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Plasma acceleration

Stanford linear acceleration center (SLAC) Plasma accelerators

= icLs
Nearfiall o <

50 GeV at 3 km 10 GeV at 30 cm

Acceleration gradient ~100 MeV/m Acceleration gradient ~50 GeV/m

Picksley et al. PRL 133, 255001 (2024);
Josh Stackhouse and Ela Rockafellow’s talks 2



Wakefield in plasma

Linear Nonlinear
(ap=1)

Strongly nonlinear
(ag =6)

eE
a, = L is the dimensionless laser amplitude
mcw

L 3




Strongly nonlinear (“bubble” or “blowout”) regime of wakefield

Laser driver (a, > 1) Electron driver (n, > np)

'}/! "l
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« Energy conserving model of a bubble and a beam-driven case
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* Previous models of the bubble
- Energy conservation in a plasma wake

« Energy conserving model of a bubble and a beam-driven case
A. Golovanov et al. PRL 130, 105001 (2023)

- Laser-driven bubble



Previous models



Phenomenological models of plasma wakefield

//// Pe \
//// ‘ electron sheath Assumptions
\/ | ‘ N + Axial symmetry, coordinates (r, z)
\ \ > n(¢) ] - Quasi-static approximation:
\ )( bubble )
\ ¥ ftzn=fEn, §=t-z
\ ’ \ + The plasma bubble has a border r,(§). For
\ P ' - r <ry, there are no plasma electrons; r 2 r,
\\ P lies the electron sheath
NG /,«, Sl + lons are immobile
Z, _£ -

Plasma units: t — wyt, r— kpr, E- eE/mcwp,
etc.
Lu et al. Phys. Plasmas 13, 056709 (2006)



Plasma boundary equation

The boundary of the bubble is described by the equation
d?r,

dry 2
A(rb)d_fz + B(rb)(d_f) + C(rb) = A(¢, rb)r

Lu et al. Phys. Plasmas 13, 056709
(2006); Golovanov et al. Quantum
electron. 46, 295 (2016).



Plasma boundary equation

The boundary of the bubble is described by the equation

2

ry dry 2
+ B(rb)(d_f) + C(rb) = A(¢, rb)r

Ay S i

where

2 3r,A
Alr,))=r, 1+Z+ L

(1+r,0/2)? , A

(T+r,A/2)2 F

2
B(r,) = ?b(“_)
21+
cr,) = :

-10 -5 0 5 10
r

Lu et al. Phys. Plasmas 13, 056709
(2006); Golovanov et al. Quantum ,
electron. 46, 295 (2016).



Plasma boundary equation

The boundary of the bubble is described by the equation

2

ry dry 2
+ B(rb)(d_f) + C(rb) = A(¢, rb)r

Ay S i

where

2 3r,A
Alr,))=r, 1+Z+ L

(1+r,0/2)?
(1+r,0/2)2 10

2
B(r,) = ?b(“_)
21+
cr,) = :

U

I

1 == Lu
'

15 20 25 30
kpz

Lu et al. Phys. Plasmas 13, 056709

(2006); Golovanov et al. Quantum

electron. 46, 295 (2016).



Energy conservation



Energy conservation in a plasma wakefield

EM field (wakefield)
oWy, .
T +V'SEM =_I'E

E2 + B :
Wey, = + EM energy density

S¢ = E * B Poynting vector



Energy conservation in a plasma wakefield

EM field (wakefield) Plasma electrons
oWy . oW, . 19(@®) —
ot 7S AE 5t Vo Semle Br g gy
2 2 N .
Wy = E ;B EM energy density W, = n (y - 1) electron energy density
S¢y = E = B Poynting vector S, = n.v(y - 1) energy density current

(a?) ponderomotive potential



Energy conservation in a plasma wakefield

EM field (wakefield) Plasma electrons
oWy . oW, . 19(@®) —
ot 7S AE 5t Vo Semle Br g gy
2 2 N .
Wy = E ;B EM energy density W, = n (y - 1) electron energy density
S¢y = E = B Poynting vector S, = n.v(y - 1) energy density current

(a?) ponderomotive potential

Total wake energy

oa?) —
1 ( >n Y—1
2 ot ©
W=Wg,+W, S=S,+S,

oW .
¥+V-S=—jB-E+

Currents j = j, + j belong to plasma electrons (j,) or to external bunches (jy).



