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Università del Salento & INFN Lecce

with Y. Capitani (Lecce), A. Kievsky, L.E. Marcucci, M. Viviani (Pisa), E. Filandri (ECT*)

L. Girlanda (Univ. Salento) Freedom in the chiral 3-nucleon force at N3LO 1



3N force is not parameter-free at N3LO

L. Girlanda (Univ. Salento) Freedom in the chiral 3-nucleon force at N3LO 2



3N force is not parameter-free at N3LO

L. Girlanda (Univ. Salento) Freedom in the chiral 3-nucleon force at N3LO 2



3N force is not parameter-free at N3LO

L. Girlanda (Univ. Salento) Freedom in the chiral 3-nucleon force at N3LO 2



Freedom at LO

▶ OPE constrained by chiral symmetry (Goldberger-Treiman)

▶ unconstrained contact terms encode complicated short-distance
dynamics

▶ minimal contact Lagrangian at LO

L = −1

2
CSN

†NN†N − 1

2
CTN

†σiNN
†σiN

L. Girlanda (Univ. Salento) Freedom in the chiral 3-nucleon force at N3LO 3



Freedom at NLO

[Ordoñez et al. PRC 53 (1996)]

▶ only 12 independent operators since
O7 + 2O10 = O8 + 2O11 and O4 + O5 = O6

▶ NN potential in the c.o.m frame is given
in terms of 7 LECs

v(k,Q) = C1 k2 + C2 Q2 + (C3 k2 + C4 Q2)σ1 · σ2

+ i C5
σ1 + σ2

2
· Q× k + C6 σ1 · k σ2 · k + C7 σ1 · Q σ2 · Q

▶ significance of the 5 remaining LECs?
(P⃗-dependent NN interaction?)
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The relativistic answer

[LG + M. Viviani, FBS 49 (2011)]

▶ build the NN contact Lagrangian in
terms of relativistic nucleon fields

▶ many more operators due to the large
nucleon mass

▶ non-relativistic reduction

ψ(x) =

[(
1
0

)
−

i

2m

(
0

σ ·∇

)
+

1

8m2

(
∇2

0

)]
N(x)

▶ only 9 combinations of non-relativistic
operators up to O(p2)

OS +
1

4m2
(O1 + O3 + O5 + O6)

OT −
1

4m2
(O5 + O6 − O7 + O8 + 2O12 + O14)

+ 7 “c.o.m operators”
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The algebraic answer[
J i , J j

]
= iϵijkJk ,

[
K i ,K j

]
= −iϵijkJk ,

[
J i ,K j

]
= iϵijkK k , [Pµ,Pν ] = 0,[

K i ,P j
]
= −iδijH,

[
J i ,P j

]
= iϵijkPk ,

[
K i ,H

]
= −iP i ,

[
J i ,H

]
= 0.

in the instant-form H = H0 + HI , K⃗ = K⃗0 + K⃗I

K⃗I =

∫
d3x x⃗HI (x) + δW⃗

expand in soft momenta

H0 = H
(0)
0 + H

(2)
0 + H

(4)
0 + ..., K0 = K (−1)

0 + K (1)
0 + K (3)

0 + ...,

and solve order by order for HI = HNN + H3N + ..., and δW⃗

HNN = H
(3)
NN + H

(5)
NN + H

(7)
NN + ...

H3N = H
(6)
3N + H

(8)
3N + ...

δW⃗ = δW⃗ (4) + ...
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Resulting drift interaction at NLO

genuine NN interaction

v(k,Q) = C1 k
2 + C2 Q

2 + (C3 k
2 + C4 Q

2)σ1 · σ2 + i C5
σ1 + σ2

2
·Q× k

+ C6 σ1 · k σ2 · k+ C7 σ1 ·Q σ2 ·Q ,

P⃗-dependent interaction

vP(k,Q) = i C∗1
σ1 − σ2

2
· P× k+ C∗2 (σ1 · P σ2 ·Q− σ1 ·Q σ2 · P)

