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τ → γτ =
aτ + b
cτ + d

, Im(τ) > 0 γ ∈ SL(2,ℤ) = {(a b
c d) a, b, c, d ∈ ℤ, ac − bd = 1}e modular group acts on 

the modulus as follows
where

Γ(N) = {γ ∈ SL(2,ℤ) |γ = (1 0
0 1) mod N}

Consider the “Principal congruence group of level N”
<latexit sha1_base64="c8xJ6A/7ZkV+UD9xjGpzs1g1BMc="></latexit>

N 2 3 4 5
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!→
N S3 A→

4 → T → S→
4 A→

5

e Quotient group gives the “Finite Modular Group”
ΓN ≡ SL(2,ℤ)/ ± Γ(N) Γ′ N ≡ SL(2,ℤ)/Γ(N)or
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τ → γτ =
aτ + b
cτ + d

, Im(τ) > 0 γ ∈ SL(2,ℤ) = {(a b
c d) a, b, c, d ∈ ℤ, ac − bd = 1}e modular group acts on 

the modulus as follows
where

Γ(N) = {γ ∈ SL(2,ℤ) |γ = (1 0
0 1) mod N}

Consider the “Principal congruence group of level N”

ϕ(τ) → (cτ + d)−kϕ ρϕ(γ) ϕ(τ)

Y(τ) → (cτ + d)kY ρY(γ) Y(τ)

Fields transform as
Weights Irreps of  ΓN (Γ′ N)

Yukawa couplings are in 
multiplets transforming as

<latexit sha1_base64="c8xJ6A/7ZkV+UD9xjGpzs1g1BMc="></latexit>
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Typical Workflow for model analysis (in a bottom-up approach)

Identify the symmetry group

Fix the particle content according to the underlying theory (SUSY, GUT, …), 
and assign the particles to the irreducible representations of that group

Assign weights to the fields and determine modular 
forms to compensate the field transformations

Construct the Yukawa sector of the Lagrangian by 
introducing a set of real or complex model parameters

Derive the model’s predictions for the observables and compare 
them with experimental data to constrain those parameters



4

Experimental inputs

Values of quark masses and mixings renormalized 
around  GeV, assuming the supersymmetry 
breaking scale MSUSY = 10 TeV and tan β = 10

2 × 1016

<latexit sha1_base64="/x9lgT2Ar/qxdOw2qdd1JXErYq0="></latexit>

Observable Central value ±1ω
mu/mc (10

→3
) 1.93 0.60

mc/mt (10
→3

) 2.82 0.12

md/ms (10
→2

) 5.05 0.62

ms/mb (10
→2

) 1.82 0.10

mt [GeV] 87.5 2.1

mb [GeV] 0.97 0.01

Table 1: Central values and 1ω uncertainties.<latexit sha1_base64="60fNa6Zboo8d3uz0NDDMrkyWjzQ="></latexit>

Observable Central value ±1ω
sin

2 εq12 (10
→2

) 5.08 0.03

sin
2 εq13 (10

→5
) 1.22 0.09

sin
2 εq23 (10

→3
) 1.61 0.05

ϑCKM/ϖ 0.385 0.017

Table 1: Central values and 1ω uncertainties for CKM mixing observables.

<latexit sha1_base64="FYAng4aL2wFSAJKt6xx2YIFkwPA="></latexit>

Observable Central value ±1ω
me/mµ (10

→3
) 4.74 0.04

mµ/mω (10
→2

) 5.88 0.05

εm2/|!m2| (10→2
) (NO) 2.95 0.06

εm2/|!m2| (10→2
) (IO) 2.99 0.07

mω [GeV] 1.293 0.007

εm2
(10

→5
eV

2
) 7.37 0.17

|!m2| (10→3
eV

2
) (NO) 2.495 0.020

|!m2| (10→3
eV

2
) (IO) 2.465 0.020

Table 1: Central values and 1ω uncertainties for charged-lepton mass ratios and

neutrino mass-squared parameters.

<latexit sha1_base64="aNDulYVkq6BhmsrXabV0hgEzVqo="></latexit>

Observable Central value ±1ω
sin

2 εω12 (10
→1

) 3.03 0.14

sin
2 εω13 (10

→2
) 2.23 0.05

sin
2 εω23 (10

→1
) (NO) 4.73 0.24

sin
2 εω23 (10

→1
) (IO) 5.45 0.23

ϑPMNS/ϖ (NO) 1.20 0.22

ϑPMNS/ϖ (IO) 1.48 0.12

Table 1: Central values and 1ω uncertainties for leptonic mixing observables

(NO = normal ordering, IO = inverted ordering).

Quark sector

Lepton sectorFor instance in the following examples

effects on the neutrino mass ratios and mixing angles 
known to be small to a good approximation

S. Antusch and V. Maurer, J. High Energy Phys. 11 (2013) 115.

We prefer not to use  because 
of the large uncertainty

δCP

We prefer to use  
with  error given by 1/6 of the 

 allowed region because of the 
octant ambiguity

sin2 θℓ
23 = 0.5

1σ
3σ

We choose NO, currently 
preferred by global analysis

S. Antusch et al., J. High Energy Phys. 03 (2005) 024 
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Parameters and Observables

Parameters:  Npar Observables: Nobs

Unknowns

(sin2 θℓ
12, sin2 θℓ

13, sin2 θℓ
23, Δm2, δm2)

(me, mμ, mτ)

(sin2 θq
12, sin2 θq

13, sin2 θq
23, δq

CP)
(mu, md, mc, ms, mt, mb)

(δℓ
CP, m1, mββ, mβ)

Pup
q Pdown

q

Pcharged
leptons Pν

<latexit sha1_base64="9yOmmon5LdphfOgzKRxbbPkmFUY="></latexit>

ω2
comb(P) =

18∑

i=1

(
O

theo
i (P)→O

exp
i

εexp
i

)2

<latexit sha1_base64="GHW7R2kjsV4zrwDZkcxMkSRtjLY="></latexit>

ω2
leptons(Pleptons) =

8∑

i=1

(
O

theo
i (Pleptons)→O

exp
i

εexp
i

)2

ω2
quarks(Pquarks) =

18∑

i=9

(
O

theo
i (Pquarks)→O

exp
i

εexp
i

)2

The modulus τ

To construct the Yukawa matrices (Yu, Yd)

