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Models of Flavour
Discrete non-Abelian symmetries succesfully explain leptonic mixing

non-Abelian symmetry broken spontaneously   residual Abelian symmetries⟶

Explicit symmetry introduced to induce non-zero θ13

Sum rules are predicted and can be used to distinguish different flavour symmetries
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S4 Leptonic Flavour Symmetry
Consider  as high scale symmetryS4
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S4 Leptonic Flavour Symmetry
VEVs of scalars can be found, -invariant alignments:ℤ2
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S4 Leptonic Flavour Symmetry
VEVs of scalars can be found, -invariant alignments:ℤ3
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During SSB from  topological defects may form. GGUT → H → ⋯ → GSM

topological defects
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Consider a real scalar field with -symmetric potentialℤ2
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Domain Walls

Consider a real scalar field with -symmetric potentialℤ2
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Static EoM for scalar field:
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 Domain Walls: SI typeℤ2
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 Domain Walls: SII-typeℤ2
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 Domain Wall Tensionsℤ2
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 Domain Walls: T-Typeℤ3
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Stability of non-Abelian Domain Walls:  caseℤ2

Straight line SI solution

Independent of β = g2/g1

SI
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Stability of non-Abelian Domain Walls:  caseℤ2

Two SIII solutions with 

pitstop at v2

Straight line SI solution

Independent of β = g2/g1

SI

SII

SII
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Stability of non-Abelian Domain Walls:  caseℤ2

Intermediate solution (still 

satisfies EoM)

Two SIII solutions with 

pitstop at v2

Straight line SI solution

Independent of β = g2/g1

SI

SII

SII
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Stability of non-Abelian Domain Walls:  caseℤ2




SI DW unstable & would 
decay to SII

β ≪ 2 : σ (SI) > 2σ (SII)

SI

SII

SII

SI
2 SII
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Stability of non-Abelian Domain Walls:  caseℤ2

SI

SII

SII

SI




2 SII DW unstable & would 
decay to SI

β ≫ 2 : σ (SI) < 2σ (SII)

2 SII
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Stability of non-Abelian Domain Walls:  caseℤ2
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Stability of non-Abelian Domain Walls:  caseℤ2
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ω = 0.3

For  since SI-type DW 
form will decay to two SII type 
DWs

β = 0.3
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Stability of non-Abelian Domain Walls:  caseℤ2

Analogous discussion for  type domain 

walls, see paper

ℤ3
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Annihilation of Domain Walls
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 Collisions & GW Emission
⟹

⟹

Annihilation of Domain Walls
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LO mixing pattern

⟹
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Gravitational Waves
Decay of higher energy density domain walls to lower energy ones can change 
domain wall network and influence gravitational wave emission. Relegate for future 
work

Consider bias term to annihilate away DWs & bias could be connected to Abelian 
residual Abelian symmetry breaking

<latexit sha1_base64="uPwAb6wF1ZnbxT6Tx6HBpR1XQig=">AAADAnicbVLLbhMxFPUMrxJeKSxZYBEhJSgKM21VWFZi02WR8qgUp9Edx5NYsT </latexit>
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Gravitational Waves: S-type, ℤ2
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So SI & SII type walls stable & 
both contribute to GW signal

β = 10 σ(SI) ≯ 2σ(SII)
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Gravitational Waves: S-type, ℤ2
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Multipeak structure from different

Domain walls i.e. SI, SII
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Gravitational Waves: S-type, ℤ2
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Flavour breaking

 scale
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Gravitational Waves: S-type, ℤ2
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Gravitational Waves: S-type, ℤ2
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Summary

Non-Abelian symmetries can solve flavour problem & give rise to rich topological

including domain walls

For certain parameter space, DWs are stable and give rise to a unique multipeak GW 
signal. Different experiments are sensitive to different flavour breaking scales

Much to explore: linking bias term with explicit breaking of residual symmetries, 

unstable domain walls exist in much of parameter space and may give rise to unique 

GW signatures, requires lattice simulation

 has 5 types of walls:  (SI, SII) &  (TI,TII,TIII)S4 ℤ2 ℤ3
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Backup slides

S4 irreps 12 + 1′ 

2 + 22 + 32 + 3′ 

2

<latexit sha1_base64="OFR5TylJxsvXWBh9gwxR2JAPTvs="></latexit>

(
M2

ω

)
ij
=

ω2V (ε)

