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* Intertwined quantum phase transitions (IQPTS)

Type Il QPT and Type | QPT coexist

configuration crossing accompanied by E

pronounced individual shape-evolutions
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Type | QPT (shape-phase transition)

* IBM: Dynamical symmetries <> phases

*  QPT: H(E) interpolates between different DS limits

H(E) =& Hg, + (1-8) Hg,

G; = U(5), SU(3), SO(6) <> phases [spherical, deformed: axial, y-unstable]

- Landau potential E(B,y; &) = (B8,v; N|H|B,; N) 18,7: N) = (N)"2(50)¥|0) .
. (Tq) o+ 2 pi= _1 svd 1+ L Bsin~(dl + df t
Order parameter of gy ¢ = 7o lB cosvdy + 5B siny(dy + d7y) + 5]
N T 1+p5

I:[(ed,fﬁ,x) = €dﬂd+’iQx : Qx

A

Qy = d's + sld + x(dt x d)? ()
NB? N(N —1)8?
En(B,; €4, 5, %) =5k N + €q+ k(x? — 4)] +———5—k [4 — 4%8T + 252 e
EyiC ARt e ol s Detormed
5 —~— phase
X= =X ['=cos 3y First-order
transition
U(5): ge) U(5)-SU(3) 1storder :
SUB):  (ea=0,x=-V7/2) U(5)-S06) 2" order ! \ Coexistence >0

Spherical ~ region

SO(6):  (e4=0,x=0) SU(3)-SO(6) crossover phase



Type Il QPT (coexistence near shell closure)

- Multiparticle-multihole intruder excitations across shell gaps

- Interacting boson model with configuration mixing (IBM-CM) [Duval, Barrett, PLB 81]

Op-Oh, 2p-2h, 4p-4h,... »> [N] @ [N+2] © [N+4]...  normal @ intruder states
* Hamiltonian o [HAA@A) YV(W) :I
W(w) Hp(¢s)

IA{A@A) = eﬁ ng+ Ka Qx g Qx Qx =dls+sfd+ X(dJr 4 &)(2)
Hp(ép) = €2 ng+rpQy - Qy + K L- L+ Ap
W(w) = w[(d'd)® + (s")? 4+ H.c/]
« Wave functions  |¥; L) = a|¥4; [N], L) + b|Up; [N+2], L) .

v v
normal intruder

« Geometry E(B,7) = [EA(5>7;€A) Q(B,v;w) Matrix coherent states |B,y;N) , [B,y; N+2)
y : Q(B,v;w) Es(B,v;:€B) E.(B.y) Eigen-potentials

e Order parameters () 4 (fd) g (Ra)or = a? (fig) 4 + b (Pa) g



IBM-CM in the Zr chain

40ZI iIsotopes

Positive parity states

Normal (A) configuration  Z=40 subshell closure [N]
Intruder (B) configuration  two-proton excitation (2p-2h states) [N+2]

W: L) = a|Uq; [N], L) + b|U: [N+2], L)

Gavrielov, Leviatan, lachello, PRC 105, 014305 (2022)



QPTs in odd-mass Nuclei

- Interacting boson-fermion model (IBFM)
ﬁ(f) = Hy + H; + Vi
Hy(ea, 5, X) = €4ia + ﬂQx : @x
Hi(e;) = €59
Vie(x, A, T, A) = Ainigini +FQX (a a;) )@ +Ay/25 +1: [(d"a;) (JCLDU)](O) :
- Interacting boson-fermion model with configuration mixing (IBFM-CM)

) _ [Halés) W(w)
H(&4,8p,w) = [ W(w) ﬁB(EB)]
Ha(€4) = H(£a)

Hy(¢p) = H(Ep) + K L- L+ Ap

W(w) = w[(dd)@ + (s"? + H.c]

A (normal) and B (intruder) configurations

O3 J) = ZCaNL?N’ [N, e, L; 5 JHZCM? D|wg; [N +2), 0, L; j; J)
' ¢

normal intruder

Gauvrielov, Leviatan, lachello, PRC 106, L051304 (2022)



IBFM-CM in the Nb chain
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n=50-56: config. (A) spherical (seniority-like) R®W,, ~1.6

config. (B) weakly-deformed R®,,~2.3

rise in energy at n=56 due to v(2d5/2) subshell clousure
From n=58: pronounced drop in energy for states of config. (B)

n=60: two configurations exchange role = Type Il QPT
config. (B) at critical point of U(5)-SU(3) Type | QPT

n>60: config. (B) strongly deformed [SU(3)] 1%4zZr: R®),, = 3.24

n=66: g.s. becomes y-unstable (or triaxial) SU(3) —» SO(6) crossover

Neutron number

g.s. changes from 9/2* to 5/2*

K=5/2* band develops
J=5/2*,7/2*, 9/2*, 11/2*, 13/2*
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- Abrupt crossing of the two configurations (Type I QPT)
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Order parameters
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- Gradual spherical to deformed transition (Type | QPT)
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within the intruder (B) configuration
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Transition from weak to strong coupling

Coexisting Type | QPT and Type || QPT
= Intertwined QPTs (IQPTs)



Order parameters

B(E2) (W.u.)

