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Congruence subgroups of I' & modular flavor symmetries

& Feruglio [2017]

1 congruence subgroups of T' := SL(2,Z)/Z-

o= {(2 ) ens (2 8) = (3 §) ]

level I' = SL(2,Z)/Z,

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 2/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries

Congruence subgroups of I' & modular flavor symmetries

& Feruglio [2017]

1 congruence subgroups of T' := SL(2,Z)/Z-

o= {(2 ) er (2 8) = (3 §) ]

1= quotients I'yy := I'/I’(IV) are finite groups, e.g. I's ~ A4 (symmetry of
tetrahedron)

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 2/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries

How to get congruence subgroups?

SL(2,7Z) and T

w SI(2,7) is symmetry of torus

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 3/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries

How to get congruence subgroups?

SL(2,7Z) and T
ww SL(2,7) is symmetry of torus
w SL(2,7) is generated by

T T|L>’T—‘r].

S 1
S @ T —=
-

modulus
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Flavor Symmetries & Winding Modes Modular flavor symmetries

How to get congruence subgroups?

SL(2,7Z) and T Congruence subgroups
ww SL(2,7) is symmetry of torus
b

w SI(2,7) is generated by L(N) = {(Z d> el

T:rsr+1 @ b :(1 O>modN

s 1 c d 0 1
ST ——
pu

1 in bottom-up models based on
['(N) the symmetry of the action
is typically SL(2,Z) (or larger)

1= what is ['(IV) a symmetry of?

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 3/30
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Modular symmetries in strings

e.g. & Giveon, Porrati & Rabinovici [1994]; (' D'Hoker & Kaidi [2022]

== modular symmetries play a key role in string theory

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 4/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries from strings

Modular symmetries in strings

e.g. & Giveon, Porrati & Rabinovici [1994]; (' D'Hoker & Kaidi [2022]
== modular symmetries play a key role in string theory

1= they are symmetries of tori and much more

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 4/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries from strings

Modular symmetries in strings

e.g. & Giveon, Porrati & Rabinovici [1994]; (' D'Hoker & Kaidi [2022]
== modular symmetries play a key role in string theory
1= they are symmetries of tori and much more

1w T-duality relates Kaluza—Klein (KK) and winding modes

radius R radius 1/R

MKK Mywinding MKK Myinding

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 4/30


http://inspirehep.net/search?p=Giveon:1994fu
http://inspirehep.net/search?p=DHoker:2022dxx
https://inspirehep.net/authors/992219
https://ps.uci.edu/~theory/
https://agenda.infn.it/event/42270/

Flavor Symmetries & Winding Modes Modular flavor symmetries from strings

Modular symmetries in strings

e.g. 0 Giveon, Porrati & Rabinovici [1994]; ' D'Hoker & Kaidi [2022]

== modular symmetries play a key role in string theory
15 they are symmetries of tori and much more

v T-duality relates Kaluza—Klein (KK) and winding modes

radius R radius 1/R

MKK Mwinding MKK Myinding

\ Kahler modulus: o = b+1i R? = “axion” +i-“radion” )

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 4/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries from strings

Strings on a torus

i (heterotic) string on torus has two moduli: complex structure modulus 7 &
Kahler modulus p

15 at generic point in moduli space Im o
there is a U(1) x U(1) gauge
symmetry mediated by oscillator U(1) % U(1)
modes

Rep

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 5/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries from strings

Strings on a torus

i (heterotic) string on torus has two moduli: complex structure modulus 7 &
Kahler modulus p

15 at generic point in moduli space Im o
there is a U(1) x U(1) gauge
symmetry mediated by oscillator U(1) % U(1)
modes

w if T = p = w := e2"1/3 the gauge

symmetry gets enhanced to SU(3) T
with the raising and lowering ‘w/—
operators corresponding to winding 2

modes

1 modular symmetry is 2
(SL(2,Z), x SL(2,Z),) /73

Rep
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Flavor Symmetries & Winding Modes Modular flavor symmetries from strings

Mass equation on torus

= mass of closed string on torus (Neveu-schwarz sector)

1 2
2 _ —1 2
_m|n2—n17—g(w .—&—w 7')| +2(2Ng - 1)
S |
Kaluza—Klein winding | oscillator

complex structure Kahler

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 6 /30
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Flavor Symmetries & Winding Modes Modular flavor symmetries from strings

Mass equation on torus & modular symmetries

= mass of closed string on torus (Neveu-schwarz sector)
1 _ 2
. |n2 —ny 7 — o (w +w27)| +2(2Ngr - 1)
Im7 Imp
== modular symmetries are simultaneous transformations of the moduli 7 and
o and the KK and winding numbers

= (o, -1/7)" N | = (et ngm)
<9) s (o r+ 1)T ZQ s (w' = w?, W, ny,ny + ny)
72 (c1/0,7)] m| | 25 (cng, g, —w? w')

ey (o4 1,7)T " e (b w? g — w? g+ w?)
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Flavor Symmetries & Winding Modes Modular flavor symmetries from strings

Mass equation on torus & modular symmetries

= mass of closed string on torus (Neveu-schwarz sector)
1 _ 2
. |n2 —ny 7 — o (w +w27)| +2(2Ngr - 1)
Im7 Imp
== modular symmetries are simultaneous transformations of the moduli 7 and
o and the KK and winding numbers

s (0, —1/7)" . S (—w?,wh, —ng,ny)
<9) s (o r+ 1)T ZQ s (w' = w?, W, ny,ny + ny)
R e GV R U B I G

ey (o4 1,7)T " e (b w? g — w? g+ w?)

