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Introduction

Research topics

PRIN2022 research grant "Approcci analitici alla QCD
non-perturbativa e proprietà del Quark-Gluon Plasma" @
UniCT within NGEU funding (p.c. 2022SM5YAS)

Working on pert. methods for non-pert. QCD since 2017
w/ F. Siringo and more recently (2021 - ongoing) w/ D. Dudal
(KU Leuven, Kortrijk, BE). Joint PhD @ UniCT & KU Leuven

Two massive reformulations of ordinary PT:

the screened massive expansion – simple first-principles
change of QCD’s tree level to account for gluon mass and
chiral symmetry breaking (UniCT)

the dynamical model – explaining gluon mass generation
via the formation of a gauge-invariant gluon condensate of
dimension 2 (KU Leuven)
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Introduction

Today’s talk

Main focus: perturbative methods for finite-temperature
non-perturbative QCD

Show what can and cannot be obtained by a one-loop
(non-ordinary) perturbative expansion

Won’t talk about dynamical model: no finite-T extension yet.
Plenty to talk about finite-T screened massive expansion

Take a step back and talk about motivation, general
principles and vacuum theory
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The mass of the gluon

Gluons on the lattice

Relatively recent (’00s - ’10s) lattice calculations have shown
that the gluons dynamically acquire a mass ̸= 0 in the IR

Ayala, et al., Phys. Rev. D86 (2012)

The gluon propagator
saturates at p = 0
instead of diverging
as if massless

Seen in various gauges
and for different Nf ’s
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The mass of the gluon

Gluons by other methods

Anticipated by both theoretical and phenomenological
investigations, e.g. Cornwall, PRD 26 (1984); Field, PRD 66 (2002)

Field, Phys. Rev. D66 (2002)

Confirmed by the Dyson-Schwinger equations approach
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The mass of the gluon

m ̸= 0 forbidden by gauge invariance

QCD Lagrangian: LQCD = − 1
4 F2 + ψ(i /D − M)ψ

The gluon mass term, Lm = 1
2 m2 A2 , is not gauge invariant

However

Masses can receive quantum corrections due to the
interactions

In the absence of spontaneous symmetry breaking, this is
perturbatively forbidden for gauge bosons

And non-perturbatively?
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The Screened Massive Expansion

Massive gluons in perturbation theory

Treat the (transverse) gluons as massive at tree level...

Lgluon, kin = −1
2

Aa
µ [∆

−1
m ]µνab Ab

ν ; ∆m(p)ab
µν = −iδab

[
tµν(p)

p2 − m2 + ξ
ℓµν(p)

p2

]
... without changing the overall QCD Lagrangian

LQCD, kin = L(standard)
QCD, kin + δLm ; LQCD, int = L(standard)

QCD, int − δLm

δLm =
m2

2
Aa
µ tµνAa

ν

That is, add a gluon mass term to the kinetic Lagrangian and
subtract it back from the interactions, so that LQCD → LQCD
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The Screened Massive Expansion

Modified Feynman rules for PT

The transverse gluons propagate as massive (by construction)

ν, b = δab
[−itµν(p)

p2 −m2
+

−iξ ℓµν(p)

p2

]
µ, a

A new two-gluon interaction vertex arises from the shift

ν, b = −im2 tµν(p) δabµ, a

Computational techniques

Use the ordinary perturbative techniques...
... but include the right number of gluon mass vertices
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The Screened Massive Expansion

Gaussian effective potential
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The Screened Massive Expansion

Gluon propagator

Definition

∆ab
µν(p) =

∫
d4x eip·x 〈T

{
Aa
µ(x)A

b
ν(0)

}〉

General expression

∆(p2) =
−i

ZA p2 − m2 −Π(p2)

Polarization diagrams
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum
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The Screened Massive Expansion

Full QCD in the vacuum

Like in the gluon sector, add a non-perturbative mass for the
quarks...

Lq,kin = ψ(i/∂ − M)ψ ; S(p) =
i

/p − M

... without changing the overall quark Lagrangian

Lq,kin = L(standard)
q,kin + δLM ; Lq,int = L(standard)

q,int − δLM

δLM = (MR − M)ψψ

The “chiral” mass M is an independent parameter, i.e. it is
assumed not to be of the form M = MR(1 + κ1αs + · · · ),
so that it can act as a scale for quark DMG due to chiral
symmetry violation
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The Screened Massive Expansion

Full QCD: quark propagator

Definition

S(p) =
∫

d4x eip·x 〈T
{
ψ(x)ψ(0)

}〉

General expression

S(p) =
i

/p − M − Σ(p)

Self-energy diagrams
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The Screened Massive Expansion

Full QCD in the vacuum
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The Screened Massive Expansion

Finite temperature: GEP

FG(m,T) = − 1
βV3

ln

∫
DF e−Sm +

1
βV3

〈
S′int.
〉
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The Screened Massive Expansion

Finite temperature: GEP

p = − [FG(T,m(T))−FG(0,m0)] , s = − d
dT

FG(T,m(T))
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The Screened Massive Expansion

Finite temperature: gluon propagator

Π
(a−c)
L,T (p) =

[
3p4

2m4
− 1

]
I00
L,T(p) +

[
4 +

3p4 + 8m2p2 + 4m4

2m4

]
Imm
L,T(p)+

−
[

3p4 + 4m2p2 + m4

m4

]
Im0
L,T(p) +

2p2(p2 + 2m2)

m2
Imm(p)+

− 2p2(p2 + m2)

m2
I0m(p)−

[
2p2 + 3m2

m2

]
Jm +

[
2p2 + m2

m2

]
J0+

−
[

8m2 +
(p2 + 2m2)2

m2

]
∂Imm

L,T(p) +
(p2 + m2)2

m2
∂Im0

L,T(p)+

− 2p2(p2 + 4m2) ∂Imm(p) + (p2 + m2)2 ∂Im0(p) + (p2 + 3m2) ∂Jm.

Iαβ(y, ω) =
∫ ∞

0

xdx
8π2y

{
n(ϵx,α)

ϵx,α
Re Lβ(ω + iϵx,α; y, x) + α↔ β

}

Lα(z; y, x) = log
z2 + ϵ2

x+y,α

z2 + ϵ2
x−y,α
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The Screened Massive Expansion

Finite temperature: gluon propagator

 0

 1

 2

 3

 4

 5

 6

 7

 8

 9

 0.5  1  1.5  2  2.5  3

T = 121 MeV

T = 194 MeV

T = 260 MeV

∆
T
(p

) 
(G

e
V

-2
)

p (GeV)

 0

 1

 2

 3

 4

 5

 0.5  1  1.5  2  2.5  3

T = 290 MeV

T = 366 MeV

T = 458 MeV

∆
T
(p

) 
(G

e
V

-2
)

p (GeV)

 0

 5

 10

 15

 20

 25

 30

 35

 40

 45

 0.5  1  1.5  2  2.5  3

T = 121 MeV

T = 194 MeV

T = 260 MeV

∆
L
(p

) 
(G

e
V

-2
)

p (GeV)

 0

 2

 4

 6

 8

 10

 0.5  1  1.5  2  2.5  3

T = 290 MeV

T = 366 MeV

T = 458 MeV

∆
L
(p

) 
(G

e
V

-2
)

p (GeV)

