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Q U A N T U M
Information and Matter



What is the problem?



THE 1D SPECTRAL GAP PROBLEM

<latexit sha1_base64="mftt+EevTmEa7cNXvYYhb64HL+0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFEJQyI1LdFIpuupIK9gLtOGTStA1NMkOSEcow4MZXceNCEbe+hDvfxrSdhVZ/CHz85xxOzh9EjCrtOF9WbmFxaXklv1pYW9/Y3LK3d5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaOrSb11T6SiobjV44h4HA0E7VOMtLF8e68GK7CrYu4ntOKmd9dwaOiEHrupbxedkjMV/AtuBkWQqe7bn91eiGNOhMYMKdVxnUh7CZKaYkbSQjdWJEJ4hAakY1AgTpSXTG9I4aFxerAfSvOEhlP350SCuFJjHphOjvRQzdcm5n+1Tqz7F15CRRRrIvBsUT9mUIdwEgjsUUmwZmMDCEtq/grxEEmEtYmtYEJw50/+C83TklsulW/OitXLLI482AcH4Ai44BxUQQ3UQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8kvXxDaKdlkM=</latexit>

H =
NX

i=1

hi,i+1

Translationally-invariant
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<latexit sha1_base64="XcO2zy01jQdkXQ7KCCqMq/PuVX8=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoghdVrAPaEKYTCft0MkkzEyEkvZD3Pgrblwo4saF4N84abPQ1gOXOZxzL3fu8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w5vMbz8QIWnE79UoJm6I+pwGFCOlJc88q8Mr6Mgk9IbwVpdzAsfQiSXNuEC8zwh0WP7O5LFnlq2KNQVcJHZOyiBHwzM/nV6Ek5BwhRmSsmtbsXJTJBTFjExKTiJJjPAQ9UlXU45CIt10etwEHmmlB4NI6OIKTtXfEykKpRyFvu4MkRrIeS8T//O6iQou3ZTyOFGE49miIGFQRTBLCvaoIFixkSYIC6r/CvEACYSVzrOkQ7DnT14krdOKXa1U787Ltes8jiI4AIfgGNjgAtRAHTRAE2DwCJ7BK3gznowX4934mLUWjHxmH/yB8fUD01agCw==</latexit>

H =
X

k

Ek | kih k|

<latexit sha1_base64="mftt+EevTmEa7cNXvYYhb64HL+0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFEJQyI1LdFIpuupIK9gLtOGTStA1NMkOSEcow4MZXceNCEbe+hDvfxrSdhVZ/CHz85xxOzh9EjCrtOF9WbmFxaXklv1pYW9/Y3LK3d5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaOrSb11T6SiobjV44h4HA0E7VOMtLF8e68GK7CrYu4ntOKmd9dwaOiEHrupbxedkjMV/AtuBkWQqe7bn91eiGNOhMYMKdVxnUh7CZKaYkbSQjdWJEJ4hAakY1AgTpSXTG9I4aFxerAfSvOEhlP350SCuFJjHphOjvRQzdcm5n+1Tqz7F15CRRRrIvBsUT9mUIdwEgjsUUmwZmMDCEtq/grxEEmEtYmtYEJw50/+C83TklsulW/OitXLLI482AcH4Ai44BxUQQ3UQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8kvXxDaKdlkM=</latexit>

H =
NX

i=1

hi,i+1

Translationally-invariant



THE 1D SPECTRAL GAP PROBLEM

<latexit sha1_base64="XcO2zy01jQdkXQ7KCCqMq/PuVX8=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoghdVrAPaEKYTCft0MkkzEyEkvZD3Pgrblwo4saF4N84abPQ1gOXOZxzL3fu8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w5vMbz8QIWnE79UoJm6I+pwGFCOlJc88q8Mr6Mgk9IbwVpdzAsfQiSXNuEC8zwh0WP7O5LFnlq2KNQVcJHZOyiBHwzM/nV6Ek5BwhRmSsmtbsXJTJBTFjExKTiJJjPAQ9UlXU45CIt10etwEHmmlB4NI6OIKTtXfEykKpRyFvu4MkRrIeS8T//O6iQou3ZTyOFGE49miIGFQRTBLCvaoIFixkSYIC6r/CvEACYSVzrOkQ7DnT14krdOKXa1U787Ltes8jiI4AIfgGNjgAtRAHTRAE2DwCJ7BK3gznowX4934mLUWjHxmH/yB8fUD01agCw==</latexit>

H =
X

k

Ek | kih k|

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="4bEVm+eQSBLeZlDifmASRQGcS5I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9N3++WKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxze//Y13</latexit>

E0

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

<latexit sha1_base64="mftt+EevTmEa7cNXvYYhb64HL+0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFEJQyI1LdFIpuupIK9gLtOGTStA1NMkOSEcow4MZXceNCEbe+hDvfxrSdhVZ/CHz85xxOzh9EjCrtOF9WbmFxaXklv1pYW9/Y3LK3d5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaOrSb11T6SiobjV44h4HA0E7VOMtLF8e68GK7CrYu4ntOKmd9dwaOiEHrupbxedkjMV/AtuBkWQqe7bn91eiGNOhMYMKdVxnUh7CZKaYkbSQjdWJEJ4hAakY1AgTpSXTG9I4aFxerAfSvOEhlP350SCuFJjHphOjvRQzdcm5n+1Tqz7F15CRRRrIvBsUT9mUIdwEgjsUUmwZmMDCEtq/grxEEmEtYmtYEJw50/+C83TklsulW/OitXLLI482AcH4Ai44BxUQQ3UQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8kvXxDaKdlkM=</latexit>

H =
NX
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H =
X

k

Ek | kih k|

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="4bEVm+eQSBLeZlDifmASRQGcS5I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9N3++WKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxze//Y13</latexit>

E0

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

<latexit sha1_base64="mftt+EevTmEa7cNXvYYhb64HL+0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFEJQyI1LdFIpuupIK9gLtOGTStA1NMkOSEcow4MZXceNCEbe+hDvfxrSdhVZ/CHz85xxOzh9EjCrtOF9WbmFxaXklv1pYW9/Y3LK3d5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaOrSb11T6SiobjV44h4HA0E7VOMtLF8e68GK7CrYu4ntOKmd9dwaOiEHrupbxedkjMV/AtuBkWQqe7bn91eiGNOhMYMKdVxnUh7CZKaYkbSQjdWJEJ4hAakY1AgTpSXTG9I4aFxerAfSvOEhlP350SCuFJjHphOjvRQzdcm5n+1Tqz7F15CRRRrIvBsUT9mUIdwEgjsUUmwZmMDCEtq/grxEEmEtYmtYEJw50/+C83TklsulW/OitXLLI482AcH4Ai44BxUQQ3UQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8kvXxDaKdlkM=</latexit>

H =
NX

i=1

hi,i+1

Translationally-invariant

Gap
<latexit sha1_base64="asYIAp9vp3m+vO3gy+6SpuK2j6Y=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiSCOYByRJmJ51kyOzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup76zSdUmkfywYxj9EM6kLzPGTVWanVuUBjavesWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/O7p2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6POlxhcyIsSWUKW5vJWxIFWXGRlSwIXiLLy+TxlnZq5Qr9+el6lUWRx6O4BhOwYMLqMIt1KAODAQ8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALkqj8g=</latexit>

�N



THE 1D SPECTRAL GAP PROBLEM

<latexit sha1_base64="XcO2zy01jQdkXQ7KCCqMq/PuVX8=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoghdVrAPaEKYTCft0MkkzEyEkvZD3Pgrblwo4saF4N84abPQ1gOXOZxzL3fu8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w5vMbz8QIWnE79UoJm6I+pwGFCOlJc88q8Mr6Mgk9IbwVpdzAsfQiSXNuEC8zwh0WP7O5LFnlq2KNQVcJHZOyiBHwzM/nV6Ek5BwhRmSsmtbsXJTJBTFjExKTiJJjPAQ9UlXU45CIt10etwEHmmlB4NI6OIKTtXfEykKpRyFvu4MkRrIeS8T//O6iQou3ZTyOFGE49miIGFQRTBLCvaoIFixkSYIC6r/CvEACYSVzrOkQ7DnT14krdOKXa1U787Ltes8jiI4AIfgGNjgAtRAHTRAE2DwCJ7BK3gznowX4934mLUWjHxmH/yB8fUD01agCw==</latexit>

H =
X

k

Ek | kih k|

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

Gap
<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

<latexit sha1_base64="mftt+EevTmEa7cNXvYYhb64HL+0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFEJQyI1LdFIpuupIK9gLtOGTStA1NMkOSEcow4MZXceNCEbe+hDvfxrSdhVZ/CHz85xxOzh9EjCrtOF9WbmFxaXklv1pYW9/Y3LK3d5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaOrSb11T6SiobjV44h4HA0E7VOMtLF8e68GK7CrYu4ntOKmd9dwaOiEHrupbxedkjMV/AtuBkWQqe7bn91eiGNOhMYMKdVxnUh7CZKaYkbSQjdWJEJ4hAakY1AgTpSXTG9I4aFxerAfSvOEhlP350SCuFJjHphOjvRQzdcm5n+1Tqz7F15CRRRrIvBsUT9mUIdwEgjsUUmwZmMDCEtq/grxEEmEtYmtYEJw50/+C83TklsulW/OitXLLI482AcH4Ai44BxUQQ3UQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8kvXxDaKdlkM=</latexit>

H =
NX

i=1

hi,i+1

<latexit sha1_base64="asYIAp9vp3m+vO3gy+6SpuK2j6Y=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiSCOYByRJmJ51kyOzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup76zSdUmkfywYxj9EM6kLzPGTVWanVuUBjavesWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/O7p2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6POlxhcyIsSWUKW5vJWxIFWXGRlSwIXiLLy+TxlnZq5Qr9+el6lUWRx6O4BhOwYMLqMIt1KAODAQ8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALkqj8g=</latexit>

�N

Translationally-invariant

Frustration-Free
<latexit sha1_base64="J0ZdeWMOexdc7qLOAcSsW69A5XE=">AAACCnicbVBNS8NAEJ34WetX1aOX1SIIlpKIVC9C0YvHCvYDmhA22227dLMJuxuhxJ69+Fe8eFDEq7/Am//GbZuDtj4YeLw3w8y8IOZMadv+thYWl5ZXVnNr+fWNza3tws5uQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB4HrsN++pVCwSd3oYUy/EPcG6jGBtJL9w0PdTVmInzgi5JfSA3Fgx30auxKLHKbpEtl8o2mV7AjRPnIwUIUPNL3y5nYgkIRWacKxU27Fj7aVYakY4HeXdRNEYkwHu0bahAodUeenklRE6MkoHdSNpSmg0UX9PpDhUahgGpjPEuq9mvbH4n9dOdPfCS5mIE00FmS7qJhzpCI1zQR0mKdF8aAgmkplbEeljiYk26eVNCM7sy/OkcVp2KuXK7VmxepXFkYN9OIRjcOAcqnADNagDgUd4hld4s56sF+vd+pi2LljZzB78gfX5A6RtmFY=</latexit>

hi,i+1 | 0i = 0
<latexit sha1_base64="pHvo/N+gRoCp/D6laeZKuxU2VDQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIURfBYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt1LrrueSauL1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m507IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtoQvMWXl0nzvOJVK9WHi3LtJo+jAMdwAmfgwSXU4B7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AXkWOTA==</latexit>

E0 = 0

<latexit sha1_base64="pHvo/N+gRoCp/D6laeZKuxU2VDQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIURfBYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt1LrrueSauL1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m507IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtoQvMWXl0nzvOJVK9WHi3LtJo+jAMdwAmfgwSXU4B7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AXkWOTA==</latexit>

E0 = 0



THE 1D SPECTRAL GAP PROBLEM

Frustration-Free

<latexit sha1_base64="XcO2zy01jQdkXQ7KCCqMq/PuVX8=">AAACHHicbVDLSsNAFJ3UV62vqEs3g0VwISVRqW6EoghdVrAPaEKYTCft0MkkzEyEkvZD3Pgrblwo4saF4N84abPQ1gOXOZxzL3fu8WNGpbKsb6OwtLyyulZcL21sbm3vmLt7LRklApMmjlgkOj6ShFFOmooqRjqxICj0GWn7w5vMbz8QIWnE79UoJm6I+pwGFCOlJc88q8Mr6Mgk9IbwVpdzAsfQiSXNuEC8zwh0WP7O5LFnlq2KNQVcJHZOyiBHwzM/nV6Ek5BwhRmSsmtbsXJTJBTFjExKTiJJjPAQ9UlXU45CIt10etwEHmmlB4NI6OIKTtXfEykKpRyFvu4MkRrIeS8T//O6iQou3ZTyOFGE49miIGFQRTBLCvaoIFixkSYIC6r/CvEACYSVzrOkQ7DnT14krdOKXa1U787Ltes8jiI4AIfgGNjgAtRAHTRAE2DwCJ7BK3gznowX4934mLUWjHxmH/yB8fUD01agCw==</latexit>

H =
X

k

Ek | kih k|

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

Gap
<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

<latexit sha1_base64="J0ZdeWMOexdc7qLOAcSsW69A5XE=">AAACCnicbVBNS8NAEJ34WetX1aOX1SIIlpKIVC9C0YvHCvYDmhA22227dLMJuxuhxJ69+Fe8eFDEq7/Am//GbZuDtj4YeLw3w8y8IOZMadv+thYWl5ZXVnNr+fWNza3tws5uQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB4HrsN++pVCwSd3oYUy/EPcG6jGBtJL9w0PdTVmInzgi5JfSA3Fgx30auxKLHKbpEtl8o2mV7AjRPnIwUIUPNL3y5nYgkIRWacKxU27Fj7aVYakY4HeXdRNEYkwHu0bahAodUeenklRE6MkoHdSNpSmg0UX9PpDhUahgGpjPEuq9mvbH4n9dOdPfCS5mIE00FmS7qJhzpCI1zQR0mKdF8aAgmkplbEeljiYk26eVNCM7sy/OkcVp2KuXK7VmxepXFkYN9OIRjcOAcqnADNagDgUd4hld4s56sF+vd+pi2LljZzB78gfX5A6RtmFY=</latexit>

hi,i+1 | 0i = 0
<latexit sha1_base64="pHvo/N+gRoCp/D6laeZKuxU2VDQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIURfBYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt1LrrueSauL1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m507IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtoQvMWXl0nzvOJVK9WHi3LtJo+jAMdwAmfgwSXU4B7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AXkWOTA==</latexit>

E0 = 0

Thermodynamic limit

<latexit sha1_base64="mftt+EevTmEa7cNXvYYhb64HL+0=">AAACA3icbZDLSgMxFIYz9VbrbdSdboJFEJQyI1LdFIpuupIK9gLtOGTStA1NMkOSEcow4MZXceNCEbe+hDvfxrSdhVZ/CHz85xxOzh9EjCrtOF9WbmFxaXklv1pYW9/Y3LK3d5oqjCUmDRyyULYDpAijgjQ01Yy0I0kQDxhpBaOrSb11T6SiobjV44h4HA0E7VOMtLF8e68GK7CrYu4ntOKmd9dwaOiEHrupbxedkjMV/AtuBkWQqe7bn91eiGNOhMYMKdVxnUh7CZKaYkbSQjdWJEJ4hAakY1AgTpSXTG9I4aFxerAfSvOEhlP350SCuFJjHphOjvRQzdcm5n+1Tqz7F15CRRRrIvBsUT9mUIdwEgjsUUmwZmMDCEtq/grxEEmEtYmtYEJw50/+C83TklsulW/OitXLLI482AcH4Ai44BxUQQ3UQQNg8ACewAt4tR6tZ+vNep+15qxsZhf8kvXxDaKdlkM=</latexit>