1= however: no congruence subgroups
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Flavor Symmetries & Winding Modes

Orbifolds

Michael Ratz, UC Irvine

Modular flavor symmetries on orbifolds

start with torus with su(3) lattice

€2 g > >

identify

Y
Y

FLASY, Rome, 7/1/2025

7/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Orbifolds

divide out rotation 6 by 27/3

€Q - - - - —— - — - — - ——— — -
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Orbifolds

(fundamental domain of torus) = 3 x (fundamental domain of orbifold)

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 7/30
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Orbifolds

opposite edges get identified

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 7/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Orbifolds

chiral “twisted" states appear at fixed points (abeied by space group elements)

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 7/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Orbifolds

result looks like a “ravioli” with
twisted strings sitting at the corners

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 8/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Modular flavor symmetries were hiding in plain sight

= (Yukawa) couplings are modular forms in heterotic orbifolds . & g6 oo

This is nothing but one of the SL(2, Z)7y transformation for toroidal
orbifold compactifications (¢ = b =d = 1,¢ = 0 in eq. (10)). Therefore the only
conditions these symmetries impose on W is that it should transform as a modular
form of a given weight (W — (¢T + d)™ W for the simplest toroidal orbifolds with
T the overall size of the compactification space)[36]. In fact, explicit calculations for
specific orbifold models show that

VVtrae(T: QI) = XIJK(T) QIQJQK + - (19)

withl X(T') a particular modular form of SL(2,Z)| or any other duality group and the
ellipsis represent higher powers of @, exponentially suppressed. The identification of
X(T) with modular forms was a highly nontrivial check of the explicit orbifold calcu-
lations which were preformed in refs. [37] without any relation (nor knowledge) of the
underlying duality symmetry SL(2,Z). This kind of symmetry puts also strong con-
straints to the higher order, nonrenormalizable, corrections to W, since each matter
field @ transforms in a particular way under that symmetry (Q — (¢I'+d)" Q with n
the modular weight of ). There are also other discrete symmetries, as those defined
by the point group P and space group S of an orbifold which have to be respected
by the superpotential W. These ‘selection rules’ are very important to find vanishing
couplings and uncover flat directions which can be used to break the original gauge
symmetries and construct quasi-realistic models.

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 9/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Modular flavor symmetries were hiding in plain sight

= (Yukawa) couplings are modular forms in heterotic orbifolds . & g6 oo

This is nothing but one of the SL(2, Z)7y transformation for toroidal
orbifold compactifications (¢ = b =d = 1,¢ = 0 in eq. (10)). Therefore the only
conditions these symmetries impose on W is that it should transform as a modular
form of a given weight (W — (¢T + d)™ W for the simplest toroidal orbifolds with
T the overall size of the compactification space)[36]. In fact, explicit calculations for
specific orbifold models show that

VVtree(T7 QI) = XIJK(T) QIQJQK + - (19)

withl X(T') a particular modular form of SL(2,Z)| or any other duality group and the
ellipsis represent higher powers of @, exponentially suppressed. The identification of
X(T) with modular forms was a highly nontrivial check of the explicit orbifold calcu-
lations which were preformed in refs. [37] without any relation (nor knowledge) of the
underlying duality symmetry SL(2,Z). This kind of symmetry puts also strong con-
straints to the higher order, nonrenormalizable, corrections to W, since each matter
field @ transforms in a particular way under that symmetry (Q — (¢T'+d)" Q) with n
the modular weight of @). There are also other|discrete symmetries| as those defined
by thel point group P and space group S bf an orbifold which have to be respected
by the superpotential W. These ‘selection rules’ are very important to find vanishing
couplings and uncover flat directions which can be used to break the original gauge
symmetries and construct quasi-realistic models.

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 9/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Modular flavor symmetries were hiding in plain sight

1= (Yukawa) couplings are modular forms in heterotic orbifolds
cf. @ Quevedo [1996]

15 3 nontrivial modular flavor symmetry (7”) has been discovered early on

@ Ferrara, Liist, Shapere & Theisen [1989]; &' Chun, Mas, Lauer & Nilles [1989];. ..

= vector-valued modular form couplings were obtained long ago using orbifold

CFT @ Chun, Mas, Lauer & Nilles [1989]; & Lauer, Mas & Nilles [1991];

1= modular symmetries can be understood neatly in the Narain formalism

@ Baur, Nilles, Trautner & Vaudrevange [2019a]; &' Nilles, Ramos-Sanchez & Vaudrevange [2020a];
@ Nilles, Ramos-Séanchez & Vaudrevange [2021]; (' Baur, Nilles, Ramos-Sanchez, Trautner & Vaudrevange [2024];

1= however: so far very little discussion of massive (and not so massive @)
winding and KK modes

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 9/30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massless winding modes

== mass of closed string on torus (s sector)
1 2
2 — 1 2
m- = ng—m7T—o(w +w T)| +2 (2Ng — 1
Imr 1 g| 2 1 o )| (2Nr )

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 10 / 30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massless winding modes

== mass of closed string on torus (s secto) for 7 = w

s 2
V3 1Imp

m ’ng—nlw—ﬁ(wl—f—wa)’z—i—Z(QNR—I)
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https://inspirehep.net/authors/992219
https://ps.uci.edu/~theory/
https://agenda.infn.it/event/42270/

Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massless winding modes

1 mass of closed string on torus (s o) for 7 = w & Ny = 1/2

. 2
V3 1Imp

m ’ng—nlw—ﬁ(wl—l—wa)’z—i—Z(1—1)
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massless winding modes

1= mass of closed string on torus (sseto) for 7 = w & Ny = 1/2

2 }TLQ*H1W7@(M1+M2W)|2

2
B V3 Imop
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massless winding modes

1= mass of closed string on torus (sseto) for 7 = w & Ny = 1/2

2 }TLQ*H1W7@(M1+M2W)|2

2
B V3 Imo

1= massless states if g is an SL(2,Z) image of w

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 10 / 30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massless winding modes at 0 = w

1= mass of closed string on torus (sseto) for 7 = w & Ny = 1/2

2 }TLQ*H1W7@(M1+M2W)|2

2
B V3 Imo

1= massless states if g is an SL(2,Z) image of w

= two orbifold-invariant combinations of massless winding modes at critical
point p = w

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 10 / 30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massless winding modes at 0 = w

1= mass of closed string on torus (sseto) for 7 = w & Ny = 1/2

2 }ngfnlw—@(w1+w2w)|

B 2

V3 Im o

1= massless states if g is an SL(2,Z) image of w

= two orbifold-invariant combinations of massless winding modes at critical
point p = w

1= questions:

©® what is the interpretation of these states?
® what happens at other SL(2,7Z) images of w?

