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Introduction

Research topics

@ PRIN2022 research grant "Approcci analitici alla QCD
non-perturbativa e proprieta del Quark-Gluon Plasma" @
UniCT within NGEU funding (p.c. 2022SM5YAS)

@ Working on pert. methods for non-pert. QCD since 2017
w/ F. Siringo and more recently (2021 - ongoing) w/ D. Dudal
(KU Leuven, Kortrijk, BE). Joint PhD @ UniCT & KU Leuven

@ Two massive reformulations of ordinary PT:

o the screened massive expansion — simple first-principles
change of QCD’s tree level to account for gluon mass and
chiral symmetry breaking (UniCT)

o the dynamical model — explaining gluon mass generation
via the formation of a gauge-invariant gluon condensate of
dimension 2 (KU Leuven)
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Introduction

Today’s talk

@ Main focus: perturbative methods for finite-temperature
non-perturbative QCD

@ Show what can and cannot be obtained by a one-loop
(non-ordinary) perturbative expansion

@ Won't talk about dynamical model: no finite-T extension yet.
Plenty to talk about finite-7T screened massive expansion

@ Take a step back and talk about motivation, general
principles and vacuum theory
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The mass of the gluon
Gluons on the lattice

@ Relatively recent ('00s - '10s) lattice calculations have shown
that the gluons dynamically acquire a mass # 0 in the IR

@ The gluon propagator
saturates atp =0

8 ° instead of diverging
% as if massless
: %\ @ Seen in various gauges
ST T ' © and for different Ny’s

¢ [GeV?]

Ayala, et al., Phys. Rev. D86 (2012)
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The mass of the gluon

@ Anticipated by both theoretical and phenomenological
investigations, e.g. Cornwall, PRD 26 (1984); Field, PRD 66 (2002)

TABLE XV. Estimates of the value of the gluon mass from the literature. For Donnachie and Landshoff, the inverse of the correlation
length a is quoted
Author Reference Estimation method Gluon mass
Parisi and Petronzio [12] J1g—9X 800 MeV
Cornwall 8] Various 500200 MeV
Donnachie and Landshoff [59] Pomeron parameters 687-985 MeV
Hancock and Ross [61] Pomeron slope 800 MeV
Nikolaev et al. [62] Pomeron parameters 750 MeV/
Spiridonov and Chetyrkin [63] e (TrG2,) 750 MeV
Lavelle [64] 9949, (TrGL,) 640 MeV?/Q(MeV)
Kogan and Kovner [67] QCD vacuum energy, (Tr G2,) 146 GeV.
Field [68] PQCD at low scales (various) 15702 Gev
Liu and Wetzel [39] o5 (TrG2,) 570 MeV/
Glucball current, (Tr G2,) 470 MeV
Yndurdin [66] QCD potential 1071920 MeV
Leinweber ef al. [69] Lattice gauge 1022010 GeV
Field This paper Jp—yX 07217508 Gev
Y—yX LI18*0% Gev

Field, Phys. Rev. D66 (2002)

@ Confirmed by the Dyson-Schwinger equations approach
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The mass of the gluon

m # 0 forbidden by gauge invariance

QCD Lagrangian: Lqcp = —1 F? + ¢(ild — M)y

The gluon mass term, £,, = 3 m?A? , is not gauge invariant

However

@ Masses can receive quantum corrections due to the
interactions

@ In the absence of spontaneous symmetry breaking, this is
perturbatively forbidden for gauge bosons

@ And non-perturbatively?
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The Screened Massive Expansion
Massive gluons in perturbation theory

@ Treat the (transverse) gluons as massive at tree level...

1 a — v a . cai t v e v
l:gluon, kin = _EAM [Am']ﬁfh A[Z/ 5 AM(P):U = _15 b [ b (P) +f £ @):|

P2 _ mZ P2
@ ... without changing the overall QCD Lagrangian

standard . __ p(standard)
LQCD, kin = L(OCD, Kin ) +6Ln 3 £QCD, int = [’OCD, int 0Lm

2
m v
8L = T AL AL

@ That is, add a gluon mass term to the kinetic Lagrangian and
subtract it back from the interactions, so that Lqcp — Lacp
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The Screened Massive Expansion
Modified Feynman rules for PT

@ The transverse gluons propagate as massive (by construction)

()‘ub |:7it!“/(p) + 71§€/1u(p):|

p2 — m? p2

i DOOOO0000D ** =

@ A new two-gluon interaction vertex arises from the shift

i OOOOBROTOO #6 = —imt1(0) s
Computational techniques

@ Use the ordinary perturbative techniques...
@ ... but include the right number of gluon mass vertices
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The Screened Massive Expansion

Gaussian effective potential

"p=01 ——
hg=05 ——
[| =10
rg=15

oL
05 \
4 ‘ ‘ ‘ ‘ ‘

0 0.2 0.4 0.6 0.8 1 1.2 1.4
m/mg

Pure Yang-Mills GEP as a function of the gluon mass
parameter for different values of the coupling constant

G. C. and F. Siringo, Phys. Rev. D 97, 056013 (2018)

Giorgio Comitini Perturbative methods in non-perturbative QCD 9/142



The Screened Massive Expansion
Gluon propagator

@ Definition
A = [ e (1 {aao)})

@ General expression
A(p?)

@ Polarization diagrams

—1
C Zyp? —m? —1(p?)
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The Screened Massive Expansion
Pure Yang-Mills theory in the vacuum

N @ Mass is generated by the gluon
e self-interaction (i.e. in loops)

RG (SME) ——
Combined ——

@ Finite and ~ small running
coupling — no Landau poles

Ap) (GeV?)

o ; « | @ Excellent agreement with the
lattice at low (fixed-scale),

’ m— intermediate (both) and high
(RG-improved) energy scales,
m =~ 650 MeV

ag(wm)

@ One pair of complex-conjugate
; poles in p? (four poles in
complex-frequency space)
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The Screened Massive Expansion
Full QCD in the vacuum

@ Like in the gluon sector, add a non-perturbative mass for the
quarks...

i

= =

Lykin = (i — M) ; S(p)

@ ... without changing the overall quark Lagrangian

Eq,kin _ E(standard) + 6Ly : ﬁq,int _ E(standard) — 6Ly

g,kin q,int
6Ly = (Mg — M) Yy

@ The “chiral” mass M is an independent parameter, i.e. it is
assumed not to be of the form M = Mg(1 + ki + - -+),
so that it can act as a scale for quark DMG due to chiral
symmetry violation
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The Screened Massive Expansion
Full QCD: quark propagator

@ Definition
Sp) = [ e (T {0E0)})
@ General expression

S(p)

T p-M—3(p)

@ Self-energy diagrams

. . L
1 2
(1a) (16) (2a)
1 2
(2b) (2¢) (2d)
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The Screened Massive Expansion
Full QCD in the vacuum

@ Quark mass function in excellent

=|

= 18MeV ——

el agreement with the lattice for

fat = 72 MoV

zzzz

M =~ 200 — 400 MeV, depending on
M5+ and the resummation scheme

M(p) (GeV)

