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I. INTRODUCTION

We consider the atomic nucleus as a quantum object
composed of A nucleons (mass number): Z protons (atomic
number) and N neutrons, held together mainly by strong
nuclear forces. A neutral atom with the specified numbers
A and Z is called a nuclide. When using this term, however,
we focus on the nuclear component of the atom. Such a
system is stable only for certain combinations of numbers Z
and N. Presently, 256 stable nuclides are known. Systems
different from stable configurations undergo spontaneous,
radioactive decays until the stability is reached. A nucleus
of such an unstable nuclide is considered as a well defined
object if its half-life is much longer than 10!21 s, which is a
characteristic time scale for processes governed by strong
interaction. These nuclides are bound by nuclear forces and/
or by Coulomb and centrifugal barriers. The number of
unstable nuclides synthesized in laboratories is constantly
growing, and up until now more than 3000 were identified.
In this review, we concentrate on radioactive processes ob-
served for nuclides located at the limits of the nuclear chart.
The emphasis is given on new decay processes and features of
classical decay modes which do not take place among nu-
clides close to stability. We refrain, however, from discussing
the heavy frontier of the nuclear chart. The quest for the
superheavy elements was reviewed by Hofmann and
Münzenberg (2000) and more recently by Oganessian
(2007) and Hofmann (2009a).

A. Radioactivity and nuclides

The notion of radioactivity is useful in making distinction
between emission of rays or particles by a highly unstable
system (for example, undergoing a nuclear reaction) from
radiation emitted spontaneously by a system whose nuclear

and atomic degrees of freedom are close to equilibrium. Such
distinction, however, has to be arbitrary and usually a char-
acteristic time scale is used as a criterion. Throughout this
review, we adopt the following definition. Radioactivity is a
process of emission of particles by an atomic nucleus which
occurs with characteristic time (half-life) much longer than
the K-shell vacancy half-life in a carbon atom, which
amounts to about 2" 10!14 s (Bambynek et al., 1972). A
relativistic particle travels in the time of 10!14 s a distance of
a few micrometers, which is close to the measurement limit in
a nuclear emulsion. In addition, this value coincides with a
decay width, defined as ! ¼ ln2ℏ=T1=2, of about 0.03 eV
which is roughly the thermal energy at room temperature.
Thus, nuclear processes much slower than filling the K
vacancy, whose duration, in principle, can be measured di-
rectly, and with the width much smaller than the thermal
energy at room temperature, will be called radioactive. This
definition applies both to nuclear ground states and to long-
lived excited nuclear states (isomers).

The definition of a nuclide relates to the definition of
radioactivity. A nuclide is a neutral atom, specified by the
numbers A and Z of its nucleus, which is either stable or lives
long enough to be classified as radioactive. We say that a
nuclide does not ‘‘exist’’ if its nucleus decays too fast to be
called radioactive. All existing nuclides are represented on a
chart of nuclides spanned by the atomic number Z and
neutron number N (Fig. 1). In the last three decades their
number was growing almost steadily from about 2200 in 1981
to about 3000 in 2006 (Pfennig et al., 2008), giving an average
of about 30 new nuclides identified per year. Because of
vigorous growth of nuclear facilities (Sec. III.B), this trend is
expected to continue in next decades.

FIG. 1 (color online). The chart of nuclei. The stable nuclides are
represented by black squares, while the radioactive ones, which
were experimentally identified, are shown by the light shaded area.
The nuclides predicted to have positive nucleon separation energy
according to the FRDM mass model (Möller, Nix, and Kratz, 1997),
but not yet observed, are shown by the dark shaded area. The lines
indicate the position of magic numbers corresponding to the closed
neutron and proton shells (the numbers smaller than 20 are not
shown). The insets show the location on the chart of the decay
products of the parent nucleus which is indicated by a dark square.
The observed decay channels of the proton-rich and the neutron-rich
nuclei are shown on the left and on the right inset, respectively.
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Spectra and B(E2) values of 36,38Ca Cross-shell excitations

o Continuum enhances the cross-shell effect.
o p wave component is strongly impacted by the continuum.

Z. Xu, SW et al., arXiv:2502.14106 (2025)
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Spectra and B(E2) values of 36,38Ca Transition densities

o B(E2) is determined by transition density.
o Transition density is extended due to the continuum.

Z. Xu, SW et al., arXiv:2502.14106 (2025)
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I. INTRODUCTION

We consider the atomic nucleus as a quantum object
composed of A nucleons (mass number): Z protons (atomic
number) and N neutrons, held together mainly by strong
nuclear forces. A neutral atom with the specified numbers
A and Z is called a nuclide. When using this term, however,
we focus on the nuclear component of the atom. Such a
system is stable only for certain combinations of numbers Z
and N. Presently, 256 stable nuclides are known. Systems
different from stable configurations undergo spontaneous,
radioactive decays until the stability is reached. A nucleus
of such an unstable nuclide is considered as a well defined
object if its half-life is much longer than 10!21 s, which is a
characteristic time scale for processes governed by strong
interaction. These nuclides are bound by nuclear forces and/
or by Coulomb and centrifugal barriers. The number of
unstable nuclides synthesized in laboratories is constantly
growing, and up until now more than 3000 were identified.
In this review, we concentrate on radioactive processes ob-
served for nuclides located at the limits of the nuclear chart.
The emphasis is given on new decay processes and features of
classical decay modes which do not take place among nu-
clides close to stability. We refrain, however, from discussing
the heavy frontier of the nuclear chart. The quest for the
superheavy elements was reviewed by Hofmann and
Münzenberg (2000) and more recently by Oganessian
(2007) and Hofmann (2009a).

