJb9Q2ZSJ0fM+x8M="></latexit>

Rmn �rmrnf + 1
n�Nrmfrnf > 0

• RCD spaces: replace inequality

with an integrated version:

<latexit sha1_base64="2mCIrKMGbgkSE1sePUV82vRazUM="></latexit>

D ERXQG RQ @2
t S IRU JHRGHVLF PRWLRQ

RI SUREDELOLW\ GLVWULEXWLRQV�
<latexit sha1_base64="BZLDyyy87obBMDE7CXk+pBb0RVQ="></latexit>

S = N
⇣
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R
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p
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N

⌘
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⇣
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p
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N

⌘

• O-planes are not.
… but repelled 
by an O-plane

[De Luca, De Ponti, 
Mondino, AT ‘22]

geodesics attracted 
by a D-brane…

• D-brane singularities are indeed RCD



• We proved that this holds for D6, D7, D8 
[ ± brute force]

[De Luca, De Ponti, 
Mondino, AT ’24]

[the spectrum is continuous in the presence of D3, D4]

• The additional necessary condition for Weyl:

weighted measure
of geodesic balls.



Conclusions
• Gravity compactifications give a perspective on Weyl law 

• Physical argument particularly clean if ergodicity holds  

• For warped compactifications, a new weighted ergodicity appears   

• Rigorous version available also with D-brane singularities



Conclusions
• Gravity compactifications give a perspective on Weyl law 

• Physical argument particularly clean if ergodicity holds  

• For warped compactifications, a new weighted ergodicity appears   

• Rigorous version available also with D-brane singularities

• No, one can’t hear the Planck mass.
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[De Luca, AT ’20;
De Luca, De Ponti, 
Mondino, AT ’21,’22]

weighted volume
Bounds.
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� =
p
D � 2 VXS|GA|

• [warp.]: bound contains
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• �G 3ODQFN PDVVM2
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R
M

p
gH(D�2)A

[De Luca, AT ’20;
De Luca, De Ponti, 
Mondino, AT ’21,’22]

weighted volume
Bounds.
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weighted volume
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• &KHHJHU FRQVWDQW h1� VPDOO ZKHQ
VSDFH KDV VPDOO µQHFN¶

µPLQ� RI SHULPHWHU
DUHD ¶

<latexit sha1_base64="An9vjx6tqa/5vPOl/ih5u2pmH6c="></latexit>

h1 = PLQB YROA(@B)
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B

Bounds.



similar ideas in
[Gautason, Schillo, Van Riet, Williams ’15]

total dimension:

[De Luca, AT ’21]
using [Hassannezhad ’12]

Ĭ↵� �� � ⇠ 104ĭ

ĬMn VPRRWKĭ

•  
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� =
p
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D = d+ n
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m2
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n�1 (|⇤|+ �2)
o
+ �

⇣
k VXS(H(D�2)A)R

Gny
p
ḡn H(D�2)A

⌘2/n

weighted volume ~
Planck masseasy to make second term large:

<latexit sha1_base64="t11vuvAtHHV8bNp00DBZkEUqWqU="></latexit>

H�J� $G64 ⇥ S7/Zp� p ! 1

Some examples.
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� =
p
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[De Luca, AT ’21] using [Setti ’98]
[De Luca, De Ponti, Mondino, AT ’25]

for sphere quotients:
[Greenwald ’00,

Gorodski, Lange, Lytchak, Mendes ’19,
Collins, Jafferis, Vafa, Xu, Yau ‘22] 

• this issue is eliminated working with the diameter:

but now problem is ‘nonlocal’: how large is diam?
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o <latexit sha1_base64="QB1NHmoAdKeF21+VrssT7CUoRbU="></latexit>
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p
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• two bounds in terms of the Cheeger constant:

• combining them:
<latexit sha1_base64="/2WMj/jPqSfP+0r3f1vTa/PklXU="></latexit>

m2
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n
m2
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o

[De Ponti, Mondino ’19;
De Luca, De Ponti, Mondino, AT ’21,’22]


