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Qubits encoding: features vector x ∈ RN 7→ |Φ(x)⟩ =
N⊗

j=1

|ϕ(x(j))⟩ ∈ R2N
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MPS format uses iterated SVD (M = UΣV†):
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# singular values = bond dimension χ
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Stoudenmire, Schwab, Supervised Learning with Tensor Networks, 2016
Domenico Pomarico, Quantum Computing @ INFN Grokking as entanglement transition 4 / 16

Two sites update:

f ℓW(x) =
∑

sj,sj+1
aj−1,aj+1

Baj−1,ℓ,aj+1
sj,sj+1 |Φ̃(x)sj,sj+1

aj−1,aj+1⟩

∆Bℓ =− ∂C
∂Bℓ

=

NT∑
ω=1

|Φ̃(xω)⟩ ⊗ (yℓω − f ℓW(xω))

=⇒ B′ℓ = Bℓ + α∆Bℓ

entropy S(j)SVD

B′0

B′1

entropy S0(j)

entropy S1(j)

/
j j + 1

S(j) = −Tr {ϱj log ϱj} = −
χ∑

k=1

λ2
k log λ

2
k
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Hepatocellular carcinoma (HCC) classification

Lacalamita et al., Artificial Intelligence and Complex Network Approaches Reveal
Potential Gene Biomarkers for Hepatocellular Carcinoma, Int. J. Mol. Sci. 24 (2023)
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hierarchical
clustering:
46 stable

communities
C1, . . . , C46

Training set: GSE102079 Dataset 140 samples (83 HCC)
Independent set: GSE54236 Dataset with 161 samples (81 HCC)

# genes # genes # genes # genes

C8 28 C17 26 C29 48 C35 31
C12 47 C23 31 C30 32 C40 29
C14 31 C24 23 C31 25 C41 48
C15 25 C27 36 C32 35 C42 33
C16 34 C28 35 C33 35 C43 32
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Left boundary: log S = q + c log i Right boundary: log S = q + c log(N − i)
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Correlation: Ck
i,j =

(
⟨σk,i

Z σk,j
Z ⟩ − ⟨σk,i

Z ⟩ ⟨σk,j
Z ⟩
)
/ϱ

(ℓ)
k,k , |C

k
i,j| < t, t ∈ [0, 1], step 0.1
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▶ Monitoring the training dynamics allows us to identify critical
behaviors influencing generalization properties;

▶ MPS classifiers are able to manage high computational complexity
and highlight local magnetization for each “mask” trained per class;

▶ Grokking implies an entanglement phase transition, but the
viceversa does not hold true;

▶ Correlations allow us to identify gene sub-communities endowed
with enriched gene sets.

Thank you!
Questions/Comments?
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Two sites update: U Λ V† V†

ℓ

sj sj+1

U B V†

ℓ

sj sj+1

=

single right step, leading to a sweep when back at the initial sites pair.

U V†

sj sj+1 = sj sj+1 = |Φ̃(x)⟩

f ℓW(x) =
∑

sj,sj+1

∑
aj−1,aj+1

Baj−1,ℓ,aj+1
sj,sj+1 |Φ̃(x)sj,sj+1

aj−1,aj+1⟩

∆Bℓ = − ∂C
∂Bℓ

=

NT∑
ω=1

|Φ̃(xω)⟩⊗(yℓω−f ℓW(xω)) =⇒ B′ℓ = Bℓ+α∆Bℓ
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▶ Reduced
density matrix: U Λ V† V†

U† Λ† V V
=

Λ

Λ†
= ϱ(ℓ) =

(
ϱ
(ℓ)
00 ϱ

(ℓ)
01

ϱ
(ℓ)
10 ϱ

(ℓ)
11

)

▶ Local
magnetization
⟨σk,i

Z ⟩ , k = 0, 1:

U Λ V† V†

U† Λ† V V

σZ =

Λ V†

Λ† V

σZ

▶ Correlation
function
⟨σk,i

Z σk,j
Z ⟩ , k = 0, 1:

U Λ V† V†

U† Λ† V V

σZσZ =

U Λ V†

U† Λ† V

σZσZ
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Entanglement transition
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Fake classification sneaker vs sneaker with coherence
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GSE102079
Dataset

257 samples
(152 HCC)

MPS
classification
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MPS correlations for gene community C23

Domenico Pomarico, Quantum Computing @ INFN Grokking as entanglement transition 7 / 9

Optimal permutation of features:

Ck
i,j =

⟨σk,i
Z σk,j

Z ⟩ − ⟨σk,i
Z ⟩ ⟨σk,j

Z ⟩
ϱ
(ℓ)
k,k

selected pairs
|Ck

i,j| > 0.5

Decreased bond dimension: 400 → 300, still showing magnetization after
≈ 30 sweeps



Volume to sub-volume law entanglement transition
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Leftboundary
R

ightboundary
Leftboundary

R
ightboundary



Eigenvalues evaporation and correlations
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