A. Radioactivity and nuclides

The notion of radioactivity is useful in making distinction
between emission of rays or particles by a highly unstable
system (for example, undergoing a nuclear reaction) from
radiation emitted spontaneously by a system whose nuclear

and atomic degrees of freedom are close to equilibrium. Such
distinction, however, has to be arbitrary and usually a char-
acteristic time scale is used as a criterion. Throughout this
review, we adopt the following definition. Radioactivity is a
process of emission of particles by an atomic nucleus which
occurs with characteristic time (half-life) much longer than
the K-shell vacancy half-life in a carbon atom, which
amounts to about 2" 10!14 s (Bambynek et al., 1972). A
relativistic particle travels in the time of 10!14 s a distance of
a few micrometers, which is close to the measurement limit in
a nuclear emulsion. In addition, this value coincides with a
decay width, defined as ! ¼ ln2ℏ=T1=2, of about 0.03 eV
which is roughly the thermal energy at room temperature.
Thus, nuclear processes much slower than filling the K
vacancy, whose duration, in principle, can be measured di-
rectly, and with the width much smaller than the thermal
energy at room temperature, will be called radioactive. This
definition applies both to nuclear ground states and to long-
lived excited nuclear states (isomers).

The definition of a nuclide relates to the definition of
radioactivity. A nuclide is a neutral atom, specified by the
numbers A and Z of its nucleus, which is either stable or lives
long enough to be classified as radioactive. We say that a
nuclide does not ‘‘exist’’ if its nucleus decays too fast to be
called radioactive. All existing nuclides are represented on a
chart of nuclides spanned by the atomic number Z and
neutron number N (Fig. 1). In the last three decades their
number was growing almost steadily from about 2200 in 1981
to about 3000 in 2006 (Pfennig et al., 2008), giving an average
of about 30 new nuclides identified per year. Because of
vigorous growth of nuclear facilities (Sec. III.B), this trend is
expected to continue in next decades.

FIG. 1 (color online). The chart of nuclei. The stable nuclides are
represented by black squares, while the radioactive ones, which
were experimentally identified, are shown by the light shaded area.
The nuclides predicted to have positive nucleon separation energy
according to the FRDM mass model (Möller, Nix, and Kratz, 1997),
but not yet observed, are shown by the dark shaded area. The lines
indicate the position of magic numbers corresponding to the closed
neutron and proton shells (the numbers smaller than 20 are not
shown). The insets show the location on the chart of the decay
products of the parent nucleus which is indicated by a dark square.
The observed decay channels of the proton-rich and the neutron-rich
nuclei are shown on the left and on the right inset, respectively.
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I. INTRODUCTION

We consider the atomic nucleus as a quantum object
composed of A nucleons (mass number): Z protons (atomic
number) and N neutrons, held together mainly by strong
nuclear forces. A neutral atom with the specified numbers
A and Z is called a nuclide. When using this term, however,
we focus on the nuclear component of the atom. Such a
system is stable only for certain combinations of numbers Z
and N. Presently, 256 stable nuclides are known. Systems
different from stable configurations undergo spontaneous,
radioactive decays until the stability is reached. A nucleus
of such an unstable nuclide is considered as a well defined
object if its half-life is much longer than 10!21 s, which is a
characteristic time scale for processes governed by strong
interaction. These nuclides are bound by nuclear forces and/
or by Coulomb and centrifugal barriers. The number of
unstable nuclides synthesized in laboratories is constantly
growing, and up until now more than 3000 were identified.
In this review, we concentrate on radioactive processes ob-
served for nuclides located at the limits of the nuclear chart.
The emphasis is given on new decay processes and features of
classical decay modes which do not take place among nu-
clides close to stability. We refrain, however, from discussing
the heavy frontier of the nuclear chart. The quest for the
superheavy elements was reviewed by Hofmann and
Münzenberg (2000) and more recently by Oganessian
(2007) and Hofmann (2009a).

A. Radioactivity and nuclides

The notion of radioactivity is useful in making distinction
between emission of rays or particles by a highly unstable
system (for example, undergoing a nuclear reaction) from
radiation emitted spontaneously by a system whose nuclear

and atomic degrees of freedom are close to equilibrium. Such
distinction, however, has to be arbitrary and usually a char-
acteristic time scale is used as a criterion. Throughout this
review, we adopt the following definition. Radioactivity is a
process of emission of particles by an atomic nucleus which
occurs with characteristic time (half-life) much longer than
the K-shell vacancy half-life in a carbon atom, which
amounts to about 2" 10!14 s (Bambynek et al., 1972). A
relativistic particle travels in the time of 10!14 s a distance of
a few micrometers, which is close to the measurement limit in
a nuclear emulsion. In addition, this value coincides with a
decay width, defined as ! ¼ ln2ℏ=T1=2, of about 0.03 eV
which is roughly the thermal energy at room temperature.
Thus, nuclear processes much slower than filling the K
vacancy, whose duration, in principle, can be measured di-
rectly, and with the width much smaller than the thermal
energy at room temperature, will be called radioactive. This
definition applies both to nuclear ground states and to long-
lived excited nuclear states (isomers).

The definition of a nuclide relates to the definition of
radioactivity. A nuclide is a neutral atom, specified by the
numbers A and Z of its nucleus, which is either stable or lives
long enough to be classified as radioactive. We say that a
nuclide does not ‘‘exist’’ if its nucleus decays too fast to be
called radioactive. All existing nuclides are represented on a
chart of nuclides spanned by the atomic number Z and
neutron number N (Fig. 1). In the last three decades their
number was growing almost steadily from about 2200 in 1981
to about 3000 in 2006 (Pfennig et al., 2008), giving an average
of about 30 new nuclides identified per year. Because of
vigorous growth of nuclear facilities (Sec. III.B), this trend is
expected to continue in next decades.