To construct the Yukawa matrices (Yℓ, Cν)

To test the model
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<latexit sha1_base64="01eFHBK2VedtPsKSbYxbtBh61CI=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCG0siUt0IRTeupIK9QBvCZDpph04yYeZELCGv4cZXceNCEZe68m2cXvDS+sPAz3fO4cz5/VhwDbb9ac3NLywuLedW8qtr6xubha3tupaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMPvXwzrjVumNJfRDQxi5oakG/GAUwIGeQX7ykvbwO4g7cggy/AZ/gbS1wYc/oCYqCzzCkW7ZI+EZ40zMUU0UdUrvLc7kiYhi4AKonXLsWNwU6KAU8GyfDvRLCa0T7qsZWxEQqbddHRZhvcN6eBAKvMiwCP6eyIlodaD0DedIYGenq4N4X+1VgLBqZvyKE6ARXS8KEgEBomHMeEOV4yCGBhDqOLmr5j2iCIUTJh5E4IzffKsqR+VnHKpfH1crJxP4sihXbSHDpCDTlAFXaIqqiGK7tEjekYv1oP1ZL1ab+PWOWsys4P+yPr4AtgUoXo=</latexit>

Ndof = Nobs →Npar Number of degrees of freedom in the analysis
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When the model provides a good fit to the data?

Three possibilities

<latexit sha1_base64="01eFHBK2VedtPsKSbYxbtBh61CI=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCG0siUt0IRTeupIK9QBvCZDpph04yYeZELCGv4cZXceNCEZe68m2cXvDS+sPAz3fO4cz5/VhwDbb9ac3NLywuLedW8qtr6xubha3tupaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMPvXwzrjVumNJfRDQxi5oakG/GAUwIGeQX7ykvbwO4g7cggy/AZ/gbS1wYc/oCYqCzzCkW7ZI+EZ40zMUU0UdUrvLc7kiYhi4AKonXLsWNwU6KAU8GyfDvRLCa0T7qsZWxEQqbddHRZhvcN6eBAKvMiwCP6eyIlodaD0DedIYGenq4N4X+1VgLBqZvyKE6ARXS8KEgEBomHMeEOV4yCGBhDqOLmr5j2iCIUTJh5E4IzffKsqR+VnHKpfH1crJxP4sihXbSHDpCDTlAFXaIqqiGK7tEjekYv1oP1ZL1ab+PWOWsys4P+yPr4AtgUoXo=</latexit>
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<latexit sha1_base64="01eFHBK2VedtPsKSbYxbtBh61CI=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCG0siUt0IRTeupIK9QBvCZDpph04yYeZELCGv4cZXceNCEZe68m2cXvDS+sPAz3fO4cz5/VhwDbb9ac3NLywuLedW8qtr6xubha3tupaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMPvXwzrjVumNJfRDQxi5oakG/GAUwIGeQX7ykvbwO4g7cggy/AZ/gbS1wYc/oCYqCzzCkW7ZI+EZ40zMUU0UdUrvLc7kiYhi4AKonXLsWNwU6KAU8GyfDvRLCa0T7qsZWxEQqbddHRZhvcN6eBAKvMiwCP6eyIlodaD0DedIYGenq4N4X+1VgLBqZvyKE6ARXS8KEgEBomHMeEOV4yCGBhDqOLmr5j2iCIUTJh5E4IzffKsqR+VnHKpfH1crJxP4sihXbSHDpCDTlAFXaIqqiGK7tEjekYv1oP1ZL1ab+PWOWsys4P+yPr4AtgUoXo=</latexit>

Ndof = Nobs →Npar Number of degrees of freedom in the analysis

<latexit sha1_base64="vcu1zWWgoR9qniWjlrrqyg4R3rY=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi1Y1SdONKqtgHdErJpJk2NDMZkjtqGfo1bvwVNy4qIu78FDNt8VE9EDiccy4393iR4Bps+93KzM0vLC5ll3Mrq2vrG/nNrZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd65+nfv2WKc1leAODiLUC0g25zykBI7XzJ5ftxAV2D4n09HCIT/GXEBFlBPead3tAlJJ331ZH+mnWbucLdtEeA/8lzpQU0BSVdn7kdiSNAxYCFUTrpmNH0EqIAk4FG+bcWLOI0D7psqahIQmYbiXjM4d4zygd7EtlXgh4rP6cSEig9SDwTDIg0NOzXir+5zVj8I9bCQ+jGFhIJ4v8WGCQOO0Md7hiFMTAEEIVN3/FtEcUoWCazZkSnNmT/5LaQdEpFUtXh4Xy2bSOLNpBu2gfOegIldEFqqAqougBPaERerEerWfr1XqbRDPWdGYb/YL18QlJ/qbj</latexit>

Nobs > Npar → Ndof > 0 Statistical analysis well defined, the model is over-determined  and the statistic, its associated 
p-value, and all subsequent confidence intervals can be meaningfully computed.

