itus Flavius Vespasianus (69-79 AD)

IFirst emperor of Flavion Dynast
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Standard Model

Gauge < U(B)C X S U(Z)L % U(l)y With RHNs

bosons

r,b.g
. Vel ur r,b,g r,b,g
Le T ( )9 €R, (dL) ’ uR ’ dR

€L
Fermions rb.g
YuL Cr, r.b r.b
L, = (;L) MR (SL) A
Higgs EWSB
y / r,b,g -
LT — TL . L , t;g,b,ga b;’éb,g H = ) <h0> = v/ \/z
Tl by h
SUQR), x U(l)yy — U(l)p
Hypercharges
Y = —l —1 l % _l l Q — T3L Y
2’ 6 3’ 3 2




Yukawa couplings
Yij H@LinJ

ldeally we would like all Yukawas to be of order unity, so what is going on!

Is there a flavour symmetry at work?
(Maybe not! See Talk by Avelino Vicente)



Fermion Mass Hierarchies
from Symmetry




GUTs

SO(10), Fritzsch-Minkowski, 1975

Pati-Salam, 1974

SU(4)c

“@|: - 1), | ), | )
“@M: F—), | F—), | F—)
“@ | -+, | -+, | 4 -+)
) | ) | )
SU(5), Georgi-Glashow, 1974 )
d’ 0 u, —uy u, d, >
dy 0w ouy dp )
F=| da |, T=|. . 0 u, d "
e L . 0 €
—Ve J , L . .0



For reviews see e.g. T.Kobayashi and M.Tanimoto, 2307.03384,
G.J.Ding and S.F.K., 2311.09282

Family Symmetry

PSL(2,7)

N=7

,‘“ - -
| >, ( 1 68) {«
B

PSL(2.5)

The blue groups emerge as
levels N=2,3,4,5,7 of a
finite modular group

F.Feruglio, 1706.08749



J.Lauer, J.Mas and H.P.Nilles 1989,
S.Ferrara, D.Lust, A.D.Shapere and S.Theisen, 1989

m m G.Altarelli and F.Feruglio, hep-ph/0512103
O u ar y e ry R.de Adelhart Toorop, F.Feruglio and C.Hagedorn, 1112.1340

6d with 2 compact
dimensions ¥

WI/ |
W W /

/)

Torus Parallelogram I |

Modular symmetry = “geometrical symmetry of the torus”



J.Lauer, J.Mas and H.P.Nilles 1989,
S.Ferrara, D.Lust, A.D.Shapere and S.Theisen, 1989

m m G.Altarelli and F.Feruglio, hep-ph/0512103
O u ar y e ry R.de Adelhart Toorop, F.Feruglio and C.Hagedorn, 1112.1340
/ A /

W1 —/QCUQ / Wl/ /

/

~ Define modulus field

T = w1 /wo

/ / / /

In general the modular transformation which preserves the torus area is

atT + b
ct + d

T — YT = I'= SL(2,7)

ad — bc = 1



F.Feruglio, 1706.08749

From Infinite to Finite Modular Symmetry (3 steps to heaven)

I'=SL(2,7) = { (i Z) a,b,c,d € Z,ad — bc = 1} Infinite SteP |

Principle congruence subgroups

['(N) = {(Z Z) c SL(2,7), (CCL Z) = ((1) ?) (mod N)} Infinite step 2

'y =SL(2,Z)/T(N)=T/T'(N) Finite (double cover) step 3



P.P.Novichkov, S.T.Petcov and M.Tanimoto, 1812.11289

P.P.Novichkov, J.T.Penedo, S.T.Petcov and A.V.Titov, 1811.04933

Fundamental Complex Domain of 7 and Fixed Points

100
O

2
Any point can be moved into

fundamental domain by applying

1
32 S: T ——, T: tT—>714+1
T
- Fixed Points
~ V32 YoTo = 70 -
T0 Y0
1/2 z’ S
e27Tz'/3 ST. G2
200 T, S?
0
—1 —1/2 0 1/2 1  6.3.ping, S.F.K., X.G.Liu and J.N.Lu, 1910.03460

I{fi’z' I.de Medeiros Varzielas, M.Levy and Y.L.Zhou, 2008.05329



F.Feruglio, 1706.08749

@

Examples of Finite Modular Symmetry

Level I Tyl Dy [Ty 92 — P N

2 S3 0 S3 0 TN _ I[
3 Ay 12 T’ 24
, (ST)?
5 As 60 AL 120
6 S3 X Ay 72 SyxT' 144
7

PSL(2,7) 2 %(168) 168 SL(2,7) 336

.

N!