@ Wrong behavior of 1-loop quark

05 1 15 2 25 3 35 4 45 5

Z function — needs higher orders,
as confirmed by using the c.c.
14 [ Mo -sivey | .
scheme. May change at finite T

Zp)

@ Unfortunately, quite a few free

e parameters (chiral mass, current
e mass, 2 renorm. constants,
gluon mass if not already fixed)
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The Screened Massive Expansion

Finite temperature: GEP

Fo(m,T) = —BIVSIn/D,/ e

,Sm_'_i

4
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The Screened Massive Expansion
Finite temperature: GEP

d
pP=— [fG(Tvm(T)) - ]:G(Ovmo)] ) § = _ﬁ ]:G(Tam(T))

<, o
I o
a ERT
5 .
| 0 ’-*-a‘_-./
0 0.5 1 1.5 2 0 0.5 1 1.5 2
TIT, TIT,

T, ~ 0.35my ~ 230 MeV
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The Screened Massive Expansion

Finite temperature: gluon propagator

3p* + 8m?p? + 4m*
2m*

2p(p +2m)

9 (p) = [i_l} 1) + [4+

{317 +4mp +m}]

2 2(p? + mz) 2p% + 3m?

AL i+

Om

) - |2
2 22 2 2)2
p-+2m i p-+m

 [on + B )y O

2

n(€x,a)

€x,a

° xdx
=ow = [ o {
0 Ty
Zz+5)2r+>wa

La(z;y,x) = log 2ra

X—y,

2p* + m?
:|Jm+|:p 2mi|JO+
m

oI (p)+

—2p*(p* + 4m?) OI™ (p) + (p* + m?)* A" (p) + (p* + 3m*) OJm.

Re Lg(w + i€x,a; ¥,%) + a < 3 }
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The Screened Massive Expansion
Finite temperature: gluon propagator

9 45
T=121 MeV . T=121 MeV
8r, T=194 MeV 40 1 T=194 Mev
B - -
Sk T = 260 MeV 35 T =260 MeV.
~ 6= 30
35 3
e &
g 4 g
s =
3
2
1
0
15 2 25 3
p(GeV)
10
T =290 MeV/ T =290 MeV
T =366 MeV/ ) T =366 MeV
T =458 MeV st T =458 MeV
m) N> 6
3 3
<1 &
= =
0 .
05 1 15 2 25 3 2 25 3
P (GeV)
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The Screened Massive Expansion
Finite temperature: gluon propagator

@ Need to separately fit the
L mass parameter for the
: ; two components

1000

600

m(T) (MeV)

400

! @ Gluon mass parameter
: and p = 0 poles as a
M function of 7. Poles from
3D-transverse propagator

200 i

1000

ol - @ For T > T,, real part of
o . the poles (mass) ~ HTL +
’ condensate (a; ~ 0.42).
Im. part (damping?) not
compatible with usual

o 0(g?) value and topology

400

£(T). 1(T) (MeV)

200
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

: = @ Non-monotonic behavior

iR of longitudinal gluon
\ propagator is a stable

£ feature: does not depend
* on T-dependence of
P T parameters (T, does)

pimg

@ Maximum in T of long.

: TS propagator @ fixed p
‘ \ 7 marks phase transition
g ?® \ Timg = 0.36 ——
L\ — @ Can we use this fact to
S qualitatively predict the
S phase diagram of full
o QCD?
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

@ Even at 4 = 0 not a lot of lattice data
for the gluon propagator 1. below and
across the phase transition, 2. for
SU(3), 3. with full momentum
dependence

@ < basically the best available:
Aouane et al., Phys. Rev. D 87,
114502 (2013), arXiv:1212.1102.

‘ B Tmin t00 large, too few data points

R TH below T, (also, uncertain qualitative

3 consistency?)
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

Strategy

@ Use a simple model for quark dynamics: what counts for
the gluon propagator is the quark’s effective IR mass

S(p) = ——  with M ~ 300-400 MeV

@ Introduce a physically meaningful number of quarks —
Ny =2+ 10r Ny =2+ 1+ 1—with uniform (i.e. baryonic)
chemical potential

@ Fix parameters at (7, 1) = (0,0) and study maximum of
Ar(p, T, ) with respect to T at p ~ 0 and fixed p
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

(My,q, ms) = (350,450) MeV
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

(My.q,ms) = (350,450) MeV QT < T,, (3,90) MeV QT > T,
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

Giorgio Comitini

@ Expected shape of phase
diagram, independent of
(constant) parameters

@ (i &= Mnin, the chiral mass of
the lightest quarks: simple
interpretation. Heavier quarks
essentially play no role
(qualitatively)

@ Downsides: no quantitative
prediction for T, or x, no
distinction between types of
transition

@ Change in concavity hints to a
change in type of transition?

25/142
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The Screened Massive Expansion

Next steps

@ The quark propagator at finite 7 and p is half computed.

@ We need to make contact with the phenomenology. A good

way to make use of propagators could be to provide input for
quasi-particle models.

@ For T > T, and u = 0 some (not many, but still some) lattice
data for the unquenched gluon propagator and the
quenched quark propagator are available. Use them to fit
momentum-dependent masses for quasi-particles?
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum: fixed scale, full fit

@ Gluon DMG in the IR by a non-
trivial mechanism: the gluon
mass cancels at tree level

Aglpg) (GeV?)

@ Excellent agreement with the
o ! lattice for m = 0.654 GeV
(full fit of the data)

@ Need to fit a spurious free
parameter, e.g. Fy

Pe” GPe)

" @ Complex-conjugate poles in
the gluon propagator, pointing
Fe (021 to confinement
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum: fixed scale, optimized

NESE=IE @ Spurious free parameter fixed
e by minimizing the gauge-

op |0 ] dependence of the phases of
the residues of the gluon poles

= @ Phase gauge-parameter inde-
y pendent to within 3 parts in 1000

0 0(€) —0(0)| <2.7-107° at

0 02 04 06 08 1 12 FO = _0876
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum: fixed scale, optimized

K e @ Optimized results
N ik e ez indistinguishable from a full
5 fit for m = 0.656 GeV
) @ Predictivity of the method
o 1 restored: first-principles SME

Latlice: Duarte etal. ——
SME: Fit ——
SME: Optimized

pe? Glpg)
N
Br(pe)

pe (GeV)

pe” (GeV?)
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum: RG improvement

@ Renormalization in the MOM-
Taylor scheme

@ Finite and moderately small
running coupling — no Landau
poles

Alp) (Gev?)

