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Figure 1: Dynkin Diagrams of classical and exceptional simple Lie algebras.

Type Cartan Name Rank Description

classical SU(n+1) Special unitary algebras of n+1 complex dimension
SO(2n+1) Special orthogonal algebras of odd (2n+1) real dimension
Sp(2n) Symplectic algebras of even (2n) complex dimension
Special orthogonal algebras of even (2n) real dimension

exceptional Exceptional algebra of rank 6
Exceptional algebra of rank 7
Exceptional algebra of rank 8
Exceptional algebra of rank 4
Exceptional algebra of rank 2

Table 5.1: Classification of simple Lie algebras.




Rank Algebra
SU(2)

All Maximal Subc

D

-

rank 15

Table 6.3: Maximal Subalgebras

Maximal subalgebras
U(1)

(SU(2), SO(3), and Sp(2) are all isomorphic.)

SU(3)

Sp(4)

D
>
2
2

SU(2)®U(1)
SU(2)
SU(2)®SU(2); SU(2)®U(1)
SU(2)

(SO(5) is isomorphic to Sp(4), and SO(4) is isomorphic to SU(2)®SU(2).)

G2

SU(4)

SO(7)

Sp(6)

(SO(6) is
SU(5)

SO(9)

Sp(8)

SO(8)

Fy

D
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SU(3); SU(2)@SU(2)

SU(2)

SU(3)®U(1); SU(2)@SU(2)aU(1)

Sp(4); SU(2)®SU(2)

SU(4); SU(2)®@SU(2)®SU(2); Sp(4)®U(1)
G2

SU(3)®U(1); SU(2)®Sp(4)

SU(2); SU(2)@SU(2)

isomorphic to SU(4).)

SU(4)®U(1); SU(3)®@SU(2)®@U(1)

Sp(4)

SO(8); SU(2) ®SU(2)@Sp(4); SU(4)®SU(2); SO(T)@U(1)
SU(2); SU(2)®SU(2)

SU(4)®U(1); SU(2)®Sp(6); Sp(4)®Sp(4)

SU(2); SU(2)®SU(2)®SU(2)
SU(2)@SU(2)®SU(2)@SU(2); SU4)®U(1)

SU(3); SO(7); SU(2)®Sp(4)

SO(9); SU(3)®SU(3); SU(2)®Sp(6)

SU(2); SU(2)®G,

SU(5)®U(1); SU(4)®SU(2)®@U(1); SU(3)®SU(3)®U(1)
SU(3); SU(4); Sp(6); SU(3)®SU(2)

SO(10); SO(8)®SU(2); SU(4)®Sp(4); SU(2)®SU(2)®SO(7);
SO(9)®U(1)

SU(2)
SU(5)®U(1); SU(2)®Sp(8); Sp(4)®Sp(6)

SU(2); SU(2)®Sp(4)

SU(5)®@U(1); SU(2)®SU(2)®@SU(4); SO(8)2U(1)
Sp(4); SO(9); SU(2)®SO(7); Sp(4)®Sp(4)
SU(6)®@U(1); SU(5)®SU(2)@U(1); SU(4)®@SU(3)@U(1)
SO(7)

SO(12); SO(10)®SU(2); SO(8)®Sp(4); SU(4)®S0(7);
SU(2)®SU(2)®S0(9); SO(11)8U(1)




Rank Algebra

Sp(12)

Maximal subalgebras

SU(2)

SU(6)®U(1); SU(2)®Sp(10); Sp(4)®Sp(8); Sp(6)@Sp(6)
SU(2); SU(2)®SU(4); SU(2)®Sp(4)

SU(6)®U(1); SU(2)®SU(2)®S0(8): SU(4)®SU(4); SO(10)®U(1)

SU(2)®Sp(6); SU(2)®SU(2)®@SU(2); SO(11); SU(2)®S0(9);
Sp(4)®S0(7)

SO(10)@U(1); SU(6)@SU(2); SU(3)®@SU(3)@SU(3)
Fy; SU(3)®G2; Sp(8); G2; SU(3)