=5

=4

Yukawa coupling Fields transform under modular

symmetry with weight k
Y
T)01020s b1 = (er +d)¥ p1 (7)1

Weights must add up to zero Yukawa coupling is a modular form

so the Yukawa carries weight v (7) 5 Y (y7) = (er + &) pp, (7)Y (7)
— ky = k1 + ko + ks

Pry X P1 X p2 X p3 =1+ ..



F.Feruglio, 1706.08749

E.g.Level N=3: 1;~ A,

Yukawa coupling is a modular form

127TCT

g=e

Yi(7) 1 +12g + 36¢% + 12¢° + 84¢* + 72¢° + . ..
Vi = | Ya(r) | = | =6¢"/3(1 4 7q + 8¢ + 18¢® + 14¢* + ...)

Ys(7) —18¢%/3(1 +2q +5¢> + 4¢> +8¢* + .. .)

In the fundamental domain  |q| < e~ V3™ ~ 0.0043 < 1

Possibility of hierarchical (Yl(’r)) B ( L+ Ofg) ) Hard to obtain both mass

. —64"° + O(q) . . .
Yukawa couplings Yy (7) _18¢23 + 0(¢)) hierarchies and mixing...

P.P. Novichkov, J.T. Penedo and S.T. Petcov, 2102.07488



F.Feruglio, 1706.08749

E.e. Lepton Model at level N=3

Lies|es|e]| N\ Hy g Weinberg 1 H,H, LL Neutrino mass matrix

1177 operator K Y. -V, ,
Ayt 113 ) 1 Asrep: 3 3 m(m;g 2;; ;)“u
Modular weights k : | | Y, -y, o2y ) A

kpi1)11]1) 1) 0

(plus seesaw)
Holomorphic superpotential for charged leptons
W, = oze({(LYg(z))lHd + 6€§(LY3(2))1/Hd + veg(LY?,(Z))lqu 303=191d1" D35 3,4

= ae{ (L1 Y1 + LoYs + L3Yo)Hy + Beg(LsYs + LYo + LoY1)Hyg + ves(LoYo + LY, + L1Y3)Hy .

. e(T) Im(7T)
aY1(r) aYs(t) aYs(r) Mass Best Fit l;.049 2.264

C:qa;”sgsegqilzitf” M, = (m@(f) BY: (1) 6Y3(T)) v hierarchies o
YYs(7) Ya(7) y¥a(r) unexplained 510767 | 3581.720




S.J.D. King and S.F.K, 2002.00969

Introduce a Weigh}on (complete singlet™)
Lies| es | ef IN° | Hy q|@ Wario = X (Y3 ]@; M?)
A3111711 13 1 |1

(o) o small
kr[1[0]=1[-3]1] 0 [1] ?=1uy MMa) parameter

We = e ¢ (LY )1 Hy + Bee50* (LYs " )1 Hy + Yoo (LY )10 Hy

WY, adtYs a0ty Natural explanation of

v _ | gev,  sévi pav charged lepton mass hierarchy

/yeéyé Veéyé Veé}/l me : m:u : mT — OK€¢4 : /6€¢2 : ﬂ>/€¢

By definition the weighton ¢ does not break flavour symmetry (c.f. FN flavon)
g For hierarchies from triplet flavon see Jc Criado, F. Feruglio and S.J.D. King, 1908.11867



S.J.D. King and S.F.K, 2002.00969

Quark Sector with weighton

Q| ds |ds|di| ug uy | ug |Hya|® 5 small
A3 1 171 1 | 1" 1] 111 b= ]i? ~ (M/Mp)'/3 t
kr|110,2,4]—2|-3[5,3,1|-1,2,4|-3] 0 |1 fl parameter

Eg kd§,2,1 — O’ _27 —9 k“§,2,1 =9,—1,—=93
W, — S 14 Y(Q) H S 3 Y(2) H e ~ Y(Q) 7
1= adi0 Q5™ )1Ha + fadyd™(QY5™ )v Ha + 7ads(QYs™ )1 Ha

Wy = Oéuu{f§54(QY:5(2))lHu + ﬁuugégQ(QY?,(Q))l’Hu + Viug(QYS(,GI))l”Hu + 7£IU§(QY?,(,(SI)I>1”HU