FIG. 1 (color online). The chart of nuclei. The stable nuclides are
represented by black squares, while the radioactive ones, which
were experimentally identified, are shown by the light shaded area.
The nuclides predicted to have positive nucleon separation energy
according to the FRDM mass model (Möller, Nix, and Kratz, 1997),
but not yet observed, are shown by the dark shaded area. The lines
indicate the position of magic numbers corresponding to the closed
neutron and proton shells (the numbers smaller than 20 are not
shown). The insets show the location on the chart of the decay
products of the parent nucleus which is indicated by a dark square.
The observed decay channels of the proton-rich and the neutron-rich
nuclei are shown on the left and on the right inset, respectively.
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qualitative features of the phenomenon. The illustrations are
provided mainly by the examples of 6Be, 19Mg, and 45Fe.
These nuclei belong to p, s-d, and p-f shells, respectively,
and their lifetimes span about 18 orders of the magnitude,
providing support for universality of the currently achieved
understanding of the two-proton decay.

The emission of two protons from a nuclear state is in
principle possible in various decay scheme situations which
are sketched in Fig. 25. We introduce here the following
notation: ET is the system energy relative to the nearest
three-body breakup threshold, while E2r is the lowest two-
body resonance energy relative to this threshold. The 2p
decay in the pure form, which we will call the true 2p decay
(or true three-body decay) is represented in Fig. 25(c). In this
case sequential emission of protons is energetically prohib-
ited and all final-state fragments are emitted simultaneously.
Such a situation is common among even-Z nuclei at the
proton drip line and results from pairing interactions; see
Sec. II. The decay dynamics of true 2p decay is not reducible
to the conventional two-body dynamics and should be ad-
dressed by the methods of few-body physics.

A somewhat special situation, represented in Fig. 25(d),
occurs when the ground state of the subsystem is so broad that
the emission of the first proton becomes energetically pos-
sible (although E2r > ET) which opens a way for a sequential
transition. Similarly, the decay may formally proceed in a
sequential manner (E2r < ET), but the ground state of the
subsystem is so broad that no strong correlation between
outgoing fragments at given resonance energy can be formed;
see Fig. 25(e). We refer to such scenarios as democratic
decays and discuss them in Sec. VII.B.1.

The three-body character of the 2p radioactivity places it
in the broader context of nuclear processes exhibiting essen-
tial many-body features. This includes studies of the broad
states in continuum and excitation modes, like the soft dipole
mode (Aumann, 2005). Another topic, pursued actively in the
last decades, is the phenomenon of two-neutron halo (Zhukov
et al., 1993) with its Borromean property that none of the
three two-body subsystems is bound. The 2p decay can be
seen as an analog of the two-neutron halo, requiring similar
ingredients in the proper many-body description of its prop-
erties. The illustration of this point is provided by the isobaric
mirror partners 6He and 6Be: the first is the classical
Borromean halo nucleus and the second is the lightest true
2p emitter. The crucial difference, however, comes from the
fact that the 2p decays involve charged particles in the
continuum which significantly complicates the theoretical
description. Another example: 17Ne is a Borromean two-
proton halo nucleus, while the first excited state of 17Ne
and the less bound 16Ne are true 2p emitters.

All ground-state two-proton emitters studied experimen-
tally up to now are collected in Table VI.

1. Two-proton correlations

The two-body decay of a resonance is characterized only
by the energy and the width of the state. The three-body decay
is much more ‘‘rich’’ as complex information about momen-
tum correlations becomes available.

For decays with three particles in the final state, there are
9 degrees of freedom (spins are not counted). Three of them
describe the center-of-mass (c.m.) motion and three describe
the Euler rotation of the decay plane. Therefore, for a fixed
decay energy ET there are two parameters representing the
complete correlation picture. It is convenient to choose the

FIG. 25. Energy conditions for different modes of the two-proton emission: (a) typical situation for decays of excited states (both 1p and 2p
decays are possible), (b) sequential decay via narrow intermediate resonance, and (c) true 2p decay. The cases (d) and (e) represent
‘‘democratic’’ decays. The gray dotted arrows in (c) and (d) indicate the ‘‘decay path’’ through the states available only as virtual excitations.

TABLE VI. Ground-state 2p emitters investigated experimentally.
The indicated half-life corresponds to the partial value for the 2p
decay.

NZ E (keV) ! or T1=2 Reference

6Be 1371(5) 92(6) keV Whaling (1966)
12O 1820(120) 400(250)a keV KeKelis et al. (1978)

1790(40) 580(200)a keV Kryger et al. (1995)
1800(400) 600(500)a keV Suzuki et al. (2009)

16Ne 1350(80) 200(100)a keV KeKelis et al. (1978)
1400(20) 110(40)a keV Woodward, Tribble,

and Tanner (1983)
1350(80) <200 keV Mukha et al. (2008b)

19Mg 750(50) 4.0(15) ps Mukha et al. (2007)
45Fe 1100(100) 4:0þ3:3

"1:8 ms Pfützner et al. (2002)
1140(50) 8:5þ6:4

"3:2 ms Giovinazzo et al. (2002)
1154(16) 2:8þ1:0

"0:7 ms Dossat et al. (2005)
3:7þ0:4

"0:4 ms Miernik et al. (2007c)
48Ni 1350(20) 8:4þ12:8

"7:0 msb Dossat et al. (2005)
3:0þ2:2

"1:2 ms Pomorski et al. (2011b)
54Zn 1480(20) 3:7þ2:2

"1:0 ms Blank et al. (2005)

aAccording to theoretical calculations, much smaller widths are
expected (Barker, 1999; Barker, 2001; Grigorenko et al., 2002).
bOnly one decay event observed.
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• 2p decay

45Fe

K. Miernik et al., Phys. Rev. Lett. 99, 192501 (2007)

g.s. 2p emitters: 45Fe, 48Ni, 16Ne, 6Be ...
other cases: 17Na*, 22Mg*, 28S*, 22Al (β2p) ...