@ Excellent agreement with the
. lattice at intermediate to high
2 Conineg — energies

ag(im)

@ Coupling too large at p ~ m:
needs 2 loops at low energies

w » | @ Optimization by matching
RG and fixed scale results
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The Screened Massive Expansion
Pure Yang-Mills theory at finite temperature

@ Semi-quantitative
predictions

@ Excellent agreement with
the lattice in the
3D-transverse sector

— @ Good agreement with the
[ T - lattice in the 3D-longitudinal
[ sector at low T and large p

@ Sub-optimal in the
———— 3D-longitudinal sector at
high 7 and small p

@ Lattice-aided predictions
on the gluon dispersion
relations and pole position
as a function of T, displaying
a confining pattern
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The Dynamical Model
Trying to explain gluon DMG

@ Condensates —i.e. VEVs of the form (O(0)) — are known
to play a major role in dynamical mass generation

@ A quadratic condensate of the form (A?) has the right
dimensions to produce a gluon mass...

@ ... but its introduction in the QCD action spoils gauge
symmetry — look for a gauge-invariant analogue

((A4")?)

where AV = UT (A# + 8) U, h: min /d4x (AM?
g hesuU(3)

equivalently, 0-(A") =0
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The Dynamical Model
Trying to explain gluon DMG

@ The effect of a non-zero ((A")?) on the IR gluodynamics
can be investigated by making use of the LCO formalism

@ A’ is a non-local operator: perturbatively,
(w 0.0" _[o-4 ig[0-4 , 0-A]
= (o~ 82>(A ’g{az ’A”]Jri{az O 82}4_ )

@ However, its LCO action can be localized in any gauge...

SLco—SFP+/ ( “9- A" £ 79 - D(A h)n“)-ﬁ-

/d4x {2< (60)* — 2% L (o4 60y +é[(Ah)2}z}
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The Dynamical Model
Trying to explain gluon DMG

@ The effect of a non-zero ((A")?) on the IR gluodynamics
can be investigated by making use of the LCO formalism

@ A’ is a non-local operator: perturbatively,
(w 0.0" _[o-4 ig[0-4 , 0-A]
= (o~ 82>(A ’g{az ’A”]Jri{az O 82}4_ )

@ However, its LCO action can be localized in any gauge...

@ ... and contains a gluon mass term m> = ~Z= _{@r)
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The Dynamical Model
Computational techniques

@ Find the value of the condensate by minimizing its effective
potential I'[¢]; this introduces a renormalization constant ¢

@ Use the reduction of couplings to express ¢ as a power

series in the coupling g, ¢ = g% G =

Go 9Na . 161N,
g2 +C1+ ; CO 3N’<1_52'167T2

T
@ Apply the ordinary perturbative methods to the condensate’s
LCO action — by which the gluon is massive (o # 0) — ...

C=

@ ... to compute e.g. the gluon propagator < done in the
Landau gauge, where the calculations are the simplest
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The Dynamical Model
Pure Yang-Mills theory results in the vacuum

@ Renormalized in the Dynamically
Infrared-Safe (DIS) scheme
5 Ng*

. , B
/\ ZpZAZi =1, BZo=1+ 15

ApF) (GeVT)

N @ Uses a single free parameter: the
coupling «a; at the initial scale g

@ The gluon mass parameter m? is
A computed via the gap equation

it S @ RG-improved propagators in
excellent agreement with the
lattice data, except for the deep IR
p < 0.5 GeV (expected at 1 loop)
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The Dynamical Model
Pure Yang-Mills theory results in the vacuum
@ As in the SME, the DM-DIS running

coupling is finite (no Landau poles)
and moderately small

- @ The running gluon mass displays a
: typical saturating behavior...

m(po = 1 GeV) = 0.655 GeV
m(0) ~ 0.78 GeV

o\
o\ ‘ ... and slowly decreases to zero
in the UV

m(p) ~ 2] ™F  (u— o0)

38/142
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1. The standard formulation of QCD

The QCD Lagrangian

1 _
Lacp = —; F Y +(iv" Dy, — M)y

FZI/ = aﬂAg — 6VAZ + gfbacAZAIC/ ) DH = 8# o igAZTa

1 _
Lacp = —5 9uAl, (07A®Y = 07A™) + ¢(ir"8), — M)+
. aaAaAb,uAcu_l 2 ra aAbAcAd,uAez/
gfbc My 4g fbcfde wy -

+ g VY TaAS,
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1. The standard formulation of QCD

Gauge symmetry

i
A5:U<Au+g8M>UT, Y = Uy

Laco[AY, Y] = LacolA, ¥]
SacolAY, ¥Y] = SacplA, ]

JH = Py T ) + fupe FPHVAS It =0.

Giorgio Comitini Perturbative methods in non-perturbative QCD 40/142



1. The standard formulation of QCD
The Faddeev-Popov Lagrangian

I _ |
Lrp = —Z FZVFQHV -+ 1/)(i’}/uDu = M)¢ — E (a .A)2 dL 8MEGDMCG

1" = Gy -+ gflfCAZcC

1 1
Lep = —= 0,A% (OHAYY — YA M) — — QLA HYA?
FP = —5 duy ( 9"AM) 253 A
+ O + P (iy*0, — M)+
1
— gffL 9,49 AbrATY — 1 & 1L S AL ACATHACY 4+

+ 8. O“TUANCE + g UV T LA,
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1. The standard formulation of QCD

0Aj, = eDyc” | 0 = ieg Ty,
1
oc" = —5€ 4 bt oc’ = eB*
0B =0

SFP[A + 5A7¢+5¢7C+5C76+5673+5B] = SFP[Aa¢acvng]

jls = —F*"D,c® + B*DHc* — g py'T 1) ¢ + %fﬁ oHeichee

Bt =0
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1. The standard formulation of QCD

Giorgio Comitini Perturbative methods in non-perturbative QCD 43/142



1. The standard formulation of QCD

BRST cohomology

(= /d3xj(c) . (¢,0) — (e_)‘c, e)‘E)
Hohys = (Ker{Qp} N Ker{Q.})/Im{Op}

Qg |phys) =0, Q. |phys) =0
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1. The standard formulation of QCD

0pl0) =0 = (0/[Q O]z 0) = =i (sO) =

@ Examples
0—<T{s( x)e’( )}>—<T{B“ B'(y)})
= (T {s (AL(0)° 1)) }) = (T {Duc (02" (v) + AL (0)B" () })
0 = (T {s(A}(x Ab(y)c*(z))}>=<T{Duc (NAL () (2) )+
+ (T{AL (0D} c(n)e () 1)+
+ (T{AL(x)AL(0)B(2)})
0= (T{s(¥X)Y ()" (2)}) = ig{T{Tp(X)P(y) ¢ ()" () })+
N+

— ig(T{(x)P(y)Ta c*(y)
+(T{y ()9 ()B"(2)})
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1. The standard formulation of QCD

Slavnov-Taylor identities

@ Consequences
(T {B“(x)B"(0)}) =0
(T (D O)}) = ~ (T s P O}) = [ 22 s By
(2m)* p?