Giorgio Comitini Perturbative methods in non-perturbative QCD 18 / 142



The Screened Massive Expansion

Finite temperature: gluon propagator
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

Even at µ = 0 not a lot of lattice data
for the gluon propagator 1. below and
across the phase transition, 2. for
SU(3), 3. with full momentum
dependence

⇐= basically the best available:
Aouane et al., Phys. Rev. D 87,
114502 (2013), arXiv:1212.1102.
Tmin too large, too few data points
below Tc (also, uncertain qualitative
consistency?)
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

Strategy

Use a simple model for quark dynamics: what counts for
the gluon propagator is the quark’s effective IR mass

S(p) =
i

/p − M
with M ∼ 300-400 MeV

Introduce a physically meaningful number of quarks –
Nf = 2 + 1 or Nf = 2 + 1 + 1 – with uniform (i.e. baryonic)
chemical potential

Fix parameters at (T, µ) = (0, 0) and study maximum of
∆L(p,T, µ) with respect to T at p ≈ 0 and fixed µ
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

(mu,d,ms) = (350, 450) MeV
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The Screened Massive Expansion

Finite temperature: long. gluon propagator and phase diagram

(mu,d,ms) = (350, 450) MeV @ T < Tc , (3, 90) MeV @ T > Tc
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The Screened Massive Expansion
Finite temperature: long. gluon propagator and phase diagram

Expected shape of phase
diagram, independent of
(constant) parameters

µc ≈ Mmin, the chiral mass of
the lightest quarks: simple
interpretation. Heavier quarks
essentially play no role
(qualitatively)

Downsides: no quantitative
prediction for Tc or κ, no
distinction between types of
transition

Change in concavity hints to a
change in type of transition?
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The Screened Massive Expansion

Next steps

The quark propagator at finite T and µ is half computed.

We need to make contact with the phenomenology. A good
way to make use of propagators could be to provide input for
quasi-particle models.

For T > Tc and µ = 0 some (not many, but still some) lattice
data for the unquenched gluon propagator and the
quenched quark propagator are available. Use them to fit
momentum-dependent masses for quasi-particles?

Giorgio Comitini Perturbative methods in non-perturbative QCD 26 / 142



Thank you
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum: fixed scale, full fit
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum: fixed scale, optimized
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum: fixed scale, optimized
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The Screened Massive Expansion

Pure Yang-Mills theory in the vacuum: RG improvement
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The Screened Massive Expansion

Pure Yang-Mills theory at finite temperature
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The Dynamical Model

Trying to explain gluon DMG

Condensates – i.e. VEVs of the form ⟨O(0)⟩ – are known
to play a major role in dynamical mass generation

A quadratic condensate of the form
〈
A2
〉

has the right
dimensions to produce a gluon mass...

... but its introduction in the QCD action spoils gauge
symmetry =⇒ look for a gauge-invariant analogue

〈
(Ah)2

〉

where AU = U†
(

Aµ +
i
g
∂
)

U, h : min
h∈SU(3)

∫
d4x (Ah)2

equivalently, ∂ · (Ah) = 0
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The Dynamical Model

Trying to explain gluon DMG

The effect of a non-zero
〈
(Ah)2

〉
on the IR gluodynamics

can be investigated by making use of the LCO formalism

Ah is a non-local operator: perturbatively,

Ah
µ =

(
δνµ − ∂µ∂

ν

∂2

)(
Aν − ig

[
∂ · A
∂2 ,Aν

]
+

ig
2

[
∂ · A
∂2 , ∂ν

∂ · A
∂2

]
+ · · ·

)

However, its LCO action can be localized in any gauge...

SLCO = SFP +

∫
d4x

(
τ a∂ · Ah,a + ηa∂ · D(Ah)ηa

)
+

+

∫
d4x

{
1

2ζ
(δσ)2 − 1

2ζ
(σ + δσ)(Ah)2 +

1
8ζ

[(Ah)2]2
}

... and contains a gluon mass term m2 = −σ
ζ = −⟨(Ah)2⟩

2ζ
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The Dynamical Model
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The Dynamical Model

Computational techniques

Find the value of the condensate by minimizing its effective
potential Γ[σ]; this introduces a renormalization constant ζ

Use the reduction of couplings to express ζ as a power
series in the coupling g, ζ = 1

g2

∑+∞
n=0 ζn g2n =⇒

ζ =
ζ0

g2 + ζ1 + · · · , ζ0 =
9NA

13N
, ζ1 =

161NA

52 · 16π2

Apply the ordinary perturbative methods to the condensate’s
LCO action – by which the gluon is massive (σ ̸= 0) – ...

... to compute e.g. the gluon propagator ⇐= done in the
Landau gauge, where the calculations are the simplest
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The Dynamical Model

Pure Yang-Mills theory results in the vacuum
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0

1

2

3

4

p (GeV)

(p
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(G
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p
2
Δ
(p
2
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Renormalized in the Dynamically
Infrared-Safe (DIS) scheme

Zg2 ZAZ2
c = 1 , Z2Zc = 1 +

5
8

Ng2

16π2

Uses a single free parameter: the
coupling αs at the initial scale µ0

The gluon mass parameter m2 is
computed via the gap equation

RG-improved propagators in
excellent agreement with the
lattice data, except for the deep IR
p ≲ 0.5 GeV (expected at 1 loop)
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The Dynamical Model

Pure Yang-Mills theory results in the vacuum
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As in the SME, the DM-DIS running
coupling is finite (no Landau poles)
and moderately small

The running gluon mass displays a
typical saturating behavior...

m(µ0 = 1 GeV) = 0.655 GeV

m(0) ≈ 0.78 GeV

... and slowly decreases to zero
in the UV

m2(µ) ∼ [lnµ2]−
9
44 (µ→ ∞)

Giorgio Comitini Perturbative methods in non-perturbative QCD 38 / 142



1. The standard formulation of QCD

The QCD Lagrangian

LQCD = −1
4

Fa
µνFaµν + ψ(iγµDµ − M)ψ

Fa
µν = ∂µAa

ν − ∂νAa
µ + g f a

bc Ab
µAc

ν , Dµ = ∂µ − igAa
µTa

LQCD = −1
2
∂µAa

ν (∂µAa ν − ∂νAaµ) + ψ(iγµ∂µ − M)ψ+

− g f a
bc ∂µAa

ν AbµAc ν − 1
4

g2 f a
bc f a

de Ab
µAc

νAd µAe ν+

+ gψγµTaψAa
µ
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1. The standard formulation of QCD

Gauge symmetry

AU
µ = U

(
Aµ +

i
g
∂µ

)
U† , ψU = Uψ

LQCD[A
U, ψU] = LQCD[A, ψ]

SQCD[A
U, ψU] = SQCD[A, ψ]

Jµa = ψγµTaψ + fabc FbµνAc
ν , ∂µJµa = 0 .
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1. The standard formulation of QCD

