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Introduction

Why do we care about near-extremal black holes?



Black holes are thermal objects

[Event Horizon
Telescope
Collaboration]

M = M(Q, J) > Mextremal



Near-extremal black holes

Ad82 X 52

Outer horizon Asymptotic region




Two interesting puzzles

Puzzle 1 Puzzle 2
E(T)
1 Egyg ~ T7
7T\/ Q* + 4c2J?
Sextremal :kB
ch
EHawking ~ T 21070153 for M&7 ratio

T Big!

[Preskill, Schwarz, Shapere, Trivedi, Wilczek '91]
[Maldacena, Michelson, Strominger "98]




How do we resolve puzzles?

e Account for light modes near extremality

* Two options
1. Schwarzian Theory < we DON’T do this
2. 4D Fluctuations < we DO do this!

* Previous work:
* Flat RN: [Banerjee, Saha ‘23], [lliesiu, Murthy, Turiaci 23]
* Kerr: [Kapec, Sheta, Strominger, Toldo ‘23]

e We asked: whatif A #07?
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General Strategy

How do we compute the leading order corrections to the gravitational path
integral?



Euclidean Path Integral

z - [ Dyl DA 0

where I[Q, A] = Igm + Ibounda,ry =+ Iga,uge

Iem = forgy J d'2v/=9g (R — 20— F’“’FW)

g:§+handA:fl+%a

Z =~ exp (—1[g, A)) / [Dh][Da) exp [— / d*z\/g (h*D[g, A

+a* Plg, Ala + (h* O

g, Ala + h.c))] :



Gaussian Approximation

S[¢] =~ [d*z\/g¢*A¢, so [[Dple= ¢l ~ \/m.

~ _Tla A 1 1
Z ~ exp (~117, A)) /det(D) \/det(P)

1
0log Z = — 5 ;log (6A,,) where

§ABravIton — / d4x\/§h”256Da5“ Extremal zero mode. Why?

6A,rplh0t0n:/d4$\/§a}n;5puyany,
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Why extremal zero modes?

Eigenvalue problem for

Z =~ exp (—I[g, A)) / [Dh][Da) exp [— / d%

+a*P[g, Ala + (h* O g, Ala + h.c))]
Three options

1. Extremal non-zero modes A(T) = Ao + O(T), § (log Z) polynomial in T
2. Extremal zero modes ANT) = O(T), 6 (log Z) is logT
3. Near-extremal zero modes A(T') = O(T?), 6 (log Z) polynomial in T

[Sen "08, 11]

11



What are our extremal zero modes?

Graviton zero modes Photon zero modes
ds? ~ M x S?
1. Tensor modes 5 &
(a’n)ﬂ X v n}M

zt —xt 4+
= h,w :ﬁggw/
2. Vector modes

Ugﬁm) :Eaﬁaﬁyvl:l,m (07 ¢)} S?
X 0, P, (1,1) }M



Outline

I—introduction
Z2—GeneraStrategy

o U s W

RN-dS, Black Holes
The Cold Limit

The Nariai Limit
Outlook



RN-dS, Black Holes

What happens to near-extremal black holes in a theory with a cosmological
constant?
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Cosmological EM Theory for A >0

IEM = 167T1GN fd456 \/—Q(R — 2\ — FMDFLW)

d 2
ds? = —V (r)dt? + V? o+ P2d0% . dQ2 = dO? + sin? 0de?
T
A:th, F:—%dr/\dt
T T

oM  Q? r?
127 _

Vir) r r2 (9

1
&217 (r+ro+r_4ro)(r—r_)(r—ry)(r—re ]47 Three horizons!

1
M=gg et (=), What does th
4 at does this
rLr_
Q> = ;2 (62 —r2 —r% —r_ry), look like??
4

2 .2, .2 2
by=ri+ri+ri+r_rp+r_re+rerg.
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The RN-dS, solution: not a Penrose diagram

Black Hole Black Hole . .
. . Static Patch: Milne Patch:
Interior Il: Interior I: ) . )
. . timelike spacelike
timelike spacelike

ﬂ
1
o
—
1
—
—
I
—
—
I
—
(@]
—
I
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The RN-dS, solution: Sharkfin diagram

3.0 |(2 | Ultracold

[Romans "92]
[Montero, Van Reit, Venken 20]
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The Cold Limit