H =
NX

i=1

hi,i+1

<latexit sha1_base64="asYIAp9vp3m+vO3gy+6SpuK2j6Y=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKRI9BPXiSCOYByRJmJ51kyOzsOjMrhCU/4cWDIl79HW/+jZNkD5pY0FBUddPdFcSCa+O6305uZXVtfSO/Wdja3tndK+4fNHSUKIZ1FolItQKqUXCJdcONwFaskIaBwGYwup76zSdUmkfywYxj9EM6kLzPGTVWanVuUBjavesWS27ZnYEsEy8jJchQ6xa/Or2IJSFKwwTVuu25sfFTqgxnAieFTqIxpmxEB9i2VNIQtZ/O7p2QE6v0SD9StqQhM/X3REpDrcdhYDtDaoZ60ZuK/3ntxPQv/ZTLODEo2XxRPxHERGT6POlxhcyIsSWUKW5vJWxIFWXGRlSwIXiLLy+TxlnZq5Qr9+el6lUWRx6O4BhOwYMLqMIt1KAODAQ8wyu8OY/Oi/PufMxbc042cwh/4Hz+ALkqj8g=</latexit>

�N

<latexit sha1_base64="93fs8nNe2vKoV+h1kbzzakWk/OM=">AAACGnicbZDLSsNAFIYn9VbrrerSzWARXJVEpLpRirpwVSrYCzQlTKaTduhkEmZOlBL6HG58FTcuFHEnbnwbp20WWv1h4OM/53Dm/H4suAbb/rJyC4tLyyv51cLa+sbmVnF7p6mjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH15O6q07pjSP5C2MYtYNSV/ygFMCxvKKjit46KU17CreHwBRKrrHLpcBjMbYvWICiFfDZxnic2x7xZJdtqfCf8HJoIQy1b3ih9uLaBIyCVQQrTuOHUM3JQo4FWxccBPNYkKHpM86BiUJme6m09PG+MA4PRxEyjwJeOr+nEhJqPUo9E1nSGCg52sT879aJ4HgtJtyGSfAJJ0tChKBIcKTnHCPK0ZBjAwQqrj5K6YDoggFk2bBhODMn/wXmkdlp1Ku3ByXqhdZHHm0h/bRIXLQCaqia1RHDUTRA3pCL+jVerSerTfrfdaas7KZXfRL1uc3b3af0g==</latexit>

lim
N!1

�N = � > 0

Translationally-invariant

<latexit sha1_base64="pHvo/N+gRoCp/D6laeZKuxU2VDQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9SIURfBYwX5AG8pmu2mXbjZhdyKU0B/hxYMiXv093vw3btsctPXBwOO9GWbmBYkUBl3321lZXVvf2CxsFbd3dvf2SweHTROnmvEGi2Ws2wE1XArFGyhQ8naiOY0CyVvB6Hbqt564NiJWjzhOuB/RgRKhYBSt1LrrueSauL1S2a24M5Bl4uWkDDnqvdJXtx+zNOIKmaTGdDw3QT+jGgWTfFLspoYnlI3ogHcsVTTixs9m507IqVX6JIy1LYVkpv6eyGhkzDgKbGdEcWgWvan4n9dJMbzyM6GSFLli80VhKgnGZPo76QvNGcqxJZRpYW8lbEg1ZWgTKtoQvMWXl0nzvOJVK9WHi3LtJo+jAMdwAmfgwSXU4B7q0AAGI3iGV3hzEufFeXc+5q0rTj5zBH/gfP4AXkWOTA==</latexit>

E0 = 0
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General setting



CONDITIONS FOR THE EXISTENCE OF THE GAP

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�



CONDITIONS FOR THE EXISTENCE OF THE GAP

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

intuition
<latexit sha1_base64="KNV69lrRKkbeNRfH9XAz7tiYWpw=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoC8tMlepGKD7AZQX7gLYOmfS2Dc08TDJCKf0QN/6KGxeKuHEh+Ddm2lnY1gO5nJxzL8k9bsiZVJb1Y6QWFpeWV9KrmbX1jc0tc3unKoNIUKjQgAei7hIJnPlQUUxxqIcCiOdyqLn9y9ivPYKQLPDv1CCElke6PuswSpSWHPP42unfF/ARbl4BVwTrKz4f11xcpvRD3OzCA7YcM2vlrTHwPLETkkUJyo751WwHNPLAV5QTKRu2FarWkAjFKIdRphlJCAntky40NPWJB7I1HC83wgdaaeNOIPTxFR6rfyeGxJNy4Lm60yOqJ2e9WPzPa0Sqc9YaMj+MFPh08lAn4lgFOE4Kt5kAqvhAE0IF03/FtEcEoUrnmdEh2LMrz5NqIW8X88Xbk2zpIokjjfbQPsohG52iErpBZVRBFD2hF/SG3o1n49X4MD4nrSkjmdlFUzC+fwF8lJ1M</latexit>

E2
k ��Ek = Ek(Ek ��Ek) � 0

<latexit sha1_base64="wAGM9baCPOhzGkzH49Fonxeoys4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KolI9VgUwWMF+wFNKJvtpF262cTdjVBC/4YXD4p49c9489+YtDlo64OBx3szzMzzY8G1se1va2V1bX1js7RV3t7Z3duvHBy2dZQohi0WiUh1fapRcIktw43AbqyQhr7Ajj++yf3OEyrNI/lgJjF6IR1KHnBGTSa5t/0xcQU+EpuU+5WqXbNnIMvEKUgVCjT7lS93ELEkRGmYoFr3HDs2XkqV4UzgtOwmGmPKxnSIvYxKGqL20tnNU3KaKQMSRCorachM/T2R0lDrSehnnSE1I73o5eJ/Xi8xwZWXchknBiWbLwoSQUxE8gDIgCtkRkwyQpni2a2EjaiizGQx5SE4iy8vk/Z5zanX6vcX1cZ1EUcJjuEEzsCBS2jAHTShBQxieIZXeLMS68V6tz7mrStWMXMEf2B9/gDXNJBE</latexit>

Ek  0

<latexit sha1_base64="55KVPrarVi4BKBQBsQYPyJiMyCQ=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuiw+wGUF+4AmhMn0ph06mcSZiVJiP8WNC0Xc+iXu/BuTNgttPXDhcM693HuPH3OmtGV9G0vLK6tr66WN8ubW9s6uWdlrqyiRFFo04pHs+kQBZwJammkO3VgCCX0OHX90mfudB5CKReJOj2NwQzIQLGCU6EzyzMq1N8LOAO6xcwVcE1z2zKpVs6bAi8QuSBUVaHrml9OPaBKC0JQTpXq2FWs3JVIzymFSdhIFMaEjMoBeRgUJQbnp9PQJPsqUPg4imZXQeKr+nkhJqNQ49LPOkOihmvdy8T+vl+jg3E2ZiBMNgs4WBQnHOsJ5DrjPJFDNxxkhVLLsVkyHRBKqs7TyEOz5lxdJ+6Rm12v129Nq46KIo4QO0CE6RjY6Qw10g5qohSh6RM/oFb0ZT8aL8W58zFqXjGJmH/2B8fkDQhmSuA==</latexit>

Ek � �

FF



CONDITIONS FOR THE EXISTENCE OF THE GAP

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

intuition
<latexit sha1_base64="KNV69lrRKkbeNRfH9XAz7tiYWpw=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoC8tMlepGKD7AZQX7gLYOmfS2Dc08TDJCKf0QN/6KGxeKuHEh+Ddm2lnY1gO5nJxzL8k9bsiZVJb1Y6QWFpeWV9KrmbX1jc0tc3unKoNIUKjQgAei7hIJnPlQUUxxqIcCiOdyqLn9y9ivPYKQLPDv1CCElke6PuswSpSWHPP42unfF/ARbl4BVwTrKz4f11xcpvRD3OzCA7YcM2vlrTHwPLETkkUJyo751WwHNPLAV5QTKRu2FarWkAjFKIdRphlJCAntky40NPWJB7I1HC83wgdaaeNOIPTxFR6rfyeGxJNy4Lm60yOqJ2e9WPzPa0Sqc9YaMj+MFPh08lAn4lgFOE4Kt5kAqvhAE0IF03/FtEcEoUrnmdEh2LMrz5NqIW8X88Xbk2zpIokjjfbQPsohG52iErpBZVRBFD2hF/SG3o1n49X4MD4nrSkjmdlFUzC+fwF8lJ1M</latexit>

E2
k ��Ek = Ek(Ek ��Ek) � 0

<latexit sha1_base64="wAGM9baCPOhzGkzH49Fonxeoys4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KolI9VgUwWMF+wFNKJvtpF262cTdjVBC/4YXD4p49c9489+YtDlo64OBx3szzMzzY8G1se1va2V1bX1js7RV3t7Z3duvHBy2dZQohi0WiUh1fapRcIktw43AbqyQhr7Ajj++yf3OEyrNI/lgJjF6IR1KHnBGTSa5t/0xcQU+EpuU+5WqXbNnIMvEKUgVCjT7lS93ELEkRGmYoFr3HDs2XkqV4UzgtOwmGmPKxnSIvYxKGqL20tnNU3KaKQMSRCorachM/T2R0lDrSehnnSE1I73o5eJ/Xi8xwZWXchknBiWbLwoSQUxE8gDIgCtkRkwyQpni2a2EjaiizGQx5SE4iy8vk/Z5zanX6vcX1cZ1EUcJjuEEzsCBS2jAHTShBQxieIZXeLMS68V6tz7mrStWMXMEf2B9/gDXNJBE</latexit>

Ek  0

<latexit sha1_base64="55KVPrarVi4BKBQBsQYPyJiMyCQ=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuiw+wGUF+4AmhMn0ph06mcSZiVJiP8WNC0Xc+iXu/BuTNgttPXDhcM693HuPH3OmtGV9G0vLK6tr66WN8ubW9s6uWdlrqyiRFFo04pHs+kQBZwJammkO3VgCCX0OHX90mfudB5CKReJOj2NwQzIQLGCU6EzyzMq1N8LOAO6xcwVcE1z2zKpVs6bAi8QuSBUVaHrml9OPaBKC0JQTpXq2FWs3JVIzymFSdhIFMaEjMoBeRgUJQbnp9PQJPsqUPg4imZXQeKr+nkhJqNQ49LPOkOihmvdy8T+vl+jg3E2ZiBMNgs4WBQnHOsJ5DrjPJFDNxxkhVLLsVkyHRBKqs7TyEOz5lxdJ+6Rm12v129Nq46KIo4QO0CE6RjY6Qw10g5qohSh6RM/oFb0ZT8aL8W58zFqXjGJmH/2B8fkDQhmSuA==</latexit>

Ek � �

FF

<latexit sha1_base64="D7lxaw1eZBo+IiB1FcD2g92+rZI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXq1ae7iuNG7zOIpwBudwCR7UoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0yHj5A=</latexit>

{Gap



CONDITIONS FOR THE EXISTENCE OF THE GAP

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

intuition
<latexit sha1_base64="KNV69lrRKkbeNRfH9XAz7tiYWpw=">AAACHHicbVDLSgMxFM3UV62vUZdugkWoC8tMlepGKD7AZQX7gLYOmfS2Dc08TDJCKf0QN/6KGxeKuHEh+Ddm2lnY1gO5nJxzL8k9bsiZVJb1Y6QWFpeWV9KrmbX1jc0tc3unKoNIUKjQgAei7hIJnPlQUUxxqIcCiOdyqLn9y9ivPYKQLPDv1CCElke6PuswSpSWHPP42unfF/ARbl4BVwTrKz4f11xcpvRD3OzCA7YcM2vlrTHwPLETkkUJyo751WwHNPLAV5QTKRu2FarWkAjFKIdRphlJCAntky40NPWJB7I1HC83wgdaaeNOIPTxFR6rfyeGxJNy4Lm60yOqJ2e9WPzPa0Sqc9YaMj+MFPh08lAn4lgFOE4Kt5kAqvhAE0IF03/FtEcEoUrnmdEh2LMrz5NqIW8X88Xbk2zpIokjjfbQPsohG52iErpBZVRBFD2hF/SG3o1n49X4MD4nrSkjmdlFUzC+fwF8lJ1M</latexit>

E2
k ��Ek = Ek(Ek ��Ek) � 0

<latexit sha1_base64="wAGM9baCPOhzGkzH49Fonxeoys4=">AAAB83icbVBNS8NAEJ34WetX1aOXxSJ4KolI9VgUwWMF+wFNKJvtpF262cTdjVBC/4YXD4p49c9489+YtDlo64OBx3szzMzzY8G1se1va2V1bX1js7RV3t7Z3duvHBy2dZQohi0WiUh1fapRcIktw43AbqyQhr7Ajj++yf3OEyrNI/lgJjF6IR1KHnBGTSa5t/0xcQU+EpuU+5WqXbNnIMvEKUgVCjT7lS93ELEkRGmYoFr3HDs2XkqV4UzgtOwmGmPKxnSIvYxKGqL20tnNU3KaKQMSRCorachM/T2R0lDrSehnnSE1I73o5eJ/Xi8xwZWXchknBiWbLwoSQUxE8gDIgCtkRkwyQpni2a2EjaiizGQx5SE4iy8vk/Z5zanX6vcX1cZ1EUcJjuEEzsCBS2jAHTShBQxieIZXeLMS68V6tz7mrStWMXMEf2B9/gDXNJBE</latexit>

Ek  0

<latexit sha1_base64="55KVPrarVi4BKBQBsQYPyJiMyCQ=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBFclUSkuiw+wGUF+4AmhMn0ph06mcSZiVJiP8WNC0Xc+iXu/BuTNgttPXDhcM693HuPH3OmtGV9G0vLK6tr66WN8ubW9s6uWdlrqyiRFFo04pHs+kQBZwJammkO3VgCCX0OHX90mfudB5CKReJOj2NwQzIQLGCU6EzyzMq1N8LOAO6xcwVcE1z2zKpVs6bAi8QuSBUVaHrml9OPaBKC0JQTpXq2FWs3JVIzymFSdhIFMaEjMoBeRgUJQbnp9PQJPsqUPg4imZXQeKr+nkhJqNQ49LPOkOihmvdy8T+vl+jg3E2ZiBMNgs4WBQnHOsJ5DrjPJFDNxxkhVLLsVkyHRBKqs7TyEOz5lxdJ+6Rm12v129Nq46KIo4QO0CE6RjY6Qw10g5qohSh6RM/oFb0ZT8aL8W58zFqXjGJmH/2B8fkDQhmSuA==</latexit>

Ek � �

FF
Widely used condition in previous methods

- Finite-size criteria (Knabe 1988,  M. Lemm and D. Xiang 2022, …) 
- Eigenvalue problems (Nachtergaele 1996, M. J. Kastoryano and A. Lucia 2018, …) 
  …

<latexit sha1_base64="D7lxaw1eZBo+IiB1FcD2g92+rZI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXq1ae7iuNG7zOIpwBudwCR7UoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0yHj5A=</latexit>

{Gap



<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

CONDITIONS FOR THE EXISTENCE OF THE GAP



<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

CONDITIONS FOR THE EXISTENCE OF THE GAP



The method



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="8LwcqnybvvJqBVKgAk//svsGVIw="></latexit>

H
2 ��H =

NX

i=1

h
2
i,i+1 +

X

i 6=j

{hi,i+1, hj,j+1}��
NX

i=1

hi,i+1



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="8LwcqnybvvJqBVKgAk//svsGVIw="></latexit>

H
2 ��H =

NX

i=1

h
2
i,i+1 +

X

i 6=j

{hi,i+1, hj,j+1}��
NX

i=1

hi,i+1

<latexit sha1_base64="3yLaZNAyUGcj8AHkCsIi/YwxP08="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

k

{hi,i+1, hi+k,i+k+1}



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="8LwcqnybvvJqBVKgAk//svsGVIw="></latexit>

H
2 ��H =

NX

i=1

h
2
i,i+1 +

X

i 6=j

{hi,i+1, hj,j+1}��
NX

i=1

hi,i+1

<latexit sha1_base64="3yLaZNAyUGcj8AHkCsIi/YwxP08="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

k

{hi,i+1, hi+k,i+k+1}1

Freedom in choosing a decomposition2

Locality condition1

Freedom in choosing a decomposition2

Locality condition



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="8LwcqnybvvJqBVKgAk//svsGVIw="></latexit>