The Faddeev-Popov Lagrangian

LFP = −1
4

Fa
µνFaµν + ψ(iγµDµ − M)ψ − 1

2ξ
(∂ · A)2 + ∂µcaDµca

Dµca = ∂µca + g f a
bc Ab

µcc

LFP = −1
2
∂µAa

ν (∂µAa ν − ∂νAaµ)− 1
2ξ
∂µAa

µ∂
νAa

ν+

+ ∂µca∂µca + ψ(iγµ∂µ − M)ψ+

− g f a
bc ∂µAa

ν AbµAc ν − 1
4

g2 f a
bc f a

de Ab
µAc

νAd µAe ν+

+ g f a
bc ∂

µcaAb
µcc + gψγµTaψAa

µ

Giorgio Comitini Perturbative methods in non-perturbative QCD 41 / 142



1. The standard formulation of QCD

BRST symmetry

δAa
µ = ϵDµca , δψ = iϵg caTaψ ,

δca = −1
2
ϵgf a

bc cbcc , δca = ϵBa ,

δBa = 0

SFP[A + δA, ψ + δψ, c + δc, c + δc,B + δB] = SFP[A, ψ, c, c,B]

jµB = −FaµνDνca + BaDµca − gψγµTaψ ca +
g
2

f a
bc ∂

µcacbcc

∂µjµB = 0
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1. The standard formulation of QCD

BRST symmetry

δ = ϵs =⇒ s2 = 0

QB =

∫
d3x j0B =⇒ Q2

B = 0

[QB,F]∓ = −isF

Qa =

∫
d3x j0a =⇒ Qa =

1
g

∮
d2xi F0i +

1
g

∫
d3x {QB,D0ca}
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1. The standard formulation of QCD

BRST cohomology

Qc =

∫
d3x j0c : (c, c) → (e−λc, eλc)

Hphys = (Ker{QB} ∩ Ker{Qc})/Im{QB}

QB |phys⟩ = 0 , Qc |phys⟩ = 0
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1. The standard formulation of QCD

Slavnov-Taylor identities

QB |0⟩ = 0 =⇒ ⟨0| [QB,O]∓ |0⟩ = −i ⟨sO⟩ = 0

Examples

0 =
〈
T
{

s
(
Ba(x)cb(y)

)}〉
=
〈
T
{

Ba(x)Bb(y)
}〉

0 =
〈
T
{

s
(
Aa
µ(x)c

b(y)
)}〉

=
〈
T
{

Dµca(x)cb(y) + Aa
µ(x)B

b(y)
}〉

0 =
〈
T
{

s(Aa
µ(x)A

b
ν(y)c

c(z))
}〉

= ⟨T{Dµca(x)Ab
ν(y)c

c(z)}⟩+
+ ⟨T{Aa

µ(x)D
b
νc(y)cc(z))}⟩+

+ ⟨T{Aa
µ(x)A

b
ν(y)B

c(z)}⟩

0 = ⟨T{s(ψ(x)ψ(y)cb(z))}⟩ = ig⟨T{Taψ(x)ψ(y) ca(x)cb(z)}⟩+
− ig⟨T{ψ(x)ψ(y)Ta ca(y)cb(z)}⟩+
+ ⟨T{ψ(x)ψ(y)Bb(z)}⟩
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1. The standard formulation of QCD

Slavnov-Taylor identities

Consequences
〈
T
{

Ba(x)Bb(0)
}〉

= 0

〈
T
{

Dµca(x)cb(0)
}〉

= −
〈
T
{

Aa
µ(x)B

b(0)
}〉

=

∫
d4p
(2π)4 e−ip·x pµ

p2 δ
ab

〈
T
{

Aa
µ(x)A

b
ν(0)

}〉
=

∫
d4p
(2π)4 e−ip·x

[
∆ab

T (p) tµν(p) +
−iξ
p2 δab ℓµν(p)

]

etc. ...
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1. The standard formulation of QCD

Nielsen identities

∂

∂ξ
⟨O⟩ = i

2

∫
d4x ⟨T {OBa(x)Ba(x)}⟩ =

= ∓ i
2

∫
d4x ⟨T {(sO) Ba(x)ca(x)}⟩

Gluon propagator:

∂

∂ξ

〈
T
{

Aa
µ(x)A

b
ν(y)

}〉
= − i

2

∫
d4z
[ 〈

T
{

Dµca(x)Ab
ν(y)B

c(z)cc(z)
}〉

+

+
〈
T
{

Aa
µ(x)Dνcb(y)Bc(z)cc(z)

}〉 ]
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1. The standard formulation of QCD

Nielsen identities

Equivalently (transverse):

∂

∂ξ
∆−1

T (p, ξ) = FT(p, ξ)∆−1
T (p, ξ)

Fab
µν(p) =

[
FT(p)∆T(p) tµν(p) +

i
p2 ℓµν(p)

]
δab

Fab
µν(x − y) = − i

2ξ

∫
d4z

{ 〈
T
{

Dµca(x)Ab
ν(y)∂ · Ac(z)cc(z)

}〉
+

+(x ↔ y, µ↔ ν, a ↔ b)
}
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1. The standard formulation of QCD

Nielsen identities

Consequences

∆−1
T (p0(ξ), ξ) = 0 =⇒

0 =
d
dξ

∆−1
T (p0(ξ), ξ) =

=
∂

∂ξ
∆−1

T (p0(ξ), ξ) +
∂

∂p
∆−1

T (p0(ξ), ξ)
dp0

dξ
(ξ) =

= FT(p0(ξ), ξ)∆
−1
T (p0(ξ), ξ) +

∂

∂p
∆−1

T (p0(ξ), ξ)
dp0

dξ
(ξ) =

=
∂

∂p
∆−1

T (p0(ξ), ξ)
dp0

dξ
(ξ) =⇒ dp0

dξ
= 0
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1. The standard formulation of QCD

Standard perturbation theory: set up

SFP = S0 + Sint.

S0 = lim
g→0

SFP , Sint. = SFP − S0

S0 =

∫
d4x

{
− 1

2
∂µAa

ν(∂
µAa ν − ∂νAaµ)− 1

2ξ
∂µAa

µ∂
νAa

ν+

+ ψ(iγµ∂µ − M)ψ + ∂µca∂µca
}

Sint =

∫
d4x

{
− g f a

bc ∂µAa
ν AbµAc ν − 1

4
g2 f a

bc f a
de Ab

µAc
νAd µAe ν+

+ gψγµTaψAa
µ + g f a

bc ∂
µcaAb

µcc
}
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1. The standard formulation of QCD

Standard perturbation theory: Feynman rules

Zero-order gluon propagator

ν, b = − i

p2
δab [tµν(p) + ξ ℓµν(p)]µ, a

Zero-order ghost propagator

b =
i

p2
δaba

Zero-order quark propagator

=
i

/p−M
13×3
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1. The standard formulation of QCD

Standard perturbation theory: Feynman rules

3-gluon vertex

= g f abc [ ηµν (k − p)ρ + ηνρ (p− q)µ + ηρµ (q − k)ν ]

b, ν

a, µ

c, ρ

k

p
q

4-gluon vertex

a, µ

c, ρ

b, ν

d, σ

=

−ig2 [ f abef cde ( ηµρηνσ − ηµσηνρ )+

+f acef bde ( ηµνηρσ − ηµσηνρ )+

+f adef bce ( ηµνηρσ − ηµρηνσ ) ]
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1. The standard formulation of QCD

