
Natural Swarms in 3.99 Dimensions

Andrea Cavagna 
Institute for Complex Systems  - National Research Council 

Rome



“One of the more conspicuous properties of nature  
is the great diversity of size or length scales  

in the structure of the world” 

Kenneth G. Wilson







how do we tame such complexity?



by doing outrageously minimal models
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dvi

dt
= si ⇥ vi
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dsi
dt

= F i ⇥ vi � ⌘si + noise
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dri
dt

= vi

like, all flocks and swarms of any species in three equations



“microscopic details do not matter much 

when large-scale structures emerge  

in the system”

says who?



the renormalization group says so





 “more is different”

• if different scales do not interact with each other: easy case 

• if different scales interact with each other: tough case

one (microscopic) scale many scales

scaling up…



Renormalization Group 
for pedestrians



Bangkok London

short scale



Bangkok London

large scale



Bangkok London

“microscopic details do not matter much when we are interested in 

the large-scale behaviour of the system”

large scale



but… wait a minute! 

Westminster Abbey is still there, isn’t it?



in fact, Westminster Abbey is gone!



RG zooming out is actually composed of two steps

coarse-grain rescale



zooming out is actually composed of two steps

original

coarse-grain rescale
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a00 = a
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a0 = 4a



coarse-grain rescale

what is good in losing information on the short scales?

smaller features are blurred but the larger ones are unaffected

the new systems has the same large-scale properties as the original one 
but with all finer scales fluctuations eliminated



the new blurred system has new interactions



RG

there are couplings between the new coarse-grained variables 
which determine the probability of the new system

flow in the space of systems!

• if different scales are not coupled: the interactions are the same 

• if different scales are coupled: the interactions are changed!



Bangkok 
short scale

London 
short scale

Rome 
short scale

fixed point 

city  
on a river

Paris 
short scale

the RG flow



the same RG fixed point rules the  

large scale behaviour of systems with 

different short scale details

this is universality

this is why physicists love to 

toy with toy models



does it work also in biology?



scaling

renormalization group

universality 

correlation



experiments



c)

experiments





tracking

right camera

left camera
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bifurcate - build all paths - define a weigth - optimize

time



t

camera 1 camera 2

A B A B

AB

A B A B

AB A B

A B

AA 10 4

AB 7 7

BA 7 7

BB 4 10

4 paths 2 paths

2 real trajectories

weigth matrix

paths optimization

A. Attanasi, A. Cavagna, L. Del Castello, I. Giardina, A. Jelić, S. Melillo, L. Parisi, F. Pellacini, E. Shen, E. Silvestri, et al., GReTA-a novel global and recursive
tracking algorithm in three dimensions, IEEE Trans. Pattern Anal. Mach. Intell. 37 (12) (2015) 2451–2463.





spatial correlations
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C(r) = h�~v(x0, t0) · �~v(x0 + r, t0)i

equal-time velocity correlation function
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temporal correlations



C(r, t) = h�~v(x0, t0) · �~v(x0 + r, t0 + t)i

space-time correlation function

δvi(t0)

δvj(t0+t)
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critical slowing down
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50mm < ⇠ < 250mm
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80ms < ⌧ < 610ms ⌧ ⇠ ⇠z

z = 1.37 ± 0.11

dynamical critical exponent z

each one of these points is a real swarm



key experimental facts about natural swarms:

• scale-free correlations:    

•  critical slowing down:    

•  dynamical critical exponent:  

ξ ∼ L

τ ∼ ξz

z = 1.37 ± 0.11



theory



ingredient #1 

imitation  

(aka ferromagnetism)



simple ferromagnets
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u⇤

Wilson, Fisher (1972)

Halperin, Hohenberg, Ma (1972)

RG flow (on the critical manifold, because )ξ ∼ L

RG fixed pointbare value

dσi

dt
= J∑

j

nij σj + ζi

|σi | = 1

∂ψ(x, t)
∂t

= − Γ
δℋ
δψ

+ θ(x, t)

ℋ = ∫ ddx {(∇ψ)2 + rψ2 + uψ4}

z ≈ 2

noise

Model A

Landau-Ginzburg Hamiltonian:

coarse-graining



RG - ferromagnetism

RG - ferromagnetism and activity

RG - ferromagnetism, activity  
and inertia
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z = 1.73
Chen, Toner, Lee (2015)

Halperin, Hohenberg, Ma (1972)
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We have to compute a few Feynman diagrams
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z = 1.35
this work

something is missing 

z ≈ 2

experiments
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zexp = 1.37± 0.11



what a low critical exponent is telling us?