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 10 / 30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmetry enhancement at p = w

1= interpretation of massless winding CF lbifez, Lerche, List & Theisen By
modes: U(1) x U(1) gauge fields

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 11 /30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmetry enhancement at p = w

1= interpretation of massless winding CF lbifez, Lerche, List & Theisen By
modes: U(1) x U(1) gauge fields

(w)
= three additional massless untwisted state  [U(1) x U(1)]

states Ul(w) (right-moving oscillators) Ul(w) (v2,0)
1= charges of untwisted and twisted states Uzw) (Y/v2,\/3/2)
from orbifold CFT U (=1)vz, —\/3]2)
1= untwisted charge eigenstates are linear X (@) (V2/3,0)
combinations of two winding modes and Y@ (=1/y18,1/V5)
one left-moving oscillator mode Z/(w) (=1/Vi8, —1/\&)

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 11 /30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmetry enhancement at p = w

=

=

interpretation of massless W|nd|ng @ Ibéfiez, Lerche, Liist & Theisen [1991];
. @ Beye, Kobayashi & Kuwakino [2014]
modes: U(1) x U(1) gauge fields

(w)
three additional massless untwisted state  [U(1) x U(1)]

states Ul(w) (right-moving oscillators) Ul(w) (v2,0)
charges of untwisted and twisted states Uzw) (Y/v2,\/3/2)
from orbifold CFT U (=1)vz, —\/3]2)
untwisted charge eigenstates are linear X (@) (v2/3,0)
combinations of two winding modes and Y@ (=1/y18,1/V6)
one left-moving oscillator mode Z/(w) (—1/Vi8, —1/\&)

oscillator mode can be identified with
departure of g from w (r- & p-fiat): Ul(w) + U2(“’) + U?E”) ~O—Ww

Kahler modulus

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmetry enhancement at p = w

=

=

interpretation of massless W|nd|ng @ Ibfiez, Lerche, Liist & Theisen [1991];
. @ Beye, Kobayashi & Kuwakino [2014]
modes: U(1) x U(1) gauge fields

(w)
three additional massless untwisted state  [U(1) x U(1)]

states Ul(w) (right-moving oscillators) Ul(w) (v2,0)
charges of untwisted and twisted states Uzw) (Y/v2,\/3/2)
from orbifold CFT U (=1)vz, —\/3]2)
untwisted charge eigenstates are linear X (@) (v2/3,0)
combinations of two winding modes and Y@ (=1/y18,1/V6)
one left-moving oscillator mode Z/(w) (—1/Vi8, —1/\&)

oscillator mode can be identified with

departure of g from w (r-& D! Ul(w) + Uéw) + U?Ew) ~0—w

stringy Higgs mechanism: if o deviates from w, [U(1) x U(1)]“) gets
broken and the winding mode combinations of the Ui(w) eaten
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmetry enhancement at p = w

=

=

interpretation of massless W|nd|ng @ Ibfiez, Lerche, Liist & Theisen [1991];
. @ Beye, Kobayashi & Kuwakino [2014]
modes: U(1) x U(1) gauge fields

(w)
three additional massless untwisted state  [U(1) x U(1)]

states Ul(w) (right-moving oscillators) Ul(w) (v/2,0)
charges of untwisted and twisted states Ugw) (Y/vz,+/3/2)
from orbifold CFT U (=1, —\/32)
untwisted charge eigenstates are linear X (@) (v2/3,0)
combinations of two winding modes and Y  (—1//18,1/\/6)
one left-moving oscillator mode ZW)  (=1/yi8, —1/V5)

oscillator mode can be identified with
departure of g from w (r- & p-fiat): Ul(“’) + U2(“’) + U?Ew) ~O—Ww

stringy Higgs mechanism: if o deviates from w, [U(1) x U(1)]“) gets
broken and the winding mode combinations of the Ui(w) eaten

away from o = w: residual [Zsz x Z3]“) symmetry

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Interlude: localization vs. charge eigenstates

2 Chun, Mas, Lauer & Nilles [1989]

w twisted [U(1) x U(1)](“) charge eigenstates do A
not coincide with localization eigenstates
X w 1 1\ (X
vy | = 1 w 1|V
Z(w) \/§ 1 1 w
(w)
y ,
= @72/3 = Z/{(w) = @_2/3 X Y
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Interlude: localization vs. charge eigenstates

2 Chun, Mas, Lauer & Nilles [1989]

w twisted [U(1) x U(1)](“) charge eigenstates do A
not coincide with localization eigenstates

O) = Uy Dy

charge localization
eigenstates eigenstates
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Interlude: localization vs. charge eigenstates

2 Chun, Mas, Lauer & Nilles [1989]

w twisted [U(1) x U(1)](“) charge eigenstates do A
not coincide with localization eigenstates

O) = Uy Dy

& Li, Liu, Nilles, MR & Stewart [2025]

5 basis transformation is modular

Uy = -1 p(T1ST) X
with
(1 1 1
1
S) = 1 w?
p(S) 7 w wQ
1 w w

p(T) = diag(w?,1,1)
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmmetry enhancement at ¢ = w (cont'd) =D

= couplings of gauge fields W(j;) to localization eigenstates are not diagonal

) -
@_2/3 ty <I)_2/3 . W(w)
(w +
ol 0y |\
| [PV AV Z40ZX) (W

U(1) generators ,, 7' x 1 7V + 2 X Z Wi,
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmmetry enhancement at ¢ = w (cont'd) =D

= couplings of gauge fields W(j;) to localization eigenstates are not diagonal

T (w) —
@_2/3 ty <I)_2/3 . W(w)

w +
(I)T,2/3 tg ) @,2/3 W(w)
GXY 4V Z+0ZX\ (W

Ve \wvx+Zv +w2x2z) WV,

w residual [Zz x Z3]“) symmetries for o # w

AR
@_2/3 | E— wiI)_%
X Z(W’Z) 0 0 OJ2 X
3
YI——w 0 0| |Y|=Zwa P
Z 0 1 0 Z
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Modular transformations on torus vs. orbifold

@ Li, Liu, Nilles, MR & Stewart [2025]
1 what happens at o = w + 17
1= naively: same as ¢ = w since both points are related by SL(2, Z)

& suE) SU(3)

we ow-+1
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Modular transformations on torus vs. orbifold

@' Li, Liu, Nilles, MR & Stewart [2025]

1 what happens at o = w + 17

1= naively: same as ¢ = w since both points are related by SL(2, Z)

= suE) SU(3)

Main message of this talk:
points related by SL(2,Z) can be physically different
= fundamental domain of SL(2,7Z) is too small (wed r3))

= non-Abelian flavor symmetries

= special values of modular forms
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmmetry enhancement at o = w + 1

= again two gauge fields yet different couplings
wXZ+WYX+ZY W(:H)

W ZX+wXY+YZ Wi
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmmetry enhancement at o = w + 1

= again two gauge fields yet different couplings

wXZ+WYX+ZY) (WE,,)
s? . ¢ 52
W ZX+wXY+YZ .