V. Goldansky, Nucl. Phys. 19, 482 (1960)

Open quantum
systems

J. Giovinazzo et al., Phys. Rev. Lett. 89, 102501 (2002)
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K. Miernik et al. PRL 99, 192501 (2007)

This yields the branching ratio for the 2p decay of 0.70(4).
Using the maximum likelihood method, the decay half-life
of 45Fe was determined as 2.6(2) ms. The partial 2p decay
half-life of 45Fe is then T1=2!2p" # 3:7!4" ms and the cor-
responding 2p decay width !2p#1:23$0:15

%0:12&10%19 MeV.
The deduced partial 2p decay width of 45Fe is presented

in Fig. 2 showing the dependence of the 2p half-life on the
decay energy as predicted by the 3-body model of
Grigorenko and Zhukov [13,21]. The experimental decay
energy is taken from Ref. [11] as it is the most precise value
to date. The various theoretical lines correspond to differ-
ent configurations of the two valence protons in the initial
nucleus. The location of the experimental point suggests
that the initial state is characterized by the ratio of the
dominant p2 and f2 configurations equal to about 30=70.
This finding is consistent with the realistic shell-model
calculation for 45Fe predicting the dominant role of the f
orbitals with a significant contribution of the p states [12].

The information contained in the image and in the time
profile allows the reconstruction of the decay event in three
dimensions. By using a fitting procedure that takes into
account the ionization density distribution along a proton
track in the OTPC gas and includes corrections for the
detector response, the angles # of both proton tracks with
respect to the axis normal to the image plane can be
determined. This procedure, applied to the event shown
in Fig. 1, resulted in values #1 # 110' ( 3' and #2 #
70' ( 2'. The combination of these angles with the angle
! between tracks measured on the image plane allows the
calculation of the angle "pp between the momenta of the
two protons. For the event of Fig. 1, ! # 140' ( 3' and
"pp # 143' ( 5'.

This procedure was applied to all recorded 2p decay
events, and for 75 of them it yielded reliable and unambig-
uous results. The distribution of the opening angle has been
constructed in the following way. Each event was repre-
sented by a Gaussian distribution centered at the deter-
mined value of "pp, with the area and the variance equal to
one and to the estimated error, respectively. The sum of all
such contributions is shown as a histogram in Fig. 3. A two-
bumped structure is evident—one broad peak is centered
around 50' and a second smaller one is present at about
145'. In the case of the pure diproton scenario, the distri-
bution was expected to contain one narrow peak centered
at about 30' [22] while in the case of fully uncorrelated
emission, the distribution would be proportional to sin"pp.
Evidently, measured distribution does not follow these
scenarios. It agrees, however, with the prediction of the
3-body model for the f-p shell nuclei. The calculated
distributions for three mixtures of p2 and f2 configura-
tions, normalized to the same integral as the experimental
spectrum, are shown in Fig. 3 by smooth lines. Using a
quadratic interpolation we estimate that the experimental
data are best described by the model when the contribution
of the p2 configuration is equal to !30( 10"%.

We would like to stress the following points. (i) There is
remarkable consistency between observables shown in
Figs. 2 and 3 and theoretical predictions [21]. Both the
2p decay width as a function of the decay energy and the
opening angle distribution are best described by the same
composition of the initial 2p wave function. (ii) In two-
body decays, like proton radioactivity, the structure infor-
mation (spectroscopic factor) is extracted only by the
comparison of the measured width with the theoretically
calculated value (namely, the Wigner limit). In this experi-
ment we show for the first time that in a three-body decay
the structure information can be extracted both from the

FIG. 2 (color online). The partial 2p half-life of 45Fe as a
function of the 2p decay energy. The experimental result is
shown superimposed on predictions of the 3-body model
[13,21]. The decay width is taken from this work; the energy
is taken from Ref. [11]. The numerical labels indicate the relative
weights of the p2 and f2 configurations, respectively.

FIG. 3 (color online). The measured distribution of the open-
ing angle between two protons emitted in the decay of 45Fe
(histogram). Lines show the predictions of the 3-body model for
the same mixtures of p2 and f2 configurations as shown in Fig. 2
with the dashed lines.
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99, 192501 (2007)

Structure Decay & reaction

’

macroscopic distance

Introduction
Method

2p decay

Exotic structures
Rare decay modes



E

0

cp2

pp

(a) Jacobi 
T-type 

c-pp

core

p1

p2 c.m.

(c) Momentum
    scheme

cp

p-cp

(b) COSM
Y-type 

cp1

Theoretical status

9

M. Pfützner, I. Mukha, SW, Prog. Part. Nucl. Phys. 132, 104050 (2023)

     Continuum

   
  T

hree
-body nature

     

Str
uc

tu
re CI SMEC

Hy
br
id GCC

HH

R-m
atrix

TD

DF
T

Ab
 in

iti
o

Gam
ow

......
...

Faddeev
...

...
...

Comprehensive
     Theory

GSM

HH: Hyperspherical harmonics
CI: Configuration interaction (shell model)
DFT: Density functional theory
SMEC: Shell model embedded with continuum
GSM: Gamow shell model
GCC: Gamow coupled channel
TD: Time dependent approach

Jacobi coordinates

E

0

Introduction
Method

2p decay

Theory status
GCC
TD

HH: Hyperspherical harmonics 
CI: Configuration interaction (shell model)
DFT: Density functional theory
SMEC: Shell model embedded in the continuum
GSM: Gamow shell model
GCC: Gamow coupled channel
TD: Time dependent approach



Gamow coupled-channel (GCC) method
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1. Jacobi coordinates
a) No spurious center-of-mass motion
b) Proper 3-body asymptotic behavior

2. Berggren basis
a) Bound, scattering, and Gamow states
b) Structure and decay information

• The 3-body Hamiltonian can be written as: 

• Total wave-function 
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Time dependent (TD) approach
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SW and W. Nazarewicz, Phys. Rev. Lett. 126, 142501 (2021)
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In order to study the dynamics of 2p decay

• Time dependent approach

o Time propagator can be expanded with Chebyshev polynomials.
o Initial wave function is obtained by GCC, which includes configuration mixing and proper asymptote.
o Two-proton wave function has been propagated to over 500 fm.

