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Defects

Local operators are not enough

* Jo distinguish groups with same algebra but different global structure
 SPT phases and phases with topological order

* Strings and Branes

Some Examples:

 Boundaries (space-time ends on them)
* |nterfaces (for instance between different phases)
* Line defects: for example Wilson lines

* Topological Defects (symmetries and generalised symmetries)



Defects

Extended objects that break part of the translational symmetry

* | ocalised on submanifolds of the spacetime

* p=dimension of defect space-time, q=d-p is the codimension

* The stress energy tensor is no longer conserved:

0, T" = D" §1 (%) DY = displacement operator
protected dimension p+1

* |f we ask for maximal symmetry preserved: “flat” defect

 We mainly focus on conformal field theories

* Conformal group is broken:  SO(d+1,1) — SO(d+1 —p,1) x SO(q)

 New non-trivial correlators: one-point functions

* |ocalised contribution to anomalies: i.e. defect Weyl anomalies



Bulk correlators:
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RG flows

* We can deform the theory by turning on relevant deformations
UV fixed point

* [wo possible deformations:

IR fixed point

. Defect-localised deformations: “;

5Sdefect — /dpx @A

0Shunc = /ddx Oa
* Modify both the bulk and the defect ‘ » Only affects the defect theory
» Same bulk primary operators 1
* Defect monotonicity theorems |



Example: Boundary CFT 0

| Boundary
e Action of free massless scalar field:

6S = / ddm5¢82¢—/dd_1x 5D 1P|,

___— 01¢(0,z; =0)|,=0 Neumann b.c.
T (0.2, =0),=0 Dirichlet b.c.

(P(r1)P(12)) = Cy

* Conformal Boundary conditions:

(6@ =

:|$l‘d—2

For the free scalar with a boundary: Neumann b.c.

_

Dirichlet b.c. |




(Bulk) Weyl Anomaly

 QFT on curved space-time

» Action invariant under Weyl rescaling (classical) g¢,, — ¢**g,,
(5wS:—/M ddx\/g(SwT“M:O T ", =0
. L. . . ) 2 oW
* Effective action is not invariant: Weyl anomaly (quantum effect) (T#") = 75 59
[A%
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anomaly coefficients //< curvature invariants

“central charges”

e Bulk anomalies absent in odd dimensions



(Bulk) Weyl Anomaly

' 2 dimensions:
,i [Zamolodchikov, 1986] C

TH, = R C = Virasoro central charge Cuv 2 Cir (T@)T0O) = 7

, 4 dimensions: Cardy, 1988] |

1 Quv Z Uir [Komargodski, Schwimmer, 201 1]
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Defect Weyl Anomaly

* |n the presence of a p-dimensional defect:

w = =3 [ dteygogu ) - 5 [ @uva (GauiT,) + 20X 0D )

* Defect-localised contribution to Weyl anomaly

TH, = TH + 0 (x )T,y D, T* = 6D (g D'

v

’ft . - tn bty st A U c "/‘
» For one-dimensional boundary is “trivial” 1" ,|s, = Ton K |
,{; 7-‘- ‘



Defect Weyl Anomaly

et! = g, X" XH*(Y,) embedding function
XH(Ya)
Gab = €5 €L guu (induced metric)

I, = Dgep (second fundamental form)

. ¥

’ [Schwimmer, Theisen, 2008] |

TH |5, = — (bR + di11% + da W )

| <15.(U)f).(0)> x d; 04y (T,,) d> buv = bir from defect sphere free energy
"‘ Z ’ e |CCJ_ |d [Jensen, O’Bannon, 2015]

For three-dimensional boundaries  [Herzog, Huang, Jensen, 2015 - 2017] |
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4d DefeCt Weyl Anomaly [Chalabi, Herzog, O’Bannon, Robinson, JS, 2021]