z = 1.37

the smaller is , the more effective is the transport of fluctuations across the systemz

an exponent   implies that fluctuations propagate much more effectively than mere diffusionz ≪ 2

vs z ≈ 2

τ ∼ ξz space ∼ time1/z



ingredient #2 

activity



active ferromagnets: the Vicsek model
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dt
= J∑

j

nij(t) σj + ζi

dri

dt
= v0 σi

 is the velocityv0 σi = vi



Ferromagnets meet Navier-Stokes: the Toner-Tu field theory

material derivative

incompressible case:
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dt
= J∑

j

nij(t) σj + ζi

dri

dt
= v0 σi

Dtv(x, t) = − Γ
δℋ
δv

− ∇P + θ(x, t)

∂ρ(x, t)
∂t

+ ∇(ρ v(x, t)) = 0

Dt v(x, t) = ∂tv + λ(v ⋅ ∇) vℋ = ∫ ddx {(∇v)2 + rv2 + uv4}

ρ(x, t) = ρ0

∇ ⋅ v = 0

Vicsek Toner-Tu

Dtv(x, t) = − Γ
δℋ
δv

− ∇P + θ(x, t)
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see also Forster, Nelson, Stephens (1977)

coarse-graining

Chen, Toner, Lee (2015)
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activity brings the RG flow to a new fixed point

off-equilibrium fixed point

equilibrium fixed point

activity

ferromagnetism
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z = 1.73

Chen, Toner, Lee (2015)



RG - ferromagnetism

RG - ferromagnetism and activity

RG - ferromagnetism, activity  
and inertia

<latexit sha1_base64="0TwSl59MYcs79jtiZ/WndHnhC4g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgadnVYLwIQS8eI5gHJEuYncwmY2ZnlplZIS75By8eFPHq/3jzb5w8DppY0FBUddPdFSacaeN5305uZXVtfSO/Wdja3tndK+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD4c3Ebz5SpZkU92aU0CDGfcEiRrCxUuPpyncr591iyXO9KdAy8eekBHPUusWvTk+SNKbCEI61bvteYoIMK8MIp+NCJ9U0wWSI+7RtqcAx1UE2vXaMTqzSQ5FUtoRBU/X3RIZjrUdxaDtjbAZ60ZuI/3nt1ESXQcZEkhoqyGxRlHJkJJq8jnpMUWL4yBJMFLO3IjLAChNjAyrYEPzFl5dJ48z1L9zyXblUvZ7HkYcjOIZT8KECVbiFGtSBwAM8wyu8OdJ5cd6dj1lrzpnPHMIfOJ8/NniOPw==</latexit>

z = 1.73
Chen, Toner, Lee (2015)

Halperin, Hohenberg, Ma (1972)
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We have to compute a few Feynman diagrams
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z = 1.35
this work

z ≈ 2

something is still missing 

experiments
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zexp = 1.37± 0.11



let’s go back to the experimental evidence

and remember: 

a smaller exponent  suggests that 

a more efficient propagation mechanism is at play

z
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Natural Swarms

Vicsek Swarms

theory up to now - simulationsnatural swarms - experiments

temporal relaxation in natural swarms looks underdamped
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why this should help?
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∂
∂t

∼ ∇2 ⟶ iω ∼ k2 ⟶ znaive ∼ 2

∂2

∂t2
∼ ∇2 ⟶ ω2 ∼ k2 ⟶ znaive ∼ 1

ω ∼ iDk2 + ckω ∼ iDk2

because alignment requires a Laplacian, a real part of  indicates there are two derivatives in time:ω

underdamping requires a real part of the frequency

overdamped relaxation underdamped relaxation

looks promising!



in the competition between friction and inertia 

inertia enhances propagation 

viscosity hinders it





competition between viscosity and inertia

if viscosity dominates over inertia information may not propagate at all



ingredient #3 

inertia



η ·q = −
∂H
∂q

+ θ
·p = −

∂H
∂q

− ηp + θ

·q = p

reversible irreversible - relax

overdamped limit

{sα, ψβ} = ϵαβγ ψγ

{pα, qβ} = δαβ

·ψ = ψ × s

·s = − ψ ×
∂H
∂ψ

− ηs + θ ·ψ = −
∂H
∂ψ

+ θ

conjugate variables and their Poisson relations

we need to restore the generator of the rotations of the polarization field   

this is the internal angular momentum, aka spin :

ψ
s

 is the generator 
of the translations of 
p

q
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·p = −
∂H
∂q

·s = − ψ ×
∂H
∂ψ

back to  
underdamped?