H
2 ��H =

NX

i=1

h
2
i,i+1 +

X

i 6=j

{hi,i+1, hj,j+1}��
NX

i=1

hi,i+1

<latexit sha1_base64="3yLaZNAyUGcj8AHkCsIi/YwxP08="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

k

{hi,i+1, hi+k,i+k+1}1

Freedom in choosing a decomposition2

Locality condition1

Freedom in choosing a decomposition2

Locality condition

Distance k
<latexit sha1_base64="D7lxaw1eZBo+IiB1FcD2g92+rZI=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xeBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXq1ae7iuNG7zOIpwBudwCR7UoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A0yHj5A=</latexit> {



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

1

Freedom in choosing a decomposition2

Locality condition1

Freedom in choosing a decomposition2

Locality condition

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="I02WCVKv4TZzQhVQZU8Bw9zqnB4=">AAACGHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoUJFYk+pCZEjuu0Vm0n2A5SFWXkJ/gFVtjZECsbK1+C+xhoy5GudHzOvbq+J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q+GfvORSEVjcacHCfE56goaUYy0kQL7wFMpDzIKL6Cb39/A8bMPPUYeoMhhYJecsjMCnCfuhJTABLXA/vE6MU45ERozpFTbdRLtZ0hqihnJi16qSIJwH3VJ21CBOFF+Njokh0dG6cAolqaEhiP170SGuFIDHppOjnRPzXpD8T+vnero3M+oSFJNBB4vilIGdQyHqcAOlQRrNjAEYUnNXyHuIYmwNtlNbQlDnptQ3NkI5knjpOxWypXb01L1chJPAeyDQ3AMXHAGquAa1EAdYPAEXsAreLOerXfrw/octy5Yk5k9MAXr6xcGDp+0</latexit>

NX

i=1

X

kn

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}Something positive semidefinite

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="I02WCVKv4TZzQhVQZU8Bw9zqnB4=">AAACGHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoUJFYk+pCZEjuu0Vm0n2A5SFWXkJ/gFVtjZECsbK1+C+xhoy5GudHzOvbq+J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q+GfvORSEVjcacHCfE56goaUYy0kQL7wFMpDzIKL6Cb39/A8bMPPUYeoMhhYJecsjMCnCfuhJTABLXA/vE6MU45ERozpFTbdRLtZ0hqihnJi16qSIJwH3VJ21CBOFF+Njokh0dG6cAolqaEhiP170SGuFIDHppOjnRPzXpD8T+vnero3M+oSFJNBB4vilIGdQyHqcAOlQRrNjAEYUnNXyHuIYmwNtlNbQlDnptQ3NkI5knjpOxWypXb01L1chJPAeyDQ3AMXHAGquAa1EAdYPAEXsAreLOerXfrw/octy5Yk5k9MAXr6xcGDp+0</latexit>

NX

i=1

X

kn

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}Something positive semidefinite
<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

Because of frustration-freeness  
and commutation

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="I02WCVKv4TZzQhVQZU8Bw9zqnB4=">AAACGHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoUJFYk+pCZEjuu0Vm0n2A5SFWXkJ/gFVtjZECsbK1+C+xhoy5GudHzOvbq+J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q+GfvORSEVjcacHCfE56goaUYy0kQL7wFMpDzIKL6Cb39/A8bMPPUYeoMhhYJecsjMCnCfuhJTABLXA/vE6MU45ERozpFTbdRLtZ0hqihnJi16qSIJwH3VJ21CBOFF+Njokh0dG6cAolqaEhiP170SGuFIDHppOjnRPzXpD8T+vnero3M+oSFJNBB4vilIGdQyHqcAOlQRrNjAEYUnNXyHuIYmwNtlNbQlDnptQ3NkI5knjpOxWypXb01L1chJPAeyDQ3AMXHAGquAa1EAdYPAEXsAreLOerXfrw/octy5Yk5k9MAXr6xcGDp+0</latexit>

NX

i=1

X

kn

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="I02WCVKv4TZzQhVQZU8Bw9zqnB4=">AAACGHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoUJFYk+pCZEjuu0Vm0n2A5SFWXkJ/gFVtjZECsbK1+C+xhoy5GudHzOvbq+J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q+GfvORSEVjcacHCfE56goaUYy0kQL7wFMpDzIKL6Cb39/A8bMPPUYeoMhhYJecsjMCnCfuhJTABLXA/vE6MU45ERozpFTbdRLtZ0hqihnJi16qSIJwH3VJ21CBOFF+Njokh0dG6cAolqaEhiP170SGuFIDHppOjnRPzXpD8T+vnero3M+oSFJNBB4vilIGdQyHqcAOlQRrNjAEYUnNXyHuIYmwNtlNbQlDnptQ3NkI5knjpOxWypXb01L1chJPAeyDQ3AMXHAGquAa1EAdYPAEXsAreLOerXfrw/octy5Yk5k9MAXr6xcGDp+0</latexit>

NX

i=1

X

kn

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

2) Find a postive local generating operator

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="I02WCVKv4TZzQhVQZU8Bw9zqnB4=">AAACGHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoUJFYk+pCZEjuu0Vm0n2A5SFWXkJ/gFVtjZECsbK1+C+xhoy5GudHzOvbq+J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q+GfvORSEVjcacHCfE56goaUYy0kQL7wFMpDzIKL6Cb39/A8bMPPUYeoMhhYJecsjMCnCfuhJTABLXA/vE6MU45ERozpFTbdRLtZ0hqihnJi16qSIJwH3VJ21CBOFF+Njokh0dG6cAolqaEhiP170SGuFIDHppOjnRPzXpD8T+vnero3M+oSFJNBB4vilIGdQyHqcAOlQRrNjAEYUnNXyHuIYmwNtlNbQlDnptQ3NkI5knjpOxWypXb01L1chJPAeyDQ3AMXHAGquAa1EAdYPAEXsAreLOerXfrw/octy5Yk5k9MAXr6xcGDp+0</latexit>

NX

i=1

X

kn

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

2) Find a postive local generating operator

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="I02WCVKv4TZzQhVQZU8Bw9zqnB4=">AAACGHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoUJFYk+pCZEjuu0Vm0n2A5SFWXkJ/gFVtjZECsbK1+C+xhoy5GudHzOvbq+J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q+GfvORSEVjcacHCfE56goaUYy0kQL7wFMpDzIKL6Cb39/A8bMPPUYeoMhhYJecsjMCnCfuhJTABLXA/vE6MU45ERozpFTbdRLtZ0hqihnJi16qSIJwH3VJ21CBOFF+Njokh0dG6cAolqaEhiP170SGuFIDHppOjnRPzXpD8T+vnero3M+oSFJNBB4vilIGdQyHqcAOlQRrNjAEYUnNXyHuIYmwNtlNbQlDnptQ3NkI5knjpOxWypXb01L1chJPAeyDQ3AMXHAGquAa1EAdYPAEXsAreLOerXfrw/octy5Yk5k9MAXr6xcGDp+0</latexit>

NX

i=1

X

kn

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

2) Find a postive local generating operator

Translational invariant

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="I02WCVKv4TZzQhVQZU8Bw9zqnB4=">AAACGHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoUJFYk+pCZEjuu0Vm0n2A5SFWXkJ/gFVtjZECsbK1+C+xhoy5GudHzOvbq+J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q+GfvORSEVjcacHCfE56goaUYy0kQL7wFMpDzIKL6Cb39/A8bMPPUYeoMhhYJecsjMCnCfuhJTABLXA/vE6MU45ERozpFTbdRLtZ0hqihnJi16qSIJwH3VJ21CBOFF+Njokh0dG6cAolqaEhiP170SGuFIDHppOjnRPzXpD8T+vnero3M+oSFJNBB4vilIGdQyHqcAOlQRrNjAEYUnNXyHuIYmwNtlNbQlDnptQ3NkI5knjpOxWypXb01L1chJPAeyDQ3AMXHAGquAa1EAdYPAEXsAreLOerXfrw/octy5Yk5k9MAXr6xcGDp+0</latexit>

NX

i=1

X

kn

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}



SIMPLIFICATIONS

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0has a spectral gap  

If and only if

<latexit sha1_base64="b1eQ5b5xDlfVAUBGo2GLuA9aEp8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELxwhkUcCGzI7NDAyO7uZmTUhG77AiweN8eonefNvHGAPClbSSaWqO91dQSy4Nq777eQ2Nre2d/K7hb39g8Oj4vFJS0eJYthkkYhUJ6AaBZfYNNwI7MQKaRgIbAeT+7nffkKleSQfzDRGP6QjyYecUWOlRq1fLLlldwGyTryMlCBDvV/86g0iloQoDRNU667nxsZPqTKcCZwVeonGmLIJHWHXUklD1H66OHRGLqwyIMNI2ZKGLNTfEykNtZ6Gge0MqRnrVW8u/ud1EzO89VMu48SgZMtFw0QQE5H512TAFTIjppZQpri9lbAxVZQZm03BhuCtvrxOWldlr1KuNK5L1bssjjycwTlcggc3UIUa1KEJDBCe4RXenEfnxXl3PpatOSebOYU/cD5/AKELjNc=</latexit>

H
<latexit sha1_base64="fUIy4QXzpf+Y0tBVa2PGE5JPfiA=">AAAB7XicbVBNS8NAEJ34WetX1aOXxSJ4KolI9VjUg8cK9gPaUDbbTbt2swm7E6GE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2ilZveWS6S9UtmtuDOQZeLlpAw56r3SV7cfszTiCpmkxnQ8N0E/oxoFk3xS7KaGJ5SN6IB3LFU04sbPZtdOyKlV+iSMtS2FZKb+nshoZMw4CmxnRHFoFr2p+J/XSTG88jOhkhS5YvNFYSoJxmT6OukLzRnKsSWUaWFvJWxINWVoAyraELzFl5dJ87ziVSvV+4ty7TqPowDHcAJn4MEl1OAO6tAABo/wDK/w5sTOi/PufMxbV5x85gj+wPn8AWQejwc=</latexit>

�

Computing the eigenvalues 
of an exponentially-large matrix

1) Cut to a local operator
<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

<latexit sha1_base64="rTUFCJdHlRD3HuR0kao8q8AyrhU=">AAAB83icbVDLSgNBEOz1GeMr6tHLYBDiJeyKRI9BPXhMwDwgu4TZSScZMju7zMwKIeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkRwbVz321lb39jc2s7t5Hf39g8OC0fHTR2nimGDxSJW7ZBqFFxiw3AjsJ0opFEosBWO7mZ+6wmV5rF8NOMEg4gOJO9zRo2VfFLvypJ/j8LQi26h6JbdOcgq8TJShAy1buHL78UsjVAaJqjWHc9NTDChynAmcJr3U40JZSM6wI6lkkaog8n85ik5t0qP9GNlSxoyV39PTGik9TgKbWdEzVAvezPxP6+Tmv5NMOEySQ1KtljUTwUxMZkFQHpcITNibAllittbCRtSRZmxMeVtCN7yy6ukeVn2KuVK/apYvc3iyMEpnEEJPLiGKjxADRrAIIFneIU3J3VenHfnY9G65mQzJ/AHzucPrWiQ0g==</latexit>

Qn(�)

2) Find a postive local generating operator

Once found, applies to any system size
<latexit sha1_base64="93fs8nNe2vKoV+h1kbzzakWk/OM=">AAACGnicbZDLSsNAFIYn9VbrrerSzWARXJVEpLpRirpwVSrYCzQlTKaTduhkEmZOlBL6HG58FTcuFHEnbnwbp20WWv1h4OM/53Dm/H4suAbb/rJyC4tLyyv51cLa+sbmVnF7p6mjRFHWoJGIVNsnmgkuWQM4CNaOFSOhL1jLH15O6q07pjSP5C2MYtYNSV/ygFMCxvKKjit46KU17CreHwBRKrrHLpcBjMbYvWICiFfDZxnic2x7xZJdtqfCf8HJoIQy1b3ih9uLaBIyCVQQrTuOHUM3JQo4FWxccBPNYkKHpM86BiUJme6m09PG+MA4PRxEyjwJeOr+nEhJqPUo9E1nSGCg52sT879aJ4HgtJtyGSfAJJ0tChKBIcKTnHCPK0ZBjAwQqrj5K6YDoggFk2bBhODMn/wXmkdlp1Ku3ByXqhdZHHm0h/bRIXLQCaqia1RHDUTRA3pCL+jVerSerTfrfdaas7KZXfRL1uc3b3af0g==</latexit>

lim
N!1

�N = � > 0

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}
<latexit sha1_base64="I02WCVKv4TZzQhVQZU8Bw9zqnB4=">AAACGHicbVC7TsMwFHV4lvIKMDJgUSExVQlChQWpgoUJFYk+pCZEjuu0Vm0n2A5SFWXkJ/gFVtjZECsbK1+C+xhoy5GudHzOvbq+J0wYVdpxvq2FxaXlldXCWnF9Y3Nr297Zbag4lZjUccxi2QqRIowKUtdUM9JKJEE8ZKQZ9q+GfvORSEVjcacHCfE56goaUYy0kQL7wFMpDzIKL6Cb39/A8bMPPUYeoMhhYJecsjMCnCfuhJTABLXA/vE6MU45ERozpFTbdRLtZ0hqihnJi16qSIJwH3VJ21CBOFF+Njokh0dG6cAolqaEhiP170SGuFIDHppOjnRPzXpD8T+vnero3M+oSFJNBB4vilIGdQyHqcAOlQRrNjAEYUnNXyHuIYmwNtlNbQlDnptQ3NkI5knjpOxWypXb01L1chJPAeyDQ3AMXHAGquAa1EAdYPAEXsAreLOerXfrw/octy5Yk5k9MAXr6xcGDp+0</latexit>

NX

i=1

X

kn

<latexit sha1_base64="n8ybRC24Vks6J6k/W7fTbjhpiRQ="></latexit>

=
NX

i=1

(h2
i,i+1 ��hi,i+1) +

NX

i=1

X

kd

{hi,i+1, hi+k,i+k+1}+
NX

i=1

X

k>d

{hi,i+1, hi+k,i+k+1}



THE LOCAL GENERATING TERM

Finding a suitable  
local generating term

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="pElZh27gPy/CrFciiUqVqcrx1Oc=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXJHoRgnrwmIB5QLKE2ckkGTI7u870BkLId3jxoIhXP8abf+PkcdDEgoaiqpvuriCWwqDrfjuptfWNza30dmZnd2//IHt4VDNRohmvskhGuhFQw6VQvIoCJW/EmtMwkLweDO6mfn3ItRGResRRzP2Q9pToCkbRSv4NqbRVvnXPJdLzdjbnFtwZyCrxFiQHC5Tb2a9WJ2JJyBUySY1pem6M/phqFEzySaaVGB5TNqA93rRU0ZAbfzw7ekLOrNIh3UjbUkhm6u+JMQ2NGYWB7Qwp9s2yNxX/85oJdq/9sVBxglyx+aJuIglGZJoA6QjNGcqRJZRpYW8lrE81ZWhzytgQvOWXV0ntouAVC8XKZa50u4gjDSdwCnnw4ApK8ABlqAKDJ3iGV3hzhs6L8+58zFtTzmLmGP7A+fwBMcGRGQ==</latexit>

= Qn(�)

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i
<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0



THE LOCAL GENERATING TERM

Finding a suitable  
local generating term

Easy to find a solution, but it is not 

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i
<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0