Standard perturbation theory: Feynman rules

ghost-gluon vertex

= −g f abc pµ

c

a

b, µ

p

quark-gluon vertex

= ig γµTaa, µ
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1. The standard formulation of QCD

Renormalization & the renormalization group

Aa
Bµ = µ−

ϵ
2 Z1/2

A Aa
Rµ , ψB = µ−

ϵ
2 Z1/2
ψ ψR ,

ca
B = µ−

ϵ
2 Z1/2

c ca
R , ca

B = µ−
ϵ
2 Z1/2

c ca
R ,

gB = µ−
ϵ
2 Zg gR , ξB = Zξ ξR , MB = ZM MR

γA =
µ

ZA

dZA

dµ
, γc =

µ

Zc

dZc

dµ
, γψ =

µ

Zψ

dZψ
dµ

,

βg = µ
dgR

dµ
, γξ =

µ

ξR

dξR

dµ
, γM =

µ

MR

dMR

dµ
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1. The standard formulation of QCD

Renormalization & the renormalization group

Gluon propagator
(
µ
∂

∂µ
+ βg

∂

∂gR
+ γM MR

∂

∂MR
+ γξ ξR

∂

∂ξR
+ γA

)
∆ab
µν(p;µ) = 0

∆T
(
p2; gR(µ),MR(µ), ξR(µ), µ

)
=

= e−
∫ µ
µ0

dµ′
µ′ γA(µ

′)
∆T
(
p2; gR(µ0),MR(µ0), ξR(µ0), µ0

)

Ghost propagator
(
µ
∂

∂µ
+ βg

∂

∂gR
+ γM MR

∂

∂MR
+ γξ ξR

∂

∂ξR
+ γc

)
Gab(p;µ) = 0

G
(
p2; gR(µ),MR(µ), ξR(µ), µ

)
=

= e−
∫ µ
µ0

dµ′
µ′ γc(µ′) G

(
p2; gR(µ0),MR(µ0), ξR(µ0), µ0

)
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1. The standard formulation of QCD

IR Landau pole

µ
dg
dµ

= βg = − β0g3

16π2 , β0 =
11
3

N − 2
3

nf

g2(µ) =
g2(µ0)

1 + β0g2(µ0)
16π2 ln(µ2/µ2

0)

Λ = µ0 exp

(
− 8π2

β0g2(µ0)

)
=⇒ lim

µ→Λ
g(µ) = ∞
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2. Non-perturbative techniques and results in QCD

Lattice QCD: set-up

SW =
6
g2

0

∑

x,µ<ν

(
1 − 1

3
Tr {Uµν(x)}

)

Uµν(x) = Uµ(x)Uν(x + aêµ)U†
µ(x + aêν)U†

ν(x)

Aµ(x + aêµ/2) =
1

2ig0a

(
Uµ(x)− U†

µ(x)
)
+ O(a2)

Uµν = 1+ ig0a2Fµν −
g2

0a4

2
FµνFµν + O(a6) ,
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2. Non-perturbative techniques and results in QCD

Lattice QCD: results

Gluon propagator & Taylor coupling
Duarte et al., PRD 94, 014502 (2016)
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2. Non-perturbative techniques and results in QCD

OPE: set-up and results

O1(x)O2(0) →
∑

n

Cn
12(x)On(0) (x → 0)

Gluon propagator (Landau gauge)

∆(p) → − iJ(p2)

p2 + cA2
⟨A2⟩
(p2)2 ≈ − iJ(p2)

p2 − icA2 ⟨A2⟩

cA2 = −i
Ng2

4NA
=⇒ m2 =

Ng2

4NA
⟨A2⟩

Quark propagator (Landau gauge)

S(p) → iZ(p2)

/p
+ cψψ

〈
ψψ
〉

(p2)2 ≈ iZ(p2)

/p + icψψ
〈
ψψ
〉
/p2

cψψ = −i
3NAg2

8N2 =⇒ M(p2) = −3NAg2

8N2

〈
ψψ
〉

p2
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2. Non-perturbative techniques and results in QCD

The Gribov-Zwanziger approach: set-up and results
∫

DF e−SGZ

∣∣∣
⟨H[A]⟩γ=4V4NA

=

∫
DF e−SFP

∣∣
ξ=0 Θ(−∂µDµ)

SGZ = SFP
∣∣
ξ=0 +

∫
d4x

(
ϕ

ac
µ Kabϕbcµ − ωac

µ Kabωbcµ+

+ γ2gfabc Aaµ(ϕbc
µ + ϕ

bc
µ )
)
− 4γ2V4NA

H[A] = g2
∫

d4x fabcfdec Ab
µ [K

−1(A)]adAeµ , K = −∂ · D

equiv., dW/dγ = 0, SGZ = SFP
∣∣
ξ=0 + γ4 (H[A]− 4V4NA)
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2. Non-perturbative techniques and results in QCD

The Gribov-Zwanziger approach: set-up and results

∆−1
GZ(p

2) = p2 +
2Ng2γ4

p2 , ∆GZ(p
2) =

p2

p4 + 2Ng2γ4

With condensates ⟨ϕab
µ ϕabµ − ωab

µ ω
abµ⟩, ⟨A2⟩:

∆RGZ(p
2) =

p2 + M2

p4 + M2p2 + 2Ng2γ4 ,

∆
(⟨A2⟩)
RGZ (p2) =

p2 + M2

p4 + (M2 + m2)p2 + 2Ng2γ4 + M2m2
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2. Non-perturbative techniques and results in QCD

The Curci-Ferrari model: set-up

SCF = SYM +

∫
d4x

(
iBa∂ · Aa + ca∂µDµca +

1
2

m2Aa
µAaµ

)

sm2Aa
µ = −Dµca , sm2ca =

g
2

f a
bc cbcc , sm2ca = iBa , sm2Ba = im2ca

s2
m2 ∝ m2 ̸= 0

ZgZ1/2
A Zc = 1 , Zm2ZAZc = 1

∆(p2) =
1

ZA p2 + ZAZm2 m2 +Π
(CF)
T (p2)
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2. Non-perturbative techniques and results in QCD

The Curci-Ferrari model: results

Gluon propagator & dressing
function, infrared-safe scheme
Gracey et al., PRD 100, 034023 (2019)
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3. The Screened Massive Expansion

Set-up

SFP = Sm + S′int.