χ2
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<latexit sha1_base64="01eFHBK2VedtPsKSbYxbtBh61CI=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCG0siUt0IRTeupIK9QBvCZDpph04yYeZELCGv4cZXceNCEZe68m2cXvDS+sPAz3fO4cz5/VhwDbb9ac3NLywuLedW8qtr6xubha3tupaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMPvXwzrjVumNJfRDQxi5oakG/GAUwIGeQX7ykvbwO4g7cggy/AZ/gbS1wYc/oCYqCzzCkW7ZI+EZ40zMUU0UdUrvLc7kiYhi4AKonXLsWNwU6KAU8GyfDvRLCa0T7qsZWxEQqbddHRZhvcN6eBAKvMiwCP6eyIlodaD0DedIYGenq4N4X+1VgLBqZvyKE6ARXS8KEgEBomHMeEOV4yCGBhDqOLmr5j2iCIUTJh5E4IzffKsqR+VnHKpfH1crJxP4sihXbSHDpCDTlAFXaIqqiGK7tEjekYv1oP1ZL1ab+PWOWsys4P+yPr4AtgUoXo=</latexit>

Ndof = Nobs →Npar Number of degrees of freedom in the analysis

<latexit sha1_base64="vcu1zWWgoR9qniWjlrrqyg4R3rY=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi1Y1SdONKqtgHdErJpJk2NDMZkjtqGfo1bvwVNy4qIu78FDNt8VE9EDiccy4393iR4Bps+93KzM0vLC5ll3Mrq2vrG/nNrZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd65+nfv2WKc1leAODiLUC0g25zykBI7XzJ5ftxAV2D4n09HCIT/GXEBFlBPead3tAlJJ331ZH+mnWbucLdtEeA/8lzpQU0BSVdn7kdiSNAxYCFUTrpmNH0EqIAk4FG+bcWLOI0D7psqahIQmYbiXjM4d4zygd7EtlXgh4rP6cSEig9SDwTDIg0NOzXir+5zVj8I9bCQ+jGFhIJ4v8WGCQOO0Md7hiFMTAEEIVN3/FtEcUoWCazZkSnNmT/5LaQdEpFUtXh4Xy2bSOLNpBu2gfOegIldEFqqAqougBPaERerEerWfr1XqbRDPWdGYb/YL18QlJ/qbj</latexit>

Nobs > Npar → Ndof > 0 Statistical analysis well defined, the model is over-determined  and the statistic, its associated 
p-value, and all subsequent confidence intervals can be meaningfully computed.

χ2

	The  distribution undefined, 
no meaningful p-value

χ2
Model over-parameterized: it can always pass through all the 
data points but likely does not capture the underlying physics, 	
similar to fitting N points with an N−1 degree polynomial: it can 
always fit perfectly, but the model has no predictive power

<latexit sha1_base64="nPqY3Yz6Tl0IRwbDw9+7iK0Yxpk=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3biSKvYB7VAyaaYNzUyG5I5ahn6NG3/FjYuKiDs/xbQdfLQeCBzOOZebe7xIcA22/WEtLC4tr6xm1rLrG5tb27md3ZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd61+M/fodU5rL8BYGEXMD0g25zykBI7Vzpat20gL2AIn09HCIS/hbiIgyQuuGd3tAlJL3P1ZH+uOs3c7l7YI9AZ4nTkryKEWlnRu1OpLGAQuBCqJ107EjcBOigFPBhtlWrFlEaJ90WdPQkARMu8nkzCE+NEoH+1KZFwKeqL8nEhJoPQg8kwwI9PSsNxb/85ox+GduwsMoBhbS6SI/FhgkHneGO1wxCmJgCKGKm79i2iOKUDDNZk0JzuzJ86R2XHCKheL1Sb58ntaRQfvoAB0hB52iMrpEFVRFFD2iZzRCr9aT9WK9We/T6IKVzuyhP7A+vwBGyKbh</latexit>

Nobs = Npar → Ndof = 0
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When the model provides a good fit to the data?

Three possibilities

<latexit sha1_base64="01eFHBK2VedtPsKSbYxbtBh61CI=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCG0siUt0IRTeupIK9QBvCZDpph04yYeZELCGv4cZXceNCEZe68m2cXvDS+sPAz3fO4cz5/VhwDbb9ac3NLywuLedW8qtr6xubha3tupaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMPvXwzrjVumNJfRDQxi5oakG/GAUwIGeQX7ykvbwO4g7cggy/AZ/gbS1wYc/oCYqCzzCkW7ZI+EZ40zMUU0UdUrvLc7kiYhi4AKonXLsWNwU6KAU8GyfDvRLCa0T7qsZWxEQqbddHRZhvcN6eBAKvMiwCP6eyIlodaD0DedIYGenq4N4X+1VgLBqZvyKE6ARXS8KEgEBomHMeEOV4yCGBhDqOLmr5j2iCIUTJh5E4IzffKsqR+VnHKpfH1crJxP4sihXbSHDpCDTlAFXaIqqiGK7tEjekYv1oP1ZL1ab+PWOWsys4P+yPr4AtgUoXo=</latexit>

Ndof = Nobs →Npar Number of degrees of freedom in the analysis

<latexit sha1_base64="vcu1zWWgoR9qniWjlrrqyg4R3rY=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi1Y1SdONKqtgHdErJpJk2NDMZkjtqGfo1bvwVNy4qIu78FDNt8VE9EDiccy4393iR4Bps+93KzM0vLC5ll3Mrq2vrG/nNrZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd65+nfv2WKc1leAODiLUC0g25zykBI7XzJ5ftxAV2D4n09HCIT/GXEBFlBPead3tAlJJ331ZH+mnWbucLdtEeA/8lzpQU0BSVdn7kdiSNAxYCFUTrpmNH0EqIAk4FG+bcWLOI0D7psqahIQmYbiXjM4d4zygd7EtlXgh4rP6cSEig9SDwTDIg0NOzXir+5zVj8I9bCQ+jGFhIJ4v8WGCQOO0Md7hiFMTAEEIVN3/FtEcUoWCazZkSnNmT/5LaQdEpFUtXh4Xy2bSOLNpBu2gfOegIldEFqqAqougBPaERerEerWfr1XqbRDPWdGYb/YL18QlJ/qbj</latexit>

Nobs > Npar → Ndof > 0 Statistical analysis well defined, the model is over-determined  and the statistic, its associated 
p-value, and all subsequent confidence intervals can be meaningfully computed.