= S2 swaps components
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmmetry enhancement at o = w + 1

= again two gauge fields yet different couplings
wXZ+WYX+ZY W(:H)

W ZX+wXY+YZ Wi

2
B S swaps components

ww [U(1) x U(1)]®) and [U(1) x U(1)]«*D generators do not commute
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmmetry enhancement at o = w + 1

= again two gauge fields yet different couplings

WwXZ+wW?YX+ZY W(:H)

W ZX+wXY+YZ Wi

= S2 swaps components
ww [U(1) x U(1)]®) and [U(1) x U(1)]«*D generators do not commute

1= residual Zis symmetries do not commute either
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge symmmetry enhancement at o = w + 1

= again two gauge fields yet different couplings

WwXZ+wW?YX+ZY W(:H)

W ZX+wXY+YZ Wi

= S2 swaps components

w [U(1) x U(1)]) and [U(1) x U(1)]“*1 generators do not commute

&

1= residual Zis symmetries do not commute either

2

L= ZSQ enhances Z3 to Sg and A(27) to A(b4
2

[U(1) x U] % Sy — [Z3 x Zs] @H) o 8

=A(54)
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge origin of flavor symmetries & string selection rules

(@ Beye, Kobayashi & Kuwakino [2014]

w it has been noted previously that [U(1) x U(1)]“) gives rise to Zs3 x Zs
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge origin of flavor symmetries & string selection rules

(@ Beye, Kobayashi & Kuwakino [2014]
w it has been noted previously that [U(1) x U(1)]“) gives rise to Zs3 x Zs
... yet the extra, non-commuting Zs in A(27) = (Zg X Zg) X Zi3
remained mysterious
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge origin of flavor symmetries & string selection rules

(@ Beye, Kobayashi & Kuwakino [2014]
w it has been noted previously that [U(1) x U(1)]“) gives rise to Zs3 x Zs
... yet the extra, non-commuting Zs in A(27) = (Zg X Zg) X Zi3

remained mysterious
@ Li, Liu, Nilles, MR & Stewart [2025]

15 to find the “missing” Zj3 it is crucial to note that w and w + 1 are
physically different
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge origin of flavor symmetries & string selection rules

(@ Beye, Kobayashi & Kuwakino [2014]
w it has been noted previously that [U(1) x U(1)]“) gives rise to Zs3 x Zs
... yet the extra, non-commuting Zs in A(27) = (Zg X Zg) X Zi3
remained mysterious

@' Li, Liu, Nilles, MR & Stewart [2025]

that w and w + 1 are

= to find the “missing” ityis crucial
physically diff point group space group

state ZEG 7Z5¢
@ Hamidi & Vafa [1987];
& Dixon, Friedan, Martinec & Shenker [1987];

X 1 0
w5 string selection rules: ZLC x Z5¢ Yy 1 1
A4 1 2

@ Kobayashi, Nilles, Ploger, Raby & MR [2007] —
w A(54) has been obtained from ZY¢ x Z5¢ g ; (2)
(again treating the missing Z3 as an accidental symmetry) 7 2 1
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Gauge origin of flavor symmetries & string selection rules

(@ Beye, Kobayashi & Kuwakino [2014]
w it has been noted previously that [U(1) x U(1)]“) gives rise to Zs3 x Zs
... yet the extra, non-commuting Zs in A(27) = (Zg X Zg) X Zi3

remained mysterious
@ Li, Liu, Nilles, MR & Stewart [2025]

15 to find the “missing” Zj3 it is crucial to note that w and w + 1 are
physically different

state ZEG 7Z5¢
' Hamidi & Vafa [1987];
(7 Dixon, Friedan, Martinec & Shenker [1987];

X 1 0

w5 string selection rules: ZLC x Z5¢ Y 1 1
@ Kobayashi, Nilles, Plsger, Raby & MR [2007] Z 1 2

w= A(54) has been obtained from ZE¢ x Z5¢ X 2 0
(again treating the missing Z3 as an accidental symmetry) Y 2 2

(2 Li, Liu, Nilles, MR & Stewart [2025] 7 2 1

w5 we show explicitly that the ZES x Z5¢
and additional Zs are all gauged

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 16 / 30
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Enhanced gauge symmetries & fundamental domains

fundamental domain of SL(2, Z)
Im o

Reo
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Enhanced gauge symmetries & fundamental domains

however, the U(1) symmetries at w and w + 1 are differ-
ent, so the fundamental domain of SL(2,Z) is too small
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Enhanced gauge symmetries & fundamental domains

w + 3n and w are physically equivalent
~ need fundamental domain of I'(3)

['(3) ={(Z 2) € SL(2,Z),; (Z 2) = <(1) (1)) mod 3}

Im o

[U(1) x U(1)]f«+2 [U(1) x U(1)]“)

iMalent

Reo

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Enhanced gauge symmetries & fundamental domains

the critical points v, v + 1 & v + 2 carry the ‘same’ [U(1) x
U(1)]™ symmetries but can be shown to be physically distinct

Reo
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Enhanced gauge symmetries & fundamental domains

let us now look at the doublet as
functions of Re g at Tmo = /3/2

Reo
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massive winding modes at Im o = /3/2

~1/2
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Massive winding modes at Im o = /3/2

~1/2
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massive winding modes at Im ¢ = /3/2

~1/2 1/2
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massive winding modes at Im o = v/3/2

S5 32 -1
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massive winding modes at Im ¢ = /3/2

m2 2 24 29

aNTSEs o BEENARRs o 4/3
S G VS ) VA R, VA VAU 1/3
—5/2 —3/2 —1/2 1/2 3/2 Reo
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Enhanced gauge symmetries & fundamental domains

V3

we have just seen the gauge boson masses at Imp = -

Reo
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Enhanced gauge symmetries & fundamental domains

let us now look at Imp = ——

2v3

Reo
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Massive winding modes at Im o = 1/2+/3

52 3/ _1/2
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Superpotential

w at critical points [U(1) x U(1)](@rit) restricts superpotential to the form
Wtrilinear — y(chit) X(chit) Y(.chit) Z(chit)

modular form oo
gauge eigenstates
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Superpotential

w at critical points [U(1) x U(1)](@it) restricts superpotential to the form
Wtrilinear — y(chit) X(chit) Y(chit) Z(chit)

. — : T
1= in terms of localization eigenstates (X, Y, Z)