Quasistatic approximation

Total wake energy Pe + ps

ow . 19(@®) —
W V.-S=-j -E+~ ]
ot TV ST e Er gy

Quasistatic approximation (§ = t - 2)

WEM
- 20 -
W o s oopp 18 —
af 1 1 - sz 2 a§ e 2115*
W=w- S, is the quasi-energy density. Ultrarelativistic bunches: 10 -
C o
Jg = PpZy W,
201 \
}15-1/
10" g



Quasistatic approximation

Total wake energy Pe + ps

ow . 19(@®) —
W V.-S=-j -E+~ ]
ot TV ST e Er gy

Quasistatic approximation (§ = t - 2)

WEM
- 20 -
W o s oopp 18 —
af 1 1 - pB z° 9 a§ e El 15 4
W=w- S, is the quasi-energy density. Ultrarelativistic bunches: 10 -
C 2 L
Jg = PpZy W,
~ —I - _— 20 - \
Wey, = 3 [(Vg,)?+B2] W, =n,y-1)(1-v,) X 15 l/
W, = -A, is the wakefield potential. ) 107 L



Quasistatic approximation

Total wake energy

oW . 19@) —
ot TVSE A Er T e

Quasistatic approximation (§ = t - 2)

- 2
oW 10(a%) —
fwi'sl:_p“*i g e 1

W =W -S, is the quasi-energy density.

Integrating over the transverse plane

dw 1 rof@®) —
d_§:_prEZd2rl+§f_a§ ney‘lder_
LIJ(§)='[IA~/d2rl (slice quasi-energy)

Behind the driver, no witness bunches: W(¢) = const.

5 0 -5-10
ko€

Lotov, Phys. Rev. E 69,
046405 (2004)  °



Model of the bubble



Model of the bubble

eIectron sheath

‘>( bubble/

Axial symmetry (r, z), only E

’ z! Err B¢
components.

The bubble has a boundary, r,($)

- Inside the boundary, no plasma electrons

- The electron sheath on the boundary is
infinitely thin.




Model of the bubble

// e eIectron sheath
'\\/ | + Axial symmetry (r,z), only E,, E,, B,
\\ \ ( components.
\ ‘>(bubble
\ ' ‘ / + The bubble has a boundary, r,(§)
\ + Inside the boundary, no plasma electrons
\ 4 + The electron sheath on the boundary is
| = ‘\ infinitely thin.
x/:f" 3, % drlver

We need to have a model for

2 —€ W= Wy + Ve
r



EM slice quasi-energy

Pe + P8

. (Vy, )? (§)
Wey, = 2‘” Wep(€) = rr/; (Vg )’rdr S—r
The wakefield potential inside the bubble is 20 - Wen
r2§)-r? %15 )
W) = == — )

4




EM slice quasi-energy

Pe + P8

. (Vy, )? (§)
Wey, = 2‘” LIJEM(§)=1T/; (Vg )’rdr S—r
The wakefield potential inside the bubble is 20 - Wen
r2§)-r? %15
W, () = —b(fi e 12
10 -
Then
v mry 15 dr, \?
&)= 76 |12\ 5




Electron slice quasi-energy

Pe t+ P8

We define the electron sheath as Jze
20 - -
Jye =Jo(§)r,6(r-ry)
z,e 0 b b :Q 15 -
and arrive at 5 10 -
W (&)=1p2 dry . A
e 2 b df We
20 - \\
%15 1/
10" -



Electron slice quasi-energy

Pe t+ P8

We define the electron sheath as Jze
20 - -
Jye =Jo(§)r,6(r-ry)
z,e 0 b b :Q 15 -
and arrive at 5 10 -
W (&)=1p2 dry . A
e 2 b df We
20 - \\
%15 1/
10" -



Equation for the bubble boundary

Finally, the total quasienergy is

2

Tfr b
Y=-— 76 rb+(2rb+8)(_§)

Red terms — EM energy, blue — plasma electrons energy.