A GENERAL SOLUTION

If and only if

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i

<latexit sha1_base64="fFLtUyG+rthWrayfZGUcQdZVlFc="></latexit>

qn,i = gn,i + 1 ⌦ Y � Y ⌦ n



A GENERAL SOLUTION

Given

If and only if

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i

<latexit sha1_base64="fFLtUyG+rthWrayfZGUcQdZVlFc="></latexit>

qn,i = gn,i + 1 ⌦ Y � Y ⌦ n



A GENERAL SOLUTION

Given

If and only if

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i

<latexit sha1_base64="fFLtUyG+rthWrayfZGUcQdZVlFc="></latexit>

qn,i = gn,i + 1 ⌦ Y � Y ⌦ n

<latexit sha1_base64="pOtHTwVi1V2DkfbzCIIy3vN/6ms=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxkdwZgpZEG0uM8pHAhewte7Bhd++yu2dCTn6CrfZ2xtY/Y+svcYErBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1O/dYTVZpF8tGMY+oLPJAsZAQbKz3IC69XLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/ZTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSxCIiQ3FW45glTQvy161XL2vlGo3WTx5OIFTOAcPrqAGd1CHBhAYwAu8wpvz7Lw7H87nvDXnZDPHsADn6xcTOpRt</latexit>

n� 1Supported on             sites



A GENERAL SOLUTION

Given

Look for          such that
<latexit sha1_base64="v6xj/JJiL0Awf0au9+omAX/20SE=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaNQY9ELx4hkYeBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJb3ZpygH9GB5CFn1Fip/tArltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdlr1Ku1C9L1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+ALrPjOg=</latexit>

Y

If and only if

<latexit sha1_base64="4jh1PbD5yA7Lt2MVdlojN2vRLVw=">AAACBnicbVDLSgMxFM3UV62vUZciBItQQcqMSHUjFHXhsgX7gM4wZNK0DU0yY5IRytCVG3/FjQtF3PoN7vwb03YWWj1w4XDOvdx7TxgzqrTjfFm5hcWl5ZX8amFtfWNzy97eaaookZg0cMQi2Q6RIowK0tBUM9KOJUE8ZKQVDq8mfuueSEUjcatHMfE56gvaoxhpIwX2fj0QsORdE6bREbyAnkp4QOFdkIpjOg7solN2poB/iZuRIshQC+xPrxvhhBOhMUNKdVwn1n6KpKaYkXHBSxSJER6iPukYKhAnyk+nb4zhoVG6sBdJU0LDqfpzIkVcqREPTSdHeqDmvYn4n9dJdO/cT6mIE00Eni3qJQzqCE4ygV0qCdZsZAjCkppbIR4gibA2yRVMCO78y39J86TsVsqV+mmxepnFkQd74ACUgAvOQBXcgBpoAAwewBN4Aa/Wo/VsvVnvs9aclc3sgl+wPr4B8reXjg==</latexit>

Qn(�) =
X

i

qn,i

<latexit sha1_base64="fFLtUyG+rthWrayfZGUcQdZVlFc="></latexit>

qn,i = gn,i + 1 ⌦ Y � Y ⌦ n

<latexit sha1_base64="pOtHTwVi1V2DkfbzCIIy3vN/6ms=">AAAB+nicbVA9TwJBEJ3DL8Qv1NJmIzGxkdwZgpZEG0uM8pHAhewte7Bhd++yu2dCTn6CrfZ2xtY/Y+svcYErBHzJJC/vzWRmXhBzpo3rfju5tfWNza38dmFnd2//oHh41NRRoghtkIhHqh1gTTmTtGGY4bQdK4pFwGkrGN1O/dYTVZpF8tGMY+oLPJAsZAQbKz3IC69XLLlldwa0SryMlCBDvVf86fYjkggqDeFY647nxsZPsTKMcDopdBNNY0xGeEA7lkosqPbT2akTdGaVPgojZUsaNFP/TqRYaD0Wge0U2Az1sjcV//M6iQmv/ZTJODFUkvmiMOHIRGj6N+ozRYnhY0swUczeisgQK0yMTWdhSxCIiQ3FW45glTQvy161XL2vlGo3WTx5OIFTOAcPrqAGd1CHBhAYwAu8wpvz7Lw7H87nvDXnZDPHsADn6xcTOpRt</latexit>

n� 1Supported on             sites

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0



The numerical tool



A GENERAL SDP TO LOWER BOUND THE GAP

<latexit sha1_base64="3dRMe8OSr5ybHLDBXxFo3Ma9oPk=">AAACHXicbVDLSsNAFJ3UV62vqEs3o0VxVRKRKohQ1IXLCvYBTQiTyaQdOnkwMxFLyNrP8Avc6he4E7fiB/gfTtosbOuBgXPPuZd757gxo0IaxrdWWlhcWl4pr1bW1jc2t/TtnbaIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuMPr3O88EC5oFN7LUUzsAPVD6lOMpJIcfd+6IUwieHQJrQA9Oqnl5XUGrQs4oY5eNWrGGHCemAWpggJNR/+xvAgnAQklZkiInmnE0k4RlxQzklWsRJAY4SHqk56iIQqIsNPxVzJ4qBQP+hFXL5RwrP6dSFEgxChwVWeA5EDMern4n9dLpH9upzSME0lCPFnkJwzKCOa5QI9ygiUbKYIwp+pWiAeIIyxVelNbPJGflqlczNkU5kn7pGbWa/W702rjqkioDPbAATgGJjgDDXALmqAFMHgCL+AVvGnP2rv2oX1OWktaMbMLpqB9/QLmEKHy</latexit>

� = max
�

�
<latexit sha1_base64="qSot6MIarGI0GPXJZIOFQgS9DqE=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuQiJSXRbduKxgH9CGMplM2qGTSZy5EUvoB/gFbvUL3IlbP8MP8D+ctFnY1gMXDufcw70cPxFcg+N8Wyura+sbm6Wt8vbO7t5+5eCwpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsf3eR++5EpzWN5D+OEeREZSB5ySsBIXg/Yk0ll2gZ70q9UHduZAi8TtyBVVKDRr/z0gpimEZNABdG66zoJeBlRwKlgk3Iv1SwhdEQGrGuoJBHTXjZ9eoJPjRLgMFZmJOCp+jeRkUjrceSbzYjAUC96ufif100hvPIyLpMUmKSzQ2EqMMQ4bwAHXDEKYmwIoYqbXzEdEkUomJ7mrgQ6fy3vxV1sYZm0zm23ZtfuLqr166KhEjpGJ+gMuegS1dEtaqAmougBvaBX9GY9W+/Wh/U5W12xiswRmoP19QvsTpqt</latexit>

s.t.

<latexit sha1_base64="4bEVm+eQSBLeZlDifmASRQGcS5I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9N3++WKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxze//Y13</latexit>

E0

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

<latexit sha1_base64="3dRMe8OSr5ybHLDBXxFo3Ma9oPk=">AAACHXicbVDLSsNAFJ3UV62vqEs3o0VxVRKRKohQ1IXLCvYBTQiTyaQdOnkwMxFLyNrP8Avc6he4E7fiB/gfTtosbOuBgXPPuZd757gxo0IaxrdWWlhcWl4pr1bW1jc2t/TtnbaIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuMPr3O88EC5oFN7LUUzsAPVD6lOMpJIcfd+6IUwieHQJrQA9Oqnl5XUGrQs4oY5eNWrGGHCemAWpggJNR/+xvAgnAQklZkiInmnE0k4RlxQzklWsRJAY4SHqk56iIQqIsNPxVzJ4qBQP+hFXL5RwrP6dSFEgxChwVWeA5EDMern4n9dLpH9upzSME0lCPFnkJwzKCOa5QI9ygiUbKYIwp+pWiAeIIyxVelNbPJGflqlczNkU5kn7pGbWa/W702rjqkioDPbAATgGJjgDDXALmqAFMHgCL+AVvGnP2rv2oX1OWktaMbMLpqB9/QLmEKHy</latexit>

� = max
�

�Gap

<latexit sha1_base64="psF0hx1NEFdTekRHIR5F5/nqWaw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFKkui266rGAf0MQymdy0QycPZyZCCd34K25cKOLWz3Dn3zhts9DWAxcO59zLvfd4CWdSWda3UVhZXVvfKG6WtrZ3dvfM/YO2jFNBoUVjHouuRyRwFkFLMcWhmwggoceh441upn7nEYRkcXSnxgm4IRlELGCUKC31zaPGfRWfOz5wRXADOzKlFB6w1TfLVsWaAS8TOydllKPZN78cP6ZpCJGinEjZs61EuRkRilEOk5KTSkgIHZEB9DSNSAjSzWYPTPCpVnwcxEJXpPBM/T2RkVDKcejpzpCooVz0puJ/Xi9VwZWbsShJFUR0vihIOVYxnqaBfSaAKj7WhFDB9K2YDokgVOnMSjoEe/HlZdKuVuxapXZ7Ua5f53EU0TE6QWfIRpeojhqoiVqIogl6Rq/ozXgyXox342PeWjDymUP0B8bnDyohlN8=</latexit>

H
2 � �H ⌫ 0



A GENERAL SDP TO LOWER BOUND THE GAP

<latexit sha1_base64="3dRMe8OSr5ybHLDBXxFo3Ma9oPk=">AAACHXicbVDLSsNAFJ3UV62vqEs3o0VxVRKRKohQ1IXLCvYBTQiTyaQdOnkwMxFLyNrP8Avc6he4E7fiB/gfTtosbOuBgXPPuZd757gxo0IaxrdWWlhcWl4pr1bW1jc2t/TtnbaIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuMPr3O88EC5oFN7LUUzsAPVD6lOMpJIcfd+6IUwieHQJrQA9Oqnl5XUGrQs4oY5eNWrGGHCemAWpggJNR/+xvAgnAQklZkiInmnE0k4RlxQzklWsRJAY4SHqk56iIQqIsNPxVzJ4qBQP+hFXL5RwrP6dSFEgxChwVWeA5EDMern4n9dLpH9upzSME0lCPFnkJwzKCOa5QI9ygiUbKYIwp+pWiAeIIyxVelNbPJGflqlczNkU5kn7pGbWa/W702rjqkioDPbAATgGJjgDDXALmqAFMHgCL+AVvGnP2rv2oX1OWktaMbMLpqB9/QLmEKHy</latexit>

� = max
�

�
<latexit sha1_base64="qSot6MIarGI0GPXJZIOFQgS9DqE=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuQiJSXRbduKxgH9CGMplM2qGTSZy5EUvoB/gFbvUL3IlbP8MP8D+ctFnY1gMXDufcw70cPxFcg+N8Wyura+sbm6Wt8vbO7t5+5eCwpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsf3eR++5EpzWN5D+OEeREZSB5ySsBIXg/Yk0ll2gZ70q9UHduZAi8TtyBVVKDRr/z0gpimEZNABdG66zoJeBlRwKlgk3Iv1SwhdEQGrGuoJBHTXjZ9eoJPjRLgMFZmJOCp+jeRkUjrceSbzYjAUC96ufif100hvPIyLpMUmKSzQ2EqMMQ4bwAHXDEKYmwIoYqbXzEdEkUomJ7mrgQ6fy3vxV1sYZm0zm23ZtfuLqr166KhEjpGJ+gMuegS1dEtaqAmougBvaBX9GY9W+/Wh/U5W12xiswRmoP19QvsTpqt</latexit>

s.t.

<latexit sha1_base64="4bEVm+eQSBLeZlDifmASRQGcS5I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9N3++WKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxze//Y13</latexit>

E0

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

Find a local and TI sum of squares

<latexit sha1_base64="psF0hx1NEFdTekRHIR5F5/nqWaw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFKkui266rGAf0MQymdy0QycPZyZCCd34K25cKOLWz3Dn3zhts9DWAxcO59zLvfd4CWdSWda3UVhZXVvfKG6WtrZ3dvfM/YO2jFNBoUVjHouuRyRwFkFLMcWhmwggoceh441upn7nEYRkcXSnxgm4IRlELGCUKC31zaPGfRWfOz5wRXADOzKlFB6w1TfLVsWaAS8TOydllKPZN78cP6ZpCJGinEjZs61EuRkRilEOk5KTSkgIHZEB9DSNSAjSzWYPTPCpVnwcxEJXpPBM/T2RkVDKcejpzpCooVz0puJ/Xi9VwZWbsShJFUR0vihIOVYxnqaBfSaAKj7WhFDB9K2YDokgVOnMSjoEe/HlZdKuVuxapXZ7Ua5f53EU0TE6QWfIRpeojhqoiVqIogl6Rq/ozXgyXox342PeWjDymUP0B8bnDyohlN8=</latexit>

H
2 � �H ⌫ 0

<latexit sha1_base64="ikeokJMbYtcOf/KpoSYloH2njhA=">AAACEXicbVC7SgNBFJ2NrxhfURvBZjAIsQm7ItFGCGphYRHBPCC7LLOTSTJkZnaZmRXCsv6Ev2CrvZ3Y+gW2fomTZAuTeODC4Zx7ufeeIGJUadv+tnJLyyura/n1wsbm1vZOcXevqcJYYtLAIQtlO0CKMCpIQ1PNSDuSBPGAkVYwvB77rUciFQ3Fgx5FxOOoL2iPYqSN5BcP3BvCNPITlyM9kDy5S9OyOIGXfrFkV+wJ4CJxMlICGep+8cfthjjmRGjMkFIdx460lyCpKWYkLbixIhHCQ9QnHUMF4kR5yeSDFB4bpQt7oTQlNJyofycSxJUa8cB0ju9U895Y/M/rxLp34SVURLEmAk8X9WIGdQjHccAulQRrNjIEYUnNrRAPkERYm9BmtgQBT00oznwEi6R5WnGqler9Wal2lcWTB4fgCJSBA85BDdyCOmgADJ7AC3gFb9az9W59WJ/T1pyVzeyDGVhfv8bynYY=</latexit>

�L(n) =



A GENERAL SDP TO LOWER BOUND THE GAP

<latexit sha1_base64="3dRMe8OSr5ybHLDBXxFo3Ma9oPk=">AAACHXicbVDLSsNAFJ3UV62vqEs3o0VxVRKRKohQ1IXLCvYBTQiTyaQdOnkwMxFLyNrP8Avc6he4E7fiB/gfTtosbOuBgXPPuZd757gxo0IaxrdWWlhcWl4pr1bW1jc2t/TtnbaIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuMPr3O88EC5oFN7LUUzsAPVD6lOMpJIcfd+6IUwieHQJrQA9Oqnl5XUGrQs4oY5eNWrGGHCemAWpggJNR/+xvAgnAQklZkiInmnE0k4RlxQzklWsRJAY4SHqk56iIQqIsNPxVzJ4qBQP+hFXL5RwrP6dSFEgxChwVWeA5EDMern4n9dLpH9upzSME0lCPFnkJwzKCOa5QI9ygiUbKYIwp+pWiAeIIyxVelNbPJGflqlczNkU5kn7pGbWa/W702rjqkioDPbAATgGJjgDDXALmqAFMHgCL+AVvGnP2rv2oX1OWktaMbMLpqB9/QLmEKHy</latexit>

� = max
�

�
<latexit sha1_base64="qSot6MIarGI0GPXJZIOFQgS9DqE=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuQiJSXRbduKxgH9CGMplM2qGTSZy5EUvoB/gFbvUL3IlbP8MP8D+ctFnY1gMXDufcw70cPxFcg+N8Wyura+sbm6Wt8vbO7t5+5eCwpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsf3eR++5EpzWN5D+OEeREZSB5ySsBIXg/Yk0ll2gZ70q9UHduZAi8TtyBVVKDRr/z0gpimEZNABdG66zoJeBlRwKlgk3Iv1SwhdEQGrGuoJBHTXjZ9eoJPjRLgMFZmJOCp+jeRkUjrceSbzYjAUC96ufif100hvPIyLpMUmKSzQ2EqMMQ4bwAHXDEKYmwIoYqbXzEdEkUomJ7mrgQ6fy3vxV1sYZm0zm23ZtfuLqr166KhEjpGJ+gMuegS1dEtaqAmougBvaBX9GY9W+/Wh/U5W12xiswRmoP19QvsTpqt</latexit>

s.t.