Y Wtrilinear
w (WX+Y+2) (X+wY+2Z)(X+Y +wZ)
w1 (w2X+Y+Z)(wX+wY+Z)(wX+Y+wZ)
w+2 (X+Y+2) (WX 4+wY+2Z) (®*X+Y +wZ)
v,v+1,v+2 XYZ
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Superpotential

w at critical points [U(1) x U(1)](@rit) restricts superpotential to the form
Wtrilinear — y(@crit) X(chit) Y(chit) Z(chit)

1 at generic point in o moduli space
Wiritinear (0 X, Y, Z) = Wa(0) (X*+Y?+2%) —3V2V1(0) XY Z

. cf. @ Liu & Ding [2022]
with vector-valued modular form

Y1(0) WGk

o= Sl I
n(30 n(o/3
Ye(0) SO0
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Superpotential

= at critical points [U(1) x U(1)](@rit) restricts superpotential to the form
Wtrilincar = y(@crit) X(chit) Y(gcrit) Z(chit)

= at generic point in ¢ moduli space
%rilinear(g; XaK Z) = yQ(Q) (X3 + YS + Z3> - 3\/§y1(9)XYZ

H f. @' Liu & Ding [2022
with vector-valued modular form ‘ ¢ 1202

(1) Nie) _3\/5777(7?()33

Vi) =N

2 (0)= Ya(o) 4130)°  n(e/3)*
: n(o) n(o)

F(2/3)2 @ Chun, Mas, Lauer & Nilles [1989]

H H H —1 1 7 auer, as 1lles
w normalization is known: A/ = 2~/23"/4 T(1/3) U Lauer, Mas & Nilles [1991]
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Superpotential

w at critical points [U(1) x U(1)](@rit) restricts superpotential to the form
Wtrilinear — y(@crit) X(chit) Y(chit) Z(chit)

1 at generic point in o moduli space
Wiritinear (0 X, Y, Z) = Wa(0) (X*+Y?+2%) —3V2V1(0) XY Z

. cf. @ Liu & Ding [2022]
with vector-valued modular form

Yi(0) _gy5n30)”
YO (p) = o n(o)
(o) 3n(39)3 n(o/3)*
n(o) n(o)

= jmportant cross-check: y“) does exactly what it needs to do to be

2//
consistent with enhanced [U(1) x U(1)](@rit) symmetries
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Flavor Symmetries & Winding Modes Modular flavor symmetries on orbifolds

Superpotential

w at critical points [U(1) x U(1)](@rit) restricts superpotential to the form
Wtrilinear — y(@crit) X(chit) Y(chit) Z(chit)

1 at generic point in o moduli space
Wiritinear (0 X, Y, Z) = Wa(0) (X*+Y?+2%) —3V2V1(0) XY Z

. cf. @ Liu & Ding [2022]
with vector-valued modular form

V(o) _3y/3100)°
YO (p) = o n(o)
(o) 3n(39)3 n(e/3)
n(o) n(o)
)

= important cross-check: ),,/ does exactly what it needs to do to be

consistent with enhanced [U(1) x U(1)](@rit) symmetries
= the modular forms are believed to emerge from integrating out the KK and

winding modes
cf. &' Giveon & Porrati [1991]
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Flavor Symmetries & Winding Modes Towers on orbifolds

Towers on orbifolds

w= (ny,ng, w?, w?) on the torus: not orbifold-invariant

KK winding
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Flavor Symmetries & Winding Modes Towers on orbifolds

Towers on orbifolds

w5 (ny,n, w?, w?) on the torus: not orbifold-invariant
1= we can define a single orbifold-invariant KK number N and winding
number W plus three auxiliary quantum numbers R, sy & sy
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Flavor Symmetries & Winding Modes Towers on orbifolds

Towers on orbifolds

w5 (ny,n, w?, w?) on the torus: not orbifold-invariant
1= we can define a single orbifold-invariant KK number N and winding
number W plus three auxiliary quantum numbers R, sy & sy

= masses and A(54) quantum numbers of massive towers

A(54) A@27) (sw,sy) (W2, N2 R?) A B C
2 (1) (20) wsn (OGO
%63@3&* O
» () () oo CHEDE
() (52) w06 B0
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Flavor Symmetries & Winding Modes Winding modes

Winding modes

VA V4
Y X Y X Y

= doublets 21, 23 & 24 are linear combinations of these winding modes, e.g.
2
c.c.
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Flavor Symmetries & Winding Modes Winding modes

Winding modes

Yy X . Y X .
YZ ZX

X Y
25 (massless at v, v+ 1 & v + 2)
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Flavor Symmetries & Winding Modes CP transformation

CP transformation

& Li, Liu, Nilles, MR & Stewart [2025]

fundamental domain

~3/2 -1 —1/2 0 1/2 1 3/2 Reg
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Flavor Symmetries & Winding Modes C7P transformation

CP transformation

& Dent [2001]; &' Baur, Nilles, Trautner & Vaudrevange [2019b]; (&' Novichkov, Penedo, Petcov & Titov [2019]

canonical CP transformation of g: o <P, -0
CP

~3/2 -1 —1/2 0 1/2 1 3/2 Reg

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025
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Flavor Symmetries & Winding Modes C7P transformation

CP transformation

@ Dent [2001]; &' Baur, Nilles, Trautner & Vaudrevange [2019b]; &' Novichkov, Penedo, Petcov & Titov [2019]; &' Li, Liu, Nilles, MR & Stewart [2025]
CP conserving curves determined by the condition

! b
that —g¢p < % for some (2 %) € SL(2,Z)
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Flavor Symmetries & Winding Modes C7P transformation

CP transformation

& Li, Liu, Nilles, MR & Stewart [2025]

reflection at CP conserving curves corre-
sponds to relations between the masses of dif-
ferent towers, e.g. 2. <+

Im o

—3/2 -1 —1/2 Reg
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Flavor Symmetries & Winding Modes C7P transformation

CP transformation

& Li, Liu, Nilles, MR & Stewart [2025]

reflection at CP conserving curves corre-
sponds to relations between the masses of dif-
ferent towers, e.g. 2. or 25

Im o

~3/2 -1 —1/2 0 1/2 1 3/2 Reg

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025
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Flavor Symmetries & Winding Modes C7P transformation

Subtleties of the CP tran

= what is the significance of mass
relations between doublet masses?
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Flavor Symmetries & Winding Modes C7P transformation

Subtleties of the CP transformation

= what is the significance of mass
relations between doublet masses?