, , 4 I3 7 Natural explanation of
Mg - Mg - Mp ~ O~ O° 1 @ prat

quark mass hierarchy
Good fits to mass and

M 2 Mo > Ny ~ . . 1 . -
U C t ¢ ¢ mixing for certain cases



Gui-Jun Ding, S.F.K, Lu, Weng, 2505.12916

General analysis with a weighton
W=a ¢ (G5oY ) Hya) + 867 (050Y5 Hypa) +v 6" (v5uY ¥ Hypa)

level N=3 independent of modular weights ] <eVI~0.0043 < 1
Ty QTye power of ¢ Py (Mepy > Mg, M3 ) (07,,055,07%)
3 3 [=J=K Pi3; (67,87, 4" (l913,la]3, || %)
1>J>K Par | (8.67,6%) | (al¥ lalb,lalb 620 +1qlf)
J>K>T P31 (67,65, ") (1913, 1q]5, g3 27D + |q|5)
> > TK I TJ 1 1 1 T2(K—J) 2
39(1” &1 6 1) K>I1>J Pi23 (qf fbfb ) (\Q|za\CI\i~\Q\8§b ;L\Q\f)
J>I1>K P21 (97, ", ™) (lg|3, |q|3 >~ 5) + |q|3, |q|3)
(contd...) 12Kz P | @) | Gl sl
K>J>1 Pi32 (0%, 07, d") (Iq]3, |q|3 > =D +|q|3, |q|5)
_— Weightons control g-expansion
Similar tables for N=4,5 ST