+ (C∗3 + C∗4 σ1 · σ2)P
2 + C∗5 σ1 · P σ2 · P ,

with fixed LECs as 1/m2 boost corrections to the LO interaction

C∗1 =
CS − CT

4m2
, C∗2 =

CT

2m2
, C∗3 = −

CS

4m2
, C∗4 = −

CT

4m2
, C∗5 = 0 ,

[LG et al. PRC81 034005 (2010)]
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Drift effects
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Freedom at N3LO
The “c.o.m. interaction” (depending on 15 LECs)

v(k,Q) = D1 k4 + D2 Q4 + D3 k2Q2 + D4 (k× Q)2
(
D5 k4 + D6 Q4 + D7 k2Q2 + D8 (k× Q)2

)
σ1 · σ2

+
(
D9 k2 + D10 Q2

)
(−iS · (k× Q))

(
D11 k2 + D12 Q2

)
(σ1 · k) (σ2 · k)

+
(
D13 k2 + D14 Q2

)
(σ1 · Q) (σ2 · Q)D15 (σ1 · (k× Q) σ2 · (k× Q)) .

what about the P⃗-dependent interaction?

▶ identify a basis of non relativistic operators at O(p4)

▶ write down an overcomplete set of relativistic operators
▶ express the latter in the chosen basis using the non-relativistic

expansion

ψ(x) = [

(
1
0

)
−

i

2m

(
0

σ · ∇

)
+

1

8m2

(
∇2

0

)
−

3i

16m3

(
0

σ · ∇∇2

)
+

11

128m4

(
∇4

0

)
]N(x)+O

(
p5

)
.

▶ extract the linearly independent combinations
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Non relativistic basis
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Redundant set of relativistic operators

to be expanded non-relativistically

[E. Filandri + LG, PLB 841 137957 (2023)]
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26 independent operators
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26 independent operators

vP (k,Q) = drift terms + iD16k · Q Q × P · (σ1 − σ2) + D17k · Q (k × P) · (σ1 × σ2)

→ 2 “forgotten” LECs @N3LO contributing in larger systems than 2N
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Is this a new NN interaction @N3LO?

▶ yes, it is new

▶ no, it is not a NN interaction

▶ yes, it arises at N3LO

It can be absorbed with a suitable unitary transformation of the 1-body
kinetic energy H0

U†H0U −→ H0 + [H0, α4T4 + α5T5] = H0 − VNN(P)

with
U = eα4T4+α5T5 , α4 = −

m

8
D16, α5 = −

m

4
D17

and

T4 = iϵijk
∫

d3xN†←→∇ i
NN†←→∇ j

σ
kN ∼ iP × Q · (σ1 − σ2)

T5 =

∫
d3x

[
N†←→∇ i

σ
iN∇j (N†

σ
jN)− N†←→∇ i

σ
jN∇j (N†

σ
iN)

]
∼ (P · σ1k · σ2 − P · σ2k · σ1)/2

[LG et al. PRC 102 064003 (2020)]
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kinetic energy H0

U†H0U −→ H0 + [H0, α4T4 + α5T5] = H0 − VNN(P)

with
U = eα4T4+α5T5 , α4 = −

m

8
D16, α5 = −

m

4
D17

and

T4 = iϵijk
∫

d3xN†←→∇ i
NN†←→∇ j

σ
kN ∼ iP × Q · (σ1 − σ2)

T5 =

∫
d3x

[
N†←→∇ i

σ
iN∇j (N†

σ
jN)− N†←→∇ i

σ
jN∇j (N†

σ
iN)

]
∼ (P · σ1k · σ2 − P · σ2k · σ1)/2

[LG et al. PRC 102 064003 (2020)]
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Further unitary transformations

U = eαiTi −→ U†H0U =
∑

i αi

[P. Reinert et al. Eur. Phys. J. A 54 (2018) 86]

T1 =

∫
d3xN†←→∇ i

N∇i (N†N)

T2 =

∫
d3xN†←→∇ i

σ
jN∇i (N†

σ
jN)

T3 =

∫
d3x

[
N†←→∇ i

σ
iN∇j (N†

σ
jN) + N†←→∇ i

σ
jN∇j (N†

σ
iN)