ωεiωεj

∣∣∣∣
→ω↑

<latexit sha1_base64="DJBeNSCdRi89/3G4lQ9fu7TdQWg="></latexit>

m2
1 = 2g1v

2, m2
2 = m2

3 = g2v
2;

m2
1 = 2 (3g1 + 2g2)u

2, m2
2 = m2

3 = →2g2u
2;

flavon breaks  , flavon breaks  g2 < 0 ⟹ ℤ2 g2 > 0 ⟹ ℤ3
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Gravitational Waves: S-type, ℤ2

<latexit sha1_base64="1F/kUp/HiYXru4O+b3bM8T8lI18="></latexit>

nSI : nSII = 3 : 12

<latexit sha1_base64="tOrljLZOtTg8AoebiH4UlPImvp8="></latexit>

ω1/3/TeV V 1/4
bias /TeV

BP1 3→ 102 10→3.75

BP2 3→ 105 101

<latexit sha1_base64="dEJ554RJM05wjCJqNSxzBqvzmIk="></latexit>

ω = 10
<latexit sha1_base64="dEJ554RJM05wjCJqNSxzBqvzmIk="></latexit>

ω = 10

<latexit sha1_base64="ADanClDmi0HUYL0zHxJ2IWk2Fw0="></latexit>

BP1

<latexit sha1_base64="a9opw3/nAJZ8L789Q6mBASeIjzc="></latexit>

BP2
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<latexit sha1_base64="tOrljLZOtTg8AoebiH4UlPImvp8="></latexit>

ω1/3/TeV V 1/4
bias /TeV

BP1 3→ 102 10→3.75

BP2 3→ 105 101

<latexit sha1_base64="lhzRwNLqTofOTZuh53RNsIGeRUQ="></latexit>

ω = →1.2

<latexit sha1_base64="M60iPdhxNsJQVVPFzn/R7kkPwtU="></latexit>

nTI : nTII : nTIII = 4 : 12 : 12

<latexit sha1_base64="ADanClDmi0HUYL0zHxJ2IWk2Fw0="></latexit>

BP1

<latexit sha1_base64="lhzRwNLqTofOTZuh53RNsIGeRUQ="></latexit>

ω = →1.2

<latexit sha1_base64="ADanClDmi0HUYL0zHxJ2IWk2Fw0="></latexit>

BP1

<latexit sha1_base64="a9opw3/nAJZ8L789Q6mBASeIjzc="></latexit>

BP2

Gravitational Waves: T-type, ℤ3
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Domain wall characteristics
Domain walls annihilate when pressure from the wall tension equals pressure from bias

We took the curvature to be equal to time, R ∼ t

<latexit sha1_base64="g+/Qku+8Y41mjdPSsnr1h/w6nNw="></latexit>

pT → ω

t
↑ Vbias =↓ tann =

ω

Vbias

<latexit sha1_base64="MBRFnz08+PslJqp8qIftgRVHgEY="></latexit>

tann =
fωv3

ωv4
=

fω
ωv

Assuming radiation domination, H ∝ 1/(2t)
<latexit sha1_base64="YC0MOVr+x9sQ3Urb9y2fj9K1xZo="></latexit>

H → 1.66
↑
g→

T
2

MPl
=↓ t =

1

2H
=

1

2 · 1.66↑g→
· MPl

T 2
=

0.301
↑
g→

· MPl

T 2
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Domain wall characteristics

<latexit sha1_base64="EEYgMT5ddgnpJvdlHWNQ+ypZqIw="></latexit>

T =

(
0.301MPl→

g→t

)1/2

Invert to find annihilation temperature: 

Plug in constants and take g* ∼ 10
<latexit sha1_base64="04JuunFjdN7t8eaU1e5fo/xe4Nc="></latexit>

Tann → 3↑ 107TeV

(
ωb
fω

)1/2 ( v

TeV

)1/2

For BP1:  GeV ϵ ∼ 10−25 Tann ∼ 0.18
For BP2:  TeVϵ ∼ 10−18 Tann ∼ 18
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Domain wall characteristics
The observed peak frequency is the redshifted Hubble scale at annihilation:


<latexit sha1_base64="anmKTZ5V8jk5V5lFp3QDMpegjps="></latexit>

fpeak =
a (Tann )

a0
·H (Tann )