χ2

	The  distribution undefined, 
no meaningful p-value

χ2
Model over-parameterized: it can always pass through all the 
data points but likely does not capture the underlying physics, 	
similar to fitting N points with an N−1 degree polynomial: it can 
always fit perfectly, but the model has no predictive power

<latexit sha1_base64="nPqY3Yz6Tl0IRwbDw9+7iK0Yxpk=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3biSKvYB7VAyaaYNzUyG5I5ahn6NG3/FjYuKiDs/xbQdfLQeCBzOOZebe7xIcA22/WEtLC4tr6xm1rLrG5tb27md3ZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd61+M/fodU5rL8BYGEXMD0g25zykBI7Vzpat20gL2AIn09HCIS/hbiIgyQuuGd3tAlJL3P1ZH+uOs3c7l7YI9AZ4nTkryKEWlnRu1OpLGAQuBCqJ107EjcBOigFPBhtlWrFlEaJ90WdPQkARMu8nkzCE+NEoH+1KZFwKeqL8nEhJoPQg8kwwI9PSsNxb/85ox+GduwsMoBhbS6SI/FhgkHneGO1wxCmJgCKGKm79i2iOKUDDNZk0JzuzJ86R2XHCKheL1Sb58ntaRQfvoAB0hB52iMrpEFVRFFD2iZzRCr9aT9WK9We/T6IKVzuyhP7A+vwBGyKbh</latexit>

Nobs = Npar → Ndof = 0

	Model is not just over-parameterized: it is mathematically “too free” and  has more flexibility 

than the data can constrain. No valid interpretation of the  value, no meaningful p-valueχ2

<latexit sha1_base64="GBiQugdo8U/ZBG/850qKyQIhOX4=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi1YVC0Y0rqWIf0Cklk2ba0MxkSO6oZejXuPFX3LioiLjzU8y0xUf1QOBwzrnc3ONFgmuw7XcrMze/sLiUXc6trK6tb+Q3t2paxoqyKpVCqoZHNBM8ZFXgIFgjUowEnmB1r3+e+vVbpjSX4Q0MItYKSDfkPqcEjNTOn162ExfYPSTS08MhPsFfQkSUEdxr3u0BUUrefVsd6adZu50v2EV7DPyXOFNSQFNU2vmR25E0DlgIVBCtm44dQSshCjgVbJhzY80iQvuky5qGhiRgupWMzxziPaN0sC+VeSHgsfpzIiGB1oPAM8mAQE/Peqn4n9eMwT9uJTyMYmAhnSzyY4FB4rQz3OGKURADQwhV3PwV0x5RhIJpNmdKcGZP/ktqB0WnVCxdHRbKZ9M6smgH7aJ95KAjVEYXqIKqiKIH9IRG6MV6tJ6tV+ttEs1Y05lt9AvWxydDkqbf</latexit>

Nobs < Npar → Ndof < 0
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When the model provides a good fit to the data?

It is not hard to find in the literature sentences such as “the model is fine  because all the observables are within their 3  experimentally allowed 
regions” or where only the  is mentioned without also looking at the minimum  or where the number of d.o.f. is completely wrong

σ
Δχ2 χ2

min

Three possibilities

<latexit sha1_base64="01eFHBK2VedtPsKSbYxbtBh61CI=">AAACGXicbZDLSsNAFIYnXmu9VV26GSyCG0siUt0IRTeupIK9QBvCZDpph04yYeZELCGv4cZXceNCEZe68m2cXvDS+sPAz3fO4cz5/VhwDbb9ac3NLywuLedW8qtr6xubha3tupaJoqxGpZCq6RPNBI9YDTgI1owVI6EvWMPvXwzrjVumNJfRDQxi5oakG/GAUwIGeQX7ykvbwO4g7cggy/AZ/gbS1wYc/oCYqCzzCkW7ZI+EZ40zMUU0UdUrvLc7kiYhi4AKonXLsWNwU6KAU8GyfDvRLCa0T7qsZWxEQqbddHRZhvcN6eBAKvMiwCP6eyIlodaD0DedIYGenq4N4X+1VgLBqZvyKE6ARXS8KEgEBomHMeEOV4yCGBhDqOLmr5j2iCIUTJh5E4IzffKsqR+VnHKpfH1crJxP4sihXbSHDpCDTlAFXaIqqiGK7tEjekYv1oP1ZL1ab+PWOWsys4P+yPr4AtgUoXo=</latexit>

Ndof = Nobs →Npar Number of degrees of freedom in the analysis

<latexit sha1_base64="vcu1zWWgoR9qniWjlrrqyg4R3rY=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi1Y1SdONKqtgHdErJpJk2NDMZkjtqGfo1bvwVNy4qIu78FDNt8VE9EDiccy4393iR4Bps+93KzM0vLC5ll3Mrq2vrG/nNrZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd65+nfv2WKc1leAODiLUC0g25zykBI7XzJ5ftxAV2D4n09HCIT/GXEBFlBPead3tAlJJ331ZH+mnWbucLdtEeA/8lzpQU0BSVdn7kdiSNAxYCFUTrpmNH0EqIAk4FG+bcWLOI0D7psqahIQmYbiXjM4d4zygd7EtlXgh4rP6cSEig9SDwTDIg0NOzXir+5zVj8I9bCQ+jGFhIJ4v8WGCQOO0Md7hiFMTAEEIVN3/FtEcUoWCazZkSnNmT/5LaQdEpFUtXh4Xy2bSOLNpBu2gfOegIldEFqqAqougBPaERerEerWfr1XqbRDPWdGYb/YL18QlJ/qbj</latexit>

Nobs > Npar → Ndof > 0 Statistical analysis well defined, the model is over-determined  and the statistic, its associated 
p-value, and all subsequent confidence intervals can be meaningfully computed.