{pα, pβ} = 0

{sα, sβ} = ϵαβγ sγ



…

…



∂ψ(x, t)
∂t

= − Γ
δℋ
δψ

+ θ(x, t)
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∂t

= + g ψ ×
δℋ
δs

− Γ
δℋ
δψ

+ θψ(x, t)

∂s(x, t)
∂t

= − g ψ ×
δℋ
δψ

− Λ
δℋ
δs

+ θs(x, t)

Model A
Model G

Halperin-Hohenberg's Model G

reversible terms
relaxational irreversible terms

relaxational irreversible terms

the rotational symmetry of the dynamics implies that the spin  is a conserved quantitys(x, t)

overdamped limit

spin conservation law               and   ω = iDk2 ± ck z = 1.5



our three fundamental ingredients: 

imitation  

activity 

inertia

fundamental ingredients: 

city 

river
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the new theory is: self-propelled Model G
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∂t

= + g v ×
δℋ
δs

− Γ
δℋ
δv

+ θv(x, t)

∂s(x, t)
∂t

= − g v ×
δℋ
δv

− Λ
δℋ
δs

+ θs(x, t)

Dtv(x, t) = + g v ×
δℋ
δs

− Γ
δℋ
δv

− ∇P + θv(x, t)

Dts(x, t) = − g v ×
δℋ
δv

− Λ
δℋ
δs

+ θs(x, t)

Equilibrium Model G:

ℋ = ∫ ddx [(∇v)2 + rv2 + uv4] +
1
2

s2plus incompressibility:  ∇ ⋅ v = 0

to be studied in the swarm phase

∂tv → Dtv = ∂tv + γv (v ⋅ ∇) v

∂ts → Dts = ∂ts + γs (v ⋅ ∇) s
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go active:



4 dynamical fields and 5 non-linear couplings

active transport of the velocity and of the spin:

inertial spin-velocity couplings:

ferromagnetic interaction:

all coupling constants have RG scaling dimension equal to , hence:ε = 4 − d

       expansion for         d = 4 − ε

<latexit sha1_base64="1rYSuZHwxwF2ZM7cfITiGBXLyrE=">AAAB83icbVDLSgNBEOyNrxhfUY9eBoMQQcKuBPUY9OIxgnlANoTZyWwyZPbBTG8wLPkNLx4U8erPePNvnCR70MSChqKqm+4uL5ZCo21/W7m19Y3Nrfx2YWd3b/+geHjU1FGiGG+wSEaq7VHNpQh5AwVK3o4Vp4Enecsb3c381pgrLaLwEScx7wZ0EApfMIpGclPX88l4Wn66wPNesWRX7DnIKnEyUoIM9V7xy+1HLAl4iExSrTuOHWM3pQoFk3xacBPNY8pGdMA7hoY04Lqbzm+ekjOj9IkfKVMhkrn6eyKlgdaTwDOdAcWhXvZm4n9eJ0H/ppuKME6Qh2yxyE8kwYjMAiB9oThDOTGEMiXMrYQNqaIMTUwFE4Kz/PIqaV5WnKtK9aFaqt1mceThBE6hDA5cQw3uoQ4NYBDDM7zCm5VYL9a79bFozVnZzDH8gfX5AxtRkRY=</latexit>

v(x, t)
<latexit sha1_base64="5H2ipw97ilLxjNxqfx5Trj3HvJ0=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBAiSNiVoB6DXjxGMA/ILmF2MpsMmX0w0yuGJb/hxYMiXv0Zb/6Nk2QPmljQUFR1093lJ1JotO1va2V1bX1js7BV3N7Z3dsvHRy2dJwqxpsslrHq+FRzKSLeRIGSdxLFaehL3vZHt1O//ciVFnH0gOOEeyEdRCIQjKKR3Mz1A6InladzPOuVynbVnoEsEycnZcjR6JW+3H7M0pBHyCTVuuvYCXoZVSiY5JOim2qeUDaiA941NKIh1142u3lCTo3SJ0GsTEVIZurviYyGWo9D33SGFId60ZuK/3ndFINrLxNRkiKP2HxRkEqCMZkGQPpCcYZybAhlSphbCRtSRRmamIomBGfx5WXSuqg6l9Xafa1cv8njKMAxnEAFHLiCOtxBA5rAIIFneIU3K7VerHfrY966YuUzR/AH1ucPFrOREw==</latexit>

s(x, t)