• Green’s functional method to benchmark

o Time propagator and Green’s function can be connected by Fourier transformation. 

TIME-DEPENDENT APPROACH TO THE CONTINUUM . . . PHYSICAL REVIEW C 79, 044308 (2009)

electromagnetic decay equals to the reduced transition rate
B(EM) = |⟨c|α⟩|2 with our normalization of amplitudes. The
transition rates and spectroscopic factors are defined here
as in Ref. [39]. Electromagnetic transitions are typically
orders of magnitude weaker than the particle decays but the
time-dependent approach allows one to treat all channels on the
same footing. In the traditional SM the self-energy is usually
included implicitly by fitting the parameters of the interaction
to observations. However, in the above perturbation approach
the correction to energy "α = ⟨α|"(Eα)|α⟩ gives

"α =
∑

c

"c(Eα)|⟨c|α⟩|2. (10)

From random interactions to realistic systems that range
from microwave cavities to hadrons, there are numerous stud-
ies of the dynamics generated by the non-Hermitian energy-
dependent Hamiltonians (1), where the complex eigenvalue
problem

H(E)|α⟩ = E |α⟩ (11)

is solved; see Refs. [27–29,40] and references therein. Summa-
rizing the challenges, the Hamiltonian has an explicit energy
dependence, making the internal dynamics highly nonlinear.
The transition into a complex energy plane may be rather
impractical. It causes computational complications related to
the complex-plane branch cuts and unphysical roots, and the
relation to observables becomes perplexing. The Hamiltonian
(1) that emerges as a result of the projection contains many-
body interaction terms.

B. Scattering matrix and reactions

The same dynamics can be explored with the Feshbach
formalism from the reaction side, represented by the channel
space. Here, the transition matrix of the scattering theory is
given by

Tcc′ (E) = ⟨Ac(E)|
[

1
E − H(E)

]
|Ac′

(E)⟩, (12)

which describes a process with an entrance channel c′, an
intrinsic propagation driven by the effective Hamiltonian (1),
and an exit in the channel c; see Refs. [12,13]. The scattering
matrix can be written as

Scc′ (E) = exp(iξc) {δcc′ − i Tcc′ (E)} exp(iξc′). (13)

The additional phase shifts ξc(E) describe the potential scatter-
ing or a contribution of remote resonances outside of the model
space. In our studies we include Coulomb phase shifts ξC

l =
arg[%(1 + l + iη)] that depend on the angular momentum
l and the Coulomb parameter η. Then the total scattering
amplitude is a sum of the nuclear terms from Eq. (12),
appropriately modified by the additional phases, and the
Coulomb amplitude f C(θ ); explicit equations are summarized
in Appendix C. The studies reported here show no need in
the additional potential contributions, although in the spirit of
R-matrix techniques one can consider using hard-sphere phase
shifts.

The total cross section follows directly from the above T -
matrix [12]:

σ = π

k′2

∑

cc′

(2J + 1)
(2s ′ + 1)(2I ′ + 1)

|Tcc′ |2, (14)

where the primed variables k′, s ′, and I ′ stand for the initial in-
cident momentum, projectile spin, and target spin, respectively.
The J = J ′ is the total spin of the channel. The summation is
over all incoming and outgoing channels contributing to the
reaction. In the approximation of an isolated narrow resonance
α of spin Jα the T -matrix in Eq. (12) is dominated by a single
complex eigenvalue of the Hamiltonian Eα = Eα − i%α/2.
This eigenvalue is determined by treating the non-Hermitian
components in the interaction perturbatively using Eqs. (8) and
(9). The approximation results in the Breit-Wigner expression
for cross section:

σ = π

k′2

∑

cc′

(2Jα + 1)
(2s ′ + 1)(2I ′ + 1)

%c
α%c′

α

(E − Eα)2 + %2
α/4

. (15)

An in-depth discussion, expressions for the differential cross
section, and its Blatt-Biedenharn angular decomposition are
presented in Appendix C; related information is also available
in the literature [11,12,14,41].

III. STATIONARY SYSTEMS

A. Time evolution approach

The many-body evolution operator is at the center of the
TDCSM approach. Although the method is general, we start
with stationary systems. We build the evolution operator as
a function of time using a Chebyshev polynomial expansion
method, suggested in Refs. [42–44]. The expansion factorizes
the evolution operator as follows:

exp(−iH t) =
∞∑

n=0

(−i)n(2 − δn0)Jn(t)Tn(H ), (16)

where Jn is the Bessel function of the first kind and Tn

stands for the Chebyshev polynomials; see Appendix D. In
comparison to the Taylor expansion or other methods of
evaluating the Green’s function, the Chebyshev polynomials
provide a complete set of orthogonal functions covering
uniformly the interval [−1, 1]. The asymptotic behavior of
the Bessel functions assures convergence of the series (16) at
long times, which allows controlling of energy resolution in
the cross sections. The “angular addition” relation in Eq. (D5)
provide an efficient iterative technique for evaluating Cheby-
shev polynomials of the Hamiltonian operator acting on
any state [Eq. (E2)]. For technical details and numerical
advantages, see Appendix E.

The energy representation of the retarded propagator is
given by the Fourier image of the evolution operator,

G(E) = 1
E − H

= −i

∫ ∞

0
dt exp(iEt) exp(−iH t), (17)

where H is set to have an infinitesimal negative-definite
imaginary part.