SU(7)®U(1); SU(6)®SU(2)®@U(1); SU(5)®SU(3)@U(1);
SU(4)®@SU(4)2U(1)

SO(8); Sp(8); SU(4)®SU(2)

S5 SO(14); SO(12)®SU(2); SO(10)®Sp(4); SO(8)®SO(7);

SU(4)®S0(9); SU(2)®SU(2)®S0(11); SO(13)®U(1)
SU(2); SU(4); SU(2)®Sp(4)

SU(7)@U(1); SU(2)®Sp(12); Sp(4)®Sp(10); Sp(6)@Sp(8)
SU(2); SU(2)®S0(7)

SU(T)®U(1); SU(2)®SU(2)8S0(10); SU(4)®S0(8):
SO(12)®U(1)

Sp(4); Sp(6); G2; SO(13); SU(2)®SO(11); Sp(4)®S0O(9);
SO(7)®S0(7)

Es®U(1); SU(8); SO(12)®SU(2); SU(6)®SU(3)

SU(2)®F4; G2®Sp(6); SU(2)®Ga; SU(3); SU(2)®SU(2); SU(2);
SU(2)

SU(8)®U(1); SU(7)®SU(2)®U(1); SU(6)@SU(3)®U(1);
SU(5)®SU(4)®U(1)

SO(9); SU(3)®SU(3)

SO(16); SO(14)®SU(2); SO(12)2Sp(4); SO(10)®S0(7);
SO(8)®S0(9); SU(4)®S0(11); SU(2)@SU(2)2S0(13):
SO(15)®U(1)

SU(2)
SU(8)®U(1); SU(2)®Sp(14); Sp(4)®Sp(12); Sp(6)@Sp(10);
Sp(8)®Sp(8)

SU(2); Sp(4); SU(2)®SO(8)

SU(8)®U(1); SU(2)®SU(2)®S0(12); SU(4)®SO(10);
SO(8)®S0(8); SO(14)2U(1)

SO(9); SU(2)®Sp(8); Sp(4)®Sp(4); SO(15); SU(2)®SO(13);
Sp(4)®S0O(11); SO(7)®SO(9)

SO(16); SU(5)®SU(5); E¢®SU(3); E;®SU(2); SU(9)
G2®F4; SU(2)®@SU(3); Sp(4); SU(2); SU(2); SU(2)




Rank Algebra
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SU(10)

SO(19)

Maximal subalgebras

SU9)®@U(1); SU(B)®@SU(2)®U(1); SU(7)@SU(3)®U(1);
SU(6)®@SU(4)®U(1); SU(5)®SU(5)®U(1)

SU(3); SU(4); SU(5); Sp(4); SO(10); Sp(10); SU(5)®@SU(2)
SO(18); SO(16)®SU(2); SO(14)®Sp(4); SO(12)RSO(7);
SO(10)®S0(9); SO(8)®SO(11); SU(4)®SO(13);
SU(2)®@SU(2)®S0O(15); SO(17)®U(1)

SU(2)

SU(9)®U(1); SU(2)®Sp(16); Sp(4)®Sp(14); Sp(6)®Sp(12);
Sp(8)®Sp(10)

SU(2); SU(2)®S0O(9); SU(2)®Sp(6)

SU(9)®U(1); SU(2)®SU(2)®S0(14); SU(4)®S0O(12);
SO(8)®S0O(10); SO(16)®U(1)

SU(2)®SU(4); SO(17); SU(2)®SO(15); Sp(4)®SO(13);
SO(7)®S0(11); SO(9)®S0O(9)

SU(10)®U(1); SU(9)®SU(2)®@U(1); SU(8)®SU(3)®U(1);
SU(7)®@SU(4)®U(1); SU(6)®SU(5)®U(1)

SO(11)

SO(20); SO(18)®SU(2); SO(16)®Sp(4): SO(14)®2SO(7):
SO(12)®S0(9): SO(10)®SO(11); SO(8)®SO(13);
SU(4)®S0(15); SU(2)®SU(2)®S0(17); SO(19)®U(1)

SU(2); SU(2)®SO(7); SO(7); Sp(6)