Sm = i
∫

d4p
(2π)4

{
1
2

Aa
µ(−p) [∆−1

m (p)]µνab Ab
ν(p) + ca(p) [G−1

0 (p)]ab cb(p)
}

∆ab
mµν(p) = δab

(−itµν(p)
p2 − m2 + ξ

−iℓµν(p)
p2

)

S′int. = Sint. − δS , −δS = −i
∫

d4p
(2π)4

1
2

Aa
µ(−p) Γµνab (p)Ab

ν(p)

Γµνab (p) = −im2 tµν(p) δab
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3. The Screened Massive Expansion

Feynman rules

Zero-order gluon propagator

ν, b = δab
[−itµν(p)

p2 −m2
+

−iξ ℓµν(p)

p2

]
µ, a

Gluon mass counterterm

ν, b = −im2 tµν(p) δabµ, a

+ standard QCD rules
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3. The Screened Massive Expansion

Gaussian effective potential

VG =
i
V4

ln

∫
DF eiSm − i

V4

〈
S′int.
〉

m , VG ≥ E

VG(m2) =
3NAm4

128π2

(
α ln2 m2

m2
0
+ 2 ln

m2

m2
0
− 1
)

α =
9Nαs

8π
, αs =

g2

4π

V ′
G(m

2) = 0 ⇐⇒ m2 = m2
0 ̸= 0

VG(m2
0) = −3NAm4

0
128π2 < 0 = VG(m2 = 0)
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3. The Screened Massive Expansion

Gaussian effective potential
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Pure Yang-Mills GEP as a function of the gluon mass
parameter for different values of the coupling constant

G. C. and F. Siringo, Phys. Rev. D 97, 056013 (2018)
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3. The Screened Massive Expansion

Ghost propagator

Definition

Gab(p) =
∫

d4x eip·x 〈T
{

ca(x)cb(0)
}〉

General expression

G(p2) =
i

Zc p2 − Σ(p2)

Self-energy diagrams
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3. The Screened Massive Expansion

Ghost propagator

Self-energy

Σ(p2) =
α

4
p2
(

1 − ξ

3

)(
2
ϵ
− ln

m2

µ2

)
− α p2

(
G(s)− 2

3
− ξ

12
ln s
)

G(s) =
1
12

[
(1 + s)2(2s − 1)

s2 ln(1 + s)− 2s ln s +
1
s
+ 2
]

Field-strength renormalization

Zc = 1 +
α

4

[(
1 − ξ

3

)(
2
ϵ
− ln

m2

µ2

)
+

8
3
+ 4g0

]

Renormalized propagator

G(p2) =
iZG

p2(G(s)− ξ ln s/12 + G0)
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3. The Screened Massive Expansion

Ghost propagator

Lattice fit (Landau gauge)

 1

 1.5

 2
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 3

 0.1  1

p
E

2
 G

(p
E
)

pE  (GeV)

Lattice: Duarte et al.

SME: Fit

ZG = 1.0994, G0 = 0.1464 @ m = 0.654 GeV
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3. The Screened Massive Expansion

Gluon propagator

Definition

∆ab
µν(p) =

∫
d4x eip·x 〈T

{
Aa
µ(x)A

b
ν(0)

}〉

General expression

∆(p2) =
−i

ZA p2 − m2 −Π(p2)

Polarization diagrams
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3. The Screened Massive Expansion

Gluon propagator

Loop polarization

Π(p2) = −m2 +Πloop(p2) =⇒ ∆(p2) =
−i

ZA p2 −Πloop(p2)

Πloop(p2) =
α

3

(
13
6

− ξ

2

)
p2
(

2
ϵ
− ln

m2

µ2

)
− α p2 (F(s) + ξFξ(s) + C)

F(s) =
5
8s

+
1
72

[La(s) + Lb(s) + Lc(s) + Ra(s) + Rb(s) + Rc(s)] ,

Fξ(s) =
1
4s

− 1
12

[
2s ln s − 2(1 − s)(1 − s3)

s3 ln(1 + s) +
3s2 − 3s + 2

s2

]
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3. The Screened Massive Expansion

Gluon propagator

Loop polarization

La(s) =
3s3 − 34s2 − 28s − 24

s

√
4 + s

s
ln

(√
4 + s −√

s√
4 + s +

√
s

)
,

Lb(s) =
2(1 + s)2

s3 (3s3 − 20s2 + 11s − 2) ln(1 + s) ,

Lc(s) = (2 − 3s2) ln s

Ra(s) = −4 + s
s

(s2 − 20s + 12) ,

Rb(s) =
2(1 + s)2

s2 (s2 − 10s + 1) ,

Rc(s) =
2
s2 + 2 − s2
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3. The Screened Massive Expansion

Gluon propagator

Field-strength renormalization

ZA = 1 +
α

3

(
13
6

− ξ

2

)(
2
ϵ
− ln

m2

µ2

)
+ α(f0 − C)

Renormalized propagator

∆(p2) =
−iZ∆

p2(F(s) + ξ Fξ(s) + F0)

Zero-momentum limit

∆(p2 = 0) =
−iZ∆

− 5m2

8

(
1 + 2ξ

5

)

Giorgio Comitini Perturbative methods in non-perturbative QCD 74 / 142



3. The Screened Massive Expansion

Gluon propagator

Lattice fit (Landau gauge)
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3. The Screened Massive Expansion

Optimization: gluon sector

∆−1(p2, ξ) = iZ−1
∆ p2 J−1(−p2/m2, ξ)

∆−1(p2
0, ξ) = 0 ⇐⇒ J−1(−p2/m2, ξ) = 0

J−1(s, ξ) = F(s) + ξ Fξ(s) + F0

Re
{

F(−p2
0/m2(ξ)) + ξ Fξ(−p2

0/m2(ξ))
}
+ F0(ξ) = 0

Im
{

F(−p2
0/m2(ξ)) + ξ Fξ(−p2

0/m2(ξ))
}
= 0

R(ξ) = lim
p2

E→−p2
0

(p2
E + p2

0)∆E(p2
E, ξ) =

(
∂∆−1

E

∂p2
E

∣∣∣∣
p2

E=−p2
0

)−1

=

= |R(ξ)|eiθ(ξ)
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3. The Screened Massive Expansion

Optimization: gluon sector
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3. The Screened Massive Expansion

Optimization: gluon sector

F0(0) = −0.876

p2
0 = (0.4575 ± 1.0130 i)m2(0)

m2(ξ) ≈
(
1 − 0.39997 ξ + 0.064141 ξ2) m2(0)

F0(ξ) ≈ −0.8759 − 0.01260 ξ + 0.009536 ξ2 + 0.009012 ξ3

θ(ξ) = 1.262+0.22%
−0.22%
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3. The Screened Massive Expansion

Optimization: gluon sector
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3. The Screened Massive Expansion

Optimization: gluon sector
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3. The Screened Massive Expansion

Optimization: ghost sector

G0 =
1

α(µ)

(
µ2 GE(µ

2)
)−1 − G(µ2/m2) +

ξ

12
ln(µ2/m2) ,

F0 =
1

α(µ)

(
µ2 ∆E(µ

2)
)−1 − F(µ2/m2)− ξ Fξ(µ2/m2)

G0 =

(
1 +

m2

µ2

)−1 (
F(µ2/m2) + ξ Fξ(µ2/m2) + F0

)
+

− G(µ2/m2) +
ξ

12
ln(µ2/m2)

∂G0

∂µ
= 0 =⇒ G0 = 0.1452
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3. The Screened Massive Expansion

Optimization: ghost sector
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3. The Screened Massive Expansion

Renormalization Group improvement

Renormalization conditions (MOM-Taylor scheme)

∆(µ2) = G(µ2) =
1
µ2 , Zg = Z−1/2

A Z−1
c

Renormalization counterterms

ZA = 1 +
α

3

(
13
6

− ξ

2

)(
2
ϵ
− ln

m2

µ2

)
− α(F(µ2/m2) + C) ,

Zc = 1 +
α

4

[(
1 − ξ

3

)(
2
ϵ
− ln

m2

µ2

)
+

8
3

]
− αG(µ2/m2)
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3. The Screened Massive Expansion