—i€
p2

0 L (p)

a — d4p —ip-x a
(T {0 = [ 5 e A0 o) +

etc. ...
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1. The standard formulation of QCD

501 =5 [ dt (T {0 0B ) -
— =5 [ @ (1{60) WY
@ Gluon propagator:

(%(T{AZ(x)AZ(y)D - —;/d4z [<T{D ()AL (y)B (2)c°(2)}) +
+ (T {42 ()D, (B (@) (2)}) |
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1. The standard formulation of QCD

@ Equivalently (transverse):

6

af (P 5) FT( 7§)A77"1( 76)

Fib(p) = {w) Ar() 1w (p) + == ()] 6%

Fibx =) = 3¢

2 (T {Duc%x)A’; ()0 A ) +
+(x ey, perv,acr b))
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1. The standard formulation of QCD

@ Consequences

Ar'(po(€),) =0 =

d

0= &r 7 (Po(€),€) =

88§A Ypo(8), )+§)A;1(po(£),£)‘2p€°(£)=

= Fr(po(€), €) A7 (po(€), €) + SPAT%po(s), SELGE

f—A L (po(€). € >”ﬁf€°<§> — ff;—o
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1. The standard formulation of QCD
Standard perturbation theory: set up

SFp = So + Sint.

So = lim Sgp, Sint. = SFp — So
g—0

28
+ P (iv" 0, — M)y + aﬂz“auc“}

1 1
So = / d'x { — 5 QuAL(DMATY — UA™H) — = DALY AL+

1
Sint - /d4x { - gfl?c 8uAl€AbMACV — Zngl?CfgeAZAIC/AdMAeV—F

+ g YV TAS, + gfp. O C"AZC°}
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1. The standard formulation of QCD

Standard perturbation theory: Feynman rules

@ Zero-order gluon propagator

v OO00000000" # = ~5 5 lwle) + €0

@ Zero-order quark propagator
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1. The standard formulation of QCD

Standard perturbation theory: Feynman rules

@ 3-gluon vertex

a p
N
cp = gl k= p) 0 (p— g + 0 (g — k)
7 Kl
by

@ 4-gluon vertex

—ig? [ fabe pee (qpenre — poge )4
_ . face fbde (puppo oo ) 4

 fade phee (puimpo _ puopro )|
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1. The standard formulation of QCD

Standard perturbation theory: Feynman rules

@ ghost-gluon vertex

@ quark-gluon vertex
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1. The standard formulation of QCD

Renormalization & the renormalization group

—_£ 51/2 —£5,1/2
aB‘u::u ZZ/ R,LL’ /l;Z)B: 2Z/¢R7
=iz, = n32.%,

88 =11 2Ze gr §B=Z§§R, Mp = Zy Mg

ndzy o pdZ _ pdZy

YA = ZA d/.l ; Ve = Zc d,U ; Y = Z¢ d/,L )
_ ng _ pdég 1 dMy

By = e ==

Wap > " gap ™~ My ap
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1. The standard formulation of QCD

Renormalization & the renormalization group

@ Gluon propagator

(
[“)u
Ar (P s gr(1), M

*f:;) du, Ya (1

@ Ghost propagator

(9 8 0

g (p ;gr(p), M.

_ I ) G (5

0

M + v &R 5 Oex +’YA> A (pip) =0
( )7§R(M)7:u') =

) Ar (0% gr(10), Mr(10), € (1), o)

+ e R %) G (p;p) =0

OMp 5

R(1), &R (1), 1) =

P*; 8r(10), Mg (10), € (10) 10)
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1. The standard formulation of QCD

IR Landau pole

dg Bog® 1. 2
“ T e TN
20, — (#0)

g () = 1+ B ( ) InG/)

872 .

Giorgio Comitini Perturbative methods in non-perturbative QCD 56/142



2. Non-perturbative techniques and results in QCD

Lattice QCD: set-up
6 1
Sw=— Y, (1 - 3Tr{UW(x)}>

80 X, u<v

Uy (x) = Up(x) Uy (x + a,) U}, (x + a2, ) Uf (x)

1
2igoa

Ay(x +aé,)2) = (Uu(x) - Ul (x)) + 0(a?)

2 4
Uw =1 +igoa®F,, — 02 FuFo + 0(a)
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2. Non-perturbative techniques and results in QCD

Lattice QCD: results

e 15 T T T T T
wf-f . ok T
® 128 (13.0 fm) T * 128 B=60
= = 80' (8.1fm)| ! = 80° B=60
s 64" (65fm)*| 3 64' =60
7B E 1= ; B
= E x ft
¢ % g # £
st % ER- E
a8 E
a4 e X
A o5 E R
i =, 3 - =
£ . 3 . S
okl | I I T memerete ged 0 1 | | T |
0 05 1 15 2 25 [ 001 0.1 1 10 100
plGeV] P2 1GeV?]

Gluon propagator & Taylor coupling
Duarte et al., PRD 94, 014502 (2016)
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2. Non-perturbative techniques and results in QCD

OPE: set-up and results
0) = > Ch(x)0u(0)  (x—0)

@ Gluon propagator (Landau gauge)

Ay HOD) ) )

+ cp2 ~ ;
P2 )2 T PR —icy (AY)
. Ng? 2 Ng 2
e A
A= N, m =, 4

@ Quark propagator (Landau gauge)

iZ(p*) <W> iZz(p*)
S(p) — s + ¢y 2 p+icw Y
3Nag? 3Nsg* (Yo
Cgp = 71 81?5 M) = - 81?/(5 <1I/;2>
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2. Non-perturbative techniques and results in QCD

The Gribov-Zwanziger approach: set-up and results

-5, —Srp H
/'D/ e °6z i =72 /DJ e }5 -0 —0"D,,)

SGZ _ SFP}&':O +/ <¢ Kab¢bcu —ZcKabwbcp+

—b
+ 7 &fave ACM (S + %c)) — 4y V4N,

H[A] = gz/d4xfabcfdecAz [K_I(A)]adAe‘u g K=-0-D

equiv., dW/dy = 0, Saz = Sep|,_, + 7" (H[A] — 4ViNy)
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2. Non-perturbative techniques and results in QCD

The Gribov-Zwanziger approach: set-up and results

3 2Ng2'74 p2
Agy(P?) =p* + ot Acz(p?) = -

@ With condensates @Zb PUH — Wby, (A2):

2 2
p-+M
Apaz(p?) = :
RGZ(p ) p4 +M2p2 +2Ng2fy4
((a2), 2 p* + M?
ARGZ (p°) =

_ p4 L (MZ ue mZ)pZ L 2Ng2'}/4 o M2m2
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2. Non-perturbative techniques and results in QCD

The Curci-Ferrari model: set-up

1
Scr = Sym + / d*x (iB“@ (AT T Dy + 5 mzAZA‘W>

8 - . .
SppAy, = —Dpuc? . spct = Efbac et ) s,c =B, s,pBY = im*c

sizocmzséo

2,2)%°z.=1, z

m

2ZpZ. = 1

I
Ap?) =
ZAp? + ZpZpp m? 4TI (p2)
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2. Non-perturbative techniques and results in QCD

The Curci-Ferrari model: results

p2G(p)