SU(10)®U(1); SU(2)®Sp(18); Sp(4)®Sp(16); Sp(6)®Sp(14);
Sp(8)®Sp(12); Sp(10)®Sp(10)

SU(2); Sp(4)®Sp(4); SU(2)®SO(10); SU(6)

SU(10)®@U(1): SU(2)®SU(2)@SO(16); SU(4)@SO(14);
SO(8)®S0(12); SO(10)®S0O(10); SO(18)®U(1)
SU(2)®Sp(10); SO(19); SU(2)®SO(17); Sp(4)®SO(15);
SO(7)®S0(13); SO(9)®S0(11); SU(2)®SU(2)®Sp(4); SU(4)
SU(11)®U(1); SU(10)®SU(2)®@U(1); SU(9)®@SU(3)@U(1);
SU(8)@SU(4)®U(1); SU(T)@SU(5)®U(1): SU(6)@SU(6)2U(1)
SO(12); Sp(12); SU(6)®@SU(2); SU(4)®SU(3)

SO(22); SO(20)®@SU(2); SO(18)®Sp(4); SO(16)RSO(7);
SO(14)®S0(9); SO(12)®S0O(11); SO(10)®SO(13);
SO(8)®SO(15); SU(4)@SO(17); SU(2)@SU(2)@S0(19):
SO(21)®U(1)

SU(2)

SU(11)®@U(1); SU(2)®Sp(20); Sp(4)®Sp(18); Sp(6)®Sp(16);
Sp(8)®Sp(14); Sp(10)®Sp(12)

SU(2)

SU(11)®U(1); SU(2)®SU(2)®S0O(18); SU(4)®SO(16);
SO(8)®S0(14); SO(10)®SO(12); SO(20)®U(1)

SO(21); SU(2)®S0O(19); Sp(4)®SO(17); SO(7)®SO(15);
SO(9)®S0(13); SO(11)®SO(11)
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Algebra
SU(13)

SO(25)

Maximal subalgebras

SU(12)®@U(1); SU(11)®@SU(2)@U(1); SU(10)®SU(3)®U(1);
SU(9)®SU(4)®U(1); SU(8)®SU(5)®U(1); SU(T)®@SU(6)®U(1)
SO(13)

SO(24); SO(22)®SU(2); SO(20)®Sp(4); SO(18)®SO(7);
SO(16)®S0(9); SO(14)®S0O(11); SO(12)®S0O(13);
SO(10)®S0O(15); SO(8)®SO(17); SU(4)®S0O(19);
SU(2)®@SU(2)@S0(21); SO(23)2U(1)

SU(2); Sp(4)®Sp(4)

SU(12)®U(1); SU(2)®Sp(22); Sp(4)®Sp(20); Sp(6)®Sp(18);
Sp(8)®Sp(16); Sp(10)®Sp(14); Sp(12)®Sp(12)

SU(2); SU(2)®SU(2)®Sp(6); SU(2)®Sp(8); SU(4)®Sp(4)
SU(12)@U(1); SU(2)@SU(2)@S0(20): SU(4)@SO(18);
SO(8)®S0O(16); SO(10)®S0O(14); SO(12)®S0(12); SO(22)®U(1)
SO(23); SU(2)®S0O(21); Sp(4)®S0O(19); SO(7)®SO(17);
SO(9)®S0(15); SO(11)®S0O(13); Sp(6)®Sp(4); SU(2)®SO(8);
SU(5)

SU(13)®U(1); SU(12)®SU(2)®U(1); SU(11)®@SU(3)@U(1);
SU(10)®SU(4)®U(1); SU(9)®SU(5)®U(1); SU(8)®SU(6)®U(1);
SU(T)@SU(T)@U(1)

SO(14); Sp(14); SU(7)®SU(2)

SO(26); SO(24)®SU(2); SO(22)®Sp(4); SO(20)2S0O(7);
SO(18)®S0(9); SO(16)®S0(11); SO(14)®S0(13);

SO(12)®S0(15); SO(10)®SO(17); SO(8)®SO(19);
SU(4)®S0(21); SU(2)®SU(2)®S0(23); SO(25)2U(1)