Black Hole
Interior Il:
timelike

1
1
o
—
1
—

BlacHole
InteqidxdsS, x
spadelike

Static Patch:
timelike

Milne Patch:
spacelike
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The Nariai Limit

l

l

l

| Black Hole Black Hole
Interior Il: Interior I:

l timelike spacelike

l

l

l

r=0 r=r

Static Patch: ,

tﬁnuﬁ%%)(s

Milne Patch:
spacelike
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The Ultracold Limit

|

|

|

| eror i | merorts | gt Eeteh
| timelike spacelike titielike

|

|

|

=0 =T =SS

Milne Patch:
spacelike

20



Three Limits

1. Cold limit: AdS, x S?
2. Nariai limit: dS, x S?
3. Ultracold limit: Mink, x S?
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The Cold limit

What happens to the AdS, x S? story when we have a cosmological constant?
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Perturbing away from the extremal limit

e Separate the coincident horizons

2 2
r_ =19 — 2mlAgs T, ry =19+ 2wl s,
€2T2
2 470 2
where £} 4q = >
2 2 =0

e ZoOom in on the outer horizon
r =1y 44T 63 gg sinh® 2
 Wick rotate

L (—im)

t =
27TT+




Perturbing away from the extremal limit

* Heat up geometry gub = Gab + 0gap 1

Japdr®dx’ =03 4 (Sinh2 ndr? + dnz) + radQ3,
6gapdadz® (ias ((Ras +2r8) 2+ coshn)tanh® 3~ o 5,
iy 37 (= snhTdr )

+ 7o cosh ndQ3

* Perturb gauge field

A —itaasvlhgs + 1

V27, ré

sinh” 7




Graviton (tensor) modes

h(n)dx,udxu :ieinTgAdS \/"}’L|(?’L2 o 1) tanh” (Q) ( d772 4+ 2’ld"7d7' . de)
e V81 2/ \sinh?n  sinhp 7

_ 4 (n)* naBuv (n) |} _ |n|T+ 2
5An_5(/d vy/Gh) " Do hw> -5 o).

3. Ty
(01log Z),oneor = 2(—1/2)log H oA, = 5 log o log (64\/ 27r) :

n>2
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Graviton (vector) modes

sinh n

1 "
(Y e
«/27T3|7’L|?°3 1+COShT}

(6log Z) !

vector 2

= —log

«

(m,n) *Daﬁuyvgg,n)> _

5An—5(/d4a: 9 Vags

(Lias +2r5) [n| Ty

48rg

03 2rg) T
(fRas +215) +—log(4\/6_7r),

3
To

+0(T7).
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Gauge (photon) modes

n o
GJEJJ ) = \/; a,u,q)n (Ta 77)

(FRas — 70) In|Ty

_ 4 n v _(n .
5An5(/d .CU\/EG,L)PPJ a,l(/ )) _ 247«8
1 62 — T'2 T+
(6 log Z)photml =3 log (faas 3 0) — log (4\/ 37r) .

+0(T7)

28



summing

3. T, 3. (Bes+2r3)Ty 1. (BRys—13)T
Slog 7 ~ 21 L+ 21 AdS 0 | AdS 0)++
5 20gT0+20g rs 508 re ’

7
log Z ~ 5 log T, .
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The Nariai limit

What story can we tell in dS, x S?



Perturbing away from the extremal limit

e Separate the coincident horizons

rL =TN — 27T€(213TC, e =TN + 27T€(213TC
€2T2
where (3¢ = 24 N 5

e ZoOom in on the outer horizon
r = r. + 4nTl% sinh” g
 Wick rotate

1
t = —1
27T, (=i7)




Perturbing away from the extremal limit

* Heat up geometry Gabv = Gab + 0Gaple

Japdz®dx’ = — (3q (Sinh2 ndr? + dnz) + r4.dQ3,
0 gupdr®da® :Eﬁs (035 — 2r%;) (2 + coshn) tanh? Z
Al 3r3;
+ rn cosh ndQ.

(— sinh? ndr? + d772)

* Perturb gauge field

las\/ 12 03/ 15
A =i asv/lis — T (coshnp — 1) — T, v2n \/
\/_T‘N N

Smh2 n




Graviton (tensor) modes

1(1) bt o :eimﬁds \/!n|(n2 — 1) tanh™ 7 ( dn? N 2idndT
HY V8T N 2 \sinh’n  sinhp

. T,
A = 4 (n) Dozﬁ,u,y (n) | — _ |’I’L‘ c T2 .
oAp 5</d x\/ghaﬁ h,ul/ 167“N+O( C)

Divergent integral!

— d7'2) ,
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Graviton (vector) modes

1 ( sinh n )n .
b, = e
,/271'3‘77/'7“]2\[ 1 +COSh?7

/d493\/_'u(m ) gt (IB’ ) — 1 <+—— Uhoh!