Gluon propagator & dressing
function, infrared-safe scheme

Gracey et al., PRD 100, 034023 (2019)

Perturbative methods in non-perturbative QCD 63/142




3. The Screened Massive Expansion

Skp = Sm + Sin,

4
sw=i [ 225 {348 85 O AL + ) 65 P )

ab __ sab — it ) —il l/(p)
Amw/(p)_(s <p2‘im2 +€ ;2

1 d4p 1 a v
Si/m- = Sint- — 08 ) —0S = —l/(27[_)4 5AM<_p) FZb (p)Aylj(P)

ThY (p) = —im* 1 (p) Sap
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3. The Screened Massive Expansion

Feynman rules

@ Zero-order gluon propagator

_ ab 7““’(1)) 7’£[W([))
o TXTOOOOTO »+ = [+ =

@ Gluon mass counterterm

@ + standard QCD rules

Giorgio Comitini Perturbative methods in non-perturbative QCD 65/142



3. The Screened Massive Expansion
Gaussian effective potential

ln/Dﬁ sm — — <S|nt , V=&

AN 2 2
Ve (m?) = 1237":2 (a In? m—z +2 lmm—2 - 1)

Ve(m?) =0 <= m*=mi#0

3N, Amg

g2 < 0="Va(m" =0)

Ve (mp) = —
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3. The Screened Massive Expansion

Gaussian effective potential

"p=01 ——
hg=05 ——
[| =10
rg=15

oL
05 \
4 ‘ ‘ ‘ ‘ ‘

0 0.2 0.4 0.6 0.8 1 1.2 1.4
m/mg

Pure Yang-Mills GEP as a function of the gluon mass
parameter for different values of the coupling constant

G. C. and F. Siringo, Phys. Rev. D 97, 056013 (2018)
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3. The Screened Massive Expansion
Ghost propagator

@ Definition

G0) = [ 5o (1 (RO}

@ General expression
i
G = 5
#") Z.p* — Z(pz)

@ Self-energy diagrams

i YO i
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3. The Screened Massive Expansion
Ghost propagator

@ Self-energy

() = 2 p? (1 —g) (i-m’Zj) — ap? (G(s)—i—lens)

(s) = % [(1 +s)i§2s— D In(1 +s) —2slns + % +2}

@ Field-strength renormalization

Q & 2 m? 8
Ze=14+—-|(l1-2)|(-—In— =
1 (CHICGEI R Y

@ Renormalized propagator
iZ,
G(p°) = =

P*(G(s) — Elns/12 + Gy)
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3. The Screened Massive Expansion
Ghost propagator

@ Lattice fit (Landau gauge)

3 Lattice: Duane‘et al. —=—|q
SME: Fit ——
25
o
=3
0]
o~ 2
w
(8
15 |

pe (GeV)

Zg = 1.0994, Gy = 0.1464 @ m = 0.654 GeV
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3. The Screened Massive Expansion
Gluon propagator

@ Definition
A = [ e (1 {aao)})

@ General expression
A(p?)

@ Polarization diagrams

—1
C Zyp? —m? —1(p?)
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3. The Screened Massive Expansion
Gluon propagator

@ Loop polarization

H(pz) =—m>+ Hloop(PZ) = A(pz) - Za p? —}[ibop(pz)

Tos(7?) = 5 (2 £) 2 (2 -12%5) — 0 (09) + €Fel9) +0)

€

F(5) = o+ 55 [La(s) + L(s) + Lels) + Rals) + Ro(s) + Re(s)]
N —S3 S2— S
Fg()élls—llz[le—z(l 23(1 )ln(l—i—s)—l-?)s:;H
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3. The Screened Massive Expansion
Gluon propagator

@ Loop polarization

L(s)73s3—34s2—28s—24 4—|—s \/m_\[

o s VATs+5
2(1

Ly(s) = (:S) (35 — 20s* + 115 — 2) In(1 + ) ,

L(s) = (2 —35%) Ins

445

Ru(s) = — (s — 205 +12) ,
N
2(1 + 5)?
Ry(s) = (;s) (s —10s 4+ 1) ,
2
R.(s) = 5—2—{—2—s2
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3. The Screened Massive Expansion
Gluon propagator

@ Field-strength renormalization

_a (13 &\ (2 m?

€

@ Renormalized propagator
A(p?)

B —iZA
~ P2(F(s) + £ Fe(s) + Fo)

@ Zero-momentum limit
—iZA

5m? 28
- (14%)
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3. The Screened Massive Expansion
Gluon propagator

@ Lattice fit (Landau gauge)

Lattice: Duarte etal. ————
SME: Fit ——

pPe (GeV)

Za =2.6308, Fy = —0.8872, m = 0.6541 GeV
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3. The Screened Massive Expansion
Optimization: gluon sector

AT P2 €) = izx PRI (—pP m )
AT(p5,6) =0 = J(=p*/m? &) =0

J~(5,6) = F(s) + £ Fe(s) + Fo

Re {F(—p5/m*(£)) + £ Fe(—p3/m*(€))} + Fo(§) = 0
Im {F(—p5/m’(€)) + & Fe(—po/m*(€))} = 0
pE:_P(Z)

R(€) = lim (p?+ p3)Ag(p},€) = >
2 2 apE

PE——DPpy

= [R()|e™®

Giorgio Comitini Perturbative methods in non-perturbative QCD 76/142



3. The Screened Massive Expansion
Optimization: gluon sector

FDL‘=4.50‘7
Fo-=-1.25 ——
0.4 Foh=-1.00 ——
Fo- =-0.876 ——
Foh=-0.75 ——
Fo-=-0.50 ——
Fob=-025 ——
0.3
Phase difference 6(¢) — 6(0)
2 o2 of the residue of the gluon
propagator as a function of
o the gauge ¢
0
0 0‘.2 0‘.4 0‘,6 0‘,8 ‘1 1.2
13
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3. The Screened Massive Expansion

Optimization: gluon sector

Fo(0) = —0.876

pé = (0.4575 £ 1.0130 i) m*(0)
m*(€) ~ (1 —0.39997 £ + 0.064141 &%) m?(0)
Fo(€) = —0.8759 — 0.01260 & + 0.009536 £2 + 0.009012 &3

0(¢) = 1.2621022%
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3. The Screened Massive Expansion
Optimization: gluon sector

12
ug; m2(E)im? = 1-0.39997 £ + 0.064141 &2 Lattice: Dua;t;l: ﬁ:‘ :
09 10 £ . SME: Optimized 1
085
% o8 o« 8r
Z o 3
T g .
065 ’E
055
0 02 04 06 08 1 12
¢ P
087 F () = -0.8759 - 0.01260 & +0.009536 &2 + 0.000012 & 0 o‘_1
0872
_oen
* o Fo(0) = —0.876
0878
Zn = 2.6481, m(0) = 0.6557 GeV
0 02 04 06 08 1
@ po = (£0.5810 + 0.3751 i) GeV
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. The Screened Massive Expansion
Optimization: gluon sector

Bripe)