<latexit sha1_base64="4bEVm+eQSBLeZlDifmASRQGcS5I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9N3++WKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxze//Y13</latexit>

E0

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

Find a local and TI sum of squares

<latexit sha1_base64="psF0hx1NEFdTekRHIR5F5/nqWaw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFKkui266rGAf0MQymdy0QycPZyZCCd34K25cKOLWz3Dn3zhts9DWAxcO59zLvfd4CWdSWda3UVhZXVvfKG6WtrZ3dvfM/YO2jFNBoUVjHouuRyRwFkFLMcWhmwggoceh441upn7nEYRkcXSnxgm4IRlELGCUKC31zaPGfRWfOz5wRXADOzKlFB6w1TfLVsWaAS8TOydllKPZN78cP6ZpCJGinEjZs61EuRkRilEOk5KTSkgIHZEB9DSNSAjSzWYPTPCpVnwcxEJXpPBM/T2RkVDKcejpzpCooVz0puJ/Xi9VwZWbsShJFUR0vihIOVYxnqaBfSaAKj7WhFDB9K2YDokgVOnMSjoEe/HlZdKuVuxapXZ7Ua5f53EU0TE6QWfIRpeojhqoiVqIogl6Rq/ozXgyXox342PeWjDymUP0B8bnDyohlN8=</latexit>

H
2 � �H ⌫ 0

Sufficient condition for
<latexit sha1_base64="psF0hx1NEFdTekRHIR5F5/nqWaw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFKkui266rGAf0MQymdy0QycPZyZCCd34K25cKOLWz3Dn3zhts9DWAxcO59zLvfd4CWdSWda3UVhZXVvfKG6WtrZ3dvfM/YO2jFNBoUVjHouuRyRwFkFLMcWhmwggoceh441upn7nEYRkcXSnxgm4IRlELGCUKC31zaPGfRWfOz5wRXADOzKlFB6w1TfLVsWaAS8TOydllKPZN78cP6ZpCJGinEjZs61EuRkRilEOk5KTSkgIHZEB9DSNSAjSzWYPTPCpVnwcxEJXpPBM/T2RkVDKcejpzpCooVz0puJ/Xi9VwZWbsShJFUR0vihIOVYxnqaBfSaAKj7WhFDB9K2YDokgVOnMSjoEe/HlZdKuVuxapXZ7Ua5f53EU0TE6QWfIRpeojhqoiVqIogl6Rq/ozXgyXox342PeWjDymUP0B8bnDyohlN8=</latexit>

H
2 � �H ⌫ 0

<latexit sha1_base64="ikeokJMbYtcOf/KpoSYloH2njhA=">AAACEXicbVC7SgNBFJ2NrxhfURvBZjAIsQm7ItFGCGphYRHBPCC7LLOTSTJkZnaZmRXCsv6Ev2CrvZ3Y+gW2fomTZAuTeODC4Zx7ufeeIGJUadv+tnJLyyura/n1wsbm1vZOcXevqcJYYtLAIQtlO0CKMCpIQ1PNSDuSBPGAkVYwvB77rUciFQ3Fgx5FxOOoL2iPYqSN5BcP3BvCNPITlyM9kDy5S9OyOIGXfrFkV+wJ4CJxMlICGep+8cfthjjmRGjMkFIdx460lyCpKWYkLbixIhHCQ9QnHUMF4kR5yeSDFB4bpQt7oTQlNJyofycSxJUa8cB0ju9U895Y/M/rxLp34SVURLEmAk8X9WIGdQjHccAulQRrNjIEYUnNrRAPkERYm9BmtgQBT00oznwEi6R5WnGqler9Wal2lcWTB4fgCJSBA85BDdyCOmgADJ7AC3gFb9az9W59WJ/T1pyVzeyDGVhfv8bynYY=</latexit>

�L(n) =

<latexit sha1_base64="qSot6MIarGI0GPXJZIOFQgS9DqE=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuQiJSXRbduKxgH9CGMplM2qGTSZy5EUvoB/gFbvUL3IlbP8MP8D+ctFnY1gMXDufcw70cPxFcg+N8Wyura+sbm6Wt8vbO7t5+5eCwpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsf3eR++5EpzWN5D+OEeREZSB5ySsBIXg/Yk0ll2gZ70q9UHduZAi8TtyBVVKDRr/z0gpimEZNABdG66zoJeBlRwKlgk3Iv1SwhdEQGrGuoJBHTXjZ9eoJPjRLgMFZmJOCp+jeRkUjrceSbzYjAUC96ufif100hvPIyLpMUmKSzQ2EqMMQ4bwAHXDEKYmwIoYqbXzEdEkUomJ7mrgQ6fy3vxV1sYZm0zm23ZtfuLqr166KhEjpGJ+gMuegS1dEtaqAmougBvaBX9GY9W+/Wh/U5W12xiswRmoP19QvsTpqt</latexit>

s.t.

<latexit sha1_base64="r4pXQGz1v/6pEI7JfxXrnlGq1do=">AAACIHicbVDLSsNAFJ3UV62vqEs3g1VxISURqYIIRV24rGAf0oQwmUzboZMHMxOxhPyAn+EXuNUvcCcude9/OGmzsK0HBs49517uneNGjAppGF9aYW5+YXGpuFxaWV1b39A3t5oijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q6uMr/1QLigYXAnhxGxfdQLaJdiJJXk6HvWNWESwYMLaPno0UksL6uP4H0KrXM4rhy9bFSMEeAsMXNSBjnqjv5jeSGOfRJIzJAQHdOIpJ0gLilmJC1ZsSARwgPUIx1FA+QTYSej36RwXyke7IZcvUDCkfp3IkG+EEPfVZ0+kn0x7WXif14nlt0zO6FBFEsS4PGibsygDGEWDfQoJ1iyoSIIc6puhbiPOMJSBTixxRPZaanKxZxOYZY0jytmtVK9PSnXLvOEimAH7IJDYIJTUAM3oA4aAIMn8AJewZv2rL1rH9rnuLWg5TPbYALa9y97eaK1</latexit>

� = max
�,Y

�

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="ikeokJMbYtcOf/KpoSYloH2njhA=">AAACEXicbVC7SgNBFJ2NrxhfURvBZjAIsQm7ItFGCGphYRHBPCC7LLOTSTJkZnaZmRXCsv6Ev2CrvZ3Y+gW2fomTZAuTeODC4Zx7ufeeIGJUadv+tnJLyyura/n1wsbm1vZOcXevqcJYYtLAIQtlO0CKMCpIQ1PNSDuSBPGAkVYwvB77rUciFQ3Fgx5FxOOoL2iPYqSN5BcP3BvCNPITlyM9kDy5S9OyOIGXfrFkV+wJ4CJxMlICGep+8cfthjjmRGjMkFIdx460lyCpKWYkLbixIhHCQ9QnHUMF4kR5yeSDFB4bpQt7oTQlNJyofycSxJUa8cB0ju9U895Y/M/rxLp34SVURLEmAk8X9WIGdQjHccAulQRrNjIEYUnNrRAPkERYm9BmtgQBT00oznwEi6R5WnGqler9Wal2lcWTB4fgCJSBA85BDdyCOmgADJ7AC3gFb9az9W59WJ/T1pyVzeyDGVhfv8bynYY=</latexit>

�L(n) =

<latexit sha1_base64="a/Qm90hchitG8OUa2x9IsnqUNqI="></latexit>

qn,i = gn,i(�) + 1 ⌦ Y � Y ⌦ n



A GENERAL SDP TO LOWER BOUND THE GAP

<latexit sha1_base64="3dRMe8OSr5ybHLDBXxFo3Ma9oPk=">AAACHXicbVDLSsNAFJ3UV62vqEs3o0VxVRKRKohQ1IXLCvYBTQiTyaQdOnkwMxFLyNrP8Avc6he4E7fiB/gfTtosbOuBgXPPuZd757gxo0IaxrdWWlhcWl4pr1bW1jc2t/TtnbaIEo5JC0cs4l0XCcJoSFqSSka6MScocBnpuMPr3O88EC5oFN7LUUzsAPVD6lOMpJIcfd+6IUwieHQJrQA9Oqnl5XUGrQs4oY5eNWrGGHCemAWpggJNR/+xvAgnAQklZkiInmnE0k4RlxQzklWsRJAY4SHqk56iIQqIsNPxVzJ4qBQP+hFXL5RwrP6dSFEgxChwVWeA5EDMern4n9dLpH9upzSME0lCPFnkJwzKCOa5QI9ygiUbKYIwp+pWiAeIIyxVelNbPJGflqlczNkU5kn7pGbWa/W702rjqkioDPbAATgGJjgDDXALmqAFMHgCL+AVvGnP2rv2oX1OWktaMbMLpqB9/QLmEKHy</latexit>

� = max
�

�
<latexit sha1_base64="qSot6MIarGI0GPXJZIOFQgS9DqE=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuQiJSXRbduKxgH9CGMplM2qGTSZy5EUvoB/gFbvUL3IlbP8MP8D+ctFnY1gMXDufcw70cPxFcg+N8Wyura+sbm6Wt8vbO7t5+5eCwpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsf3eR++5EpzWN5D+OEeREZSB5ySsBIXg/Yk0ll2gZ70q9UHduZAi8TtyBVVKDRr/z0gpimEZNABdG66zoJeBlRwKlgk3Iv1SwhdEQGrGuoJBHTXjZ9eoJPjRLgMFZmJOCp+jeRkUjrceSbzYjAUC96ufif100hvPIyLpMUmKSzQ2EqMMQ4bwAHXDEKYmwIoYqbXzEdEkUomJ7mrgQ6fy3vxV1sYZm0zm23ZtfuLqr166KhEjpGJ+gMuegS1dEtaqAmougBvaBX9GY9W+/Wh/U5W12xiswRmoP19QvsTpqt</latexit>

s.t.

Find a local and TI sum of squares

<latexit sha1_base64="psF0hx1NEFdTekRHIR5F5/nqWaw=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4MaSFKkui266rGAf0MQymdy0QycPZyZCCd34K25cKOLWz3Dn3zhts9DWAxcO59zLvfd4CWdSWda3UVhZXVvfKG6WtrZ3dvfM/YO2jFNBoUVjHouuRyRwFkFLMcWhmwggoceh441upn7nEYRkcXSnxgm4IRlELGCUKC31zaPGfRWfOz5wRXADOzKlFB6w1TfLVsWaAS8TOydllKPZN78cP6ZpCJGinEjZs61EuRkRilEOk5KTSkgIHZEB9DSNSAjSzWYPTPCpVnwcxEJXpPBM/T2RkVDKcejpzpCooVz0puJ/Xi9VwZWbsShJFUR0vihIOVYxnqaBfSaAKj7WhFDB9K2YDokgVOnMSjoEe/HlZdKuVuxapXZ7Ua5f53EU0TE6QWfIRpeojhqoiVqIogl6Rq/ozXgyXox342PeWjDymUP0B8bnDyohlN8=</latexit>

H
2 � �H ⌫ 0

<latexit sha1_base64="4bEVm+eQSBLeZlDifmASRQGcS5I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9N3++WKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxze//Y13</latexit>

E0

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

Systematic way of improving

<latexit sha1_base64="ikeokJMbYtcOf/KpoSYloH2njhA=">AAACEXicbVC7SgNBFJ2NrxhfURvBZjAIsQm7ItFGCGphYRHBPCC7LLOTSTJkZnaZmRXCsv6Ev2CrvZ3Y+gW2fomTZAuTeODC4Zx7ufeeIGJUadv+tnJLyyura/n1wsbm1vZOcXevqcJYYtLAIQtlO0CKMCpIQ1PNSDuSBPGAkVYwvB77rUciFQ3Fgx5FxOOoL2iPYqSN5BcP3BvCNPITlyM9kDy5S9OyOIGXfrFkV+wJ4CJxMlICGep+8cfthjjmRGjMkFIdx460lyCpKWYkLbixIhHCQ9QnHUMF4kR5yeSDFB4bpQt7oTQlNJyofycSxJUa8cB0ju9U895Y/M/rxLp34SVURLEmAk8X9WIGdQjHccAulQRrNjIEYUnNrRAPkERYm9BmtgQBT00oznwEi6R5WnGqler9Wal2lcWTB4fgCJSBA85BDdyCOmgADJ7AC3gFb9az9W59WJ/T1pyVzeyDGVhfv8bynYY=</latexit>

�L(n) =
<latexit sha1_base64="thYN9bo01cVWpVXY7hd9aqVUUvs=">AAACEHicbVC7TsMwFHV4lvIKMDCwRFSIslQJQoWxAgYGhiLRh9REkeM6rVXbiWwHqYryE/wCK+xsiJU/YOVLcNoMtOVIVzo6517de08QUyKVbX8bS8srq2vrpY3y5tb2zq65t9+WUSIQbqGIRqIbQIkp4biliKK4GwsMWUBxJxjd5H7nCQtJIv6oxjH2GBxwEhIElZZ889C9xVRBP3UZVEPB0vssq/LTM9+s2DV7AmuROAWpgAJN3/xx+xFKGOYKUShlz7Fj5aVQKIIozspuInEM0QgOcE9TDhmWXjp5ILNOtNK3wkjo4sqaqH8nUsikHLNAd+ZnynkvF//zeokKr7yU8DhRmKPpojChloqsPA2rTwRGio41gUgQfauFhlBApHRmM1uCgGU6FGc+gkXSPq859Vr94aLSuC7iKYEjcAyqwAGXoAHuQBO0AAIZeAGv4M14Nt6ND+Nz2rpkFDMHYAbG1y9D1J1G</latexit>

�L(n
0)

<latexit sha1_base64="aFMMrtYEE+dLISaFjOyxlgJ0QRY=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxhIS+UjgQvaWOdiwt3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/81hMqzWP5aMYJ+hEdSB5yRo2V6rJXLLlldw6yTryMlCBDrVf86fZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApubBKn4SxsiUNmat/JyY00nocBbYzomaoV72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpulLUEQTW0o3moE66R5VfYq5Ur9ulS9y+LJwxmcwyV4cANVeIAaNIABwgu8wpvz7Lw7H87nojXnZDOnsATn6xcz4JP7</latexit>n

<latexit sha1_base64="zXmNljTCafa6tfWFyR3DHXD8ZVk=">AAAB+XicbVA9TwJBEJ3DL8Qv1NJmIzFakTtj0JJoY4nGAxK4kL1lDzbs7l1290zIhX9gq72dsfXX2PpLXOAKAV8yyct7M5mZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8eNXWcKkJ9EvNYtUOsKWeS+oYZTtuJoliEnLbC0d3Ubz1TpVksn8w4oYHAA8kiRrCx0qM875UrbtWdAa0SLycVyNHolX+6/ZikgkpDONa647mJCTKsDCOcTkrdVNMEkxEe0I6lEguqg2x26QSdWaWPoljZkgbN1L8TGRZaj0VoOwU2Q73sTcX/vE5qopsgYzJJDZVkvihKOTIxmr6N+kxRYvjYEkwUs7ciMsQKE2PDWdgShmJiQ/GWI1glzcuqV6vWHq4q9ds8niKcwClcgAfXUId7aIAPBCJ4gVd4czLn3flwPuetBSefOYYFOF+/ls6ULA==</latexit>

n0

<latexit sha1_base64="qSot6MIarGI0GPXJZIOFQgS9DqE=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuQiJSXRbduKxgH9CGMplM2qGTSZy5EUvoB/gFbvUL3IlbP8MP8D+ctFnY1gMXDufcw70cPxFcg+N8Wyura+sbm6Wt8vbO7t5+5eCwpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsf3eR++5EpzWN5D+OEeREZSB5ySsBIXg/Yk0ll2gZ70q9UHduZAi8TtyBVVKDRr/z0gpimEZNABdG66zoJeBlRwKlgk3Iv1SwhdEQGrGuoJBHTXjZ9eoJPjRLgMFZmJOCp+jeRkUjrceSbzYjAUC96ufif100hvPIyLpMUmKSzQ2EqMMQ4bwAHXDEKYmwIoYqbXzEdEkUomJ7mrgQ6fy3vxV1sYZm0zm23ZtfuLqr166KhEjpGJ+gMuegS1dEtaqAmougBvaBX9GY9W+/Wh/U5W12xiswRmoP19QvsTpqt</latexit>

s.t.