2 2
4 )" NaBuv (m n) (QTN N EdS) |n|TC
D
(/d ZC\[U ) A8,

+0(T7)

Sometimes negative!
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Gauge (photon) modes

n mTrN
a’l(i, ) = \/_2 a,u,q)n (Ta 77)

/d4m\/§afﬁ)*§“”a£ﬂ) = —le—— Uh oh!

2 2 T
5 (/ d4x\@a£n)PuuaI(jn)) _ (TN ‘I‘gdS) |n| c Lo (TCQ)

| 24’)"?\]

Divergent integral!
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So what went wrong

ds? = (—EAdS,) x S? A possible solution
mm r—ip (rn = ipN)
Graviton
(tensor) 1e = _ZTC
Graviton -1 +/- ds? — —(EAdSQ ¢ 52)
(vector)
Photon -1 -1

(gauge)
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Graviton (tensor) modes: good!

/ d*z/gh() g g ny = 1.

_ 4 (n)* afpryp(n) | ‘nlfc 2
5An 5(/d ry/gh) D hw> T +0(72)

|

Safe sign!



Graviton (vector) modes

/d4$\/_?)(m n)* —liagr/ﬁ (,8, )_ 1 <—— Safe sign!

203 + €3 . .
5An (‘/déltx\/*v(m n) DOﬁP«V (mn)) ( ION_'_ dS)|n|TC—|—O(T2

48p%;

603 + 43 16pn

Safe sign!
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Gauge (photon) modes

/d4m\/§a,(f)*§“”a,(/”) = —le—— Uh oh!

P?\r - E?ls

J (/ d4x\/§a£”)P“”a,(/”)) :(

24pN
4p3

) n|T. + O (T?)

n|T.

~6p% + €3 16p

|

Safe sign!

+O(T§).
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Recap of signs

ds? = (—EAdS;) x S2 ds? = —(EAdSs x 52)
m_m- mm
Graviton Graviton
(tensor) (tensor)
Graviton -1 +/- Graviton +1 +1
(vector) (vector)
Photon -1 -1 Photon -1 +1

(gauge) (gauge)
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summing

3

dlog Z ﬁﬁlog—c + — log

:>Zo<(

3
U o (TC)7/2 (20% +43s)” VPN

= (—iT, )7/2 (20%\7 + 638)3 \/p?\f

~

1.

~

T. 3. (20%+63)T. 1
( PN . dS) + = log
PN 2 PN 2
3/2
)7/2 (205 +lis)"” VPk — Ui,
15/2 0>
PN
— las
15/2 Yo
PN
— p2
CER

15/2
[)N/

Compared to [Maldacena, Turiaci, Yang "19]
[Cotler, Jensen, Maloney "19]
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Conclusions

What have we learnt, what don’t we understand, and where to next?
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What have we |learnt?

e Gaussian path integral can resolve puzzles in near-extremal black
holes

* The cosmological constant matters
* Things are messier in de Sitter



Where to next?

* Ultracold black hole
* Working in static patch vs Milne patch [MJB, Hartnoll 23]
 Wheeler DeWitt interpretations [Maldacena, Turiaci, Yang 19]

* Going away from near horizion region see e.g. [Kapec, Law, Toldo
‘24] [Kolanowski, Marolf, Rakic, Rangamani, Turiaci ‘24]



Outline

F—RN=¢

L=LLELELELE"]

£
A4

C

A

“
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Details

For inevitable questions
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The RN-dS, solution: Penrose diagram
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General Strategy: Gauges and Ghosts

1 ] 1
Ediffeo : ( o 5Vﬂhaa> (vﬁhﬁy o §vyhﬁﬁ) )
Lua) = ( aa”
i
Lhost = =1 (bu (970 + R ¢, + 600 — 260 96, )



General Strategy: Operators

Bt g D [l hy = —

g7

1~ 1~

— RaB gHv
d 3 3

_ poen pbr ZFQ’YF“,ygﬁV + Fomfpﬁq/gu

* 174 1
&MPM a,, — —32—7(_0/“
h* OO&,B[L h*

a3~ int au 167

A A

- 59™g™ + ZQ“%”") Py -

(4"0 — R*) a,,

(4§G[MFV]B + FWgW) V..

1 1 1. 1
—h* apghvE) _ —gaBgur) 4 — Renbr 4 —
167 (49 T3 T3

Raﬂg@/

1 - 1
— ZRgaﬂgﬁV + _Rgaﬁglﬂ/ + _F2 (2905#95’/ _ gaﬁgl“/)
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