Optimized propagator
Principal part
10 Principal part (norm.) ——

Aglpe) (GeV?)
®

pe (GeV)

Br(pe)/Br*(pe)
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3. The Screened Massive Expansion
Optimization: ghost sector

Go = iy U2 Ge(42) ™ = G2 /) + 35 o ).
Fo= a(lm (W2 A(p?)) ™" = F(i? /m?) — € Fe(ui® /m?)

o —1
Go = (1 T ’”) (F(2 /) + € Fe(u/m?) + Fo) +

1
~ G2 /) + 5 ()

% =0 = Gp=0.1452

o

Giorgio Comitini Perturbative methods in non-perturbative QCD 81/142



3. The Screened Massive Expansion
Optimization: ghost sector

3 Lattice: Duane‘et al. —=— |
- SME: Fit ——
SME: Optimized

25

pe (GeV)

Zg =1.0959 @ Gy =0.1452, m = 0.6557 GeV
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3. The Screened Massive Expansion

Renormalization Group improvement

@ Renormalization conditions (MOM-Taylor scheme)
1 — _
AW =G = 5 s Ze=23 "7

@ Renormalization counterterms

o (13 5) <2_1n’"> — a(F(u2/m?) +C) |

=1tz (5 3) (i mm
o I3 2 m? 8 2, 2

c = — 1—7 7_1 - —

Z 1—|—4 [( 3) <€ n,u2>+3] aG(p/m")
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3. The Screened Massive Expansion
Renormalization Group improvement

@ Anomalous dimensions
u? 2, 2 p? 2/ 2
/
fyA:—ZaﬁF(u /m”) ’Yc:—ZOéWGI(M /m”)

@ Beta function
da u?

o)
= = = 26’ = — 27H/ 2 2
fa= T2 > +27) = —a” 5 H(p” /)
H(s) = F(s) +2G(s)
do @ u?
L= I 2v.) = —a? 10,272
B o2 5 (1 +27) = —a” 5 H (" /m”)

@ Solution of the beta function equation

afs) = o(so)
1+ a(so) [H(s) — H(so)]
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3. The Screened Massive Expansion

Renormalization Group improvement

@ Running coupling: UV limit

2

2 Oés(ﬂo)
as(ﬂ ) — 1 1IN as(u%) 1 L
T3 ()

@ Running coupling: IR limit

327 p?
o) = TN 2

@ Landau pole/maximum (uo = 6.098m)

—0

as(po) > 0469 = Landau pole

as(po) < 0469 =— maximum at u, = 1.022m
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3. The Screened Massive Expansion
Renormalization Group improvement

@ RG-improved propagators
2

1 p*/m
A (p*; p5) = — exp (—/ ds as) F’(S)) :
p w/m*
1 p*/m?
G (1% 1) = - exp (— [ asa G’<s>>
I

3/

@ RG-improved propagatorS' UV limit

Al MO)%p[Zﬁzﬂ ) g(Pz;u%)%plz{Z:g;?)F

@ RG-improved propagators: IR limit

A (P up) — % . G — 5
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3. The Screened Massive Expansion
Renormalization Group improvement

24

—— ~ 7 % =015 ——
22 N\ P —
2 \ ~lom
- e \ =040 ——
s a e — \
w: N(i 16 Y
‘ N

0.1 1 10
pim
o\ 0y =0.15 ——
25 \ 032020 ——
/ \ 0,=025 ——
/J \ 0,=030 ——
2 / \ 05=035 ——
/ \ 0, =040 ——
E 15
&
1
05
0
0.1 1 10
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3. The Screened Massive Expansion
RG improvement: intermediate scale matching

@ Taylor relation (general scheme)

2 [A(uzsu%)] [w;ua)r

2y _
) =l | Kz | g4

@ Taylor relation (optimized fixed scale, MOM)
oSO (u2) = k [F(u2/m?) + Fo] ' [G(1?/m?) + Go)

@ Matching condition

(OFS) . F(ii3 /m?) + Fo] [G(12/m?) + Gy’
as” (1) = as(pi) [F(,u;/mz)—i-FO} [G(ué/mz)ﬂLGJ
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3. The Screened Massive Expansion

RG improvement: intermediate scale matching

@ Matching condition visualized (u; = 1.372m)

a0 —] " [Cez0v —]

£

32

3

1,

3 4 4

£o

3

.

0.1 1 1 10
wm wm
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3. The Screened Massive Expansion

RG improvement: intermediate scale matching

@ Best match (u; = 1.372m): ay(p3) = 0.391

OFS ——
RG ——
25 Combined

ag(u/m)

agOFS)(MZ) _ as(u2) +1% for w € [l.1m,2m]
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3. The Screened Massive Expansion

RG improvement: intermediate scale matchi

Lattice ——
10 RG (Std.)
OFS (SME) ——
RG (SME) ——
8 Combined
g 6
=
T 4
3 Lattice ——
A RG (Std.)
OFS (SME) ——
RG (SME) ——
25
o Combined
0.1 1 10
p (GeV) a 2
]
“a
15
3
Lattice
RG (Std.) 4
25 OFS (SME) ——
RG (SME) ——
R Combined 05
0.1 1 10
2 p(GeV)
< 15
“a
T
05
0

p (GeV)
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3. The Screened Massive Expansion
RG improvement: intermediate scale matching

@ Combined fit

3
Lattice —— Lattice ——
m =0.656 GeV m = 0.656 GeV
m = 0651 GeV 25 m = 0.651 GeV
B 3
3 = 7 %
e 3 15 /
S “a ;
E 7
1 s
F4 =
05 ,/
»
0 0
01 1 10 0.1 1 10
p (GeV) p(GeV)
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4. The Screened Massive Expansion: Applications

B
Zz/Dﬁexp(—/ dr/d3xﬁg> B=1/T
0
O(t) = e™Oe ™
Gu(ri, ) = Z7 TP T {01 (m) -+ Ow(7w)} |

GN(Tl,...,O,...,TN)::EGN(Tl,...,ﬂ,...,TN)
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4. The Screened Massive Expansion: Applications

Finite temperature: set-up

c(r=p3,%X)=—-c(r=0,x), ¢ (r=p,%X=—-c"(1=0,X)

B
AZ(T, )?) =S Z / 7(2753 el(wnT"rPJC) Azm(]_}‘) vy = 2mnT
n

ED i) as
2L AT ) = (nk DT

c(r,X) =
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4. The Screened Massive Expansion: Applications

Finite temperature: GEP

Fo(m,T) = —BIVSIn/D,/ e

4
Falmg

0.005

0005 | \T-02smo
-0.01
-0.015
-0.02
-0.025 |
-0.03
-0.035

-0.04

“0 02 04 06 08 1 12

m/my

ﬁV

Tt o (St - Fo(m,T) > F(T)