<latexit sha1_base64="r4pXQGz1v/6pEI7JfxXrnlGq1do=">AAACIHicbVDLSsNAFJ3UV62vqEs3g1VxISURqYIIRV24rGAf0oQwmUzboZMHMxOxhPyAn+EXuNUvcCcude9/OGmzsK0HBs49517uneNGjAppGF9aYW5+YXGpuFxaWV1b39A3t5oijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q6uMr/1QLigYXAnhxGxfdQLaJdiJJXk6HvWNWESwYMLaPno0UksL6uP4H0KrXM4rhy9bFSMEeAsMXNSBjnqjv5jeSGOfRJIzJAQHdOIpJ0gLilmJC1ZsSARwgPUIx1FA+QTYSej36RwXyke7IZcvUDCkfp3IkG+EEPfVZ0+kn0x7WXif14nlt0zO6FBFEsS4PGibsygDGEWDfQoJ1iyoSIIc6puhbiPOMJSBTixxRPZaanKxZxOYZY0jytmtVK9PSnXLvOEimAH7IJDYIJTUAM3oA4aAIMn8AJewZv2rL1rH9rnuLWg5TPbYALa9y97eaK1</latexit>

� = max
�,Y

�

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="ikeokJMbYtcOf/KpoSYloH2njhA=">AAACEXicbVC7SgNBFJ2NrxhfURvBZjAIsQm7ItFGCGphYRHBPCC7LLOTSTJkZnaZmRXCsv6Ev2CrvZ3Y+gW2fomTZAuTeODC4Zx7ufeeIGJUadv+tnJLyyura/n1wsbm1vZOcXevqcJYYtLAIQtlO0CKMCpIQ1PNSDuSBPGAkVYwvB77rUciFQ3Fgx5FxOOoL2iPYqSN5BcP3BvCNPITlyM9kDy5S9OyOIGXfrFkV+wJ4CJxMlICGep+8cfthjjmRGjMkFIdx460lyCpKWYkLbixIhHCQ9QnHUMF4kR5yeSDFB4bpQt7oTQlNJyofycSxJUa8cB0ju9U895Y/M/rxLp34SVURLEmAk8X9WIGdQjHccAulQRrNjIEYUnNrRAPkERYm9BmtgQBT00oznwEi6R5WnGqler9Wal2lcWTB4fgCJSBA85BDdyCOmgADJ7AC3gFb9az9W59WJ/T1pyVzeyDGVhfv8bynYY=</latexit>

�L(n) =

<latexit sha1_base64="a/Qm90hchitG8OUa2x9IsnqUNqI="></latexit>

qn,i = gn,i(�) + 1 ⌦ Y � Y ⌦ n



A GENERAL SDP TO LOWER BOUND THE GAP

Semidefinite programming = the global minimum can be found efficiently 
in the size of 

<latexit sha1_base64="Zhs/frhfLeI2taNUP+gkVreKEfw=">AAAB+3icbVDLSsNAFJ3UV62vqks3g0VwVRKR6rLoxmUL9iFtKJPJTTt0MgkzE6GEfIFb/QJ34taP8QP8DydtFrb1wMDhnHu5Z44Xc6a0bX9bpY3Nre2d8m5lb//g8Kh6fNJVUSIpdGjEI9n3iALOBHQ00xz6sQQSehx63vQ+93vPIBWLxKOexeCGZCxYwCjRRmo/jao1u27PgdeJU5AaKtAaVX+GfkSTEISmnCg1cOxYuymRmlEOWWWYKIgJnZIxDAwVJATlpvOgGb4wio+DSJonNJ6rfzdSEio1Cz0zGRI9UateLv7nDRId3LopE3GiQdDFoSDhWEc4/zX2mQSq+cwQQiUzWTGdEEmoNt0sXfFVHi0zvTirLayT7lXdadQb7eta865oqIzO0Dm6RA66QU30gFqogygC9IJe0ZuVWe/Wh/W5GC1Zxc4pWoL19QtPD5VV</latexit>

Y

<latexit sha1_base64="qSot6MIarGI0GPXJZIOFQgS9DqE=">AAACB3icbVDLSsNAFJ34rPVVdelmsAiuQiJSXRbduKxgH9CGMplM2qGTSZy5EUvoB/gFbvUL3IlbP8MP8D+ctFnY1gMXDufcw70cPxFcg+N8Wyura+sbm6Wt8vbO7t5+5eCwpeNUUdaksYhVxyeaCS5ZEzgI1kkUI5EvWNsf3eR++5EpzWN5D+OEeREZSB5ySsBIXg/Yk0ll2gZ70q9UHduZAi8TtyBVVKDRr/z0gpimEZNABdG66zoJeBlRwKlgk3Iv1SwhdEQGrGuoJBHTXjZ9eoJPjRLgMFZmJOCp+jeRkUjrceSbzYjAUC96ufif100hvPIyLpMUmKSzQ2EqMMQ4bwAHXDEKYmwIoYqbXzEdEkUomJ7mrgQ6fy3vxV1sYZm0zm23ZtfuLqr166KhEjpGJ+gMuegS1dEtaqAmougBvaBX9GY9W+/Wh/U5W12xiswRmoP19QvsTpqt</latexit>

s.t.

<latexit sha1_base64="r4pXQGz1v/6pEI7JfxXrnlGq1do=">AAACIHicbVDLSsNAFJ3UV62vqEs3g1VxISURqYIIRV24rGAf0oQwmUzboZMHMxOxhPyAn+EXuNUvcCcude9/OGmzsK0HBs49517uneNGjAppGF9aYW5+YXGpuFxaWV1b39A3t5oijDkmDRyykLddJAijAWlIKhlpR5wg32Wk5Q6uMr/1QLigYXAnhxGxfdQLaJdiJJXk6HvWNWESwYMLaPno0UksL6uP4H0KrXM4rhy9bFSMEeAsMXNSBjnqjv5jeSGOfRJIzJAQHdOIpJ0gLilmJC1ZsSARwgPUIx1FA+QTYSej36RwXyke7IZcvUDCkfp3IkG+EEPfVZ0+kn0x7WXif14nlt0zO6FBFEsS4PGibsygDGEWDfQoJ1iyoSIIc6puhbiPOMJSBTixxRPZaanKxZxOYZY0jytmtVK9PSnXLvOEimAH7IJDYIJTUAM3oA4aAIMn8AJewZv2rL1rH9rnuLWg5TPbYALa9y97eaK1</latexit>

� = max
�,Y

�

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="ikeokJMbYtcOf/KpoSYloH2njhA=">AAACEXicbVC7SgNBFJ2NrxhfURvBZjAIsQm7ItFGCGphYRHBPCC7LLOTSTJkZnaZmRXCsv6Ev2CrvZ3Y+gW2fomTZAuTeODC4Zx7ufeeIGJUadv+tnJLyyura/n1wsbm1vZOcXevqcJYYtLAIQtlO0CKMCpIQ1PNSDuSBPGAkVYwvB77rUciFQ3Fgx5FxOOoL2iPYqSN5BcP3BvCNPITlyM9kDy5S9OyOIGXfrFkV+wJ4CJxMlICGep+8cfthjjmRGjMkFIdx460lyCpKWYkLbixIhHCQ9QnHUMF4kR5yeSDFB4bpQt7oTQlNJyofycSxJUa8cB0ju9U895Y/M/rxLp34SVURLEmAk8X9WIGdQjHccAulQRrNjIEYUnNrRAPkERYm9BmtgQBT00oznwEi6R5WnGqler9Wal2lcWTB4fgCJSBA85BDdyCOmgADJ7AC3gFb9az9W59WJ/T1pyVzeyDGVhfv8bynYY=</latexit>

�L(n) =

<latexit sha1_base64="a/Qm90hchitG8OUa2x9IsnqUNqI="></latexit>

qn,i = gn,i(�) + 1 ⌦ Y � Y ⌦ n



Comparison to existing 
techniques



TWO MAIN TECHNIQUES

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

Global Local
<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0



TWO MAIN TECHNIQUES

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

Global Local

Previous methods have a similar spirit

- Finite-size criteria  (Knabe 1988,  M. Lemm and D. Xiang 2022, …) 

Requires estimating the gap for the size      system

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="aFMMrtYEE+dLISaFjOyxlgJ0QRY=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxhIS+UjgQvaWOdiwt3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/81hMqzWP5aMYJ+hEdSB5yRo2V6rJXLLlldw6yTryMlCBDrVf86fZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApubBKn4SxsiUNmat/JyY00nocBbYzomaoV72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpulLUEQTW0o3moE66R5VfYq5Ur9ulS9y+LJwxmcwyV4cANVeIAaNIABwgu8wpvz7Lw7H87nojXnZDOnsATn6xcz4JP7</latexit>n



TWO MAIN TECHNIQUES

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

Global Local

Previous methods have a similar spirit

- Finite-size criteria  (Knabe 1988,  M. Lemm and D. Xiang 2022, …) 

- Martingale-like methods 

Requires estimating the gap for the size      system

Requires estimating the norm of size      projectors

(Nachtergaele 1996, M. J. Kastoryano and A. Lucia 2018, …)

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0

<latexit sha1_base64="aFMMrtYEE+dLISaFjOyxlgJ0QRY=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxhIS+UjgQvaWOdiwt3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/81hMqzWP5aMYJ+hEdSB5yRo2V6rJXLLlldw6yTryMlCBDrVf86fZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApubBKn4SxsiUNmat/JyY00nocBbYzomaoV72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpulLUEQTW0o3moE66R5VfYq5Ur9ulS9y+LJwxmcwyV4cANVeIAaNIABwgu8wpvz7Lw7H87nojXnZDOnsATn6xcz4JP7</latexit>n

<latexit sha1_base64="aFMMrtYEE+dLISaFjOyxlgJ0QRY=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxhIS+UjgQvaWOdiwt3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/81hMqzWP5aMYJ+hEdSB5yRo2V6rJXLLlldw6yTryMlCBDrVf86fZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApubBKn4SxsiUNmat/JyY00nocBbYzomaoV72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpulLUEQTW0o3moE66R5VfYq5Ur9ulS9y+LJwxmcwyV4cANVeIAaNIABwgu8wpvz7Lw7H87nojXnZDOnsATn6xcz4JP7</latexit>n



TWO MAIN TECHNIQUES

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

Global Local

Previous methods have a similar spirit

- Martingale-like methods

Have been used 
to prove the gap  
in recent 2D results

N. Pomata and W. Tzu-Chieh, "Demonstrating 
the Affleck-Kennedy-Lieb-Tasaki spectral gap on 
2D degree-3 lattices.”, PRL 124.17 (2020)

M. Lemm, A. W. Sandvik, and L. Wang,                     
”Existence of a spectral gap in the Affleck-Kennedy-
Lieb-Tasaki model on the hexagonal lattice."       
PRL 124.17 (2020)

- Finite-size criteria 

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0



WE CAN RECOVER ALL OF THEM

<latexit sha1_base64="70OjWYEC0GZRReEye/D/7RNIEKs=">AAACAXicbVDLSgNBEJyNrxhfq14EL4NB8GLYDRI9BvWQYwTzgOwaZie9yZDZhzOzQljixV/x4kERr/6FN//GSbIHTSxoKKq66e7yYs6ksqxvI7e0vLK6ll8vbGxube+Yu3tNGSWCQoNGPBJtj0jgLISGYopDOxZAAo9DyxteTfzWAwjJovBWjWJwA9IPmc8oUVrqmge1uzI+xc41cEVwDTsyoRTusdU1i1bJmgIvEjsjRZSh3jW/nF5EkwBCRTmRsmNbsXJTIhSjHMYFJ5EQEzokfehoGpIApJtOPxjjY630sB8JXaHCU/X3REoCKUeBpzsDogZy3puI/3mdRPkXbsrCOFEQ0tkiP+FYRXgSB+4xAVTxkSaECqZvxXRABKFKh1bQIdjzLy+SZrlkV0qVm7Ni9TKLI48O0RE6QTY6R1VUQ3XUQBQ9omf0it6MJ+PFeDc+Zq05I5vZR39gfP4AULWU6Q==</latexit>

H
2 ��H ⌫ 0

Global Local

Previous methods have a similar spirit

- Martingale-like methods

- Finite-size criteria 

<latexit sha1_base64="5uBQ+N9IYFOIBQYVxcwJCKRS978=">AAAB+3icbVBNS8NAEJ3Ur1q/Yj16WSyCBymJSPVY9OKxgv2ANoTNdtsu3WzS3Y1YQv6KFw+KePWPePPfuG1z0NYHA4/3ZpiZF8ScKe0431ZhbX1jc6u4XdrZ3ds/sA/LLRUlktAmiXgkOwFWlDNBm5ppTjuxpDgMOG0H49uZ336kUrFIPOhpTL0QDwUbMIK1kXy7jCZ+Ks5ZhnoqIYROkOPbFafqzIFWiZuTCuRo+PZXrx+RJKRCE46V6rpOrL0US80Ip1mplygaYzLGQ9o1VOCQKi+d356hU6P00SCSpoRGc/X3RIpDpaZhYDpDrEdq2ZuJ/3ndRA+uvZSJONFUkMWiQcKRjtAsCNRnkhLNp4ZgIpm5FZERlphoE1fJhOAuv7xKWhdVt1at3V9W6jd5HEU4hhM4AxeuoA530IAmEHiCZ3iFNyuzXqx362PRWrDymSP4A+vzB8hmk6U=</latexit>

qn,i ⌫ 0



EXAMPLE: KNABE BOUND

Ansatz
<latexit sha1_base64="Oiefj0O25uxQfOq5p0dAZJG1Lgg="></latexit>

qn,i =

✓
1� ✏n
n� 2

◆
hn,i +

n�2X

x=1

1

n� x� 1

n�x�2X

j=0

{hi+j , hi+j+x}
<latexit sha1_base64="R/TRA25QDsKBYKlTW9tNFMWQeos=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/ZA2lM120i7dTeLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pR8AgbhhuB7UQhlYHAVjC6mfqtJ1Sax9G9GSfoSzqIeMgZNVZ66OqUMXwkbq9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx28IScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5PmecWrVqp3F+XadR5HAY7hBM7Ag0uowS3UoQEMJDzDK7w5ynlx3p2PeeuKk88cwR84nz8+zJAP</latexit>⌫ 0

<latexit sha1_base64="pdf6AnWzKMLpn0tQu9S0JcVMPWc="></latexit>

=
X

i

qn,i(�Knabe(n))



EXAMPLE: KNABE BOUND

Ansatz

Finite size hamiltonian for 
     particles

<latexit sha1_base64="Oiefj0O25uxQfOq5p0dAZJG1Lgg="></latexit>

qn,i =

✓
1� ✏n
n� 2

◆
hn,i +

n�2X

x=1

1

n� x� 1

n�x�2X

j=0

{hi+j , hi+j+x}

<latexit sha1_base64="aFMMrtYEE+dLISaFjOyxlgJ0QRY=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxhIS+UjgQvaWOdiwt3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/81hMqzWP5aMYJ+hEdSB5yRo2V6rJXLLlldw6yTryMlCBDrVf86fZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApubBKn4SxsiUNmat/JyY00nocBbYzomaoV72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpulLUEQTW0o3moE66R5VfYq5Ur9ulS9y+LJwxmcwyV4cANVeIAaNIABwgu8wpvz7Lw7H87nojXnZDOnsATn6xcz4JP7</latexit>n

<latexit sha1_base64="R/TRA25QDsKBYKlTW9tNFMWQeos=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/ZA2lM120i7dTeLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pR8AgbhhuB7UQhlYHAVjC6mfqtJ1Sax9G9GSfoSzqIeMgZNVZ66OqUMXwkbq9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx28IScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5PmecWrVqp3F+XadR5HAY7hBM7Ag0uowS3UoQEMJDzDK7w5ynlx3p2PeeuKk88cwR84nz8+zJAP</latexit>⌫ 0
<latexit sha1_base64="pdf6AnWzKMLpn0tQu9S0JcVMPWc="></latexit>

=
X

i

qn,i(�Knabe(n))