χ2

	The  distribution undefined, 
no meaningful p-value

χ2
Model over-parameterized: it can always pass through all the 
data points but likely does not capture the underlying physics, 	
similar to fitting N points with an N−1 degree polynomial: it can 
always fit perfectly, but the model has no predictive power

<latexit sha1_base64="nPqY3Yz6Tl0IRwbDw9+7iK0Yxpk=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3biSKvYB7VAyaaYNzUyG5I5ahn6NG3/FjYuKiDs/xbQdfLQeCBzOOZebe7xIcA22/WEtLC4tr6xm1rLrG5tb27md3ZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd61+M/fodU5rL8BYGEXMD0g25zykBI7Vzpat20gL2AIn09HCIS/hbiIgyQuuGd3tAlJL3P1ZH+uOs3c7l7YI9AZ4nTkryKEWlnRu1OpLGAQuBCqJ107EjcBOigFPBhtlWrFlEaJ90WdPQkARMu8nkzCE+NEoH+1KZFwKeqL8nEhJoPQg8kwwI9PSsNxb/85ox+GduwsMoBhbS6SI/FhgkHneGO1wxCmJgCKGKm79i2iOKUDDNZk0JzuzJ86R2XHCKheL1Sb58ntaRQfvoAB0hB52iMrpEFVRFFD2iZzRCr9aT9WK9We/T6IKVzuyhP7A+vwBGyKbh</latexit>

Nobs = Npar → Ndof = 0

	Model is not just over-parameterized: it is mathematically “too free” and  has more flexibility 

than the data can constrain. No valid interpretation of the  value, no meaningful p-valueχ2

<latexit sha1_base64="GBiQugdo8U/ZBG/850qKyQIhOX4=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi1YVC0Y0rqWIf0Cklk2ba0MxkSO6oZejXuPFX3LioiLjzU8y0xUf1QOBwzrnc3ONFgmuw7XcrMze/sLiUXc6trK6tb+Q3t2paxoqyKpVCqoZHNBM8ZFXgIFgjUowEnmB1r3+e+vVbpjSX4Q0MItYKSDfkPqcEjNTOn162ExfYPSTS08MhPsFfQkSUEdxr3u0BUUrefVsd6adZu50v2EV7DPyXOFNSQFNU2vmR25E0DlgIVBCtm44dQSshCjgVbJhzY80iQvuky5qGhiRgupWMzxziPaN0sC+VeSHgsfpzIiGB1oPAM8mAQE/Peqn4n9eMwT9uJTyMYmAhnSzyY4FB4rQz3OGKURADQwhV3PwV0x5RhIJpNmdKcGZP/ktqB0WnVCxdHRbKZ9M6smgH7aJ95KAjVEYXqIKqiKIH9IRG6MV6tJ6tV+ttEs1Y05lt9AvWxydDkqbf</latexit>

Nobs < Npar → Ndof < 0
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For instance
           p-value can be calculated depending on the 


	 •	  = 1 corresponds to the 68.27% confidence region (1σ)


	 •	  = 4 corresponds to the 95.45% confidence region (2σ)


	 •	  = 9 corresponds to the 99.73% confidence region (3σ)

χ2
min

Δχ2

Δχ2

Δχ2

<latexit sha1_base64="jJUCdt9SP75N6/3O5hFrVluTp2A=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KItF6EohdPUsF+QBvCZrttl242YXciLSF/xYsHRbz6R7z5b9y2OWj1wcDjvRlm5gWx4Boc58sqrK1vbG4Vt0s7u3v7B/Zhua2jRFHWopGIVDcgmgkuWQs4CNaNFSNhIFgnmNzM/c4jU5pH8gFmMfNCMpJ8yCkBI/l2+c5P+8CmkMZEZdkVduu+XXGqzgL4L3FzUkE5mr792R9ENAmZBCqI1j3XicFLiQJOBctK/USzmNAJGbGeoZKETHvp4vYMnxplgIeRMiUBL9SfEykJtZ6FgekMCYz1qjcX//N6CQwvvZTLOAEm6XLRMBEYIjwPAg+4YhTEzBBCFTe3YjomilAwcZVMCO7qy39J+7zq1qq1+4tK4zqPo4iO0Qk6Qy6qowa6RU3UQhRN0RN6Qa9WZj1bb9b7srVg5TNH6Besj2+japQw</latexit>

Npar = 17

<latexit sha1_base64="UojS87kk9Xh+lSh4E5Mfv6fjy0M=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KI1F6EohdPUsF+QBvCZrttl242YXciLSF/xYsHRbz6R7z5b9y2OWj1wcDjvRlm5gWx4Boc58sqrK1vbG4Vt0s7u3v7B/Zhua2jRFHWopGIVDcgmgkuWQs4CNaNFSNhIFgnmNzM/c4jU5pH8gFmMfNCMpJ8yCkBI/l2+c5P+8CmkEaBzrIr7NZ9u+JUnQXwX+LmpIJyNH37sz+IaBIyCVQQrXuuE4OXEgWcCpaV+olmMaETMmI9QyUJmfbSxe0ZPjXKAA8jZUoCXqg/J1ISaj0LA9MZEhjrVW8u/uf1EhjWvZTLOAEm6XLRMBEYIjwPAg+4YhTEzBBCFTe3YjomilAwcZVMCO7qy39J+7zq1qq1+4tK4zqPo4iO0Qk6Qy66RA10i5qohSiaoif0gl6tzHq23qz3ZWvBymeO0C9YH9+md5Qy</latexit>

Nobs = 18
<latexit sha1_base64="DmD0S7brUKhpNRcDPVY3OIAKZrM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONKKtgHtCFMJpN26OTBzI20hPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPV4iuALL+jZKa+sbm1vl7crO7t7+gXlY7ag4lZS1aSxi2fOIYoJHrA0cBOslkpHQE6zrjW9nfveJScXj6BGmCXNCMox4wCkBLblm9d7NBsAmkPlxkOf4GtuuWbPq1hx4ldgFqaECLdf8GvgxTUMWARVEqb5tJeBkRAKnguWVQapYQuiYDFlf04iETDnZ/PYcn2rFx0EsdUWA5+rviYyESk1DT3eGBEZq2ZuJ/3n9FIIrJ+NRkgKL6GJRkAoMMZ4FgX0uGQUx1YRQyfWtmI6IJBR0XBUdgr388irpnNftRr3xcFFr3hRxlNExOkFnyEaXqInuUAu1EUUT9Ixe0ZuRGy/Gu/GxaC0ZxcwR+gPj8wdw8pQP</latexit>

Ndof = 1
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All observables at 2σ implies χ2 = 18(obs) × 4(2σ) = 72 ⇒ p = 2.15 × 10−17