044308-3

GCC

Open quantum system
Configuration mixing Correlation

High precision in asymptote
Coulomb field

~500 fm
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2p decay in 6Be
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2. cigarlike
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SW and W. Nazarewicz, Phys. Rev. Lett. 126, 142501 (2021)
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Decay dynamics depends on pairing
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o The decay dynamics as well as correlation strongly depend on the pairing strength.
o Strong pairing results in a larger decay width, which indicates that pairing will benefit the 2p tunneling.
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" ¼ Ex=ET; cosð!kÞ ¼ ðkx $ kyÞ=ðkxkyÞ;

kx ¼
A2k1 % A1k2

A1 þ A2
;

ky ¼
A3ðk1 þ k2Þ % ðA1 þ A2Þk3

A1 þ A2 þ A3
;

ET ¼ Ex þ Ey ¼ k2x=2Mx þ k2y=2My;

(5)

where Mx and My are the reduced masses of the X and Y
subsystems (see, e.g., Ref. [8] for details). If we put
k3 ! k", then the correlations are obtained in the ‘‘T’’
Jacobi system where " describes the energy correlation
in the p% p channel. However, if we put k3 ! kp, then the
correlations are obtained in one of the ‘‘Y’’ Jacobi systems
where " describes the energy correlation in the "% p
channel.

The calculated energy-angular distributions are in excel-
lent agreement with the experimental data for both the 0þ

and 2þ resonances; see Fig. 3. These correlation data for the
two resonance states are also in agreement with the recent
results from Refs. [7–9,11] and with the older data of
Refs. [1,15]. Only the data of Ref. [10] were found to
be inconsistent. However, compared to all these other
data sets, the present data have the highest statistical signifi-
cance and thus provide the best validation of the theoretical
model. In addition to the present high-statistical-significance
data, we are able to explore the evolution of the correlations
on and off resonance.

Evolution of energy distribution between two protons.—
Figure 4 shows the evolution of the distribution of relative
energy between two protons with ET . There is a qualitative
difference between the distributions for the 0þ [Figs. 4(a)
and 4(b)] and 2þ [Figs. 4(d) and 4(e)] states. In addi-
tion, the small-Epp region for p% p motion becomes
enhanced with increasing ET for the 0þ state. This result

is unexpected as the p% p final-state interaction (FSI) is
generally considered to be a predominantly low-energy
phenomenon, but this trend is also confirmed in the calcu-
lations. For the first time, we can see the evolution of the
distributions in the transition-energy region [Fig. 4(c)]
characterized by strong 0þ=2þ state mixing. For the energy
region covering the 2þ state and beyond [Figs. 4(d)–4(f)],
the energy distributions demonstrate stable shapes far be-
yond the 2þ peak [Fig. 4(f)], a result again confirmed in the
calculations.

FIG. 3 (color online). Complete energy-angular correlations for the 0þ [(a) and (c)] and 2þ [(b) and (d)] states of 6Be. Comparison of
experiment and MC simulations for Jacobi T and Y systems (upper and lower rows, respectively). The data are taken for 0.5 and 1 MeV
wide bins centered on the 0þ and 2þ resonance peaks, respectively.

FIG. 4 (color online). Evolution of energy distribution in the
Jacobi T system (between two protons) with the decay energy.
The left and right columns show the energy ranges where the 0þ

and 2þ states dominate. Vertical dotted lines are shown to help
one evaluate the shift or lack of shift in the peak location
between different panels. See the caption of Fig. 2 for explana-
tion of symbols and curves.
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Energy dependence of the correlation in 6Be
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I. A. Egorova et al., Phys. Rev. Lett. 109, 202502 (2012)

E

o Deviates from Breit-Wigner due to the threshold proximity.
o The threshold effect is channel-dependent.
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SW, W. Nazarewicz, A. Volya, and Y.G. Ma, Phys. Rev. Res. 5, 023183 (2023)

o The weights of different components change as energy increases.
o Result in a energy-dependent correlation.
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o The time evolution of a resonance contains exponential (resonant) and powered (scattering) decays.
o When the decay width is large enough, scattering feature is dominated.

SW, W. Nazarewicz, A. Volya, and Y.G. Ma, Phys. Rev. Res. 5, 023183 (2023)
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FIG. 2. Reconstructed angles between the two protons emit-
ted from 48Ni (a) and 45Fe (b) in the current work together
from those reconstructed in [22] and [29] respectively. Theo-
retical predictions (Three-body model [3] and advanced cal-
culations (GCC model) of this work are represented in orange
and purple respectively.

INTERPRETATION OF RESULTS

The comparison of the angular distribution of 45Fe
with the di↵erent theoretical models indicates an occu-
pancy of 24% of the p2 orbital (3-body model) and con-
firms the adopted value of the VNN strength for 45Fe,
as well as a predominant diproton-like emission process.
The comparison of the energy correlation between the
protons, not being very sensitive to changes in the ini-
tial hypothesis of the di↵erent models, as previously dis-
cussed, gives information mainly from the tunneling pro-
cess and the coulomb and centrifugal barrier. The exper-
imental width of this distribution was found to be ⇠1.7
times narrower than predicted by any of the theories,
which could indicate a smaller Q2p value. Di↵erent cal-
culations have been performed varying by 100 keV the
total decay energy of the system, leading to negligible
changes in the width of the distribution and discarding
this hypothesis. This inconsistency may indicate that
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FIG. 3. Experimental decay widths, partial two-proton half-
lives and total decay energies measured in this work and av-
eraged values from previous works are represented in black
and grey, respectively for 48Ni (a) and 45Fe. Predicted val-
ues under di↵erent assumptions from three-body model and
advanced GCC calculations are plot in orange and purple, re-
spectively.

45Fe is decaying through a di↵erent configuration with a
larger centrifugal barrier that is responsible for this cor-
relation.

CONCLUSIONS

The observables concerning two-proton radioactivity
from ground state have been measured for 48Ni and 45Fe
during an experiment in 2021 at GANIL and new novel
GCC calculations, taking into account the three main
features of this rare decay mode: structure, asymptotic
region and decay dynamics, have been performed aiming
for a deeper understanding of two-proton radioactivity.
The comparison of the di↵erent 2-p observables (an-

gular distribution, half-live, total decay energy, sharing
of energy) from experiments and theory should provide
a unique interpretation from the two-proton decay char-
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CONCLUSIONS

The observables concerning two-proton radioactivity
from ground state have been measured for 48Ni and 45Fe
during an experiment in 2021 at GANIL and new novel
GCC calculations, taking into account the three main
features of this rare decay mode: structure, asymptotic
region and decay dynamics, have been performed aiming
for a deeper understanding of two-proton radioactivity.
The comparison of the di↵erent 2-p observables (an-

gular distribution, half-live, total decay energy, sharing
of energy) from experiments and theory should provide
a unique interpretation from the two-proton decay char-

Asymptotic correlation of 45Fe and 48Ni
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45Fe

Angular correlation of 45Fe

o Closed shell behavior for 48Ni.
o In accord with results of CI and 3-body model.