SU(2); SU(3); SO(7); SU(2)®SO(9)

SU(13)®U(1); SU(2)®Sp(24); Sp(4)®Sp(22); Sp(6)®Sp(20);
Sp(8)®Sp(18); Sp(10)®Sp(16); Sp(12)®Sp(14)

SU(2)

SU(13)®U(1); SU(2)®SU(2)®S0(22); SU(4)®S0(20);
SO(8)®S0O(18); SO(10)®SO(16); SO(12)®S0O(14);SO(24)®U(1)
SO(25); SU(2)®S0(23); Sp(4)®S0O(21); SO(7)®S0O(19);
SO(9)®S0(17); SO(11)®S0O(15); SO(13)®S0O(13); F4
SU(14)®@U(1); SU(13)@SU(2)®U(1); SU(12)®SU(3)®U(1);
SU(11)®@SU(4)®U(1); SU(10)®SU(5)®U(1);
SU(9)®SU(6)®@U(1); SU(8)®@SU(7)®U(1)

SO(15); SU(5)®@SU(3); SU(3); SU(3); SU(5); SU(6)

SO(28); SO(26)®SU(2); SO(24)®Sp(4); SO(22)®0SO(7);
SO(20)®S0(9); SO(18)®S0O(11); SO(16)®SO(13);
SO(14)®S0(15); SO(12)®S0O(17); SO(10)®SO(19);
SO(8)®S0(21); SU(4)®S0O(23); SU(2)®SU(2)®S0O(25);
SO(27)®U(1)

SU(2)

SU(14)®U(1); SU(2)®Sp(26); Sp(4)®Sp(24); Sp(6)®Sp(22);
Sp(8)®Sp(20); Sp(10)®Sp(18); Sp(12)®Sp(16); Sp(14)®Sp(14)




Rank Algebra

SO(28)

Maximal subalgebras
SU(2); SO(7)®Sp(4)

SU(14)®U(1); SU(2)®SU(2)®S0(24); SU(4)®S0O(22);
SO(8)®S0(20); SO(10)®SO(18); SO(12)®SO(16);
SO(14)®S0(14); SO(26)®@U(1)

SO(27); SU(2)®S0(25); Sp(4)®S0(23); SO(7)®SO(21);

SO(9)®S0(19); SO(11)®S0(17); SO(13)®SO(15);
SU(2)®SU(2)®S0(7)

SU(15)®U(1); SU(14)@SU(2)@U(1); SU(13)®SU(3)@U(1);
SU(12)®SU(4)®U(1): SU(11)®SU(5)QU(1);
SU(10)®SU(6)®U(1); SU(9)®SU(7)@U(1); SU(8)&SU(8)®U(1)
SO(16); Sp(16); SO(10); SU(8)®SU(2); SU(4)®SU(4)
SO(30); SO(28)®SU(2); SO(26)®Sp(4); SO(24)®S0(7);
SO(22)®S0(9); SO(20)®S0(11); SO(18)®SO(13);
SO(16)®S0(15); SO(14)®S0(17); SO(12)®S0(19);
SO(10)®S0(21); SO(8)®S0(23); SU(4)®S0(25);
SU(2)®@SU(2)®S0(27); SO(29)®U(1)

SU(2)

SU(15)®@U(1); SU(2)®Sp(28); Sp(4)®Sp(26); Sp(6)@Sp(24);
Sp(8)®Sp(22); Sp(10)®Sp(20); Sp(12)®Sp(18); Sp(14)®Sp(16)
SU(2); SU(2)®@Sp(10); Sp(4)®Sp(6)

SU(15)®U(1); SU(2)®SU(2)®S0(26): SU(4)®S0(24);
SO(8)®S0(22); SO(10)®S0O(20); SO(12)®SO(18):;
SO(14)®S0O(16); SO(28)®U(1)

SO(29); SU(2)®SO(27); Sp(4)®S0(25); SO(7)®S0(23):
SO(9)®S0(21); SO(11)®S0(19); SO(13)®S0(17);
SO(15)®S0(15); SU(2)®S0(10); Sp(4)®SU(4)