<latexit sha1_base64="8EQWHwGYYPAwV21E1wL4DtYG3RQ=">AAAB+nicbVBNS8NAEN34WetXqkcvi0WoICWRoh6LXjxWsB/QlLLZbtqlm03YnVRL7E/x4kERr/4Sb/4bt20O2vpg4PHeDDPz/FhwDY7zba2srq1vbOa28ts7u3v7duGgoaNEUVankYhUyyeaCS5ZHTgI1ooVI6EvWNMf3kz95ogpzSN5D+OYdULSlzzglICRunbBGxDAqecHeDQpPZ7BadcuOmVnBrxM3IwUUYZa1/7yehFNQiaBCqJ123Vi6KREAaeCTfJeollM6JD0WdtQSUKmO+ns9Ak+MUoPB5EyJQHP1N8TKQm1Hoe+6QwJDPSiNxX/89oJBFedlMs4ASbpfFGQCAwRnuaAe1wxCmJsCKGKm1sxHRBFKJi08iYEd/HlZdI4L7sX5cpdpVi9zuLIoSN0jErIRZeoim5RDdURRQ/oGb2iN+vJerHerY9564qVzRyiP7A+fwABZJMy</latexit>

v̂(x, t)
<latexit sha1_base64="NGMWeinSJ3j+mp9Us78GH+M9ZvQ=">AAAB+nicbVBNS8NAEN3Ur1q/Uj16WSxCBSmJFPVY9OKxgv2AppTNdtMu3WzC7kQtsT/FiwdFvPpLvPlv3LY5aOuDgcd7M8zM82PBNTjOt5VbWV1b38hvFra2d3b37OJ+U0eJoqxBIxGptk80E1yyBnAQrB0rRkJfsJY/up76rXumNI/kHYxj1g3JQPKAUwJG6tlFb0gAp54fYD0pP57CSc8uORVnBrxM3IyUUIZ6z/7y+hFNQiaBCqJ1x3Vi6KZEAaeCTQpeollM6IgMWMdQSUKmu+ns9Ak+NkofB5EyJQHP1N8TKQm1Hoe+6QwJDPWiNxX/8zoJBJfdlMs4ASbpfFGQCAwRnuaA+1wxCmJsCKGKm1sxHRJFKJi0CiYEd/HlZdI8q7jnlepttVS7yuLIo0N0hMrIRReohm5QHTUQRQ/oGb2iN+vJerHerY95a87KZg7QH1ifP/y3ky8=</latexit>

ŝ(x, t)

Martin-Siggia-Rose/Janssen-De Dominicis-Peliti
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We have to compute a few Feynman diagramsa handful of 1-loop diagrams



a novel fixed point emerges

both activity and inertia play a role at 
the new fixed point, and z = 1.35

Model A 
equilibrium overdamped active overdamped

active underdamped

d = 3

Chen, Toner, Lee (2015)

Model G 
equilibrium underdamped



RG - ferromagnetism

RG - ferromagnetism and activity

RG - ferromagnetism, activity  
and inertia

<latexit sha1_base64="0TwSl59MYcs79jtiZ/WndHnhC4g=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgadnVYLwIQS8eI5gHJEuYncwmY2ZnlplZIS75By8eFPHq/3jzb5w8DppY0FBUddPdFSacaeN5305uZXVtfSO/Wdja3tndK+4fNLRMFaF1IrlUrRBrypmgdcMMp61EURyHnDbD4c3Ebz5SpZkU92aU0CDGfcEiRrCxUuPpyncr591iyXO9KdAy8eekBHPUusWvTk+SNKbCEI61bvteYoIMK8MIp+NCJ9U0wWSI+7RtqcAx1UE2vXaMTqzSQ5FUtoRBU/X3RIZjrUdxaDtjbAZ60ZuI/3nt1ESXQcZEkhoqyGxRlHJkJJq8jnpMUWL4yBJMFLO3IjLAChNjAyrYEPzFl5dJ48z1L9zyXblUvZ7HkYcjOIZT8KECVbiFGtSBwAM8wyu8OdJ5cd6dj1lrzpnPHMIfOJ8/NniOPw==</latexit>

z = 1.73

experiments

Chen, Toner, Lee (2015)

Halperin, Hohenberg, Ma (1972)
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We have to compute a few Feynman diagrams