<latexit sha1_base64="x+OLQsyWmFnz78bEx1RpFCFglPE="></latexit>

H → 1.66
↑
g→

T
2
ann

MPl

<latexit sha1_base64="q1UA0gkSeEf7llDrMenQ8az8MlA=">AAADEnicfVLLbhMxFPUMrza8UliysYiQSoXSGWihLJAqsWFZpKaplAmjG49nxqofI9spiiz/BX/AX7BDbPkB/gZPMjySIq5k+cw599yx7/Ws4czYJPkRxdeu37h5a2u7d/vO3Xv3+zsPzoyaa0JHRHGlz2dgKGeSjiyznJ43moKYcTqeXbxt9fEl1YYpeWoXDZ0KqCQrGQEbqLz/OSs1EAcZp6XdPc1dJsDWWjiQ0vtMs6q2T72DPPFvVjkrQ5W7PWz8L1vyO7PK9/5fq9s/uBTv4xceZ6RQFq+qhkLebRp93h8kw2QZ+CpIOzBAXZzkO9E4KxSZCyot4WDMJE0aO3WgLSOc+l42N7QBcgEVnQQoQVAzdctuevwkMAUulQ5LWrxk/3Y4EMYsxCxktsc0m1pL/lMz4Sg1LdZ+79o0qxQ3z/7Ikn4kSgiQRVaD7fhJOnWu/XaD1C8bxDk0Luvklg2xVpuA JJRvXNeWR1PHZDO3VJLVbcs5x1bh9n3ggmlKLF8EAESz0DBMagjDseEV9cIo0s3GXwVnz4fpy+Hh+4PB8UE3lC30CD1GuyhFr9AxeodO0AiRaDvaj46i1/Gn+Ev8Nf62So2jzvMQrUX8/SfxgP9H</latexit>

a (Tann)

a0
=

(
g→s (T0)

g→ (Tann)

)1/3

· T0

Tann

Redshift factor used  GeV, 
g*(Tann) ∼ 10 , T0 ∼ 10−13 g*(T0) = 3.91

<latexit sha1_base64="DEItmxy8LKWueWypWZzoFoKzXp8="></latexit>

fpeak → T0

MPl

(
g→s (T0)

g→ (Tann)

)1/3

· Tann ↑ fpeak → 1.1↓ 10
↑7

Hz/GeV · Tann

Using  expression from before: 
Tann

<latexit sha1_base64="oj3AmoHl+jktzC8urumMKtJWWp0="></latexit>

fpeak → 3↑ 10
3
Hz ·

(
ωbv

fωTeV

)1/2
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Domain wall characteristics
Energy Density in GW from domain wall collapse at the time of annihilation:

<latexit sha1_base64="JEb3MgVeK06e6gSHxgTg0JfsdL0="></latexit>

ωGW (Tann) → Gε
2
H

2 (Tann)
<latexit sha1_base64="K0P7LqdQae/2sejLicNH0WKlVCg="></latexit>

ωGW → 1

M2
Pl

·
(
f2
ωv

6
)
·
(
T 4
ann

M2
Pl

)
=

f2
ωv

6T 4
ann

M4
Pl

<latexit sha1_base64="jmhqicSHe1aodtS5NFqGvRc9zm4="></latexit>

Tann →
(
Vbias

ω

)1/2

M1/2
Pl →

(
εbv

fω

)1/2

M1/2
Pl

<latexit sha1_base64="LzHaclnAJ4mSEx6oMQcix+t+tkk="></latexit>

ωGW → ε2bv
8

M2
Pl
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Domain wall characteristics
Need to redshift this to today:

<latexit sha1_base64="bmSXDhIkiHj6YhyRvubP7z7vqe0="></latexit>

ωGW,0 = ωGW (Tann) ·
(

T0

Tann

)4

·
(

g→s (T0)

g→s (Tann)

)4/3

Also convert to fractional energy density per logarithmic frequency: 

<latexit sha1_base64="fgwi1QaAmymBA/I1m3ZLskFGdSo="></latexit>

!GWh2 =
h2

ωc
· ωGW,0 → h2

ωc
· ε

2
bv

8

M2
Pl

·
(

T0

Tann

)4

Plug in appropriate numerical factors:
<latexit sha1_base64="lVuKTq+tL+e3ljbVFBKUMlk8g5A="></latexit>

!gwh
2 → 0.9↑ 10→67

(
10

g↑ (Tann)

)1/3 ( ω

TeV3

)4 (TeV4

Vbias

)2