48NiOrtega-Moral Ortega-Moral 2024

Angular correlation of 48Ni
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A. O. Moral, SW et al., arXiv:2504.14607 (2025)



Half-lives of 45Fe and 48Ni
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Half-live of 45Fe Half-live of 48Ni

o Latest experiment suggests lower decay energies and shorter half-lives.
o The half-lives are sensitive to the decay energies and corresponding configurations.

Ortega-Moral

45Fe 48NiOrtega-Moral
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Y. R. Lin and SW

o 4p (2p+2p) decay of 18Mg.
o Multi-proton emissions.
o Correlation changes when Q→ 0.
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Summary

• Time-dependent approach has been developed
o To study the exotic 3-body decay dynamics

• Nucleon-nucleon correlations
o Connection to nuclear inner structure
o Ability to reveal 2p decay mechanism

• Towards a comprehensive description
o More microscopic description
o Resonance & time evolution emulators

o M. Pfützner
o R. J. Charity
o A. Volya
…

See S. König’s talk



Questions

1. What’s the difference between 2p and 2n decay?

2. Difference between complex scaling and Berggren basis

3. Correlations evolutions during the decay process

4. Any simultaneous multi-particle emissions? 

5. Any 2p decay from excited states?

6. Is the decay dynamics depends on the production process?

7. Is the two-step 2n decay of 28O have similar correlation, like the case of 18Mg?
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Discovery of 11O
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Predicted spectrum and structure of 11O

30

T. Webb et al., Phys. Rev. Lett. 122, 122501 (2019)
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o The detected broad peak can be reproduced by four
states rather than one. 

o Mirror systems 11O and 11Li.
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Predicted spectrum and structure of 11O
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SW et al., J. Phys. G 49, 10LT02 (2022)

Asymptotic correlation of 11OMeasured spectrum of 11O

o The correlation and updated spectrum suggest multiple 
states in the broad resonance of 11O.

Updated spectrum of 11O

T. Webb et al., Phys. Rev. C 101, 044317 (2020) 
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Survival probability of resonant states
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Lifetime of 67Kr probes deformation evolution

34

o 1/2[321] becomes available for the valence protons when β2 close to -0.3, which dramatically increases the 2p 
decay width of 67Kr. As a result,

o Decay primarily depends on small angular momentum components. 
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Decay property of 54mNi

35

J. Giovinazzo et al., Nat. Comm. 12, 4805 (2021) h11/2
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> Gs

o Lifetime strongly depends on the decay energy and channels.
o Branching ratio is less than 10-21 for 2p decay. 
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Short & mid long range correlations
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Structure Decay & reaction

momentum

distance

T. Nakamura et al., Phys. Rev. Lett
96, 252502(2006)

T.B. Webb et al. Phys. Rev. C 
100, 024306 (2019)
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Rich phenomena towards the dripline
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Exotic structures
Rare decay modes

o Halo & clustering
o Exotic decay
o Deformation
o New magic number
o …

Dripline
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I. INTRODUCTION

We consider the atomic nucleus as a quantum object
composed of A nucleons (mass number): Z protons (atomic
number) and N neutrons, held together mainly by strong
nuclear forces. A neutral atom with the specified numbers
A and Z is called a nuclide. When using this term, however,
we focus on the nuclear component of the atom. Such a
system is stable only for certain combinations of numbers Z
and N. Presently, 256 stable nuclides are known. Systems
different from stable configurations undergo spontaneous,
radioactive decays until the stability is reached. A nucleus
of such an unstable nuclide is considered as a well defined
object if its half-life is much longer than 10!21 s, which is a
characteristic time scale for processes governed by strong
interaction. These nuclides are bound by nuclear forces and/
or by Coulomb and centrifugal barriers. The number of
unstable nuclides synthesized in laboratories is constantly
growing, and up until now more than 3000 were identified.
In this review, we concentrate on radioactive processes ob-
served for nuclides located at the limits of the nuclear chart.
The emphasis is given on new decay processes and features of
classical decay modes which do not take place among nu-
clides close to stability. We refrain, however, from discussing
the heavy frontier of the nuclear chart. The quest for the
superheavy elements was reviewed by Hofmann and
Münzenberg (2000) and more recently by Oganessian
(2007) and Hofmann (2009a).

A. Radioactivity and nuclides

The notion of radioactivity is useful in making distinction
between emission of rays or particles by a highly unstable
system (for example, undergoing a nuclear reaction) from
radiation emitted spontaneously by a system whose nuclear

and atomic degrees of freedom are close to equilibrium. Such
distinction, however, has to be arbitrary and usually a char-
acteristic time scale is used as a criterion. Throughout this
review, we adopt the following definition. Radioactivity is a
process of emission of particles by an atomic nucleus which
occurs with characteristic time (half-life) much longer than
the K-shell vacancy half-life in a carbon atom, which
amounts to about 2" 10!14 s (Bambynek et al., 1972). A
relativistic particle travels in the time of 10!14 s a distance of
a few micrometers, which is close to the measurement limit in
a nuclear emulsion. In addition, this value coincides with a
decay width, defined as ! ¼ ln2ℏ=T1=2, of about 0.03 eV
which is roughly the thermal energy at room temperature.
Thus, nuclear processes much slower than filling the K
vacancy, whose duration, in principle, can be measured di-
rectly, and with the width much smaller than the thermal
energy at room temperature, will be called radioactive. This
definition applies both to nuclear ground states and to long-
lived excited nuclear states (isomers).