Renormalization Group improvement

Anomalous dimensions

γA = −2α
µ2

m2 F′(µ2/m2) , γc = −2α
µ2

m2 G′(µ2/m2)

Beta function

βα =
dα

d lnµ2 =
α

2
(γA + 2γc) = −α2 µ

2

m2 H′(µ2/m2)

H(s) = F(s) + 2G(s)

βα =
dα

d lnµ2 =
α

2
(γA + 2γc) = −α2 µ

2

m2 H′(µ2/m2)

Solution of the beta function equation

α(s) =
α(s0)

1 + α(s0) [H(s)− H(s0)]
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3. The Screened Massive Expansion

Renormalization Group improvement

Running coupling: UV limit

αs(µ
2) → αs(µ

2
0)

1 +
11N

3
αs(µ

2
0)

4π
ln
(
µ2/µ2

0

)

Running coupling: IR limit

αs(µ
2) → 32π

15N
µ2

m2 → 0

Landau pole/maximum (µ0 = 6.098m)

αs(µ0) ≥ 0.469 =⇒ Landau pole

αs(µ0) < 0.469 =⇒ maximum at µ⋆ = 1.022m
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3. The Screened Massive Expansion

Renormalization Group improvement

RG-improved propagators

∆
(
p2;µ2

0
)
=

1
p2 exp

(
−
∫ p2/m2

µ2
0/m2

ds α(s)F′(s)

)
,

G
(
p2;µ2

0
)
=

1
p2 exp

(
−
∫ p2/m2

µ2
0/m2

ds α(s)G′(s)

)

RG-improved propagators: UV limit

∆
(
p2;µ2

0
)
→ 1

p2

[
αs(p2)

αs(µ2
0)

] 13
22

, G
(
p2;µ2

0
)
→ 1

p2

[
αs(p2)

αs(µ2
0)

] 9
44

RG-improved propagators: IR limit

∆
(
p2;µ2

0
)
→ κ

m2 , G
(
p2;µ2

0
)
→ κ′

p2
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3. The Screened Massive Expansion

Renormalization Group improvement
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3. The Screened Massive Expansion

RG improvement: intermediate scale matching

Taylor relation (general scheme)

αs(µ
2) = αs(µ

2
0)

[
∆
(
µ2;µ2

0

)

∆(µ2;µ2)

][
G
(
µ2;µ2

0

)

G (µ2;µ2)

]2

Taylor relation (optimized fixed scale, MOM)

α
(OFS)
s (µ2) = κ

[
F(µ2/m2) + F0

]−1 [
G(µ2/m2) + G0

]−2

Matching condition

α
(OFS)
s (µ2) = αs(µ

2
1)

[
F(µ2

1/m2) + F0

F(µ2/m2) + F0

] [
G(µ2

1/m2) + G0

G(µ2/m2) + G0

]2
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3. The Screened Massive Expansion

RG improvement: intermediate scale matching

Matching condition visualized (µ1 = 1.372m)

1

2

3
α

s
(µ

/m
)
αs = 0.35 αs = 0.37

0

1
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3

0.1 1

α
s
(µ

/m
)

µ/m

αs = 0.39

1 10

µ/m

αs = 0.41
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3. The Screened Massive Expansion

RG improvement: intermediate scale matching

Best match (µ1 = 1.372m): αs(µ
2
0) = 0.391
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α
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α
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3. The Screened Massive Expansion

RG improvement: intermediate scale matching
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3. The Screened Massive Expansion

RG improvement: intermediate scale matching

Combined fit
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4. The Screened Massive Expansion: Applications

Finite temperature: set-up

Z =

∫
DF exp

(
−
∫ β

0
dτ
∫

d3x LE

)
β = 1/T

O(τ) = eτHOe−τH

GN(τ1, . . . , τN) = Z−1Tr
{

e−βH Tτ {O1(τ1) · · · ON(τN)}
}

GN(τ1, . . . , 0, . . . , τN) = ±GN(τ1, . . . , β, . . . , τN)
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4. The Screened Massive Expansion: Applications

Finite temperature: set-up

Aa
µ(τ = β, x⃗) = Aa

µ(τ = 0, x⃗)

ca(τ = β, x⃗) = −ca(τ = 0, x⃗) , ca(τ = β, x⃗) = −ca(τ = 0, x⃗)

Aa
µ(τ, x⃗) =

∑

n

∫
d3p
(2π)3 ei(ωnτ+p⃗·⃗x) Aa

µ,n(⃗p) ωn = 2πnT

ca(τ, x⃗) =
∑

n

∫
d3p
(2π)3 ei(ωnτ+p⃗·⃗x) ca

n(⃗p) ωn = (2n + 1)πT
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4. The Screened Massive Expansion: Applications

Finite temperature: GEP

FG(m,T) = − 1
βV3

ln

∫
DF e−Sm +

1
βV3

〈
S′int.
〉

m , FG(m,T) ≥ F(T)

-0.04
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4. The Screened Massive Expansion: Applications

Finite temperature: GEP

p = − [FG(T,m(T))−FG(0,m0)] , s = − d
dT

FG(T,m(T))
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4. The Screened Massive Expansion: Applications

Finite temperature: gluon propagator

∆ab
µν(p,T) =

[
∆T(p,T)PT

µν(p) + ∆L(p,T)PL
µν(p) +

ξ

p2 ℓµν(p)
]
δab

PT
µν(p) = (1 − δµ4)(1 − δν4)

(
δµν −

pµpν
|⃗p|2

)
,

PL
µν(p) = tµν(p)− PT

µν(p)

[PT,L(p)]2 = PT,L(p) , PT,L(p) · t(p) = t(p) · PT,L(p) = PT,L(p)

PT,L(p) · PL,T(p) = PT,L(p) · ℓ(p) = ℓ(p) · PT,L(p) = 0

Tr{PT(p)} = 2 , Tr{PL(p)} = 1 , PT(p) + PL(p) + ℓ(p) = 1
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4. The Screened Massive Expansion: Applications

Finite temperature: gluon propagator

∆T,L(p,T) = ∆T,L(p4, |⃗p|,T) ,
∆T(p,T = 0) = ∆L(p,T = 0) = ∆(p) ,

∆T(p4, |⃗p| = 0,T) = ∆L(p4, |⃗p| = 0,T) (p4 ̸= 0)

∆T,L(p,T) =
ZT,L(T)

p2[F(s(T)) + FT,L
0 (T) + πT,L(p,m(T),T)]

s(T) = p2/m2(T) , πT,L(p,m,T = 0) = 0
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4. The Screened Massive Expansion: Applications

Finite temperature: gluon propagator
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4. The Screened Massive Expansion: Applications

Finite temperature: gluon propagator
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4. The Screened Massive Expansion: Applications

Full QCD: set-up

Lq = ψ(i/∂ − MR + g γµAa
µTa)ψ

Lq = Lq,0 + Lq,int

Lq,0 = ψ(i/∂ − M)ψ , Lq,int = ψ(g/AaTa + M − MR)ψ

M ̸= MR

(
1 + c1

αs

4π
+ · · ·

)

SM(p) =
i

/p − M
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

Definition

S(p) =
∫

d4x eip·x 〈T
{
ψ(x)ψ(0)