Irrep Properties | Tensor Products | Branching Rules

Algebra | Number Page | Number Page | Number Page

SU(2) A2 44 A.61 92 A.120 136
SU(3) A3 45 A.62 93 A.121 137
SU(4) A4 47 A.63 95 A.122 139
SU(5) A5 49 A.64 97 A.123 141
SU(6) A6 51 A.65 99 A.124 143
SU(7) AT 53 A.66 A.125 147
SU(8) A8 54 A.67 A.126 150
SU(9) A9 55 A.68 A.127 154
SU(10) | A.10 55 A.69 A.128 157
SU(11) | A.11 56 A.70 A.129 162
SU(12) | A.12 56 A1 A.130 164
SU(13) | A.13 56 A2 A.131 167
SU(14) | A.14 A.73 A.132 169
SU(15) | A.15 A.74 A.133 171
SU(16) | A.16 A75 A.134 174

SO(7) A7 A.76 A.135 176
SO(8) A.18 AT A.136 185
SO(9) A.19 A.78 A.137 205
SO(10) | A.20 A.79 A.138 214
SO(11) | A.21 A.80 A.139 221
SO(12) | A.22 A.81 A.140 225
SO(13) | A.23 A.82 A.141 236
SO(14) | A.24 A.83 A.142 242
SO(15) | A.25 A.84 A.143 248
SO(16) | A.26 A.85 A.144 254
SO(17) | A.27 A.86 A.145 258
SO(18) | A.28 A.87 A.146 261
SO(19) | A.29 A.88 A.147 264
SO(20) | A.30 A.89 A.148 267




71 A.90 119
71 A91 120
72 A.92 120
72 A.93 120
73 A.94 121
73 A.95 121
74 A.96 121
74 A.97 121
79 A.98 121
75 A.99 122
79 A.100 122

76 A.101 123
78 A.102 124
80 A.103 125
81 A.104 126
82 A.105 127
83 A.106 127
83 A.107 128
84 A.108 128
84 A.109 129
84 A.110 129
89 A.111 129
89 A.112 129
85 A.113 130
89 A.114 130

86 A.115 131
87 A.116 132
87 A.117 132
88 A.118 133
90 A.119 135

Table A.1: Table of tables
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In[38):» « LieART ‘Tables’®

In[39):= BranchingRulesTable[E8, {SU2}, 1, MaxDim -> 147250]

"

Eg — SU(Q)

248
3875

147250

3+11+15+19 + 23 + 27 + 29 + 35 + 39 + 47

2(1)+3(5)+7+4(9)+2(11) +6(13) +3(15) +6(17) +4(19) + 7(21) + 4(23) + 7(25) +
5(27) +7(29) +5(31) +6(33) +4(35) +7(37) + 4(39) + 5(41) + 3(43) + 5(45) + 3(47) +
4(49) 4+ 2(51) +3(53) +2(55) +2(57) + 59 +2(61) + 63 + 65 +69 + 73
7(1)+3+13(5)+7(7)+19(9)+14(11)+25(13)+19(15)+29(17)+23(19)+33(21)+26(23)+
35(25)+28(27)+36(29)+28(31)+35(33)+28(35)+34(37) +27(39) +31(41)+24(43) +
28(45) +22(47)+25(49) +18(51) +21(53) +15(55) +18(57) +12(59) + 14(61) +9(63) +
11(65)+7(67)+8(69)+5(71)+6(73)+3(75)+4(77)+2(79)+3(81)+83+2(85)+89+93
10(3)+6(5)+17(7)+14(9)+24(11)+22(13)+30(15)+26(17)+35(19)+31(21)+37(23) +
34(25)+40(27)+34(29)+40(31) +34(33) +38(35) +34(37) +36(39) +30(41) +33(43) +
27(45) +29(47)+24(49)+25(51)+19(53)+21(55)+16(57) +16(59) +13(61) + 13(63) +
9(65)+10(67)+6(69)+7(71)+5(73)+5(75)+2(77)+3(79)+2(81)+2(83)+85+87+91
8(1)+22(3) +41(5) +49(7) +69(9) +80(11) +93(13) + 102(15) + 118(17) + 121(19) +
133(21)+138(23)+144(25)+147(27)+153(29)+149(31) +153(33)+151(35)+ 149(37) +
144(39)+144(41)+134(43) +132(45) +124(47) +118(49) +110(51) +105(53) +94(55) +
89(57) +81(59)+73(61)+66(63)+61(65)+51(67)+47(69)+41(71)+36(73)+30(75) +
27(77) +21(79) + 19(81) + 16(83) + 12(85) + 10(87) +9(89) + 6(91) + 5(93) + 4(95) +
3(97) + 2(99) +2(101) + 105 + 107