B(E2) values and quadrupole moments
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Geometry Leviatan, Gavrielov (2025)

IBFM
ﬁ(f) =ﬁb+ﬁf+17bf
Matrix  In(5,7:€) Basis: |j,m; 8,7 N) = j,m) ® 8,7 N) 1j,m) = al,.[0)

Q4(B, LY , ) .
QN(ﬂ) v an §B7 w) [Qj}iﬂﬁ,/,Y’gA I Qf;BB?,Y’Yg:)) ] |.73 may, [3’ i N) ) |.7: ma; [51 G ¢ N+2>

vy=0 On(B;6a,Ep,w) = {Mg—;(8), Mg—;j—2(8), ..., Mx—_;—1)(B)}  block-diagonal

. EA;K(ﬂ) W(ﬁ) |‘If ; >E|.,K;6;N>7 |WB;K>E|.7K;B;N+2>
MK(/?)—[ W (B) EB;K(ﬁ)] | paey :

6x(8) = Ep.x(B) — Ea.x(B) unmixed surfaces

Eigen-potentials
b
E+k(B) =3[ Eax(B) + Egx(B)] £ |W(B)|v/1+ [Rx(B)]? P [RK(/B) F/1+ [RK(ﬁ)]z]

V_k(B)) =a|¥Ysx)+b|¥pk) e :
k(B = —bUai) +alVsr) 1+ | Rx(8) £ 1+ [Rx(BP|

1




Eagk(B) unmixed surfaces E_«(B) eigen-potentials
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~Ey. (B)
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20 |10.5 ¢(B) >0
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more dispersed
spherical core
3.0
k() # 0
1.5 at high energy
0 E-,K(B) ~ EA;K(B)




Eagk(B) unmixed surfaces

E_«(B) eigen-potentials
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spherical core

“kinks”
E-,K(B) ~ EA;K(B)

flat-bottomed
potential core

deformed min

E-,K(B) ~ EB;K(B)

deformed core

pronounced
deformed min

E-,K(B) ~ EB;K(B)
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* Equilibrium deformations (order parameters)

- Normal A configuration remains spherical along the Nb chain (Beq(EA;K) small)

- Intruder B configuration changes gradually
from weakly deformed in #3Nb to strongly deformed in 193Nb (Beq(EB;K) large)

- Beq(E-,K) ~ Beq(EA;K) for 93.95.97.99Np and Beq(E-,K) ~ Beq(EB;K) for 101,103\
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* Equilibrium deformations (order parameters)
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- Normal A configuration remains spherical along the Nb chain (Beq(EA;K) small)

- Intruder B configuration changes gradually
from weakly deformed in #3Nb to strongly deformed in 193Nb (Beq(EB;K) large)

- Beq(E-,K) ~ Beq(EA;K) for 93.95.97.99Np and Beq(E-,K) ~ Beq(EB;K) for 101,103\

* Probability (02) of intruder componentin [\V'_ () )

Rapid change in structure

from normal configuration in 93:99:97.99Nb (small b?)
to intruder configuration in 191:103Nb (1arge b?)
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* Classical analysis confirms the scenario of intertwined QPTs
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Concluding remarks Joo (9/2F 9/2F 9/2f 9/27 9/2f 5/2f 5/2f 5/2f]
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* Intertwined Quantum Phase Transitions (IQPTS) oy A
E/ 50_—0—7/21
(V]
S
o, e—F—¢ (2)
i 200 7 oy |
100! A 7/2{ =5/2f
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Z ote &—— 7/ = (b
Nucleon number ~ 1l @ Qoy/r+
@ A Os)+
* IBFM-CM framework s
S 0

Quantitative descr_iption of configurat_ion mixing o o
and related QPTs in odd-mass nuclei '

7 : : : : : : :
2 3 d
* Nb isotopes ’32_ 6f @
Zr core + single-j fermion = d Sl
(Normal A configuration) ® m(19g,) T M T s
3h .

(Intruder B configuration) ® n(1gy,) 50 52 51 56 53 60 62 o4
: : . Neutron number
* Detailed quantum and classical analysis discloses

a Type Il QPT (abrupt crossing of normal and intruder states) accompanied by

a Type | QPT (gradual shape evolution and transition from weak to strong coupling

within the Intruder configuration), thus demonstrating IQPTs in odd-mass nuclei
Gauvrielov, Leviatan, lachello,
* The observed IQPTs in odd-A Nb isotopes echo the IQPTs PRC 105, 014305 (2022)

previously found in the adjacent even-even Zr isotopes PRC 106, L051304 (2022)
Leviatan, Gavrielov (2025)
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