12

m(T) / my

08
06
0.4

0.2
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4. The Screened Massive Expansion: Applications
Finite temperature: GEP

pP==- [fG(Tvm(T)) - ]:G(Ovmo)] ) S = 4T ]:G(Tam(T))
20 - 25
Lattice = Lattice =
0;=06 - - - 0g=06 - - -
15 1| #=09 — ! 201 4 =09 ——
. . 15
5 ..:
] 0’—%‘_-./
0 0.5 1 1.5 2 0 0.5 1 1.5 2
TIT, TIT,

T, ~ 0.35my ~ 230 MeV
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4. The Screened Massive Expansion: Applications
Finite temperature: gluon propagator

Aﬁ@ﬂvz[AﬂnTWﬂa»+Aa,nP;@»+;fW@ﬂwb

%@ba—mm—m(mrﬁﬁy
PL(5) = 10(p) — PL, (o)

[PHE@)? =P p), PPHp) - 1p) = 1(p) - P (p) = PTE(p)

P (p) - PH1(p) = PTE(p) - 4(p) = £(p) - PT*(p) =0
T{PT(p)y =2, T{PLp)}=1, PI(p) +Pp) +Lp) =1
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4. The Screened Massive Expansion: Applications
Finite temperature: gluon propagator

Arc(p,T) = Aro(p*,1P),T) ,
Ar(p,T=0)=Ar(p,T=0)=A(p),
Ar(p*, 19 =0,T) = AL(p*, 19| =0,T)  (p* #0)

Zr o (T)

AT,L(Pa T) = p2[F(S(T)) L Fg’L(T) —+ WT’L(p,m(T)a T)]

s(T) :pz/m2(T) , 7ro(p,m,T=0)=0
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4. The Screened Massive Expansion: Applications

Finite temperature: gluon propagator

Arlp) (GeV?)

9
T=121 MeV
8 T=194 MeV
, T =260 MeV.
6
5
4
3
2
! \MM
o §

Arlp) (GeV'?)

05 1.5 2 25 3
p(GeV)
5
T =290 MeV/
T =366 MeV
T =458 MeV.

P (GeV)

T=121 MeV
40 T =194 MeV
35 T =260 MeV
30
%
S
1.5 2 25
p(GeV)
10
T =290 MeV
T =366 MeV
8 T =458 MeV.
<
S
2 25
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4. The Screened Massive Expansion: Applications
Finite temperature: gluon propagator

o [ o 2 *
e
s i
0 ¥
o ! i
| SN R Gluon mass parameter and
- poles as a function
of T. Poles from 3d-
o . transverse propagator
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4. The Screened Massive Expansion: Applications

Ly = P(id — Mg + g"ALT)Y

Ly=Lyo+ Lyint
£(170 - E(la - M)lﬂ ) ‘Cq,int = @(gAaTa +M — MR)w

M#MR<1+C1%+”')
47

SM(P):p_M
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4. The Screened Massive Expansion: Applications
Full QCD: quark propagator

@ Definition
Sp) = [ e (T {0E0)})
@ General expression

S(p)

T p-M—3(p)

@ Self-energy diagrams

_ : L E
1 2
(1a) (16) (2a)
1 2
(2b) (2¢) (2d)

™
|

Giorgio Comitini Perturbative methods in non-perturbative QCD 102/142



4. The Screened Massive Expansion: Applications
Full QCD: quark propagator

@ Loop self-energy
i
P — Mg — X(100P) (p)
2(00P) (p) = P EvP?) + Ss(p?)
@ Mass and Z-function

S(p)

S(p) = M+ Mg+ 2P (p) — S(p) =

_iZ(p?)
P MEp?)

Z(p*) = 1/A(p*), M) =B(p*)/A(P°)
APH) =1-2y(p?), B@?) =Mz+ 3s(p?)
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

@ Zero-momentum limit

Mg+ ¥5(0)

MO) = TEGGT VM (M My = 55(0) ~ M)
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4. The Screened Massive Expansion: Applications
Full QCD: quark propagator

@ Lattice fit (Landau gauge) — mass function
0.45 : : : :
My = 18 MeV
04 N My = 36 MeV
035 | \ Mg = 54 MeV
' Mz = 72 MeV
0.3 - Mg = 90 MeV
=
& 0.25
> L
E 0.2
0.15
0.1
0.05
0
p (GeV)
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

@ Lattice fit (Landau gauge) — mass function

MaMeV) || mMev) | o | meMev) |

Po (MeV)

18 268.0 2.605 —14.0
18* 197.6 3.128 6.8
36 228.7 2.788 10.2
54 221.4 2.663 33.9
72 238.4 2.393 53.4
90 249.0 2.261 73.8

+387.4 + 180.9i
£349.2 £+ 193.1i
+371.7 £ 185.4i
+£375.2 £ 177.2i
+392.9 + 167.61
+410.8 £ 170.2i
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4. The Screened Massive Expansion: Applications
Full QCD: quark propagator

@ Lattice fit (Landau gauge) — Z-function

Myt = 54 MeV
14+ 1
121
a
I
08
06
05 1 15 2 25 3 35 4 45 5
p (GeV)
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4. The Screened Massive Expansion: Applications
Full QCD: quark propagator

@ Lattice fit (Landau gauge) — Z-function, CC scheme
14 1
12 F
CN
0.8
0.6
0.5 1 15 2 2‘.5 Ei 35 4 45 5
p (GeV)
1 1 R R
An(p?) = — —
@) P m " 2Re(R} | 4m P43
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5. The Dynamical Model

The field A”: definition and gauge invariance

AU :Tr{/d4xAU-AU} , A=t <AH+;6H> U

hESUG) : k= min fi[U]

— 6“AZ[A] =0

HAY] = UTh[A] =AM 5 (AV)HA%] = phiA]
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5. The Dynamical Model
The field A”: perturbative expression

h[A] = 8¢1]
0-A g 0-A 0-A
§[A]—82+182[6-A, 7 ]—i—z@ [Au,a“az ]—i—
L’g g
+ > [82 ,0- A}
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5. The Dynamical Model

The quadratic operator (A")?: effective action

= /Dﬁ eSOV
@ — a |2 € p
SYI =Sep+ [ d'x E(A) _EJ

ow 1
SV = 5 (@), - T = ol
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5. The Dynamical Model
The quadratic operator (A")?: effective action, localized

1= / DF §(F), F — Fl¢]=0"AM®

SO = s@p = sV + / d*x (T9OMAl + 70" Dy (A" )

sT =5t =sn“ =0, sh = —igc*T,h

SE¢ = ="+ 5 fiu '€+ 0(g")

sS(Z)zo, £ =0
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5. The Dynamical Model

The quadratic operator (A")2: effective action, localized + linearized

1 1 2
I—N/DO' €_AS2, ASQ—ZC_/d4X <0'—2(Ah)2+<.]>

SA[] = SO = sA[] + AS, =
= Srp + / d*x (T°O"AR + 70" D (AMn") +
1

+/d4x {JU+21<-02_2ICU(A,Z)2+8{[(’4}1)2]2}
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5. The Dynamical Model