For instance
           p-value can be calculated depending on the 


	 •	  = 1 corresponds to the 68.27% confidence region (1σ)


	 •	  = 4 corresponds to the 95.45% confidence region (2σ)


	 •	  = 9 corresponds to the 99.73% confidence region (3σ)

χ2
min

Δχ2

Δχ2

Δχ2

<latexit sha1_base64="jJUCdt9SP75N6/3O5hFrVluTp2A=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KItF6EohdPUsF+QBvCZrttl242YXciLSF/xYsHRbz6R7z5b9y2OWj1wcDjvRlm5gWx4Boc58sqrK1vbG4Vt0s7u3v7B/Zhua2jRFHWopGIVDcgmgkuWQs4CNaNFSNhIFgnmNzM/c4jU5pH8gFmMfNCMpJ8yCkBI/l2+c5P+8CmkMZEZdkVduu+XXGqzgL4L3FzUkE5mr792R9ENAmZBCqI1j3XicFLiQJOBctK/USzmNAJGbGeoZKETHvp4vYMnxplgIeRMiUBL9SfEykJtZ6FgekMCYz1qjcX//N6CQwvvZTLOAEm6XLRMBEYIjwPAg+4YhTEzBBCFTe3YjomilAwcZVMCO7qy39J+7zq1qq1+4tK4zqPo4iO0Qk6Qy6qowa6RU3UQhRN0RN6Qa9WZj1bb9b7srVg5TNH6Besj2+japQw</latexit>

Npar = 17

<latexit sha1_base64="UojS87kk9Xh+lSh4E5Mfv6fjy0M=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KI1F6EohdPUsF+QBvCZrttl242YXciLSF/xYsHRbz6R7z5b9y2OWj1wcDjvRlm5gWx4Boc58sqrK1vbG4Vt0s7u3v7B/Zhua2jRFHWopGIVDcgmgkuWQs4CNaNFSNhIFgnmNzM/c4jU5pH8gFmMfNCMpJ8yCkBI/l2+c5P+8CmkEaBzrIr7NZ9u+JUnQXwX+LmpIJyNH37sz+IaBIyCVQQrXuuE4OXEgWcCpaV+olmMaETMmI9QyUJmfbSxe0ZPjXKAA8jZUoCXqg/J1ISaj0LA9MZEhjrVW8u/uf1EhjWvZTLOAEm6XLRMBEYIjwPAg+4YhTEzBBCFTe3YjomilAwcZVMCO7qy39J+7zq1qq1+4tK4zqPo4iO0Qk6Qy66RA10i5qohSiaoif0gl6tzHq23qz3ZWvBymeO0C9YH9+md5Qy</latexit>

Nobs = 18
<latexit sha1_base64="DmD0S7brUKhpNRcDPVY3OIAKZrM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONKKtgHtCFMJpN26OTBzI20hPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPV4iuALL+jZKa+sbm1vl7crO7t7+gXlY7ag4lZS1aSxi2fOIYoJHrA0cBOslkpHQE6zrjW9nfveJScXj6BGmCXNCMox4wCkBLblm9d7NBsAmkPlxkOf4GtuuWbPq1hx4ldgFqaECLdf8GvgxTUMWARVEqb5tJeBkRAKnguWVQapYQuiYDFlf04iETDnZ/PYcn2rFx0EsdUWA5+rviYyESk1DT3eGBEZq2ZuJ/3n9FIIrJ+NRkgKL6GJRkAoMMZ4FgX0uGQUx1YRQyfWtmI6IJBR0XBUdgr388irpnNftRr3xcFFr3hRxlNExOkFnyEaXqInuUAu1EUUT9Ixe0ZuRGy/Gu/GxaC0ZxcwR+gPj8wdw8pQP</latexit>

Ndof = 1
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All observables at 2σ implies χ2 = 18(obs) × 4(2σ) = 72 ⇒ p = 2.15 × 10−17

One more caveat

When evaluating correlations, it is 
best to avoid ratios that introduce 
spurious correlations

For instance
           p-value can be calculated depending on the 


	 •	  = 1 corresponds to the 68.27% confidence region (1σ)


	 •	  = 4 corresponds to the 95.45% confidence region (2σ)


	 •	  = 9 corresponds to the 99.73% confidence region (3σ)

χ2
min

Δχ2

Δχ2

Δχ2

<latexit sha1_base64="jJUCdt9SP75N6/3O5hFrVluTp2A=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KItF6EohdPUsF+QBvCZrttl242YXciLSF/xYsHRbz6R7z5b9y2OWj1wcDjvRlm5gWx4Boc58sqrK1vbG4Vt0s7u3v7B/Zhua2jRFHWopGIVDcgmgkuWQs4CNaNFSNhIFgnmNzM/c4jU5pH8gFmMfNCMpJ8yCkBI/l2+c5P+8CmkMZEZdkVduu+XXGqzgL4L3FzUkE5mr792R9ENAmZBCqI1j3XicFLiQJOBctK/USzmNAJGbGeoZKETHvp4vYMnxplgIeRMiUBL9SfEykJtZ6FgekMCYz1qjcX//N6CQwvvZTLOAEm6XLRMBEYIjwPAg+4YhTEzBBCFTe3YjomilAwcZVMCO7qy39J+7zq1qq1+4tK4zqPo4iO0Qk6Qy6qowa6RU3UQhRN0RN6Qa9WZj1bb9b7srVg5TNH6Besj2+japQw</latexit>

Npar = 17

<latexit sha1_base64="UojS87kk9Xh+lSh4E5Mfv6fjy0M=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KI1F6EohdPUsF+QBvCZrttl242YXciLSF/xYsHRbz6R7z5b9y2OWj1wcDjvRlm5gWx4Boc58sqrK1vbG4Vt0s7u3v7B/Zhua2jRFHWopGIVDcgmgkuWQs4CNaNFSNhIFgnmNzM/c4jU5pH8gFmMfNCMpJ8yCkBI/l2+c5P+8CmkEaBzrIr7NZ9u+JUnQXwX+LmpIJyNH37sz+IaBIyCVQQrXuuE4OXEgWcCpaV+olmMaETMmI9QyUJmfbSxe0ZPjXKAA8jZUoCXqg/J1ISaj0LA9MZEhjrVW8u/uf1EhjWvZTLOAEm6XLRMBEYIjwPAg+4YhTEzBBCFTe3YjomilAwcZVMCO7qy39J+7zq1qq1+4tK4zqPo4iO0Qk6Qy66RA10i5qohSiaoif0gl6tzHq23qz3ZWvBymeO0C9YH9+md5Qy</latexit>