]

T4 = iϵijk
∫

d3xN†←→∇ i
NN†←→∇ j

σ
kN

∼ iP × Q · (σ1 − σ2)
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σ
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Induced 3N forces

The same unitary transformation induces 3N interactions

U†
[
CS/T

]
U =

∑
i

mDiCS/T

V =
∑
i ̸=j ̸=k

(E1 + E2τi · τj + E3σi · σj + E4τi · τjσi · σj )

[
Z ′′0 (rij ) + 2

Z ′0(rij )

rij

]
Z0(rik )

+(E5 + E6τi · τj )Sij
[
Z ′′0 (rij )−

Z ′0(rij )

rij

]
Z0(rik )

+(E7 + E8τi · τk )(L · S)ij
Z ′0(rij )

rij
Z0(rik )

+(E9 + E10τj · τk )σj · r̂ijσk · r̂ikZ ′0(rij )Z ′0(rik )
+(E11 + E12τj · τk + E13τi · τj )σk · r̂ijσj · r̂ikZ ′0(rij )Z ′0(rik )
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E1 = CS (α1 + α2) + CT (α1 − 2α2),

E2 = CT (3α2 + 2α3−8α4 + 2α5),

E3 = 2CS (α2 + 2α3/3) + CT (2α1 − α2 − 2α3/3 + 8α4 − 2α5),

E4 = 2CSα2/3 + CT (2α1 − 7α2 − 2α3 + 8α4 − 2α5)/3,

E5 = 2CS (α2 + 2α3/3) + 2CT (α1 − 2α2 − α3/3 + 4α4 − α5),

E6 = 2CSα2/3 + 2CT (α1 − 2α2 − α3 + 4α4 − α5)/3,

E7= 24CTα4,

E8= 8CTα4,

E9 = CS (3α2 + 2α3−α4 + 2α5) + CT (3α1 − 6α2 − 4α3 + 11α4 − 4α5) ,

E10 = CS (α2−α4) + CT (α1 − 2α2 + 5α4),

E11 = CS (3α2 + 2α3 + α4 − 2α5) + CT (3α1 − 6α2 − 4α3−11α4 + 4α5),

E12 = CS (α2 + α4) + CT (α1 − 2α2−5α4),

E13 = −4CT (4α4 − α5).

with αi ∼ O(m) ∼ O(p−1) enhanced (Weinberg counting)

α1 =
m

16
(16D1 + D2 + 4D3) , α2 =

m

16
(16D5 + D6 + 4D7) , α3 =

m

32
(D14 + 16D11 + 4D12 + 4D13) ,

α4 =
m

2
D16, α5 =

m

16
(8D17 − D14 − 16D11 − 4D12 − 4D13) ,
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[Skibinski et al. FBS65(2024)]
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The new matrix of orders
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Further topologies
induced from one-pion-exchange

U†
[ ]

U =

V3NF = − gA
Fπ

∑
i ̸=j ̸=k

kk · σk τi · τk
k2
k +m2

π

{α1kj · kk kk · σi

+ α2 [kj · kk kk · σj + 2ikj · (Qi − Qj) kk · σi × σj ]

+ (α3 + α5)
[
k2
kkj · σj − 2ikj · σj kk · Qi × σi + 2iQj · σj kk · kj × σi

]
+ (α3 − α5) [kj · kk kk · σj + 2ikj · σj kk · Qj × σi − 2iQi · σj kk · kj × σi ]

−2α4 [kk · σi kk · Qj × σj − 2ikk · Qi (kk · Qi Qj · σi − kk · Qj Qi · σi )]}

O(p−1)× O(p5) ∼ O(p4) = N3LO
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Use of the freedom: resolution of the p − d Ay -puzzle
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Summary and outlook

▶ There are 5 free LECs in the 3N force at N3LO to improve the
description of scattering data

▶ N − d Ay puzzle can be solved in this way

▶ current work towards adding the pion-range induced component with
consistent chiral interactions

▶ explore the impact in A > 3 systems

thank you
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