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SYMMETRIES IN QFT

Great handle on QFTs given by symmetries
to predictions at strong coupling
↳ conserved quantities, selection sectors, ..

↳ predictions about IR phases of theories

Question : what is the most general internal

symmetry a aft can have ?



Classic answer :

symmetries act on local operators,
are described by groups

Group structure : gg = 1
, 8.92 = 93

On correlation fets : < g(0 , .... Onl = 20, ....On

On the Hamiltonian : gHg" = H

can be discrete (e . g
.

2,
Sn
, . . . .)

or continuous (OIN), SUIN), . . ..



New answer I : symmetries can be non-invertible

g Ag See e.g. [Petkova, Zuber 100]

[Chang et al '18]
9 , 09 =

93 +

9 + ....

Better described by fusion categories.

Example : Kramers-Wanniers dudily
in ad Using fr
N.N= 1+ 72. The elements
N.F in field

A lot known in d = 2
,
also important in d>2 (e . g.ABdy



New answer I . Symmetries can act on non-local operators

[Gaiotto
, Kapustin, Seiberg ,

Willet 14]

p-form symmetry act on dimension p operators

· o-form : acts on points
· 1 form : Livesi

E. g.. Polyakov center symmetry in SU(N) pure

Yang-Mills isnll symmetry
· Schwinger model (QED ,n)

w/ charge-"



THE QUESTION :

Is this all there is ?



APPETZER :

QUANTUM GROUPS ON

THE LATTCE

[Pasquier ,
Saleur '90]



HEISENBERG/XXX MODEL-T-FAF

Spin chain with spin t (with OBC)

Hxxx=+
Spectrum at finite N SU(2) symmetry

En Generators :

=> =>

-
-

Spin2 So
St=

=> = - - Spin 1

-- singlet commute with H !
i i



#MODE+
q= eit

,
feR

Spectrum (9 + = 1)
En

Only U(I) symmetry
=> = left fora

-

=>

=>

>

[H ,
S7] = 0

[H ,
SF] + o

! is



Now add some imaginary surface terms

[Pasquier, Salar '90]

Hp = Hxxz + Eg
+

(oz - 05)
-

↳ iR

Spectrum /generic g)
En But : no Su(z)

=> =>

-
-

Spin2
[H

,
St] Fo

only u(l)
=> = - - Spin 1

[H
,
97] = o

- -
·-

>single
/



Degeneracies look like Su(z)
,
but there is

no su(2) !

Degeneracies explained by
== I poto ... great q- ... gozk

↳ position i

F = same with ot 10-

[Hps ,
F) = [HpsiE] = 0

E andF do not satisfy su(2) algebra
but together with the U(1) generator , they
form the quantum group Ug(st2)



Quantum group symmetries on the lattice

* I + 1 D spin chains

* 2D stat mech models (e.g . loop models)

In the continuum they appear more indirectly
* crossing kernel of Virasoro blocks

in minimal models -> by symbols of Ug(st2)
* fusion rule for Su(2) WzW models

-> fusion rules of Ha(ste)

* integrability : Yang-Baxter equation



GLOBAL SYMMETRIES IN THE CONTINUUM ?

the previous continuum examples are not global
symmetries !
But the QG symmetric spin chain is critical,
it flows to a Fr !

Are QGs a new type of symmetry in aft?

Q : can I build a oft with Uglste) as

a global symmetry ?
Q :what does it look like ? How do I find it?
Q : related to generalized symmetries ?



AY'SPLAN

-Motivation

* Ug(st2) basics

* CFTs with Quantum Group symmetry

* An example : XXz with non-local b
. c .

* Connection with unitary theories

* future directions



Ug(st2) BASICS



COPRODUCT

Needto be able to act on multiple spins or

operators· The coproductI allows that

se2 : D(X) = X* 1 + 10X X =E
,
F

,
F

Needs to be compatible with the comm .

rels.

A(IE
,F)) = [ACE) , ACF)]

Ug(stz) : deformed comm ,
rels -> deformed coproducts

Not a unique choice

A(E) = Ex1 + qHE
A(f) = Faq4 + 10f

D (H) = HQ1 + 10H- generates a "normal" UIII .



NOT A GROUP !

A quantum group is an algebra, not a

group .

I cannot make
group

elements out of it !

Normally: X algebra generator - X(X) =XQ1 +10X

g
= ei*X group element - A(g) = gog

Up(st2) : cannot build g w/ a nice coproduct



REPRESENTATION THEORY
-

Two different cases

* q not root of unity : looks like su(2)

spin-t irreps, 22+ 1 dimensional

18
,
m>, m = -2

,
- C+, .

.
.

.,
l

Hil
,
mc = em 12

,
my

Ell, mc = # (l, m +1 Fll
, mc =#12, m- 1)

Ell, l = o Fle,
-k = 0

* g root of unity , qP" = #1
,
perso

EP = FP = 0. More complicated



QUANTUM CLEBSCH-GORDON CEFFICIENTS

Some objects play the same role as in se(1)

* quantum Clebsch-Gordon coefficients

19
, mic /82 ,mcs

=T e C,
* quantum 6J symbols

a



AY'SPLAN

->Motivation

#Ug(sta)basics

* CFTs with Quantum Group symmetry

* An example : XXz with non-local b
. c .