* Full Weyl anomaly for p=4 dimensional defects and codimension g>1

+ dsWain; W7 + de W0y W' + de WijraW* + dg Wi, W7*
+ doWapjis W™ + dioWiahe W + di1 Wy Wa P + dia W0, W,
+ dygWoap T GIIS + dy g W 117 1190 + d15Waibjﬁiacﬁjbc

digW I, Mg + digWo T L + digW e 11, 17
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Related to two pomt function of displacement operator | \_ Related to one-point function of the stresstenso,

axyv = AR from defect sphere free energy defect a-theorem [Wang, 2021]



Free Scalar Fields with defects Bastmacor ss, 2024

(see also [Lauria, Liendo, van Rees, Zhao, 2021])

1
 Action of the free scalar field: S = / d%x 5(305)2

* We use cylindrical coordinates:  ds* = do” + da? + 27dQ;_, T = \/xumi
e E - f P 2 >, 1 g—1 L
quation of motion:  —9%¢ = — | 9} - :Eq_l@m(% Oz, ) A - 95, , |9=0
1 1

J_(1—14q/2)(k1T1) ]

%k, (0) 7/2—1 || e
regular modes singular modes

* Reqgular or singularinthe z;, — 0 limit



Free Scalar Fields with defects

 We can recast the solution in terms of defeot operators, which are defect primaries

b= D coor w1V ({O1C (27.07) |
with conformal dimensions

; Unltarlty constraint: [Lauria, Liendo, van Rees, Zhao, 2021]
*+ 7 are always allowed

A_Z_Q?—l’ p=2 — / i |}
- vare allowed If ’:'

AZO, p < 2



Free Scalar Fields with defects

. We conS|der only the [ =0 minus mode

. The propagator

)

Fp C1_|_1( ) Cqs:

1
r2-3)

. QwaL
I ratl =
Cross-ratio. n1 = 3_+:I3J__|_’O-a’2

1 * For quadratic theories: ¢ =0,1

L+ With interactions, unitarity gives: ¢ < [0, 1]

| » Stress-tensor one-point function: For p =2

§ — 247
dy = —~(d— 2)(d - 4)%¢]



Scalar Free Fields with defects
* The displacement operator: 9, T = D" § (%)

A
~

O_y = limmﬁgxci_2¢, (@;;J = lim“_m(?%

A

D'=kp 00, (é;l) k= —Am9/> L sin (mq/2) T (2 — ¢/2)

* The free coefficient is fixed by a Ward identity

|+ The two-point function reads:

) 1 d\ . —
<ZA)/"(O‘)ZA)](O)> _ |O-‘C;]l9?+2 52'3' CD — | (2 — q)F (§> S111 (ﬂ'g) T <p 5 q | 1) f

* From this we can extract the anomaly coefficient:

TH e ~ — di 112 _ — 9
0|5, Sy dy = 3 T & p




Scalar Free Fields with defects

O -

5Spert — hC/de ( AA)Z (10)2 relevant if q < 2 (=0 m— =

0

* Long-distance limit of the defect two-point function:
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Scalar Free Fields with defects interactions

* We can consider a generic deformation localised on the defect:

=S [ #05 0000, - e~ Ay

marginal operator slightly relevant operator
* We can apply conformal perturbatlon theory:

(0;0;) ~ N;5;; (0;0,04) ~ Ciji

operator normalisation 3-point function

| Example: Coupling to a lower dimensional CFT 0S, = /dpx go.1 ¢ O + /dpx go.2 O3
~ + Solution to the beta functions:

gix = 0 gosx = 0 Trivial fixed point
Co,T' (5) | |
g1« =0, Gax = —7 2 g € Decoupled fixed point
m/2C6,0,0,
,' B \/51C' T ( % \/20(91(9 60,0202 = Cp,6,0,0106, B C'Olf( ) 01 € 20@1@1@2526'@2 o1
g1x = T 27Tp/201/2 32 €,  gox = 21P2C 5 &, Coupled fixed point Cor,i.6.01C5,

cb/ 8<b 010102 ;’