EXAMPLE: KNABE BOUND

Ansatz

Finite size hamiltonian for 
     particles

<latexit sha1_base64="Oiefj0O25uxQfOq5p0dAZJG1Lgg="></latexit>

qn,i =

✓
1� ✏n
n� 2

◆
hn,i +

n�2X

x=1

1

n� x� 1

n�x�2X

j=0

{hi+j , hi+j+x}

<latexit sha1_base64="aFMMrtYEE+dLISaFjOyxlgJ0QRY=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxhIS+UjgQvaWOdiwt3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/81hMqzWP5aMYJ+hEdSB5yRo2V6rJXLLlldw6yTryMlCBDrVf86fZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApubBKn4SxsiUNmat/JyY00nocBbYzomaoV72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpulLUEQTW0o3moE66R5VfYq5Ur9ulS9y+LJwxmcwyV4cANVeIAaNIABwgu8wpvz7Lw7H87nojXnZDOnsATn6xcz4JP7</latexit>n

<latexit sha1_base64="R/TRA25QDsKBYKlTW9tNFMWQeos=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/ZA2lM120i7dTeLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pR8AgbhhuB7UQhlYHAVjC6mfqtJ1Sax9G9GSfoSzqIeMgZNVZ66OqUMXwkbq9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx28IScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5PmecWrVqp3F+XadR5HAY7hBM7Ag0uowS3UoQEMJDzDK7w5ynlx3p2PeeuKk88cwR84nz8+zJAP</latexit>⌫ 0

Gap of the finite system

<latexit sha1_base64="pdf6AnWzKMLpn0tQu9S0JcVMPWc="></latexit>

=
X

i

qn,i(�Knabe(n))



EXAMPLE: KNABE BOUND

Ansatz

Finite size hamiltonian for 
     particles

<latexit sha1_base64="Oiefj0O25uxQfOq5p0dAZJG1Lgg="></latexit>

qn,i =

✓
1� ✏n
n� 2

◆
hn,i +

n�2X

x=1

1

n� x� 1

n�x�2X

j=0

{hi+j , hi+j+x}

<latexit sha1_base64="aFMMrtYEE+dLISaFjOyxlgJ0QRY=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxhIS+UjgQvaWOdiwt3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/81hMqzWP5aMYJ+hEdSB5yRo2V6rJXLLlldw6yTryMlCBDrVf86fZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApubBKn4SxsiUNmat/JyY00nocBbYzomaoV72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpulLUEQTW0o3moE66R5VfYq5Ur9ulS9y+LJwxmcwyV4cANVeIAaNIABwgu8wpvz7Lw7H87nojXnZDOnsATn6xcz4JP7</latexit>n

<latexit sha1_base64="R/TRA25QDsKBYKlTW9tNFMWQeos=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/ZA2lM120i7dTeLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pR8AgbhhuB7UQhlYHAVjC6mfqtJ1Sax9G9GSfoSzqIeMgZNVZ66OqUMXwkbq9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx28IScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5PmecWrVqp3F+XadR5HAY7hBM7Ag0uowS3UoQEMJDzDK7w5ynlx3p2PeeuKk88cwR84nz8+zJAP</latexit>⌫ 0

Gap of the finite system

<latexit sha1_base64="Xkb6CF8Gf/Em5DE4JZO6oCXClo0=">AAACGHicbVA9SwNBEN2LXzF+nVpaeBiEpAl3ItEyqIVgk4BJhCQce5tJsmR379jdE8JxpX/Cv2CrvZ3Y2tn6S9x8FCbxwcDjvRlm5gURo0q77reVWVldW9/Ibua2tnd29+z9g4YKY0mgTkIWyocAK2BUQF1TzeAhkoB5wKAZDK/HfvMRpKKhuNejCDoc9wXtUYK1kXz7uOaLQvsGmMZ+0uZYDyRP7gQOIE0Lolj07bxbcidwlok3I3k0Q9W3f9rdkMQchCYMK9Xy3Eh3Eiw1JQzSXDtWEGEyxH1oGSowB9VJJo+kzqlRuk4vlKaEdibq34kEc6VGPDCd41PVojcW//Nase5ddhIqoliDINNFvZg5OnTGqThdKoFoNjIEE0nNrQ4ZYImJNtnNbQkCnppQvMUIlknjrOSVS+Xaeb5yNYsni47QCSogD12gCrpFVVRHBD2hF/SK3qxn6936sD6nrRlrNnOI5mB9/QI+vaBz</latexit>

Qn(�Knabe(n))
<latexit sha1_base64="pdf6AnWzKMLpn0tQu9S0JcVMPWc="></latexit>

=
X

i

qn,i(�Knabe(n))
<latexit sha1_base64="R/TRA25QDsKBYKlTW9tNFMWQeos=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/ZA2lM120i7dTeLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pR8AgbhhuB7UQhlYHAVjC6mfqtJ1Sax9G9GSfoSzqIeMgZNVZ66OqUMXwkbq9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx28IScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5PmecWrVqp3F+XadR5HAY7hBM7Ag0uowS3UoQEMJDzDK7w5ynlx3p2PeeuKk88cwR84nz8+zJAP</latexit>⌫ 0

<latexit sha1_base64="pdf6AnWzKMLpn0tQu9S0JcVMPWc="></latexit>

=
X

i

qn,i(�Knabe(n))



EXAMPLE: KNABE BOUND

Ansatz

Finite size hamiltonian for 
     particles

Gap

Knabe 1988

<latexit sha1_base64="Oiefj0O25uxQfOq5p0dAZJG1Lgg="></latexit>

qn,i =

✓
1� ✏n
n� 2

◆
hn,i +

n�2X

x=1

1

n� x� 1

n�x�2X

j=0

{hi+j , hi+j+x}

<latexit sha1_base64="aFMMrtYEE+dLISaFjOyxlgJ0QRY=">AAAB+HicbVA9TwJBEJ3DL8Qv1NJmIzGxInfGoCXRxhIS+UjgQvaWOdiwt3fZ3TNBwi+w1d7O2PpvbP0lLnCFgC+Z5OW9mczMCxLBtXHdbye3sbm1vZPfLeztHxweFY9PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c/81hMqzWP5aMYJ+hEdSB5yRo2V6rJXLLlldw6yTryMlCBDrVf86fZjlkYoDRNU647nJsafUGU4EzgtdFONCWUjOsCOpZJGqP3J/NApubBKn4SxsiUNmat/JyY00nocBbYzomaoV72Z+J/XSU1460+4TFKDki0WhakgJiazr0mfK2RGjC2hTHF7K2FDqigzNpulLUEQTW0o3moE66R5VfYq5Ur9ulS9y+LJwxmcwyV4cANVeIAaNIABwgu8wpvz7Lw7H87nojXnZDOnsATn6xcz4JP7</latexit>n

<latexit sha1_base64="R/TRA25QDsKBYKlTW9tNFMWQeos=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/ZA2lM120i7dTeLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pR8AgbhhuB7UQhlYHAVjC6mfqtJ1Sax9G9GSfoSzqIeMgZNVZ66OqUMXwkbq9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx28IScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5PmecWrVqp3F+XadR5HAY7hBM7Ag0uowS3UoQEMJDzDK7w5ynlx3p2PeeuKk88cwR84nz8+zJAP</latexit>⌫ 0

Gap of the finite system

<latexit sha1_base64="Xkb6CF8Gf/Em5DE4JZO6oCXClo0=">AAACGHicbVA9SwNBEN2LXzF+nVpaeBiEpAl3ItEyqIVgk4BJhCQce5tJsmR379jdE8JxpX/Cv2CrvZ3Y2tn6S9x8FCbxwcDjvRlm5gURo0q77reVWVldW9/Ibua2tnd29+z9g4YKY0mgTkIWyocAK2BUQF1TzeAhkoB5wKAZDK/HfvMRpKKhuNejCDoc9wXtUYK1kXz7uOaLQvsGmMZ+0uZYDyRP7gQOIE0Lolj07bxbcidwlok3I3k0Q9W3f9rdkMQchCYMK9Xy3Eh3Eiw1JQzSXDtWEGEyxH1oGSowB9VJJo+kzqlRuk4vlKaEdibq34kEc6VGPDCd41PVojcW//Nase5ddhIqoliDINNFvZg5OnTGqThdKoFoNjIEE0nNrQ4ZYImJNtnNbQkCnppQvMUIlknjrOSVS+Xaeb5yNYsni47QCSogD12gCrpFVVRHBD2hF/SK3qxn6936sD6nrRlrNnOI5mB9/QI+vaBz</latexit>

Qn(�Knabe(n))
<latexit sha1_base64="pdf6AnWzKMLpn0tQu9S0JcVMPWc="></latexit>

=
X

i

qn,i(�Knabe(n))

<latexit sha1_base64="hXS2b+T8nE9gtlyvpdLIRQ3eKZc="></latexit>

�Knabe(n) =
n� 1

n� 2

✓
✏n � 1

n� 1

◆

<latexit sha1_base64="R/TRA25QDsKBYKlTW9tNFMWQeos=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rGC/ZA2lM120i7dTeLuRiihv8KLB0W8+nO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pR8AgbhhuB7UQhlYHAVjC6mfqtJ1Sax9G9GSfoSzqIeMgZNVZ66OqUMXwkbq9UdivuDGSZeDkpQ456r/TV7ccslRgZJqjWHc9NjJ9RZTgTOCl2U40JZSM6wI6lEZWo/Wx28IScWqVPwljZigyZqb8nMiq1HsvAdkpqhnrRm4r/eZ3UhFd+xqMkNRix+aIwFcTEZPo96XOFzIixJZQpbm8lbEgVZcZmVLQheIsvL5PmecWrVqp3F+XadR5HAY7hBM7Ag0uowS3UoQEMJDzDK7w5ynlx3p2PeeuKk88cwR84nz8+zJAP</latexit>⌫ 0

<latexit sha1_base64="pdf6AnWzKMLpn0tQu9S0JcVMPWc="></latexit>

=
X

i

qn,i(�Knabe(n))



Numerical tests



THE AKLT MODEL

<latexit sha1_base64="RXI7OMLFMBOld4wEejmKTOsW+78="></latexit>
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THE AKLT MODEL

<latexit sha1_base64="RXI7OMLFMBOld4wEejmKTOsW+78="></latexit>
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COMPARISON WITH FINITE-SIZE CRITERIA

J. Wouters, H. Katsura, 
D. Schuricht, SciPost 
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Outlook



OUTLOOK

A numerical method to lower bound the gap for 1D systems

<latexit sha1_base64="4bEVm+eQSBLeZlDifmASRQGcS5I=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9N3++WKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxze//Y13</latexit>

E0

<latexit sha1_base64="TJ/YEUpQqyvC6xUkmB5AAi5lSLA=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiCB4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDVh8MPN6bYWZekAiujet+OYWV1bX1jeJmaWt7Z3evvH/Q0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4eua3H1FpHssHM0nQj+hQ8pAzaqx0f9P3+uWKW3XnIH+Jl5MK5Gj0y5+9QczSCKVhgmrd9dzE+BlVhjOB01Iv1ZhQNqZD7FoqaYTaz+anTsmJVQYkjJUtachc/TmR0UjrSRTYzoiakV72ZuJ/Xjc14aWfcZmkBiVbLApTQUxMZn+TAVfIjJhYQpni9lbCRlRRZmw6JRuCt/zyX9I6q3q1au3uvFK/yuMowhEcwyl4cAF1uIUGNIHBEJ7gBV4d4Tw7b877orXg5DOH8AvOxzfBgY14</latexit>

E1

<latexit sha1_base64="bzDdaFHDgqDz5je+NeI6XXBihVk=">AAACI3icbZDLSsNAFIYn9VbrLerSzWDxsiqJSBVEKOrChYsK9gJNDJPJtB06uTAzEUvII/gYPoFbfQJ34saFS9/DSZuFbf1h4OM/53DO/G7EqJCG8aUV5uYXFpeKy6WV1bX1DX1zqynCmGPSwCELedtFgjAakIakkpF2xAnyXUZa7uAyq7ceCBc0DO7kMCK2j3oB7VKMpLIc/cC6IkwiJ7lJ7z24fw4tHz06ieVlbgqtMzhGRy8bFWMkOAtmDmWQq+7oP5YX4tgngcQMCdExjUjaCeKSYkbSkhULEiE8QD3SURggnwg7GX0ohXvK8WA35OoFEo7cvxMJ8oUY+q7q9JHsi+laZv5X68Sye2onNIhiSQI8XtSNGZQhzNKBHuUESzZUgDCn6laI+4gjLFWGE1s8kZ2WqlzM6RRmoXlUMauV6u1xuXaRJ1QEO2AXHAITnIAauAZ10AAYPIEX8AretGftXfvQPsetBS2f2QYT0r5/AelepJM=</latexit>

�d
L = max

�
�

- Recovers previous techniques as special cases

- Efficient and with systematic improvement

- Provides better results on benchmarks

Future directions: 2D
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THE LOCAL GENERATING TERM

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="4nt+Rh+iIRjGJViHrisc/gD86/g=">AAACHXicbZDLSgMxFIYzXmu9jbp0E6yCCykzItWNUHTjsoK9QDsMmTTThiaZMckIZZgX8CV8Bbe6dyduxa1PYtoOYlsPJPx8/zmc5A9iRpV2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiQmdRyxSLYCpAijgtQ11Yy0YkkQDxhpBoPrkd98IFLRSNzpYUw8jnqChhQjbZBvH3ZUwv2UZrBn7hORwUv4i+5z5Nslp+yMC84LNxclkFfNt7873QgnnAiNGVKq7Tqx9lIkNcWMZMVOokiM8AD1SNtIgThRXjr+TQaPDOnCMJLmCA3H9O9EirhSQx6YTo50X816I/if1050eOGlVMSJJgJPFoUJgzqCo2hgl0qCNRsagbCk5q0Q95FEWJsAp7YEAc9MKO5sBPOicVp2K+XK7VmpepXHUwD74AAcAxecgyq4ATVQBxg8gmfwAl6tJ+vNerc+Jq0LVj6zB6bK+vwB/riiZw==</latexit>X

i

gi,n =
X

i

qi,n



THE LOCAL GENERATING TERM

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

The solution is not unique

<latexit sha1_base64="Nkz2GcbKqi37hznP5jFHju2QJLQ=">AAACJHicbVDNS8MwHE39nPOr6tFLcIjCYLRDpiDC0IvHCe6DbaWkWbqFpWlJUmGU/jFe/Fe8ePADD178W8y6HnTzQcLjvfcj+T0vYlQqy/oylpZXVtfWCxvFza3tnV1zb78lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW98M/XbD0RIGvJ7NYmIE6Ahpz7FSGnJNS9HJy6FV7Cr766b0LKdwjLs+wLhxE6Tago72inDOSkLumbJqlgZ4CKxc1ICORqu+d4fhDgOCFeYISl7thUpJ0FCUcxIWuzHkkQIj9GQ9DTlKCDSSbIlU3islQH0Q6EPVzBTf08kKJByEng6GSA1kvPeVPzP68XKv3ASyqNYEY5nD/kxgyqE08bggAqCFZtogrCg+q8Qj5BuQ+lei7oEe37lRdKqVuxapXZ3Vqpf53UUwCE4AqfABuegDm5BAzQBBo/gGbyCN+PJeDE+jM9ZdMnIZw7AHxjfP911ofA=</latexit>

h0
i = ZiZi+1 +

1

2
Xi +

1

2
Xi+1

<latexit sha1_base64="F6wTseGK/CsoBYZYSgIAUV7+HlI=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWQSiURKS6EYpuXFawD9qGMJlO2qGTBzMToYRs/BU3LhRx62e482+ctllo64F7OZxzLzP3eDFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG1749up336kQrIofFCTmDoBHobMZwQrLbnm0chl6Bp1de+6KavYGaqgjstcs2xVrRnQMrFzUoYcDdf86g8ikgQ0VIRjKXu2FSsnxUIxwmlW6ieSxpiM8ZD2NA1xQKWTzg7I0KlWBsiPhK5QoZn6eyPFgZSTwNOTAVYjuehNxf+8XqL8KydlYZwoGpL5Q37CkYrQNA00YIISxSeaYCKY/isiIywwUTqzkg7BXjx5mbTOq3atWru/KNdv8jiKcAwncAY2XEId7qABTSCQwTO8wpvxZLwY78bHfLRg5DuH8AfG5w+r/JSM</latexit>

hi = ZiZi+1 +Xi
<latexit sha1_base64="kX6rt6Mimo/Fj3bpjEsXfo7PrTk=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBGEQpkRqW6EopsuK9gHtkPJpJk2NJkZkoxQhn6AG3/FjQtF3PoB7vwb0+kI2nrgwuGcc0nu8SLOlLbtL2tpeWV1bT23kd/c2t7ZLeztN1UYS0IbJOShbHtYUc4C2tBMc9qOJMXC47Tlja6nfuueSsXC4FaPI+oKPAiYzwjWRuoVijV0iboqFj2G7tJJWMmZoNKP2O4xk7LLdgq0SJyMFCFDvVf47PZDEgsaaMKxUh3HjrSbYKkZ4XSS78aKRpiM8IB2DA2woMpN0mMm6NgofeSH0kygUar+3kiwUGosPJMUWA/VvDcV//M6sfYv3IQFUaxpQGYP+TFHOkTTZlCfSUo0HxuCiWTmr4gMscREm/7ypgRn/uRF0jwtO5Vy5easWL3K6sjBIRzBCThwDlWoQR0aQOABnuAFXq1H69l6s95n0SUr2zmAP7A+vgFXRJlO</latexit>