(7 Chen & Mahanthappa [2009];
@ Chen, Fallbacher, Mahanthappa, MR & Trautner [2014]

w A(54) clashes with CP
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Flavor Symmetries & Winding Modes C7P transformation

Subtleties of the CP transformation

= what is the significance Of mass @ Nilles, MR, Trautner & Vaudrevange [2018]
relations between doublet masses?

(7 Chen & Mahanthappa [2009];
@ Chen, Fallbacher, Mahanthappa, MR & Trautner [2014]

w A(54) clashes with CP

1 at generic point in ¢ moduli space
CP is broken even if we drop all
superpotential interactions

U(1) generators = CG's of A(54)
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Flavor Symmetries & Winding Modes C7P transformation

Subtleties of the CP transformation

= what is the significance Of mass @ Nilles, MR, Trautner & Vaudrevange [2018]
relations between doublet masses?

(7 Chen & Mahanthappa [2009];
@ Chen, Fallbacher, Mahanthappa, MR & Trautner [2014]

w A(54) clashes with CP

1 at generic point in ¢ moduli space
CP is broken even if we drop all

superpotential interactions 2 24 /
32 32
i this is because the U(1) generators
equal the Clebsch—Gordon jj 3 LL,
coefficients of A(54) 2

U(1) generators = CG's of A(54)
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Flavor Symmetries & Winding Modes C7P transformation

Subtleties of the CP tran

= what is the significance Of mass @ Nilles, MR, Trautner & Vaudrevange [2018]
relations between doublet masses?

(7 Chen & Mahanthappa [2009];
@ Chen, Fallbacher, Mahanthappa, MR & Trautner [2014]

w A(54) clashes with CP

1 at generic point in ¢ moduli space
CP is broken even if we drop all
superpotential interactions

i this is because the U(1) generators
equal the Clebsch—Gordon
coefficients of A(54)

== if the doublet masses are degenerate
the diagrams no longer violate CP U(1) generators = CG's of A(54)
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Flavor Symmetries & Winding Modes Applications

Implications for the Kahler potential

talk by @ Mu-Chun Chen;
@ Feruglio [2023a]; (&' Feruglio [2023b]; (&' Petcov & Tanimoto [2023];
@ Chen, King, Medina & Valle [2024]; &' Ding & Valle [2024]; &' Chen, Li, Liu & MR [2025]
== phenomenology can be argued to favor values of the modulus close to

some critical point ocrit
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Flavor Symmetries & Winding Modes Applications

Implications for the Kahler potential

talk by @ Mu-Chun Chen;
@ Feruglio [2023a]; (&' Feruglio [2023b]; (&' Petcov & Tanimoto [2023];
@ Chen, King, Medina & Valle [2024]; &' Ding & Valle [2024]; &' Chen, Li, Liu & MR [2025]
== phenomenology can be argued to favor values of the modulus close to
some critical point ocrit

@' Li, Liu, Nilles, MR & Stewart [2025]

= we find that at symmetry-enhanced points gcit the [U(1) x U(1)](@erit)
symmetries force the Kahler potential of the matter fields to be diagonal

K> 29V

-t
(—iQ+i§)2/3 (I)(chit)e (ecrit)
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Flavor Symmetries & Winding Modes Applications

Implications for the Kahler potential

talk by & Mu-Chun Chen;
@ Feruglio [2023a]; (&' Feruglio [2023b]; (&' Petcov & Tanimoto [2023];
@ Chen, King, Medina & Valle [2024]; &' Ding & Valle [2024]; &' Chen, Li, Liu & MR [2025]

== phenomenology can be argued to favor values of the modulus close to
some critical point ocrit
@ Li, Liu, Nilles, MR & Stewart [2025]

= we find that at symmetry-enhanced points gcit the [U(1) x U(1)](@erit)
symmetries force the Kahler potential of the matter fields to be diagonal

K> 29V

-t
(—iQ+i§)2/3 (I)(chit)e (ecrit)

15 close to ot corrections are parametrically small
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Flavor Symmetries & Winding Modes Applications

Implications for the Kahler potential

talk by & Mu-Chun Chen;
@ Feruglio [2023a]; (&' Feruglio [2023b]; (&' Petcov & Tanimoto [2023];
@ Chen, King, Medina & Valle [2024]; &' Ding & Valle [2024]; &' Chen, Li, Liu & MR [2025]

== phenomenology can be argued to favor values of the modulus close to
some critical point ocrit

@' Li, Liu, Nilles, MR & Stewart [2025]

= we find that at symmetry-enhanced points gcit the [U(1) x U(1)](@erit)
symmetries force the Kahler potential of the matter fields to be diagonal

K> 29V

-t
(—iQ+i§)2/3 (I)(chic)e (ecrit)

15 close to ot corrections are parametrically small

' Nilles, Ramos-Sanchez & Vaudrevange [2020a]; (@' Chen, Knapp-Pérez, Ramos-Hamud, Ramos-Sanchez, MR & Shukla [2022]

15 there are alternative proposals to tame the Kahler potential which require

additional flavons to make the corrections parametrically small, and these
VEVs of the additional flavons have to be aligned/explained
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&
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Flavor Symmetries & Winding Modes Summary & outlook

Summary of symmetries

' Li, Liu, Nilles, MR & Stewart [2025]

G%s

eclectic

' Nilles, Ramos-Sanchez & Vaudrevange [2020b)]

1= combination of modular, traditional, R and CP symmetries has been
dubbed “eclectic”

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025
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Flavor Symmetries & Winding Modes Summary & outlook

Summary of symmetries

' Li, Liu, Nilles, MR & Stewart [2025]

GZs = A(27)

eclectic

1= the residual Z3 symmetries from relatively misaligned U(1) gauge

symmetries that become exact at different points in o moduli space
combine to A(27)

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 27 /30
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Flavor Symmetries & Winding Modes Summary & outlook

Summary of symmetries

' Li, Liu, Nilles, MR & Stewart [2025]

G%s =A@ x 7§55

eclectic

v the S? transformation enhances A(27) to A(54)

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 27 /30
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Flavor Symmetries & Winding Modes Summary & outlook

Summary of symmetries

' Li, Liu, Nilles, MR & Stewart [2025]

G% =(A@Q) = (2§55 ). A,

eclectic

1= the finite modular group is 7", which can be written as the
non-split extension of A,
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Flavor Symmetries & Winding Modes Summary & outlook