Nobs = 18
<latexit sha1_base64="DmD0S7brUKhpNRcDPVY3OIAKZrM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONKKtgHtCFMJpN26OTBzI20hPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPV4iuALL+jZKa+sbm1vl7crO7t7+gXlY7ag4lZS1aSxi2fOIYoJHrA0cBOslkpHQE6zrjW9nfveJScXj6BGmCXNCMox4wCkBLblm9d7NBsAmkPlxkOf4GtuuWbPq1hx4ldgFqaECLdf8GvgxTUMWARVEqb5tJeBkRAKnguWVQapYQuiYDFlf04iETDnZ/PYcn2rFx0EsdUWA5+rviYyESk1DT3eGBEZq2ZuJ/3n9FIIrJ+NRkgKL6GJRkAoMMZ4FgX0uGQUx1YRQyfWtmI6IJBR0XBUdgr388irpnNftRr3xcFFr3hRxlNExOkFnyEaXqInuUAu1EUUT9Ixe0ZuRGy/Gu/GxaC0ZxcwR+gPj8wdw8pQP</latexit>

Ndof = 1
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All observables at 2σ implies χ2 = 18(obs) × 4(2σ) = 72 ⇒ p = 2.15 × 10−17

One more caveat

When evaluating correlations, it is 
best to avoid ratios that introduce 
spurious correlations

For instance
           p-value can be calculated depending on the 


	 •	  = 1 corresponds to the 68.27% confidence region (1σ)


	 •	  = 4 corresponds to the 95.45% confidence region (2σ)


	 •	  = 9 corresponds to the 99.73% confidence region (3σ)

χ2
min

Δχ2

Δχ2

Δχ2

<latexit sha1_base64="jJUCdt9SP75N6/3O5hFrVluTp2A=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KItF6EohdPUsF+QBvCZrttl242YXciLSF/xYsHRbz6R7z5b9y2OWj1wcDjvRlm5gWx4Boc58sqrK1vbG4Vt0s7u3v7B/Zhua2jRFHWopGIVDcgmgkuWQs4CNaNFSNhIFgnmNzM/c4jU5pH8gFmMfNCMpJ8yCkBI/l2+c5P+8CmkMZEZdkVduu+XXGqzgL4L3FzUkE5mr792R9ENAmZBCqI1j3XicFLiQJOBctK/USzmNAJGbGeoZKETHvp4vYMnxplgIeRMiUBL9SfEykJtZ6FgekMCYz1qjcX//N6CQwvvZTLOAEm6XLRMBEYIjwPAg+4YhTEzBBCFTe3YjomilAwcZVMCO7qy39J+7zq1qq1+4tK4zqPo4iO0Qk6Qy6qowa6RU3UQhRN0RN6Qa9WZj1bb9b7srVg5TNH6Besj2+japQw</latexit>

Npar = 17

<latexit sha1_base64="UojS87kk9Xh+lSh4E5Mfv6fjy0M=">AAAB+3icbVBNS8NAEN3Ur1q/Yj16WSyCp5KI1F6EohdPUsF+QBvCZrttl242YXciLSF/xYsHRbz6R7z5b9y2OWj1wcDjvRlm5gWx4Boc58sqrK1vbG4Vt0s7u3v7B/Zhua2jRFHWopGIVDcgmgkuWQs4CNaNFSNhIFgnmNzM/c4jU5pH8gFmMfNCMpJ8yCkBI/l2+c5P+8CmkEaBzrIr7NZ9u+JUnQXwX+LmpIJyNH37sz+IaBIyCVQQrXuuE4OXEgWcCpaV+olmMaETMmI9QyUJmfbSxe0ZPjXKAA8jZUoCXqg/J1ISaj0LA9MZEhjrVW8u/uf1EhjWvZTLOAEm6XLRMBEYIjwPAg+4YhTEzBBCFTe3YjomilAwcZVMCO7qy39J+7zq1qq1+4tK4zqPo4iO0Qk6Qy66RA10i5qohSiaoif0gl6tzHq23qz3ZWvBymeO0C9YH9+md5Qy</latexit>

Nobs = 18
<latexit sha1_base64="DmD0S7brUKhpNRcDPVY3OIAKZrM=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONKKtgHtCFMJpN26OTBzI20hPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPV4iuALL+jZKa+sbm1vl7crO7t7+gXlY7ag4lZS1aSxi2fOIYoJHrA0cBOslkpHQE6zrjW9nfveJScXj6BGmCXNCMox4wCkBLblm9d7NBsAmkPlxkOf4GtuuWbPq1hx4ldgFqaECLdf8GvgxTUMWARVEqb5tJeBkRAKnguWVQapYQuiYDFlf04iETDnZ/PYcn2rFx0EsdUWA5+rviYyESk1DT3eGBEZq2ZuJ/3n9FIIrJ+NRkgKL6GJRkAoMMZ4FgX0uGQUx1YRQyfWtmI6IJBR0XBUdgr388irpnNftRr3xcFFr3hRxlNExOkFnyEaXqInuUAu1EUUT9Ixe0ZuRGy/Gu/GxaC0ZxcwR+gPj8wdw8pQP</latexit>

Ndof = 1



8



8

What is a truly combined analysis of quarks and leptons?
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What is a truly combined analysis of quarks and leptons?

A separate fit of  and  with the same  reproduces the global minimum of the 
combined analysis; however, it fails to reveal any correlation between the quark and lepton sectors

χ2
leptons χ2

quarks τ
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What is a truly combined analysis of quarks and leptons?