mass hierarchy  suppresses mixing




(N=3 COnt,CI...) Gui-Jun Ding, S.F.K, Lu, Weng, 2505.12916

7 ® Tye power of ¢ Py (Mg s Mgy s Mg (07,055, 0%5)
c f P, MMafyy 3 MMapyy 5 11N 0¢70¢78w v 2 ~7 ~, ~ 2 2 1~ 1
Ty & Ty power of ¢ Y (Mpy s My s Mgy ) - (015 232(1_1?;{) [>J>K Puoy (191387, 37, 35) (g3, la|? + |13 6275 |¢|3)
[>J>K Pas1 ( ) (gl lal= . lal® +la?) JSK>I Poa | (367,85, (ot 1l 1a1%)
7 2 ~ 1~ 2 ~7 ~ ~ 1
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1 1 1o(K— 2 Loy K Lok i ar 7 2 a3 1ol
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3 3 - 3 ~ 1~ 11, 2
I>K>J Po1s (6", 6", ¢”) (|q|32,|q|3¢ +lgl3 |q|1) K>J>1 §5>1q3¢ | Pas | (a37,65.80) (CENIENEY
K>J>1 Pi3; (9%, 87, 8") (g%, lql5 >~ + |q|5, |q|5) K>J>1, |q3¢7 > ¢ | Poua | (la36%, 157,87 (FENTERTTES
[>J>K|q3¢7 > 6" | P | (|a|3¢7,1q]567, %) (1913, 1q!5, lg|3) 1>J>K, & > g3 | Pas | (a367,8%,65) (I, lal%, 1al%)
- s 1,012 I>J>K, |q3¢7 >¢" | P 561, |g|3 97, % ERVERTE
P20z 2 | P | (a3,5069) (ol ol ) R Il e I oS N
P (g3, 1913 + | | G2E=D Ja13 ) J>K>1 ISED (lal3 7, 6", o7 (lql3,lql® + 193¢ lal®)
> 3 3 1 1 2
Skl ns | (1al$97,6%,67) A e o e e 1) K>1>J Pus | (a36%,8,8%) CERTERIE
301 ®161) K>12>J Ps31 (|Q|3¢ o', ¢7) (|Q‘§>’CI|33|Q|3) J>I>K Pios (g3 7, &, %) (TERCERIE)
1 1 2 ~ 1 ~ 1 1 2
J>I>K Pa3y (\q|3¢ ¢ <b ) (lql3,lql3,]q|3) [>K>J, ¢ >q|3¢% | Pias | (lg56%,¢, ¢) (ERLERIE
~ ~ " 1 1 2 Lok o a1 1o L0k 3 143 |43
~ 1~ 2 1 1 2 K>J>1I P (lg|3¢%, 07, ¢") (lal3,1ql3 +lq|3 =" ", |q|3
[>K>J, ¢ >1q]5¢% | Posn <|q|s &) (ERUERTTE w2 | OO 07 A
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2 = = 3 — 3 1 ~ ~ ~ 2 2 1~ — 1
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7 1~ ~ 1~ 1 ~7 ~ ~ 2 2 1~ _ 1
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[>J>K, |q5¢7 2" | Pa (aSI,lq|3¢ O5) | (1l lal3, 195 62T 4 [q8) 3o el er) | KZ1Z7 13 2% | P | (3%.1d34".67) (ERVERTE
547 L 0E 143 >7>K P 347 ol oK 5 g3, 1q/3
J>K>1 Puz | (lal5¢7,6",¢") (lal*. lal5. lal%) 21z S S AL I s A
. 1 - 39) ( |z | ’% | |%) I>K>J Pi32 (Iq|3 9", 0™, ¢7) (Iq/3,|q]3 + |q|3 ¢ al®)
> [ > 3 3, ) - 1~ 1~7 ~p o~ 2 2 1 ~o(f_ 1
36 (16 1a 1) K>I>J 321 (|Q|1 o’ q 2 q 1 q 1 K>J>1I, ¢ >1q5¢” | Pisa | (la15¢7,0",0") | (lal5,lal3 + 1|5 ¢* "D, |q|)
_NJ 7 = 5 3 1 ~ ~ ~ 1 ~5 ~ 1 1 2
J21>K P | (lal3¢ ¢ ) (= lql% . lal®) K>J>1 1q3¢7 > | Pas | (65.1a1367.8") (al¥.1al% 1)
7 7 7 7 2 2 L 7o(1— 1 2 ~ 1 ~7 ~ 1 1 2
I>K>J, ¢'>1q[3¢% | Poor | (lg]36%, 6%, 67) (lql3,]q|3 +\q|3 ¢ \q|3) 30 (10101) [>J>K Pasi | (38", lal3 67, 85) (ERTEATED
I>K>J, |q5¢" >¢" | P | (¢',14]50 55 ) (lgl%, lql%, 1al36*7 =7 + |q|5) 30 (el'sl) [>J>K Pios | (la3¢", 19367, 6") (al? bl lal )
LK ~ 1,01, 2 1" o1 o1” I>J>K P. 37, 1ql5 7, K ql3,1q3,]4|%)
K>J>1 Paz | (lal36".¢7,¢") (lal%,lq]3. |a1%) 3o 7e17617) 272 uz | (oo ol 97, 97) ol ol ol
T = ( ‘; | ‘; | |2) 35301 I=J>K P31 (lg|3 07, 07, 0™) (lal3,lql3,1q|3)
§ 3 3 3 ~ ~ 1 1 2
I 2 J Z K P231 (‘Q|1 ¢ ) q q qK ) KZI:J P231 <|q|3¢K’¢J’¢J) (!(J!§,|CI|§JQ!§)
_~ 2 1 ~ ~ ~ 2 2 1~ 1
fef=t P (%4, 4", ) (|Q\3 \Q|3 N |Q| o |Q| ) 291 I=J>K Po13 (Ig|z 07, 07, 6™) (Iq13, g3 + |q|2 6> %), |q|3)
~ ~ ar g =~ 1 3201 -~ 112
K>I>J, ¢5>1q5¢" | Pus | (lq[56%,85,¢7) (lg13,1al3 + |32 E=D,|q|5) K>I=1J Posi | (g3, 87.%) (CENCENL R
TR LT _ 5 1alh lal? + ap 20—
o K>1>J, |a5¢" 26" | Pas | (&%, lal5¢",67) | (lal5.lal5,lal5 + g3 6> ) 30 @Ea1) I=J>K Paz | (67,67,0%) (a1, 1al*, lal® + la* &™)
3o lelel) L3031 K 5 1olE 1l K>1-J Par | (58,8 | (ol lalt lalF + lalt F20)
J>I>K P31 (lgl3 67, 9", ¢™) (ENVENLES - YA
L1 7K 7 2 1 1 30 @ o1) I=J2>K Pso1 (97,97, %) (lq|3,lq|® + |q|3 @ ,1ql?®)
3 3 3 3 ~ ~ 1 1 2 1~ _
I Z K Z z] P213 (|Q|3¢ 1¢ ¢ ) (|Q‘ |q| |Q| ) KZI:J P123 (¢K,¢J ) (|q|§’|q|§7|q|§+|q|§¢2(l{ J))
1~ ~ 7 = 75J 7 2K I 2 ~ 1 1 2
K>J>1, |q5¢” 26" | Pz | (6",1a15¢”,6") | (lal5,1al5,1gl5 + |a|36* ") A I=J>K Pos | (la367,¢”,6%) (PERVERVED
1 l‘"’ TK I = = = 3®(2l@1/) 27K 7J 3J 1 1 2
K>J>1, " >|q|3¢7 | Pas (lq|3 97, 0", ") (FERTENTES K>I=1J Pias | (lq|3¢%,¢7,¢7) (ERTENTE:




N=3 cont’ '
( ntd) Gui-Jun Ding, S.F.K, Lu, Weng, 2505.12916

Ty @ Ty power of ¢ Py (Mg s Mgy s Mipg ) (6%, 62,,6%.)
R L — — — ) ) 3 "°w®"“wc f~
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K Z I: J 2 K 1J 1 3 - — — )
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JZ KZI P231 ( ) (|q| qu - | | K . o K— >J, ¢ 1%‘Q|3¢ Pi32 (‘q‘§¢l,¢K7¢J) (‘Q‘ qu K |q| ¢K J’¢ J>
1" " 3 I "t 1~ 1~ ~
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> 5 9 9 9 q q
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K> J> I B 7‘q‘ ¢ 7‘Q‘3¢ ) KZJZI, |q‘%¢J>($K P30q <| ‘%(;K %*‘J ~7 K ,¢ )
= J 2z P21 (0%, 07, ! (Ig13 657, |g|5 671, |q|5 451 S — 1T 1 2~’|q‘ 67, 8") | (736" 7,67, |q|5 6" T)
I l~J I ’ ) 19 ) 2J 2K, ¢ 23 ¢ Pai3 (lgl5 67, 6", " 3071 (g3 K G7-K
2J2K|13 > TN —— @hen) | (gl3e7 gl e
q > ¢ P23 (|q]3gb \q|3¢ L 0™) (lg|"34!~7, ¢~ X LK I>J>K, 367 > ! e, 1y o ! @7)
I>J>K, ' >lg5¢" | P SO et e 2 T2 K, 367 26" | Puas | (l36",1a1367,6") | (la736"7, 877", |ql36"7")
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> 7 / /
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2 J>1I>K P
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Three moduli at stable fixed points...



S.F.K. and X.Wang,2310.10369

Three moduli at stable fixed points

KC(r, 70 8.5) = AAK(S,5) — log[(2Tmry)2Imm)@Tmry)]}  W(r, ) — MU () 4+ HIe)(ry) & HOmr) ()

iy Tis e e n?(1)n?(19)n?(75)
H (j(1) — 1728) 7 (7) .

— T T T T T |_||| Klein — T T T T T B S S B S S B B S

AV

1.21 1 logyg Vi

Im T1’2
Im T3




SU(S5) orbifold GUT in 10d ¢

Field | SU(5) St SP S¢Y ka kg ke | Loc
F 5 1 1 3 0 0 0 T¢,
T 10 1 1 1 0 0 1 T¢,
T 10 1 1 1 0 0 1/2 | T¢
T 10 1 1 1 0 0 0 T¢,
N¢ 1 1 1 1 0 -4 0 T4
N¢ 1 1 1 1 -2 0 0 T
H, 5 1 1 1 0 0 0 | Bulk
H, 5 1 1 1 0 0 1/2 | Bulk
Hys 45 1 1 1 0 0 1/2 | Buk
Hi= 45 1 1 1 0 0 0 | Bulk
dpco 1 1 3 3 0 0 0 | Bulk
D 4c 1 3 1 3 0 0 0 | Bulk
R 1 1 1 1 0 0 =5/2| T¢
Er \ 1 1 1 1 0 0 =1/2| T¢
N Wei ghtons
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Seesaw mechanism gives 3 parameter neutrino mass matrix

“Littlest Seesaw’’

0 0 O 1 1—v6 1446
0 —1 1 1+v6 =5  T+2V6
De Anda, SFK 2304.05958
without SK atmospheric data
G.J.Ding, S.F.K, X.G.Liu and J.N.Lu,1910.03460 NuFit 1o Model
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See talk by A.Trautner, 2505.00099

Unconstrained Kahler potential

]C :|(_2-7_ + i,]—_)—ku', (z/ij)lL'_: Z C(n,'r'l,rz)(_z',r ,l'7—_)—k'.¢+'n (wTYT(IL)TYT(zﬂ)w) \I

1)

minimal Kahler potential non-canonical terms
unsuppressed since 7 is dimensionless

Canonical normalisation can lead to sizeable corrections

One solution is to introduce a flavour symmetry as well as modular symmetry,
leading to so called “Eclectic Flavour Symmetry”

In general the resolution to this may Nilles et al, 2001.01736; 2004.05200]
come from the top-down approach



Conclusions

0 Flavour problem of Standard Model remains
O Symmetry may guide us - GUTs and Flavour Symmetry
0 Modular Family Symmetry motivated by String theory

O Modulus field 7 represents a minimal “flavon” scenario

0 Yukawa matrices expressed in terms of the modulus field

O Introduced “weighton” to explain fermion mass hierarchies
0 10d model gives 3 moduli fields stabilised at fixed points

0 SU(5) Orbifold GUT in 10d leads to predictive LS model
0 Unconstrained Kahler potential calls for new ingredients