Summary of symmetries

' Li, Liu, Nilles, MR & Stewart [2025]

G% =A@ x (255 ). (4,) = ZEP

eclectic

@ Baur, Nilles, Trautner & Vaudrevange [2019a]; &' Novichkov, Penedo, Petcov & Titov [2019]

== the extended modular group Sy is obtained by adding CP
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Flavor Symmetries & Winding Modes Summary & outlook

Summary of symmetries

' Li, Liu, Nilles, MR & Stewart [2025]
Out(A(54)) = Sy

G o = A@Y) x (25 .<44 x 7P

eclectic

w this Sy is the maximal outer automorphism group of A(54), and ¢ is
faithful under this group
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Flavor Symmetries & Winding Modes Summary & outlook

Summary of symmetries

' Li, Liu, Nilles, MR & Stewart [2025]

eclectic

G o = A@Y) x (25 .<44 x 7P

1 the superpotential transforms in a nontrivial 1-dimensional representation
of A(54)
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Flavor Symmetries & Winding Modes Summary & outlook

Full modular symmetry

1= the full modular contains the
symmetries of a tetrahedron acting
on twisted and winding strings
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Flavor Symmetries & Winding Modes Summary & outlook

Full modular symmetry

1= the full modular contains the
symmetries of a tetrahedron acting
on twisted and winding strings

w the winding [U(1) x U(1)](eerit)
gauge bosons transform as A(54)

doublets can be associated with the
vertices
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Flavor Symmetries & Winding Modes Summary & outlook

Full modular symme

1= the full modular contains the
symmetries of a tetrahedron acting
on twisted and winding strings

w the winding [U(1) x U(1)](eerit)
gauge bosons transform as A(54)
doublets can be associated with the
vertices

15 the S, and T, transformations mix
the doublets
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Flavor Symmetries & Winding Modes Summary & outlook

Full modular symmetry S,

1= the full modular contains the
symmetries of a tetrahedron acting
on twisted and winding strings

w the winding [U(1) x U(1)](eerit)
gauge bosons transform as A(54)
doublets can be associated with the
vertices

15 the S, and T, transformations mix
the doublets

1= the tetrahedron is in fact chiral
because of the CP transformation 21
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Flavor Symmetries & Winding Modes

Summary

are key for
the interpreta-
tion of modu-
lar flavor sym-
metries

Michael Ratz, UC Irvine

Summary & outlook
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Flavor Symmetries & Winding Modes Summary & outlook

Summary

are key for Wlndlng
the interpreta- Modes
tion of modu-
lar flavor sym-
metries

are
gauge fields
responsible for
conventional fla-
vor  symme-
tries
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Flavor Symmetries & Winding Modes Summary & outlook

Summary

are key for Wlndlng
the interpreta- Modes
tion of modu-
lar flavor sym-
metries

are
gauge fields
responsible for
conventional fla-
vor  symme-
tries

have dif-
ferent subsets
become mass-
less at critical
points

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025
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Flavor Symmetries & Winding Modes Summary & outlook

Summary

are key for Winding play an
t.he interpreta- Modes interesting
tion of modu- role in CP
lar flavor sym-
metries

violation

are
gauge fields
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Outlook

within T?/Z3 orbifold: switch on Wilson lines

explore different geometries

(including space groups with freely acting transformations)

combine with “misaligned supersymmetry”

(to possibly have top-down realizations of non-holomorphic modular flavor symmetries)

discuss winding modes in a complete string model that gives rise to the
standard model
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Massless winding modes

1= mass of closed string on torus (NS sector)
1 2
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Massless winding modes

1= mass of closed string on torus (NS sector) for 7 = w

1 2
2 1 2
= |y —njw— +w?w)|"+2 (2Ng — 1
m Im~ It P |n2 n1 g(w w )| ( R )
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Massless winding modes

1= mass of closed string on torus (NS sector) for 7 = w & Ng = 1/2
1 2
2 1 2
_ _ _ 2(1—1
m IHITIIHQ|n2 nw-—2ow +w w)| +2( )

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 2/14


https://inspirehep.net/authors/992219
https://ps.uci.edu/~theory/
https://agenda.infn.it/event/42270/

Flavor Symmetries & Winding Modes Backup slides

Massless winding modes

i mass of closed string on torus (NS sector) for 7 = w & Ng = 1/2
1
2

= Im7 Im o

|n2 fnlwfﬁ(wl +w2w)|2

1 winding strings: w! +ww? # 0
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Massless winding modes

i mass of closed string on torus (NS sector) for 7 = w & Ng = 1/2
B 1
~ Im7Imop

2

m |n27n1wf§(w1+w2w)|2

w= winding strings: w! +ww? # 0
wng — Ny

¥5 massless states only if o = —F——
ww* +w
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Massless winding modes

i mass of closed string on torus (NS sector) for 7 = w & Ng = 1/2
1
2

= Im7 Im o

_ 2
Ing —nyw—2(w' +w2w)|
1 winding strings: w! +ww? # 0
. wna — Ny
¥5 massless states only if o = —F——
wws +w

== |evel matching: wing +w?ns =1
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Massless winding modes

=

mass of closed string on torus (NS sector) for 7 = w & Ny = 1/2
1
2

= Im7 Im o

|n2 fnlwfﬁ(wl +w2w)|2

winding strings: w' +ww? # 0

massless states only if whe — M
i = —
yie= "5 vl RN has to be SL(QQ,Z/g
) L ) image of w = ™!
level matching: w™ n; +w“ny =1
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Massless winding modes

i mass of closed string on torus (NS sector) for 7 = w & Ng = 1/2
1
2
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&

1 winding strings: w! +ww? # 0

. Wwng — Ny
15 massless states only if o = wwl tw? |~ {Q has to be SL(2,7)

_ ) ) image of w = e271/3
== |evel matching: w n; +w?ngy =1
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Massless winding modes

i mass of closed string on torus (NS sector) for 7 = w & Ng = 1/2
1
2

_ — (] 2,112
fmhzzfnlwfg(w + ww)|

m

&

1 winding strings: w! +ww? # 0

. Wwng — Ny
15 massless states only if o = wwl tw? |~ {Q has to be SL(2,7)