* Connection with unitary theories

* future directions



CFTs with

QUANTUM GROUP

SYMMETRIES



PERATORSIN A CAT

Work in CD
, genera geit , ER

Internal symmetry : · O transform under Ug(stz)
· [Ug(st2) , Virasoro) = o

->
Will charge ,

Imb

O(x) weights (h,
h)

-> Spin I rep.

EO = Our

FOO



FERATORSARE NOT MUTUALLY LOCAL !

local operators : < 0
, (x)02(y) =

=
< 0 (y)0 ,(x)

boson vs. Fernious

Symmetry - Ward identity
= OF

Fag +1
<(F) G_(x) Or(yk = 0

- 90+ (yk + 10
+ (x)0- (y) = 0

(1)2 < O(y)(x)a from rotation

=

(Q(x)0 - (y) = -q(-1)spacetime sa



<G (x)0- (y)z = - q(-)20- (y)0+ (x)z

↳ either st

↳ or [O+, 0 -] o

In both cases
, operator not mutually local.

Simplest modification : operators are attached to lines !

a



Lines are topological :

can be moved freely as long as they
do not cross other operators.

Ug(stz) object : R-matrix
, swaps two operators

R



AY'SPLAN

->Motivation

#Ug(st2)basics

FTswith Quantum Group symmetry

* An example : XXz with non-local b
. c .

* Connection with unitary theories

* future directions



AN EXAMPLE :

NON-LOCAL B .

C
.
in XXZ



Simpler to study spin chains with

translational invariance

but : I don't know any Ug(stz) system
&

w/ periodic boundary conditions

Closest thing : XXEg .

Deformation of XXZ

&

spin chain w/ non-local interactions.

[Grosse,
Pallud

,
Prester

,
Raschofer 19h]

----

Not unitary ,

not a problem in Euclidean space.



Critical and integrable : CFT spectrum known.

Parametrize = exp(it) MEIR+

central charge c = 1-ut)
Operators Wm-4(1)

label

IS↳
s kac labels

↳ Virasoro weights : (hrs
,
hri) - spin not

integer
3 Ug(st) quantum numbers= m.

Not known :Ope coefficients/123 point functions



EVERYTHING MAKES SENSE!

· check I :

existence of lines and Ug(ste) properties
imply relation between spacetime Spin S = h-h

and Ug(sti) spin e

-a
0

. O2
11

11

< 0, 027 O20,

~satisfied by all operators



· Check II :

is the theory crossing symmetric ?

Need to find the Ope coefficients of

the theory 0
.
· = Zizk Om

Crossing symmetry :

--

~ 0.(d Or(z) (1) Olan = Z X1zyJany F(z) (e)-

-
= Jeste Sink F*

(e) Fu(E)



Two methods of fixing OPE coeffs

A
. Degeneracy of operators [Belavin

, Polyakov,
Zamolodchikov on

Was s (hrs
,
hr) withS eN

<DrsWrs ....... = o

↳ differential operator of degree vS

Solve BPZ diff . eq for 4 point function;

get Virasoro blocks ;

impose crossing symmetry - Fix OPE coeffs



B
.
Coulomb Gas approach

Get correlation functions from larger auxiliary
theory

O
.. ...Our = I dwi0 .

...

On Vilwil ... Um(wm)
=

Originally from [Dotsenko
,
Fateer 18h]

modified to include quantum groups.

In both approaches, find that theory is well defined

(i . e . crossing symmetric). ~



CONNECTION WITH
UNITARY THEORIES



Ug(sta) appears in many2d cuts,

but not as a global symmetry.

E
. g.

Minimal models

--

~ 0.(d Or(z) (1) Olan = Z XizyJany F(z) (E)-

-
= Jeste Sink F*

(e) Fu(E)

F(z)=F, (z)
↳ crossing/fusion kernel



known that [Furlan
,
Gander

,
Pethora 190]

# = Catofore) . Ugst 6 symsis

Why do Uglstil by symbols appear ?

XXEg gives an explanation !



Crossing kernel explained

- Crossing symmetry of XXEg can be written exactly
as the crossing Kernel for (some) operators

F= )
. ...

) Eas F
↳ by symbol

- Virssoro blocks only care about scaling dimensions,

same for XXEg and minimal models

-Ug(stil appears in minimal models because

the xXzg CfT exists

- Gulomb gas explains the same for all other operators.



Ug(ste) as hidden symmetry in minimal models

q= exp(ii) = c= 1 - uua)
For MEN ,

recover c of minimal models Must

Here XXEg develops a subsector which is

a (twist of) minimal model

E
.g. M

=3 Exzg3 Zfermionic
Ising

known for the lattice [Grosse et al 194]

checked that the same happens for the CFT



FUTURE DIRECTIONS



Tsur
u

Ug(ste) symmetry exist

* Ug(st2) mixes local and non-local

(defect ending) operators

* One such examplearises from the XXZ

spin chain with non-local boundary conditions

* this theory is non-unitary

* contains unitary and local subsectors in some cases

explains appearence of Up(st2) in

unitary theory



OPEN QUESTIONS

· Anyrelations to non-invertiblesymmetriea 107)

↳ can I build a group-like element
Alg) = gog in the car ?

· Unitary theory ?

· Generalizations to Ug(slnz) ?

· Higher dimensions : line operators in d = 3

in non-topological theories