}〉

General expression

S(p) =
i

/p − M − Σ(p)

Self-energy diagrams
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

Loop self-energy

Σ(p) = −M + MR +Σ(loop)(p) =⇒ S(p) =
i

/p − MR − Σ(loop)(p)

Σ(loop)(p) = /p ΣV(p2) + ΣS(p2)

Mass and Z-function

S(p) =
iZ(p2)

/p −M(p2)

Z(p2) = 1/A(p2) , M(p2) = B(p2)/A(p2)

A(p2) = 1 − ΣV(p2) , B(p2) = MR +ΣS(p2)
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

Zero-momentum limit

M(0) =
MR +ΣS(0)
1 − ΣV(0)

∼ M (M ≫ MR =⇒ ΣS(0) ∼ M)
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

Lattice fit (Landau gauge) – mass function
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

Lattice fit (Landau gauge) – mass function

Mlat (MeV) M (MeV) αs MR (MeV) P0 (MeV)

18 268.0 2.605 −14.0 ±387.4 ± 180.9i

18⋆ 197.6 3.128 6.8 ±349.2 ± 193.1i

36 228.7 2.788 10.2 ±371.7 ± 185.4i

54 221.4 2.663 33.9 ±375.2 ± 177.2i

72 238.4 2.393 53.4 ±392.9 ± 167.6i

90 249.0 2.261 73.8 ±410.8 ± 170.2i
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

Lattice fit (Landau gauge) – Z-function
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4. The Screened Massive Expansion: Applications

Full QCD: quark propagator

Lattice fit (Landau gauge) – Z-function, CC scheme
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Z
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∆m(p2) =
1

p2 + m2 → 1
2Re{R}

[
R

p2 + p2
0
+

R

p2 + p2
0

]
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5. The Dynamical Model

The field Ah: definition and gauge invariance

fA[U] = Tr
{∫

d4x AU · AU
}
, AU

µ = U†
(

Aµ +
i
g
∂µ

)
U

h ∈ SU(3) : fA[h] = min
U∈SU(3)

fA[U]

⇐⇒ ∂µAh[A]
µ = 0

h[AU] = U†h[A] =⇒ Ah[A] → (AU)h[AU ] = Ah[A]
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5. The Dynamical Model

The field Ah: perturbative expression

h[A] = eigξ[A]

ξ[A] =
∂ · A
∂2 + i

g
∂2

[
∂ · A,

∂ · A
∂2

]
+ i

g
∂2

[
Aµ, ∂µ

∂ · A
∂2

]
+

+
i
2

g
∂2

[
∂ · A
∂2 , ∂ · A

]
+ · · ·

Ah
µ =

(
δµν −

∂µ∂ν
∂2

)
ϕν [A]

ϕµ[A] = Aµ − ig
[
∂ · A
∂2 ,Aµ

]
+

ig
2

[
∂ · A
∂2 , ∂µ

∂ · A
∂2

]
+ · · ·
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5. The Dynamical Model

The quadratic operator (Ah)2: effective action

Z[J] = e−W[J] =

∫
DF e−S(1)[J]

S(1)[J] = SFP +

∫
d4x

[
J
2
(Ah)2 − ζ

2
J2
]

δW
δJ

[J] =
1
2
〈
(Ah)2〉

J − ζJ = σ[J]

Γ[σ] = W[Jσ]−
∫

d4x Jσ σ

δΓ

δσ
[σ] = 0 ⇐⇒ σ =

1
2
〈
(Ah)2〉

J=0
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5. The Dynamical Model

The quadratic operator (Ah)2: effective action, localized

1 =

∫
DF δ(F) , F → F[ξ] = ∂µAh(ξ)

µ

S(1)[J] → S(2)[J] = S(1)[J] +
∫

d4x
(
τ a∂µAh,a

µ + ηa∂µDµ(Ah)ηa)

sτ a = sηa = sηa = 0 , sh = −igcaTah

sξa = −ca +
g
2

f a
bc cbξc + O(g2)

sS(2) = 0 , s2 = 0
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5. The Dynamical Model

The quadratic operator (Ah)2: effective action, localized + linearized

1 = N
∫

Dσ e−∆S2 , ∆S2 =
1

2ζ

∫
d4x

(
σ − 1

2
(Ah)2 + ζJ

)2

S(2)[J] → S(3)[J] = S(2)[J] + ∆S2 =

= SFP +

∫
d4x

(
τ a∂µAh,a

µ + ηa∂µDµ(Ah)ηa)+

+

∫
d4x

{
Jσ +

1
2ζ
σ2 − 1

2ζ
σ(Ah)2 +

1
8ζ

[(Ah)2]2
}

sσ = 0

sS(3) = 0 , s2 = 0
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5. The Dynamical Model

The quadratic operator (Ah)2: effective action, calculation

σ → σ + δσ : ⟨δσ⟩ = 0

Γ[σ] =
1

2ζ

∫
d4x σ2 − ln

∫

⟨δσ⟩=0
DF e−I

I = SFP +

∫
d4x

(
τ a∂µAh,a

µ + ηa∂µDµ(Ah)ηa)+

+

∫
d4x

{
1

2ζ
(δσ)2 − 1

2ζ
(σ + δσ)(Ah)2 +

1
8ζ

[(Ah)2]2
}
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5. The Dynamical Model

The quadratic operator (Ah)2: effective action, Feynman rules

I = SFP +

∫
d4x

(
τ a∂µAh,a

µ + ηa∂µDµ(Ah)ηa)+

+

∫
d4x

{
1

2ζ
(δσ)2 − 1

2ζ
(σ + δσ)(Ah)2 +

1
8ζ

[(Ah)2]2
}

D(δσ)(p
2) = ζ

− σ

2ζ
(Ah)2 = − σ

2ζ
(A − ∂ξ)2 + O(g/ζ) =⇒ m2 = −σ

ζ

+ an infinite number of interactions

to lowest order: a cubic δσA2 and a quartic (A2)2
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5. The Dynamical Model

The quadratic operator (Ah)2: effective action, Landau gauge (MS)

IL = SFP
∣∣
α=0 +

∫
d4x

{
1

2ζ
(δσ)2 − 1

2ζ
(σ + δσ)A2 +

1
8ζ

(A2)2
}

V(σ) =
µ2ϵ

2ζ
σ2 − 3NA

64π2ζ2 µ
2ϵσ2

[
ln

(
− µ2

µϵσ/ζ

)
+

5
6

]

m2 = −µ
ϵσ

ζ
=⇒ V(m2) = ζ

m4

2
− 3NA

64π2 m4
(
ln
µ2

m2 +
5
6

)
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5. The Dynamical Model

Reduction of couplings

Roughly

ζ = ζ(g2) =⇒ ∂ζ

∂g2 =
µ dζ/dµ
µ dg2/dµ

=
γζζ

βg2

γζ =
γ0

ζ
+ h.o. , βg2 = −β0 g4 + h.o. =⇒ ∂ζ

∂g2 = −γ0

β0

1
g4 + h.o.

β(g2) =
γ0

β0

1
g2 + h.o.