_ ) ) image of w = e271/3
== |evel matching: w n; +w?ngy =1

B L I 51 10 0 1 -1 -1
= for o = w: (wl w2>€{:t<0 1>,j:<1 1),:&(1 0)}

all + and — states get identified in orbifold
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Massless winding modes

i mass of closed string on torus (NS sector) for 7 = w & Ng = 1/2
1
2

_ — (] 2,112
fmhlz*ﬂlw*é)(w + ww)|

m

&

1 winding strings: w! +ww? # 0

. Wwng — Ny
15 massless states only if o = wwl tw? |~ {Q has to be SL(2,7)

_ ) ) image of w = e271/3
== |evel matching: w n; +w?ngy =1

B L I 51 10 0 1 -1 -1
= for o = w: (wl w2>€{:t<0 1>,j:<1 1),:&(1 0)}

= two orbifold-invariant massless winding modes at o = w

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025
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Gauge symmmetry enhancement at ¢ = w (details)

== couplings of gauge fields W(i) to localization eigenstates are not diagonal

» : 1 0 w? w?
617 = (Uw) 1l = oWl 0 1
w 1 0
» : i 0 —w? w?
ty” = (Uw)) teUw) = 5 | ¢ -1
— 1 0
with
1 1
t) = — diag(2, -1, -1 ty = - diag(0,1, —1
1 e g( ) 2 B g( )

Michael Ratz, UC Irvine FLASY, Rome, 7/1/2025 3/14


https://inspirehep.net/authors/992219
https://ps.uci.edu/~theory/
https://agenda.infn.it/event/42270/

Flavor Symmetries & Winding Modes Backup slides

Gauge symmmetry enhancement at ¢ = w (details)

= couplings of gauge fields W(j;) to localization eigenstates are not diagonal

Fw) -
ol oy (g
P +
o, e ) \Wi,

| [PV AV Z40ZX) (W

1) = L £it)) X+ Zy w2 X 2] \WE,
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Gauge symmmetry enhancement at ¢ = w (details)

= couplings of gauge fields W(j;) to localization eigenstates are not diagonal

T (w) —
@_2/3 ty <I)_2/3 . W(w)

of

(w) +
PV S Y Wi

PXY AV Z+0ZX\ (W,
Ve \wvx+Zv +w2X2) WV,

w residual [Zz x Z3]“) symmetries for o # w

z{Y
D oy ——— WP oy
X Z(W’Z) 0 0 OJ2 X
3
Y]|—|w 0 0 Y | = Zwa)  Pozys
7 0 1 0 Z
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Gauge symmmetry enhancement at o = w + 1

= again two gauge fields
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Gauge symmmetry enhancement at o = w + 1

= again two gauge fields

w T transformation of twisted states: ®_s/,(0+ 1) = p(T) ®_2/5(0)
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Gauge symmmetry enhancement at o = w + 1

= again two gauge fields
w T transformation of twisted states: ®_s/,(0+ 1) = p(T) ®_2/5(0)

== modified relation between charge and localization eigenstates
U1y = Uiy p(T71)
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Gauge symmmetry enhancement at o = w + 1

= again two gauge fields
w T transformation of twisted states: ®_s/,(0+ 1) = p(T) ®_2/5(0)

== modified relation between charge and localization eigenstates
U1y = Uy p(T)
w different couplings to [U(1) x U(1)]“+1) gauge fields
wXZ+WPYX+ZY Wi

W ZX+wXY+YZ Wit
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Gauge symmmetry enhancement at o = w + 1

= again two gauge fields
w T transformation of twisted states: ®_s/,(0+ 1) = p(T) ®_2/5(0)

== modified relation between charge and localization eigenstates
U1y = Uiy p(T71)

w different couplings to [U(1) x U(1)]“+1) gauge fields

WX Z4+R2YX+ZY) (wr,.)

2 (w+1) .

S, . Si
W ZX4+wXY+YZ i

=5 Sf) swaps components
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Gauge symmmetry enhancement at o = w + 1

= again two gauge fields
w T transformation of twisted states: ®_s/,(0+ 1) = p(T) ®_2/5(0)

== modified relation between charge and localization eigenstates
U1y = Uy p(T)
w different couplings to [U(1) x U(1)]“+1) gauge fields
wXZ+WPYX+ZY Wi
W ZX+wXY+YZ Wit

=5 Sf) swaps components

w [U(1) x U(1)]) and [U(1) x U(1)]“*Y) generators do not commute
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Residual discrete gauge symmetries

w away from o = w + 1: [U(1) x U(1)]“*Y) breaks to [Zz x Zs3]“*1)

o
o o &

0
Zwy1,) = wls Ziwt1,2) = |w? 0
1

o
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Residual discrete gauge symmetries & A(27)

w away from o = w + 1: [U(1) x U(1)]“*Y) breaks to [Zz x Zs3]“*1)

o

0
Zwy1,) = wls Ziwt1,2) = |w? 0
1

o
o o &

= residual Zz symmetries from [U(1) x U(1)]) and [U(1) x U(1)]“*Y give
rise to A(Q?) = (Z3 X Z3> X 23

Z8 0y Zwr12) - Ziway = P(A)

} A® =B® = (AB)® = (AB?)® =1
Z(wi1,2) * Z(w2) - Dwr1,2) = p(B)
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Residual discrete gauge symmetries & A(54)

w away from o = w + 1: [U(1) x U(1)]“*Y) breaks to [Zz x Zs3]“*1)

o
o o &

0
Zwy1,) = wls Ziwt1,2) = |w? 0
1

o

= residual Zz symmetries from [U(1) x U(1)]) and [U(1) x U(1)]“*Y give
rise to A(Q?) = (Z3 X Z3> X 23
Zlon) Ziwir2) L) = p(A)
n(

B)

A% = B3 = (AB)® = (AB%)® =
Z(w+41,2) " L(w,2) * L(wt1,2) =

w C = S2 enhances A(27) to A(54)

A(54) = (A,B,C|A® = B® = C?
= (AB)® = (AB?)® = (AC)? = (BC)? = 1)
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Group extensions

1= group K is called an extension of G by H :<=> 3 short exact sequence

l1—G -~ K-Z5H—1

ime=kerm &£ G
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Group extensions b

1= group K is called an extension of G by H :<=> 3 short exact sequence
l1—G——>K-"—5H-—1

w extension is called split :<= 3 homomorphism s: H —~+ K such that
mos =idgy

= split extension: K contains a subgroup (Q = H such that K = G @ and
GnQ = {1}
< K=GxH

== non-split extensions: no subgroup @@ C K isomorphic to H that
complements G
notation: K = G . H
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