H =
X

i

ZiZi+1 +
X

i

Xi

<latexit sha1_base64="SCEM0GsmxL+qrBie8dXG3R+WnFE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXq1ae7iuNG7zOIpwBudwCR7UoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1W9j5Y=</latexit>

}

<latexit sha1_base64="4nt+Rh+iIRjGJViHrisc/gD86/g=">AAACHXicbZDLSgMxFIYzXmu9jbp0E6yCCykzItWNUHTjsoK9QDsMmTTThiaZMckIZZgX8CV8Bbe6dyduxa1PYtoOYlsPJPx8/zmc5A9iRpV2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiQmdRyxSLYCpAijgtQ11Yy0YkkQDxhpBoPrkd98IFLRSNzpYUw8jnqChhQjbZBvH3ZUwv2UZrBn7hORwUv4i+5z5Nslp+yMC84LNxclkFfNt7873QgnnAiNGVKq7Tqx9lIkNcWMZMVOokiM8AD1SNtIgThRXjr+TQaPDOnCMJLmCA3H9O9EirhSQx6YTo50X816I/if1050eOGlVMSJJgJPFoUJgzqCo2hgl0qCNRsagbCk5q0Q95FEWJsAp7YEAc9MKO5sBPOicVp2K+XK7VmpepXHUwD74AAcAxecgyq4ATVQBxg8gmfwAl6tJ+vNerc+Jq0LVj6zB6bK+vwB/riiZw==</latexit>X

i

gi,n =
X

i

qi,n



THE LOCAL GENERATING TERM

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

<latexit sha1_base64="PNgZrVO+JcCjedg0x/W3LUVUSRs=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDabTbt2sxt2J0Ip/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZemApu0PO+ncLa+sbmVnG7tLO7t39QPjxqGZVpyppUCaU7ITFMcMmayFGwTqoZSULB2uHodua3n5g2XMkHHKcsSMhA8phTglZq9USk0PTLFa/qzeGuEj8nFcjR6Je/epGiWcIkUkGM6fpeisGEaORUsGmplxmWEjoiA9a1VJKEmWAyv3bqnlklcmOlbUl05+rviQlJjBknoe1MCA7NsjcT//O6GcbXwYTLNEMm6WJRnAkXlTt73Y24ZhTF2BJCNbe3unRINKFoAyrZEPzll1dJ66Lq16q1+8tK/SaPowgncArn4MMV1OEOGtAECo/wDK/w5ijnxXl3PhatBSefOYY/cD5/AL+xj0M=</latexit> ..
.

The solution is not unique

<latexit sha1_base64="Nkz2GcbKqi37hznP5jFHju2QJLQ=">AAACJHicbVDNS8MwHE39nPOr6tFLcIjCYLRDpiDC0IvHCe6DbaWkWbqFpWlJUmGU/jFe/Fe8ePADD178W8y6HnTzQcLjvfcj+T0vYlQqy/oylpZXVtfWCxvFza3tnV1zb78lw1hg0sQhC0XHQ5IwyklTUcVIJxIEBR4jbW98M/XbD0RIGvJ7NYmIE6Ahpz7FSGnJNS9HJy6FV7Cr766b0LKdwjLs+wLhxE6Tago72inDOSkLumbJqlgZ4CKxc1ICORqu+d4fhDgOCFeYISl7thUpJ0FCUcxIWuzHkkQIj9GQ9DTlKCDSSbIlU3islQH0Q6EPVzBTf08kKJByEng6GSA1kvPeVPzP68XKv3ASyqNYEY5nD/kxgyqE08bggAqCFZtogrCg+q8Qj5BuQ+lei7oEe37lRdKqVuxapXZ3Vqpf53UUwCE4AqfABuegDm5BAzQBBo/gGbyCN+PJeDE+jM9ZdMnIZw7AHxjfP911ofA=</latexit>

h0
i = ZiZi+1 +

1

2
Xi +

1

2
Xi+1

<latexit sha1_base64="F6wTseGK/CsoBYZYSgIAUV7+HlI=">AAACAHicbVDLSsNAFL2pr1pfURcu3AwWQSiURKS6EYpuXFawD9qGMJlO2qGTBzMToYRs/BU3LhRx62e482+ctllo64F7OZxzLzP3eDFnUlnWt1FYWV1b3yhulra2d3b3zP2DlowSQWiTRDwSHQ9LyllIm4opTjuxoDjwOG1749up336kQrIofFCTmDoBHobMZwQrLbnm0chl6Bp1de+6KavYGaqgjstcs2xVrRnQMrFzUoYcDdf86g8ikgQ0VIRjKXu2FSsnxUIxwmlW6ieSxpiM8ZD2NA1xQKWTzg7I0KlWBsiPhK5QoZn6eyPFgZSTwNOTAVYjuehNxf+8XqL8KydlYZwoGpL5Q37CkYrQNA00YIISxSeaYCKY/isiIywwUTqzkg7BXjx5mbTOq3atWru/KNdv8jiKcAwncAY2XEId7qABTSCQwTO8wpvxZLwY78bHfLRg5DuH8AfG5w+r/JSM</latexit>

hi = ZiZi+1 +Xi
<latexit sha1_base64="kX6rt6Mimo/Fj3bpjEsXfo7PrTk=">AAACDHicbVDLSgMxFL3js9ZX1aWbYBGEQpkRqW6EopsuK9gHtkPJpJk2NJkZkoxQhn6AG3/FjQtF3PoB7vwb0+kI2nrgwuGcc0nu8SLOlLbtL2tpeWV1bT23kd/c2t7ZLeztN1UYS0IbJOShbHtYUc4C2tBMc9qOJMXC47Tlja6nfuueSsXC4FaPI+oKPAiYzwjWRuoVijV0iboqFj2G7tJJWMmZoNKP2O4xk7LLdgq0SJyMFCFDvVf47PZDEgsaaMKxUh3HjrSbYKkZ4XSS78aKRpiM8IB2DA2woMpN0mMm6NgofeSH0kygUar+3kiwUGosPJMUWA/VvDcV//M6sfYv3IQFUaxpQGYP+TFHOkTTZlCfSUo0HxuCiWTmr4gMscREm/7ypgRn/uRF0jwtO5Vy5easWL3K6sjBIRzBCThwDlWoQR0aQOABnuAFXq1H69l6s95n0SUr2zmAP7A+vgFXRJlO</latexit>

H =
X

i

ZiZi+1 +
X

i

Xi

<latexit sha1_base64="SCEM0GsmxL+qrBie8dXG3R+WnFE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEWo9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01eBogwH5YpbdRcg68TLSQVyNAflr/4wZmmE0jBBte55bmL8jCrDmcBZqZ9qTCib0BH2LJU0Qu1ni3Nn5MIqQxLGypY0ZKH+nshopPU0CmxnRM1Yr3pz8T+vl5rwxs+4TFKDki0XhakgJibz38mQK2RGTC2hTHF7K2FjagMwNqGSDcFbfXmdtK+qXq1ae7iuNG7zOIpwBudwCR7UoQH30IQWMJjAM7zCm5M4L86787FsLTj5zCn8gfP5A1W9j5Y=</latexit>

}

<latexit sha1_base64="4nt+Rh+iIRjGJViHrisc/gD86/g=">AAACHXicbZDLSgMxFIYzXmu9jbp0E6yCCykzItWNUHTjsoK9QDsMmTTThiaZMckIZZgX8CV8Bbe6dyduxa1PYtoOYlsPJPx8/zmc5A9iRpV2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiQmdRyxSLYCpAijgtQ11Yy0YkkQDxhpBoPrkd98IFLRSNzpYUw8jnqChhQjbZBvH3ZUwv2UZrBn7hORwUv4i+5z5Nslp+yMC84LNxclkFfNt7873QgnnAiNGVKq7Tqx9lIkNcWMZMVOokiM8AD1SNtIgThRXjr+TQaPDOnCMJLmCA3H9O9EirhSQx6YTo50X816I/if1050eOGlVMSJJgJPFoUJgzqCo2hgl0qCNRsagbCk5q0Q95FEWJsAp7YEAc9MKO5sBPOicVp2K+XK7VmpepXHUwD74AAcAxecgyq4ATVQBxg8gmfwAl6tJ+vNerc+Jq0LVj6zB6bK+vwB/riiZw==</latexit>X

i

gi,n =
X

i

qi,n



A GENERAL SOLUTION

<latexit sha1_base64="7CDz+hFii/hnzm/SPcG6JVj1JjA=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGFXJHoMevGYgHlAsoTZSW8yZnZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5NbW9/Y3MpvF3Z29/YPiodHTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7mZ+6wmV5rF8MOME/YgOJA85o8ZK9YteseSW3TnIKvEyUoIMtV7xq9uPWRqhNExQrTuemxh/QpXhTOC00E01JpSN6AA7lkoaofYn80On5MwqfRLGypY0ZK7+npjQSOtxFNjOiJqhXvZm4n9eJzXhjT/hMkkNSrZYFKaCmJjMviZ9rpAZMbaEMsXtrYQNqaLM2GwKNgRv+eVV0rwse5VypX5Vqt5mceThBE7hHDy4hircQw0awADhGV7hzXl0Xpx352PRmnOymWP4A+fzB3UXjLo=</latexit>

+

If and only if

<latexit sha1_base64="4nt+Rh+iIRjGJViHrisc/gD86/g=">AAACHXicbZDLSgMxFIYzXmu9jbp0E6yCCykzItWNUHTjsoK9QDsMmTTThiaZMckIZZgX8CV8Bbe6dyduxa1PYtoOYlsPJPx8/zmc5A9iRpV2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiQmdRyxSLYCpAijgtQ11Yy0YkkQDxhpBoPrkd98IFLRSNzpYUw8jnqChhQjbZBvH3ZUwv2UZrBn7hORwUv4i+5z5Nslp+yMC84LNxclkFfNt7873QgnnAiNGVKq7Tqx9lIkNcWMZMVOokiM8AD1SNtIgThRXjr+TQaPDOnCMJLmCA3H9O9EirhSQx6YTo50X816I/if1050eOGlVMSJJgJPFoUJgzqCo2hgl0qCNRsagbCk5q0Q95FEWJsAp7YEAc9MKO5sBPOicVp2K+XK7VmpepXHUwD74AAcAxecgyq4ATVQBxg8gmfwAl6tJ+vNerc+Jq0LVj6zB6bK+vwB/riiZw==</latexit>X

i

gi,n =
X

i

qi,n

<latexit sha1_base64="fFLtUyG+rthWrayfZGUcQdZVlFc="></latexit>

qn,i = gn,i + 1 ⌦ Y � Y ⌦ n

<latexit sha1_base64="EAdscBYp6/1AQzDNFBZkkFB/wf0=">AAACAHicbVA9SwNBEJ2LXzF+RS1tFoNgIeFOJFoGbSwjmA9JjrC32SRLdvfO3T0hHNf4F2y1txNb/4mtv8RNcoVJfDDweG+GmXlBxJk2rvvt5FZW19Y38puFre2d3b3i/kFDh7EitE5CHqpWgDXlTNK6YYbTVqQoFgGnzWB0M/GbT1RpFsp7M46oL/BAsj4j2FjpAT12E3YmU9QtltyyOwVaJl5GSpCh1i3+dHohiQWVhnCsddtzI+MnWBlGOE0LnVjTCJMRHtC2pRILqv1kenCKTqzSQ/1Q2ZIGTdW/EwkWWo9FYDsFNkO96E3E/7x2bPpXfsJkFBsqyWxRP+bIhGjyPeoxRYnhY0swUczeisgQK0yMzWhuSxCI1IbiLUawTBrnZa9SrtxdlKrXWTx5OIJjOAUPLqEKt1CDOhAQ8AKv8OY8O+/Oh/M5a8052cwhzMH5+gWIAJbo</latexit>qi,n

<latexit sha1_base64="tsE4FabJb2Bxc65At2fLupPmpng=">AAACAnicbVDLSsNAFJ3UV62vqks3g0UQlJKIVJdFNy4r2AekoUymk3boPOLMRCghO3/Bre7diVt/xK1f4rTNwrYeuHA4517uvSeMGdXGdb+dwsrq2vpGcbO0tb2zu1feP2hpmShMmlgyqToh0oRRQZqGGkY6sSKIh4y0w9HtxG8/EaWpFA9mHJOAo4GgEcXIWMmHj72UnnnnIoO9csWtulPAZeLlpAJyNHrln25f4oQTYTBDWvueG5sgRcpQzEhW6iaaxAiP0ID4lgrEiQ7S6ckZPLFKH0ZS2RIGTtW/EyniWo95aDs5MkO96E3E/zw/MdF1kFIRJ4YIPFsUJQwaCSf/wz5VBBs2tgRhRe2tEA+RQtjYlOa2hCHPbCjeYgTLpHVR9WrV2v1lpX6Tx1MER+AYnAIPXIE6uAMN0AQYSPACXsGb8+y8Ox/O56y14OQzh2AOztcvaIyXWA==</latexit>qi+1,n



A GENERAL SOLUTION

If and only if

<latexit sha1_base64="4nt+Rh+iIRjGJViHrisc/gD86/g=">AAACHXicbZDLSgMxFIYzXmu9jbp0E6yCCykzItWNUHTjsoK9QDsMmTTThiaZMckIZZgX8CV8Bbe6dyduxa1PYtoOYlsPJPx8/zmc5A9iRpV2nC9rYXFpeWW1sFZc39jc2rZ3dhsqSiQmdRyxSLYCpAijgtQ11Yy0YkkQDxhpBoPrkd98IFLRSNzpYUw8jnqChhQjbZBvH3ZUwv2UZrBn7hORwUv4i+5z5Nslp+yMC84LNxclkFfNt7873QgnnAiNGVKq7Tqx9lIkNcWMZMVOokiM8AD1SNtIgThRXjr+TQaPDOnCMJLmCA3H9O9EirhSQx6YTo50X816I/if1050eOGlVMSJJgJPFoUJgzqCo2hgl0qCNRsagbCk5q0Q95FEWJsAp7YEAc9MKO5sBPOicVp2K+XK7VmpepXHUwD74AAcAxecgyq4ATVQBxg8gmfwAl6tJ+vNerc+Jq0LVj6zB6bK+vwB/riiZw==</latexit>X

i

gi,n =
X

i

qi,n

<latexit sha1_base64="fFLtUyG+rthWrayfZGUcQdZVlFc="></latexit>

qn,i = gn,i + 1 ⌦ Y � Y ⌦ n

<latexit sha1_base64="fFLtUyG+rthWrayfZGUcQdZVlFc="></latexit>

qn,i = gn,i + 1 ⌦ Y � Y ⌦ n

<latexit sha1_base64="fFLtUyG+rthWrayfZGUcQdZVlFc="></latexit>

qn,i = gn,i + 1 ⌦ Y � Y ⌦ n