e




EG - F4 (S)

27 = 1+ 26
78 — 26 + 52
26 + 52 + 273
1+ 26 + 324
1 +2(26) + 273 + 324
26 + 52 + 273 + 324 + 1053
324 + 1053 + 1053’
52 + 2(273) + 1053 + 1274
— 1+ 26 + 324 + 2652
26 + 52 + 273 + 324 + 1053 + 4096
— 26 + 52 + 2(273) + 324 + 1053 + 1274 + 4096
1+ 2(26) + 273 + 2(324) + 2652 + 4096
273 + 324 + 2(1053) + 1053’ + 1274 + 4096 + 8424
26 + 52 + 273 + 324 + 1053 + 2652 + 4096 + 10829

O

N Tables from appendix are in supplementary material of paper.

Ve
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- Asan example for subalgebra decomposition of a large irrep we decompose the 6696000 of Eg to G RF, :

In(49) := Timing[Decomposelrrep|[Irrep[E8] [6696000], ProductAlgebra[G2, F4]]]

{1066.14,2(7,1) +2(14,1) +(1,26) +(27,1) +6(7,26) + 5(14,26) + 2(1,52) + 6(27,26) + 3(7,52) +
2(64,1)+3(14,52)+2(77,1)+5(27,52) +5(64,26)+4(77,26) + (77',26) +3(64,52) +2(77,52) +
(77',52)+(189,1)+(182,26)+2(189,26)+(182,52)+(189,52)+3(1,273)+6(7,273)+4(14,273)+
8(27,273) +(1,324) +6(7,324) +5(64,273) +5(14,324) + 3(77,273) + (77',273) + 4(27,324) +
3(64,324)+3(77,324)+(182,273)+(189,273)+(189,324) +2(1,1053)+5(7,1053)+(7,1053") +

out[48]:= 3(14,1053) + (14,1053") + 5(27,1053) + 3(64,1053) + 2(77,1053) + (77,1053') + (189,1053) +
2(1,1274) + 2(7,1274) + 2(14,1274) + 3(27,1274) + (64,1274) + (77,1274) + (77',1274) +

2(7,2652) + (14,2652) + (27,2652) + 2(1,4096) + 5(7,4096) + 3(14,4096) + 4(27,4096) +

2(64,4096)+(77,4096)+2(7,8424)+(14,8424)+(27,8424)+(64,8424)+(1,10829)+(7,10829)+

(1

(1

4,10829) + (27,10829) + (1,19278) + (7,19278) + (27,19278) + (7,19448) + (14,19448) +
,34749) + (7,34749)}
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First we rewrite the Weyl’s dimension formula for a general irrep A in the form

dim(A) = Hﬁ:ﬁ(}: i’)a)

where A™ is the set of positive roots . Recall that in the Dynkin bases one has § = (1,1,1,...,1). Now for
the specific irrep A = (a, a, a, ..., a) = ad that means we have

(16)

dim(A) = [lacar(@+1)(%,a) _ llaca+(at1)

HaeA+ (5’ CY) B HaeA* (1) B (a N l)p (17)

7\

&,

) where p is the number of positive roots, i.e., the number of elements in the set A+, )

which agrees with the numbers in the examples above.
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All potential models
No massless charged fermions
No conjugate SM fields
Possible Hypercharge assignments
Three families, plus extra chiral ferfn

. Three families, nothing extra. &
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