Scalar Free Fields with defects interactions

* Perturbative one-point function:

(#0), =% [ @ndoy (#@0)0100)3)0(:)é02)), +Olgie)

2 0,c

e \We obtain at the first non-trivial order:

D(45=2)1(§)I(452) —

| 2
- S C -
| - = 9. 122 - )l (4 — ¢+ 1)sin (%)

($*(x1)), = 97.Co,

 Anomalous dimensions of the operator @1 ? No, it is protected by ¢ = gl*@l §a=—p (1)

 Anomalous dimensions of the operator O, :

: : C |
<C’)2(0)ren02(0)ren> — 92 (1496, log ||}

D ‘O.|2A;O)

A A Ca Ch 5.7
AF™ = Ao+ Aogan = Ay + 2172220265, ¢

Co.Co, 0,0,



Scalar Free Fields with defects interactions

* Deformation:
S:SDCFT—l-/ dp(fz gk@k
k
* Perturbative correction to the defect sphere free energy:

o1 = —log | 2000 | — 3 z P00l [ poiVG... [ oG (014(01).-0,,(00))

n=— 1’1,1 .....

2P

(L 1)\&+1 S ()2 B .
AF o = ()5 g1 5 N 4 4

A1 011

. AF = (—=1)zt! z )
Free scalar om = (—1) 2T(p + 1) €




Scalar Free Field coupled to minimal models
Example with d=3 and p=2:

. 1 ) )
Minimal models M (p,p + 1) S ~ 5 /d?’x (D)° + /dza D (ma1)01 ¢
. . . — 1 — 2—1 m:O,,p—l
 Scaling dimension h=h= ((p+ L)m = pn) n=20,..p
dp(p + 1)
. - (m—n)?
¢ We take the limit p— —> A=hth="r FO(1/p) e
n=m-+1
. 3
e We choose: m =1 A=2—c¢ €=2p10(1/p)<<1
f 054=3 = /dzil?’gl(i)(1,2)3y€g + 92@(1,3)
. 1 3 A 4
— - o(1 A —= 2
(12) = 5 2 o(1/p) (1,3) D+ 1



Scalar Free Fields coupled to minimal models

054=3 = /d%gl(i)(l@)ayé T 92@(1,3)

e System of beta functions:

=t —
| mp C@ng 2Tp

V3 o/

91 =0+0(1/p), g5 =

* Anomalous dimension of the g1 operator A._

FO(1/p), g2 = -O(1/p?)

mp

e Similar analysis ford =5

Coupled fixed point

Decoupled fixed point

1 9 V3

b01¢

5Sd:5/d23391(i)(1,2)$ + 92(1)(1,3)

21

~p3 | mp? |V 7p | 72
d=5| =L 1 1 1 1T 6

:7Tp




M Oon Od o my d efe CtS [Bianchi, Chalabi, Prochazka, Robinson, JS, 2021]

[Giombi, Helfenderer, Ji, Khanchandani, 2021]

 Co-dimension 2 operator which implements a flavour symmetry rotation @

a € [0, 1]

 Simplest case: U(1) rotation "" ;

* |n a Lagrangian theory it can be achieved by “gauging” the global
symmetry by coupling to an external potential

S%S—I-/ddQZ‘JMAM A= odb

» This is a pure gauge everywhere but at the origin F,, =27 a @ (z,y)



Monodromy defects

 Complex Scalar free theory

Bl d— 9 | A= odb
]sca ar — dd 59" —ied Y . AV T 2
! / Vg | 59" (Vi —iedu)p(Vy +iedy )y 3(d — 1)R|¢| a € (0,1)

'+ Mode expansion and regularity conditions | | o T —

__ - m—ao — SM+o Pa 2
Y= m§:1: ¥ Z rmt 70 {¢a 2z~ % singular mode

o regular mode )
Z =X €

S
p = O

- Propagator as sum of hypergeometric functions

<¢(513)ng(0,33/¢)>:< 1, >§_ ( Z CjFA+,S(77,9)+caFA,a(ﬁ,ﬁ))