<latexit sha1_base64="Wy/S6czJpj4nVFfYkMo1YCTOLfM=">AAAB7XicbVDJSgNBEK2JW4xb1KOXxiB4GmY0Lhch6MVjBLNAMoSeTk/Spqd76O4R4pB/8OJBEa/+jzf/xs5y0MQHBY/3qqiqFyacaeN5305uaXlldS2/XtjY3NreKe7u1bVMFaE1IrlUzRBrypmgNcMMp81EURyHnDbCwc3YbzxSpZkU92aY0CDGPcEiRrCxUv3pyndPzzrFkud6E6BF4s9ICWaodopf7a4kaUyFIRxr3fK9xAQZVoYRTkeFdqppgskA92jLUoFjqoNscu0IHVmliyKpbAmDJurviQzHWg/j0HbG2PT1vDcW//NaqYkug4yJJDVUkOmiKOXISDR+HXWZosTwoSWYKGZvRaSPFSbGBlSwIfjzLy+S+onrn7vlu3Kpcj2LIw8HcAjH4MMFVOAWqlADAg/wDK/w5kjnxXl3PqatOWc2sw9/4Hz+ADNsjj0=</latexit>

z = 1.35
this work

<latexit sha1_base64="3AbbJ7tf220klop6+cTWtiS1qPo=">AAACBXicbVDLSsNAFJ34rPUVdamLwSK4CokW60YounFZwT6gCWEynbRDZ5IwMxFr6MaNv+LGhSJu/Qd3/o2TNgttPXDhcM693HtPkDAqlW1/GwuLS8srq6W18vrG5ta2ubPbknEqMGnimMWiEyBJGI1IU1HFSCcRBPGAkXYwvMr99h0RksbRrRolxOOoH9GQYqS05JsHD77LkRoInpH7ZHzhWKc16CYc2pbj+GbFtuwJ4DxxClIBBRq++eX2YpxyEinMkJRdx06UlyGhKGZkXHZTSRKEh6hPuppGiBPpZZMvxvBIKz0YxkJXpOBE/T2RIS7liAe6M79Yznq5+J/XTVV47mU0SlJFIjxdFKYMqhjmkcAeFQQrNtIEYUH1rRAPkEBY6eDKOgRn9uV50jqxnDOrelOt1C+LOEpgHxyCY+CAGqiDa9AATYDBI3gGr+DNeDJejHfjY9q6YBQze+APjM8fK9uXDg==</latexit>

zexp = 1.37± 0.11

z ≈ 2

a fair agreement



numerical simulations



numerical simulations - Inertial Spin Model

scale-free regime

<latexit sha1_base64="QuM93M0kHqwre9BHgirXFBIIMKc=">AAACBXicbVC7TsMwFHXKq5RXgBEGiwqJKUqgPBakChbGItGH1ESR4zqtVTuJbAepRF1Y+BUWBhBi5R/Y+BucNgO0HMny0Tn36t57goRRqWz72ygtLC4tr5RXK2vrG5tb5vZOS8apwKSJYxaLToAkYTQiTUUVI51EEMQDRtrB8Dr32/dESBpHd2qUEI+jfkRDipHSkm/uP/guR2ogeCYpH1861skpdBMObcuu+WZVfxPAeeIUpAoKNHzzy+3FOOUkUpghKbuOnSgvQ0JRzMi44qaSJAgPUZ90NY0QJ9LLJleM4aFWejCMhX6RghP1d0eGuJQjHujKfGM56+Xif143VeGFl9EoSRWJ8HRQmDKoYphHAntUEKzYSBOEBdW7QjxAAmGlg6voEJzZk+dJ69hyzqzaba1avyriKIM9cACOgAPOQR3cgAZoAgwewTN4BW/Gk/FivBsf09KSUfTsgj8wPn8AJYmXCg==</latexit>

zsim = 1.35± 0.04
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Cavagna et al 2015
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We have to compute a few Feynman diagrams

 no free parameters

final comparison
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zexp = 1.37± 0.11
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zsim = 1.35± 0.04

<latexit sha1_base64="DFClYfuCah2b2+R/3hNa504I8Uo=">AAAB+3icbVC7TsMwFHXKq5RXKCNLRIXEFCVQHgtSBQOMBdGH1EaR4zqtVduJbAdRovwKCwMIsfIjbPwNTpsBCkeydHTOvbrHJ4gpkcpxvozSwuLS8kp5tbK2vrG5ZW5X2zJKBMItFNFIdAMoMSUctxRRFHdjgSELKO4E48vc79xjIUnE79Qkxh6DQ05CgqDSkm9WH/0+g2okWHp7lZ279tGxb9Yc25nC+kvcgtRAgaZvfvYHEUoY5gpRKGXPdWLlpVAogijOKv1E4hiiMRzinqYcMiy9dJo9s/a1MrDCSOjHlTVVf26kkEk5YYGezHPKeS8X//N6iQrPvJTwOFGYo9mhMKGWiqy8CGtABEaKTjSBSBCd1UIjKCBSuq6KLsGd//Jf0j603RO7flOvNS6KOspgF+yBA+CCU9AA16AJWgCBB/AEXsCrkRnPxpvxPhstGcXODvgF4+Mb8taTuw==</latexit>

zRG = 1.35
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