The quadratic operator (A")2: effective action, calculation

o—o+d0 : (do)=0

a]:I/d4x02—ln/ D.F ¢!
2¢ (65)=0

I =Srp+ “a“Ah“Jrﬁ“a“D (Ah) )

[t (o
+/d4x {%(50) —i(a—i—éa)(Ah) 4L
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5. The Dynamical Model

The quadratic operator (A")?: effective action, Feynman rules
I=Sgp + / x (T0"Al + 0" D (A")n) +
4 2 1 h 1 h\212
— (A
+ [ {3 602 - 5 o+ o)+ o [

Doy (p?) = ¢

~ac (ah? = _i (A-06)?+0(g/¢) = m’= ~C

+ an infinite number of interactions
to lowest order: a cubic doA? and a quartic (A%)?
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5. The Dynamical Model

The quadratic operator (A")?: effective action, Landau gauge (MS)
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5. The Dynamical Model
Reduction of couplings

@ Roughly
¢ pdd/dp €
— (o2 96 _ s
¢ =) 0g* pdg?/du B
20 4 a¢ Y 1
=2 iho. —— 0. B _ W o
Ve C+ 0., Bp Bog” +ho — P ﬁog4+ho

2y 1
= —— +h.o.
/B(g ) BO g2
@ Explicit calculation:
Ny 9 161 Ny

2y Na 9 | 161
=N 2 Te T
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5. The Dynamical Model

The quadratic operator (A")?: effective action (MS)

m? = — 1o = mg <1—C1g2+0(g4)>
o

(Co/g> +¢1) + 0(g?)

pg*o

o

g = —

V) = 2Nam +)+mﬁ

9 Nyam§ 3Ny 4( [ 113
= m, —_—
13N 2g2 6472 O\ md2 ' 39
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5. The Dynamical Model

The quadratic operator (A")2: gap equation (MS)

—2
9 Nymg 2 o 187
TN 2 3 <1n * >

T

0 <= m}=7"ex g_73-327r2
0= K P 78 T 13Ng2
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5. The Dynamical Model

Renormalization in detail (Landau gauge)

Jp Al Al = (7, Z,) T A" - A
(g5 =ZCp I

W o
_ d e N
I; = SFPla:O = /d X |:2Z<C: (60) 2.

=Z,JA" . AT

—ZCpu

(o + d0)A% +

nZ
8ZC

wp|
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5. The Dynamical Model

Gluon propagator (Landau gauge)
@ General expression

[A_l(p)]fg/ = 5 [ZAP2 t;w(p) + (1 +0Zp — 5ZC) m’ 6,uu + H;w(P)]

@ Polarization diagrams

Ordinary (massive) +

oo
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5. The Dynamical Model

Gluon propagator (Landau gauge)

@ Polarization (off-shell)

(d — 1)Ny p d%q 1
I (p) = H,(L%F)(P) + #*5 /(ZW)d >

¢ ¢ +m?
@ Propagator (off-shell)

AL (P) = Zap” tu(p) + 6Zam? b, + TLCD (p)+

(d—1DNyps [ dlq 1
2 ¢ (27r)dq2+m2)

+ 8 (ZC_] m* +
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5. The Dynamical Model

Gluon propagator (Landau gauge)
@ Propagator (on-shell)
(d=DNaps [ dq 1
2 ¢ J 2n)dq?+m?
1
Zap® + 0Zy m? + H(TCF) (p?)

26 7 13N

V’(mz) =0 <— ZC_I m* +

Ap?) =

@ Divergences

13 3
[H(TCF) (Pz)]div. =-A (6172 - 4m2>

2
€
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5. The Dynamical Model

Ghost propagator (Landau gauge)

@ Polarization diagrams

Ordinary (massive gluon)

@ Propagator
1

50") = 7 T =)

@ Divergences
ECPD gy = ——p* =
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5. The Dynamical Model

Renormalization (Landau gauge)

@ Needed counterterms

13X2 . 2 .
0Zy = — — +fin. , 5Z2:—Q—+f|n., 6ZC:Qg+f|n.
6 € 4 € 4 €

([22Zc)giv = 1)

@ Mass renormalization

2, € 2, €
2 g8 2 gph 2 2 2
" 26 240 =0, 227, ) = Zye
7,72
ZpZpZ2

L =

125/142
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5. The Dynamical Model

Renormalization (Landau gauge)

@ Renormalization conditions: propagators and coupling
(MOM-Taylor scheme)

1
AWhi®) =G5t = 0 ZeZaZi=1
i.e.
CF
Z:1_5Zm72_H§“ )(p2_ 2) _I_E(CF)(PZ_NZ)
A 2 2 2 9 c >
2 1% 1%

(plus Z,» = Z,72)
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5. The Dynamical Model

Renormalization (Landau gauge)

@ DIS scheme: 7, # 7!

Z>Z. = 1 yields a massless gluon propagator —
choose something else, e.g.

SA

0Zy(p) = —0Zc(p) + I},ir_)no[ézC(Ul)]fin. = —0Zc(n) + &
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5. The Dynamical Model

RG improvement (Landau gauge)

@ Anomalous dimensions

CF
d (H% W=p)  m PG =p?) | 5Am2>

S
dp % % p? 8
= _Mi E(CF)@z _ /1«2)
¢ dp 12
dm? 2
P =Y = Y =n+2%=7% (12=-7)

dp
@ Beta function

B = Ava + 27%)
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5. The Dynamical Model

RG improvement (Landau gauge)

@ Identities

Bx 5 .
YA = )\ Tm2 > Ye = Vm2

@ RG-improved propagators

1)) () s a1
xRy w2 . S = ey

A% pd) =
@ UV limit

M) ~ 1/ (i), m2(2) ~ A@D)]H ~ [Inp?] =%
PPAP?) ~ DEAIZ ~ Ip? 2, p*G(p?) ~ ApH)]# ~ np?] %

@ IR limit

2
() ~ B m (1) ~ const, A(p?) ~m™2(0) , p*G(p?) ~ const

“B
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit

@ RG-improved potential (MS)

Vz_9Mmu L)
(m) 13 N 2¢%(n w2
3N
w3 w=-3

@ Scheme conversion (MS < DIS)

2
m2 . Zmz,WS m2 )\DIS _ Zg:NTS A
DIS = e = \us
Zppis MS Z bis
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit

@ Next-to-leading log RG-improved potential (MS)

— Re(V)
— Im(v)

— Re(V)
— Im(V)

o00as|

V[GeV')

m [GeV?] m’ [GeV]
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit

@ Solutions of the gap equation (1o = 1 GeV)

— DIS

m(po) (GeV)

MSbar

05
Alko)

Giorgio Comitini Perturbative methods in non-perturbative QCD 132/142



5. The Dynamical Model

RG improvement (Landau gauge): lattice fit

A(ud) = 0.473 —
— m(ud) = 0.655 GeV
@ o =1 GeV
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit

as(p)

P (GeV)
085
080
075
< o
3
e
065
E om0
055
050
o 2 4 g 0 10
P (GeV)
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