Explicit calculation:

ζ(g2) =
NA

g2N
9
13

+
161
52

NA

16π2 + · · ·
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5. The Dynamical Model

The quadratic operator (Ah)2: effective action (MS)

m2 = − µϵσ

(ζ0/g2 + ζ1) + O(g2)
= m2

0

(
1 − ζ1

ζ0
g2 + O(g4)

)

m2
0 = −µ

ϵg2σ

ζ0

V(m2
0) =

9
13

NA

N
m4

0
2g2 − 3NA

64π2 m4
0

(
ln
µ2

m2
0
+

113
39

)
+ O(g2)
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5. The Dynamical Model

The quadratic operator (Ah)2: gap equation (MS)

V ′(m2
0) =

9
13

NA

N
m2

0
g2 − 3NA

32π2 m2
0

(
ln
µ2

m2
0
+

187
78

)

V ′(m2
0) = 0 ⇐⇒ m2

0 = µ2 exp

(
187
78

− 3 · 32π2

13Ng2

)

V(m2
0) = −3NAm4

0
128π2 < 0 = V(m2

0 = 0)
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5. The Dynamical Model

Renormalization in detail (Landau gauge)

JB Ah
B · Ah

B = (ZJ ZAh) J Ah · Ah = Z2 J Ah · Ah ,

ζB J2
B = Zζζ µ−ϵ J2

∆S =

∫
d4x

(
Z2

2
J Ah · Ah − µ−ϵ

Zζζ
2

J2
)

σ[J] =
δW
δJ

[J] =
Z2

2
〈
Ah · Ah〉

J − Zζζ µ−ϵ J

IL = SFP
∣∣
α=0 +

∫
ddx

[
µϵ

2Zζζ
(δσ)2 − µϵZ2

2Zζζ
(σ + δσ)A2 +

µϵZ2
2

8Zζζ
(A2)2

]
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5. The Dynamical Model

Gluon propagator (Landau gauge)

General expression

[∆−1(p)]ab
µν = δab [ZA p2 tµν(p) + (1 + δZ2 − δZζ)m2 δµν +Πµν(p)

]

Polarization diagrams

Ordinary (massive) +
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5. The Dynamical Model

Gluon propagator (Landau gauge)

Polarization (off-shell)

Πµν(p) = Π(CF)
µν (p) +

(d − 1)NA

2
µϵ

ζ
δµν

∫
ddq
(2π)d

1
q2 + m2

Propagator (off-shell)

∆−1
µν (p) = ZAp2 tµν(p) + δZ2 m2 δµν +Π(CF)

µν (p)+

+ δµν

(
Z−1
ζ m2 +

(d − 1)NA

2
µϵ

ζ

∫
ddq
(2π)d

1
q2 + m2

)
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5. The Dynamical Model

Gluon propagator (Landau gauge)

Propagator (on-shell)

V ′(m2) = 0 ⇐⇒ Z−1
ζ m2 +

(d − 1)NA

2
µϵ

ζ

∫
ddq
(2π)d

1
q2 + m2 = 0

∆(p2) =
1

ZAp2 + δZ2 m2 +Π
(CF)
T (p2)

m2 = −µ
ϵ g2Z2

〈
A2
〉

2ζ0

(
ζ0 =

9NA

13N

)

Divergences

[Π
(CF)
T (p2)]div. = −λ

(
13
6

p2 − 3
4

m2
)

2
ϵ
, λ =

Nαs

4π
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5. The Dynamical Model

Ghost propagator (Landau gauge)

Polarization diagrams

Ordinary (massive gluon)

Propagator

G(p2) =
1

Zc p2 +Σ(CF)(p2)

Divergences

[Σ(CF)(p2)]div = −3λ
4

p2 2
ϵ
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5. The Dynamical Model

Renormalization (Landau gauge)

Needed counterterms

δZA =
13λ

6
2
ϵ
+ fin. , δZ2 = −3λ

4
2
ϵ
+ fin. , δZc =

3λ
4

2
ϵ
+ fin.

([Z2Zc]div = 1)

Mass renormalization

m2 = −g2µϵ

2ζ0
Z2
〈
A2〉 = −g2

Bµ
ϵ

2ζ0

Z2

Z2
gZA

〈
A2

B
〉
= Zm2 m2

B

Zm2 =
Z2Z2

c

Zg2ZAZ2
c
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5. The Dynamical Model

Renormalization (Landau gauge)

Renormalization conditions: propagators and coupling
(MOM-Taylor scheme)

∆(µ2;µ2) = G(µ2;µ2) =
1
µ2 , Zg2ZAZ2

c = 1

i.e.

ZA = 1 − δZ2
m2

µ2 − Π
(CF)
T (p2 = µ2)

µ2 , Zc = 1 − Σ(CF)(p2 = µ2)

µ2

(plus Zm2 = Z2Z2
c )
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5. The Dynamical Model

Renormalization (Landau gauge)

DIS scheme: Z2 ̸= Z−1
c

Z2Zc = 1 yields a massless gluon propagator =⇒
choose something else, e.g.

δZ2(µ) = −δZc(µ) + lim
µ′→0

[δZc(µ
′)]fin. = −δZc(µ) +

5λ
8
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5. The Dynamical Model

RG improvement (Landau gauge)

Anomalous dimensions

γA = −µ d
dµ

(
Π

(CF)
T (p2 = µ2)

µ2 +
m2

µ2
Σ(CF)(p2 = µ2)

µ2 +
5λm2

8µ2

)
,

γc = −µ d
dµ

(
Σ(CF)(p2 = µ2)

µ2

)

µ
dm2

dµ
= γm2 m2 =⇒ γm2 = γ2 + 2γc = γc (γ2 = −γc)

Beta function

βλ = λ(γA + 2γc)
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5. The Dynamical Model

RG improvement (Landau gauge)

Identities
γA =

βλ
λ

− 2γm2 , γc = γm2

RG-improved propagators

∆(p2;µ2
0) =

1
p2
λ(p2)

λ(µ2
0)

m4(µ2
0)

m4(p2)
, G(p2;µ2

0) =
1
p2

m2(p2)

m2(µ2
0)

UV limit

λ(µ2) ∼ 1/ ln(µ2) , m2(µ2) ∼ [λ(µ2)]
9

44 ∼ [lnµ2]−
9
44 ,

p2∆(p2) ∼ [λ(p2)]
13
22 ∼ [ln p2]−

13
22 , p2G(p2) ∼ [λ(p2)]

9
44 ∼ [ln p2]−

9
44

IR limit

λ(µ2) ∼ µ2

m2 , m2(µ2) ∼ const , ∆(p2) ∼ m−2(0) , p2G(p2) ∼ const
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit

RG-improved potential (MS)

V(m2) =
9

13
NA

N
m4(µ)

2g2(µ)

(
1 + β0

g2(µ)

16π2 ln
m2(µ)

µ2

)1+γ0/β0

β0 =
11N

3
, γ0 = −3N

2

Scheme conversion (MS ↔ DIS)

m2
DIS =

Zm2,MS

Zm2,DIS
m2

MS , λDIS =
Z2

g,MS

Z2
g,DIS

λMS
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit

Next-to-leading log RG-improved potential (MS)
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit

Solutions of the gap equation (µ0 = 1 GeV)

DIS

MSbar
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit
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5. The Dynamical Model

RG improvement (Landau gauge): lattice fit
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