13



Equation for the bubble boundary

Finally, the total quasienergy is

2

mre ?
Y= — 76 rb+(2rb+8)( f) d§_ nrb f pgrdr

Red terms — EM energy, blue — plasma electrons energy.

13



Equation for the bubble boundary

Finally, the total quasienergy is

mr 2
rb+(2rb+8)( f)] d§_ nrb f pgrdr

LIJ:
16

And we get the equation

3 2 2 2 2
ry dor, ry dry ry
(?”b)d_fz*(?”)(ﬁ 13 M) K= [

Red terms — EM energy, blue — plasma electrons energy.

Bubble equation = energy conservation

13



Comparison of equations

My e s )(dr'f’)2 r)=AEr), AGr) f " prd
r)——+B(r. ) —=] +C(r.) = A&, r.), r)= rdr
b7 g2 b\ g€ b b b A Py
Energy conservation Lu’s model
3 2 r3 r2orA
2 r r.A\? ro+Adr
c-Db E=r_bdi C==L11+[1+2) |, g - 2%
4 2= d€ 4 2 272 dE

Does not correspond to energy conservation



Comparison of equations

dr, \? "
) +B(rb)(d_r§b) +C(r,) = A(§, ), /\(f,rb)=j; pgrdr

Energy conservation Lu’s model

3 2 r r2orA

i I _ b 32 Iy
Ayt By Azl gl B2y

ry ry dr o r,b\” r,+Adr
C:—b E _b”hb C:—b 1+ 1+b— , E = b _b

4 272 d¢ & 2 £2

Does not correspond to energy conservation

For large bubbles r, > 1, we get the same equation,

d’r, ((j"t))2 LA
+1:

vag \ag)

Iy



Comparison of models

New model Lu’s model Large bubble limit
20 - B 3
18 - e - R e,
il
16 - z
X
~ -
14 - B¢
e
12 - B B
10 - ' ' -
Al A
5 0 //\
a
LLT N
-2
20 25 30 20 25 30 20 25 30
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Bubble excitation

po=5 Po=20 Po=40
10.0 - B n

7.5-= - -

5.0 - - -

25 - - L A self-consistent
x 00 -~ ) ) -4 -. model of excitation

—25- 3 3 ‘ of the bubble by an

j: | - "~ ; electron bunch based
100 by . . . | . ) . | i 1 A on Lu’'s model in the
4 v\ limitry > 1.
2
o N Golovanov et al. PPCF
- 63, 085004 (2021).
-4 = Simulations
-6 Analytical
5 10 15 20 5 10 15 20 5 10 15 20
3 3 3



Bubble excitation

Generalization: for r, < 1 old solution, for r, > 1 the new (energy-conserving) one.

A. Golovanov et al. PRL 130, 105001 (2023)

Po=5
20 -
> 4 :
o115k I -
10 -

”h— N
New model
F N | LD Lu model
-7.5 . 3 :
20 30 20 30 20 30 20 30 17

kpz kpz kpz kpz



pPo=5,pnw=20,L=8
25.0¢ 12 3 a4+

22.5 -
20.0 =
- O
175 - = "‘4‘«\
125 - 2
L™
10.0 =
7.5+
50 [* . . . ' '
2
o PWFA beam loading shadowgraphy, see talks by
g Stefan Karsch and Moritz Foerster on Monday.
- =2
u = PIC
-4 ~ — New model
A I I " Old model
20 25 30 35 40 45