The definition of a nuclide relates to the definition of
radioactivity. A nuclide is a neutral atom, specified by the
numbers A and Z of its nucleus, which is either stable or lives
long enough to be classified as radioactive. We say that a
nuclide does not ‘‘exist’’ if its nucleus decays too fast to be
called radioactive. All existing nuclides are represented on a
chart of nuclides spanned by the atomic number Z and
neutron number N (Fig. 1). In the last three decades their
number was growing almost steadily from about 2200 in 1981
to about 3000 in 2006 (Pfennig et al., 2008), giving an average
of about 30 new nuclides identified per year. Because of
vigorous growth of nuclear facilities (Sec. III.B), this trend is
expected to continue in next decades.

FIG. 1 (color online). The chart of nuclei. The stable nuclides are
represented by black squares, while the radioactive ones, which
were experimentally identified, are shown by the light shaded area.
The nuclides predicted to have positive nucleon separation energy
according to the FRDM mass model (Möller, Nix, and Kratz, 1997),
but not yet observed, are shown by the dark shaded area. The lines
indicate the position of magic numbers corresponding to the closed
neutron and proton shells (the numbers smaller than 20 are not
shown). The insets show the location on the chart of the decay
products of the parent nucleus which is indicated by a dark square.
The observed decay channels of the proton-rich and the neutron-rich
nuclei are shown on the left and on the right inset, respectively.

568 Pfützner et al.: Radioactive decays at limits of nuclear stability

Rev. Mod. Phys., Vol. 84, No. 2, April–June 2012

Discovered 
nuclides
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See A. Gade, A. Brown and Z. C. Xu’s talks



Asymptotic nucleon-nucleon correlation
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K. Miernik et al. PRL 99, 192501 (2007)

This yields the branching ratio for the 2p decay of 0.70(4).
Using the maximum likelihood method, the decay half-life
of 45Fe was determined as 2.6(2) ms. The partial 2p decay
half-life of 45Fe is then T1=2!2p" # 3:7!4" ms and the cor-
responding 2p decay width !2p#1:23$0:15

%0:12&10%19 MeV.
The deduced partial 2p decay width of 45Fe is presented

in Fig. 2 showing the dependence of the 2p half-life on the
decay energy as predicted by the 3-body model of
Grigorenko and Zhukov [13,21]. The experimental decay
energy is taken from Ref. [11] as it is the most precise value
to date. The various theoretical lines correspond to differ-
ent configurations of the two valence protons in the initial
nucleus. The location of the experimental point suggests
that the initial state is characterized by the ratio of the
dominant p2 and f2 configurations equal to about 30=70.
This finding is consistent with the realistic shell-model
calculation for 45Fe predicting the dominant role of the f
orbitals with a significant contribution of the p states [12].

The information contained in the image and in the time
profile allows the reconstruction of the decay event in three
dimensions. By using a fitting procedure that takes into
account the ionization density distribution along a proton
track in the OTPC gas and includes corrections for the
detector response, the angles # of both proton tracks with
respect to the axis normal to the image plane can be
determined. This procedure, applied to the event shown
in Fig. 1, resulted in values #1 # 110' ( 3' and #2 #
70' ( 2'. The combination of these angles with the angle
! between tracks measured on the image plane allows the
calculation of the angle "pp between the momenta of the
two protons. For the event of Fig. 1, ! # 140' ( 3' and
"pp # 143' ( 5'.

This procedure was applied to all recorded 2p decay
events, and for 75 of them it yielded reliable and unambig-
uous results. The distribution of the opening angle has been
constructed in the following way. Each event was repre-
sented by a Gaussian distribution centered at the deter-
mined value of "pp, with the area and the variance equal to
one and to the estimated error, respectively. The sum of all
such contributions is shown as a histogram in Fig. 3. A two-
bumped structure is evident—one broad peak is centered
around 50' and a second smaller one is present at about
145'. In the case of the pure diproton scenario, the distri-
bution was expected to contain one narrow peak centered
at about 30' [22] while in the case of fully uncorrelated
emission, the distribution would be proportional to sin"pp.
Evidently, measured distribution does not follow these
scenarios. It agrees, however, with the prediction of the
3-body model for the f-p shell nuclei. The calculated
distributions for three mixtures of p2 and f2 configura-
tions, normalized to the same integral as the experimental
spectrum, are shown in Fig. 3 by smooth lines. Using a
quadratic interpolation we estimate that the experimental
data are best described by the model when the contribution
of the p2 configuration is equal to !30( 10"%.

We would like to stress the following points. (i) There is
remarkable consistency between observables shown in
Figs. 2 and 3 and theoretical predictions [21]. Both the
2p decay width as a function of the decay energy and the
opening angle distribution are best described by the same
composition of the initial 2p wave function. (ii) In two-
body decays, like proton radioactivity, the structure infor-
mation (spectroscopic factor) is extracted only by the
comparison of the measured width with the theoretically
calculated value (namely, the Wigner limit). In this experi-
ment we show for the first time that in a three-body decay
the structure information can be extracted both from the

FIG. 2 (color online). The partial 2p half-life of 45Fe as a
function of the 2p decay energy. The experimental result is
shown superimposed on predictions of the 3-body model
[13,21]. The decay width is taken from this work; the energy
is taken from Ref. [11]. The numerical labels indicate the relative
weights of the p2 and f2 configurations, respectively.

FIG. 3 (color online). The measured distribution of the open-
ing angle between two protons emitted in the decay of 45Fe
(histogram). Lines show the predictions of the 3-body model for
the same mixtures of p2 and f2 configurations as shown in Fig. 2
with the dashed lines.
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Structure Asymptotic observables
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“fingerprint”“characteristics”

structure
pairing correlation

Numerical method

Self-consistent model

K. Miernik et al., Phys. Rev. Lett. 
99, 192501 (2007)
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