€T | X
L sSE/—«

R A C R ) §I‘(g—l—a) oo JagEE -1+ cy = leyoz
60 =\ 4rdi2T (1 1 |s)) #0”a — \[S4zd/2T (1 — ) $OZa 4md/2T (1 + a)

' A, Ay A+1 d ;s 2x 2
- Fa(,0) = (g) 2 F ( > ;As+2—;n2)6 7 = y

e Similar discussion for fermions




Monodromy defects

* One-point functions:

[(3 —)l(3 + o —1)sin(ra)

(Jp(z)|*) =

» Stress-energy tensor
a
(TL1(2) = ——;

L)

2d1ﬁ(1) T

5—04—1

—oz)l“(%—l—a—l) sin(ma) (O‘(ld_a) I da2€ )
1

2d—1p 5T (d—)

|+ Displacement operator |

di = 2dy =

a(l —a?)(2 — a)

(1 — a)?a? + 4éa’
2

b = d=4

d=6



Monodromy defects

Ar_d-2
0o z%  regular mode ——> a T Ty T
707 ©_o 2~ % singular mode —l A- = d;Q o
* The singular and regular modes are connected by RG flow:
Sdef = )\/dd—% O_o(0)O" (o) A= A**)\  relevant deformation
Aelgates(00), 4242

2.5 -

2.0

1.5

| 50 - 100 - 150 I 200 |
The Euler anomaly decreases defect a-theorem

o2 o3 [Wang, 2021]
= —(1—-a)*@3 —a®) A 5 — 3a° J
ax 72()( a)?(34+ a—a”) 36()( )€



Monodromy defects with self interactions  sasmmakou s, 2024

e Starting from £ =1 we can deform the monodromy defect through the coupling

Sv = [ @720 (07, (001 () AT, =d2—1-a
— 1)(d — 2
Relevant if: « > &, Q= n 2)72 ) a € (0,1)

e Wetake a=a+¢€ with 0O<ex1

e The beta function reads

7Td/2_1 Cfn,nn 2 C - n! n! n! n! n! n'k' | 3F
f=—2nein- I (g — 1) (n!)? An e z:: (n—kNK' (n—ENK K (n—k) k! (n!)"Fry
d
A, = 2n I (5 - 1) c

(n!)Fr,, wd/2-1

* We get the same propagator but with

£ €10,1]




Monodromy defects coupled to Minimal Models

 We can couple to Minimal Models:
S.. . = g/d20 (OA:QOA:LYL@)

_ -1  A;
e Slightly relevant if o=+ € a=_ -2

 Beta function and fixed point:

Cnnn 2 2n
By =—2neg+m )2 Csaa 9 Gx = €

* Propagator: ;, o — 2
| — ‘
Fr, Cé(j_)(i,(A@) + 2n — 2)?
o An anomalous dimension:
_\m A L\ Mm . m! - U (e - ) ]
(O_a) (O-)(I)(O-) O—Zé (O)(I)(O) — 2m(l—a)+2A; 1 fq)q) 9 log (:u|0") gx
‘ ( )+ ® | ((m n)') _

.« Examples: d — ¢/ A = 6/5 a=3/15 n =1 Tricritical Ising Model |

d—o Az =2/15 a=1/15 n =1 Three-State Potts Model



Conclusion and Outlook

Summary

We discussed the possible defect CFTs in the case of bulk free scalar fields
In the quadratic case we can admit singularities leading to non-trivial DCFTs
We found perturbative fixed points where the bulk field is coupled to lower dimensional CFTs

Similarly, we studied the case of monodromy defects with defect interactions

Outlook

Extension to theories with both bulk and defect interactions
Fermionic theories

Relaxing the assumption of unitarity (higher-derivative theories)



Thank you for your attention!