Laser driver




Bubble equation with the laser term

The energy conservation law with a laser driver (electron bunches are neglected)

dy oa?) —
d—§=rrj 3¢ ny'rdr Y=y, +V¥

e



Bubble equation with the laser term

The energy conservation law with a laser driver (electron bunches are neglected)

dy ofa’) —
d—§=rrj 3¢ ny'rdr Y=y, +V¥

e

Under the delta-layer approximation n, o 6(r - r,(§))

dy _ g o(a’)
%7 or



Bubble equation with the laser term

The energy conservation law with a laser driver (electron bunches are neglected)

dy ofa’) —
d—§=rrj 3¢ ny'rdr Y=y, +V¥

Under the delta-layer approximation n, o 6(r - r,(§))

nr? o(a? mr? dr, \? mr?
d_“’z_bu, W= 2|2 =2 )], w - =2
dé ~ 2 of 16 d¢ e

e




Bubble equation with the laser term

The energy conservation law with a laser driver (electron bunches are neglected)

dy ofa’) —
d—§=rrj 3¢ ny'rdr Y=y, +V¥

Under the delta-layer approximation n, o 6(r - r,(§))
2 2 2
dy _ mr o(a?) AP _nrp [(dr, X
dé ) a& ’ l1IJEM 16 rb+2rb df ' lIJe ) dé +(a >(§'rb)

After substitution we get the equation

e

d? dr,\’ o(a?
A a2 Bl G2 |+t 520 - e



Laser driver: quasilinear solution

Quasilinear solution at the front gives us y, (¢, 0), E, (&, 0).

The corresponding “bubble size” is r, = 2,/pr(€, 0).

4.
2.

0-

— PIC

0.0

20



Laser driver: quasilinear solution

Quasilinear solution at the front gives us y, (¢, 0), E, (&, 0).
The corresponding “bubble size” is r, = 2,/pr(€, 0).

10.0 75 5.0 2.5 0.0

20



Laser driver: quasilinear solution

4 3

Quasilinear solution at the front gives us y, (¢, 0), E, (&, 0). 2-
The corresponding “bubble size” is r, = 2,/pr(€, 0). X 0 -
Y3
We demand continuity of g, (§,0) and E,(§, 0). —2-
—4 -

— PIC

Linear

5
10.0 75 5.0 2.5 0.0

20



Laser driver: quasilinear solution

4 |

Quasilinear solution at the front gives us y, (¢, 0), E, (&, 0). 2-
The corresponding “bubble size” is r, = 2,/pr(€, 0). i‘l ol
We demand continuity of g, (§,0) and E,(§, 0). —2-
We arrive at the the initial conditions for the equation —4 -

rb(fo) = 2\/ ww(for 0) )

I A () 2o —— T

(6 = = f

w m— PIC

' (‘UW@OYO) ~—5 E Model

100 75 50 25 0.0

20



Equation result

1.5),20fs 2.5),20fs 2.5],20fs 2.5),20fs
wo =30 pm,a9=1.5 wo =20 Hm,60.=3.0 Wo =15 um, a0=_3.9 wo =10 UM, ao =.5.9

A

5.0 -

2.5 -

x
S 00-

-2.5 -

-5.0 -, R B S R

kp& ko& kp& kp& 21



Equation result

1.5),20fs 2.5),20fs 2.5],20fs 2.5),20fs
wo =30 um, ap=1.5 wo =20 um, ao =3.0 Wo =15 um, ap = 3.9 wo =10 MM, ap = 5.9
>0 | i i : P
2.5 - i
El 0.0 - s e |
—2.5 - 8
-5.0 -, ' . .

;I 00 g —PIE-./\/A | /\ ,\-

Model

kp& ko& kp& kp& 21



Equation result

1.5),20fs 2.5),20fs 2.5],20fs 2.5),20fs
wo =20 um, ap = 3.0

wo =30 um, ap=1.5 Wo =15 um, ap=3.9 wo =10 um,ao=5.9

A,

5.0 -

2.5 -

x
S 00-

5
ko& 2



Bubble excitation by a laser

4 3
For a general laser-driven wake,
2 L
oa?) —
(;_“" } % g )ney-1 d’r, X
§ § &0-
If we know the RHS, we can calculate W. ,
_4 -
= PIC
540
a
5 20
0

koz »



Bubble excitation by a laser

4 3
For a general laser-driven wake,
2 L
— == n r
e 1 x
2 o $0-
If we know the RHS, we can calculate W. ,
We try to rely on the linear solution, but not with full
linearization -4 -
e , h : : : : |
v =(1+ ()& ) —
n(§,r) = max[nelm(f, ] e 40
a
5 20
0

koz »



Bubble excitation by a laser

4 3
For a general laser-driven wake,
2 L
— == n_y-1d2r
e 1 x
2 o $0-
If we know the RHS, we can calculate W. ,
We try to rely on the linear solution, but not with full
linearization -4 -
e , h : : : : |
v =(1+ ()& ) —
n (f I") max [ne lm(f, ] 3 40 — Excitation model
_Q- — — — — — — —
5 20
0

koz »



Bubble excitation by a laser

For a general laser-driven wake, 4 e B
d_lp=l[a(a2)n v d%r |
d¢ 2 o ¢ L X o -
If we know the RHS, we can calculate W. n
2 L

We try to rely on the linear solution, but not with full
linearization _al

v =(1+ (@) )"

s P|C
ne(§; I") = max [ne,lin(f' r), 0] 5 40 = Excitation model
The size of the bubble ?}20 [ I .
>
1/4
R :(16LIJ)
b=\ 0
10.0 7.5 5.0 2.5 0.0

koz 2



Bubble excitation by a laser: result

1.5),20fs 2.5),20fs 2.5),20fs 2.5),20fs

50 - Wo =30 um, ap =1.5 _ wo=20pum, ap=3.0 _ wo=15um, ap=3.9 _ Wwp=10pm, ap=5.9

60 — PIC

== Excitation model

Y, pl.u.

20

23



X, Hm

X, yHm

X, pm

50 75 100 125
z—ct, um

Iy
o

o
@

=
o

|
o
o

-1.0
2.0

Relative intensity

Relative intensity

First direct
observation
through
femtosecond
relativistic electron
microscopy (FREM).

A. Liberman,

A. Golovanov et al.
arXiv:2503.01516
(2025); submitted

2%



Axiparabola-driven wake

0 5 10 15 0 5 10 15
kpz kpz
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Axiparabola-driven wake

Pe R
10 = — - Excitation model
5 - T —
|- 3
S o= 3
— >
_s5 !,—(:.'l’-._‘
_10 =
L ' ' ' 0
0 5 10 15 0 5 10 15

koz

25



« A model of the bubble based on energy conservation was developed
+ The model does not contain external parameters

+ The model describes laser- and beam-driven bubbles

+ The energy conservation approach is general and powerful

26



Thank you for your attention!



Energy in a quasi-linear wakefield

5 fle
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== = Analytical

kpz



Energy in a quasi-linear wakefield

5 =
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Analytical
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Energy in a quasi-linear wakefield

_5.

0.02

uw)' 0.00

0 )

— PIC J
0.02 Analytical ‘J
f . |
“"\\ = f :\ j
| — = I\ | i
[l 5001 [} I\ |
BRIV TRVAY
== PIC | I |
Analytical ‘ J \\
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Nonlinear wake (bubble)

5.0
ne WEM
2.5 - 2
X
< 0.0-
-2.5 - .
_50 L '

40 Wem
2.5
. 0.0 2
W 320
25 >
-5.0 0
0 5 10 0 5 10




Starting from the quasilinear solution

As an alternative, we can use the quasilinear

solution at the front and assume continuity of

w,,(§,0), (8, 0).

In the bubble regime:

2
RO o dr,
Ww(fyo)- 41 z - 2 d{

Deriving r, u ry, we get the initial conditions

r, = 2\/ QUW(SC, 0)

. E(50)

r= ——

YW, (5,0)

0,=2,0,=0.5, pp=10

19 -
i 0 1 2 3 4+
T
18- "
17 - e ,
N R, .
14 - e
13 I F
L.
11+~
17
/
5 0 / ———
3 ; — PC
5 ' —-- Linear solution
w -1 / Linear model (ry=1)
A New model (ryn = 0.5)
-2 : ~
20 2 24 26 28 30 32
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