A separate fit of  and  with the same  reproduces the global minimum of the 
combined analysis; however, it fails to reveal any correlation between the quark and lepton sectors

χ2
leptons χ2

quarks τ

Moreover, superposition is not the same as combination: simply overlaying the 
individual allowed regions yields only an approximate combined region, because the 
minima of the separate fits may lie at different points
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What is a truly combined analysis of quarks and leptons?

A separate fit of  and  with the same  reproduces the global minimum of the 
combined analysis; however, it fails to reveal any correlation between the quark and lepton sectors

χ2
leptons χ2

quarks τ

Moreover, superposition is not the same as combination: simply overlaying the 
individual allowed regions yields only an approximate combined region, because the 
minima of the separate fits may lie at different points

Quark-lepton correlations (in a non-GUT framework) are a distinctive 
feature of models with modular symmetries and can help help clarify 
how the model works
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As an example, consider the following three combined quark-lepton models
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Modular symmetry Number of parameters Degrees of Freedom
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As an example, consider the following three combined quark-lepton models

S3 28 <latexit sha1_base64="R1UCJLYf2wgqz/VxBqT6/4WUdek=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1YWLohtXUsE+oA1hMpm0QycPZm6kJeRX3LhQxK0/4s6/cdpmoa0HLhzOuZd77/ESwRVY1rdRWlvf2Nwqb1d2dvf2D8zDakfFqaSsTWMRy55HFBM8Ym3gIFgvkYyEnmBdb3w787tPTCoeR48wTZgTkmHEA04JaMk1q/duNgA2gcyPgzzH19hyzZpVt+bAq8QuSA0VaLnm18CPaRqyCKggSvVtKwEnIxI4FSyvDFLFEkLHZMj6mkYkZMrJ5rfn+FQrPg5iqSsCPFd/T2QkVGoaerozJDBSy95M/M/rpxBcORmPkhRYRBeLglRgiPEsCOxzySiIqSaESq5vxXREJKGg46roEOzll1dJ57xuN+qNh4ta86aIo4yO0Qk6Qza6RE10h1qojSiaoGf0it6M3Hgx3o2PRWvJKGaO0B8Ynz9t6JQN</latexit>

Ndof < 0

Modular symmetry Number of parameters Degrees of Freedom
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As an example, consider the following three combined quark-lepton models

S3 28 <latexit sha1_base64="R1UCJLYf2wgqz/VxBqT6/4WUdek=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1YWLohtXUsE+oA1hMpm0QycPZm6kJeRX3LhQxK0/4s6/cdpmoa0HLhzOuZd77/ESwRVY1rdRWlvf2Nwqb1d2dvf2D8zDakfFqaSsTWMRy55HFBM8Ym3gIFgvkYyEnmBdb3w787tPTCoeR48wTZgTkmHEA04JaMk1q/duNgA2gcyPgzzH19hyzZpVt+bAq8QuSA0VaLnm18CPaRqyCKggSvVtKwEnIxI4FSyvDFLFEkLHZMj6mkYkZMrJ5rfn+FQrPg5iqSsCPFd/T2QkVGoaerozJDBSy95M/M/rpxBcORmPkhRYRBeLglRgiPEsCOxzySiIqSaESq5vxXREJKGg46roEOzll1dJ57xuN+qNh4ta86aIo4yO0Qk6Qza6RE10h1qojSiaoGf0it6M3Hgx3o2PRWvJKGaO0B8Ynz9t6JQN</latexit>

Ndof < 0

The full SL(2, Z) 18 <latexit sha1_base64="4vH500BifF9/tB5jj4LkC3Boa7s=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONKKtgHtCFMJpN26OTBzI20hPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPV4iuALL+jZKa+sbm1vl7crO7t7+gXlY7ag4lZS1aSxi2fOIYoJHrA0cBOslkpHQE6zrjW9nfveJScXj6BGmCXNCMox4wCkBLblm9d7NBsAmkPlxkOf4GluuWbPq1hx4ldgFqaECLdf8GvgxTUMWARVEqb5tJeBkRAKnguWVQapYQuiYDFlf04iETDnZ/PYcn2rFx0EsdUWA5+rviYyESk1DT3eGBEZq2ZuJ/3n9FIIrJ+NRkgKL6GJRkAoMMZ4FgX0uGQUx1YRQyfWtmI6IJBR0XBUdgr388irpnNftRr3xcFFr3hRxlNExOkFnyEaXqInuUAu1EUUT9Ixe0ZuRGy/Gu/GxaC0ZxcwR+gPj8wdvbpQO</latexit>

Ndof = 0
F. Feruglio  et al., e-Print: 2505.20395

Modular symmetry Number of parameters Degrees of Freedom



9

As an example, consider the following three combined quark-lepton models

2O - the binary 
octahedral group

14
<latexit sha1_base64="dYoxAO6+i9qC8bMc+NzzP4292GQ=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1ZUU3biSCvYBbQiTyaQdOnkwcyMtIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7j5cIrsCyvo3S2vrG5lZ5u7Kzu7d/YB5WOypOJWVtGotY9jyimOARawMHwXqJZCT0BOt649uZ331iUvE4eoRpwpyQDCMecEpAS65ZvXezAbAJZH4c5Dm+xpZr1qy6NQdeJXZBaqhAyzW/Bn5M05BFQAVRqm9bCTgZkcCpYHllkCqWEDomQ9bXNCIhU042vz3Hp1rxcRBLXRHgufp7IiOhUtPQ050hgZFa9mbif14/heDKyXiUpMAiulgUpAJDjGdBYJ9LRkFMNSFUcn0rpiMiCQUdV0WHYC+/vEo653W7UW88XNSaN0UcZXSMTtAZstElaqI71EJtRNEEPaNX9GbkxovxbnwsWktGMXOE/sD4/AFw9JQP</latexit>

Ndof > 0

S3 28 <latexit sha1_base64="R1UCJLYf2wgqz/VxBqT6/4WUdek=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1YWLohtXUsE+oA1hMpm0QycPZm6kJeRX3LhQxK0/4s6/cdpmoa0HLhzOuZd77/ESwRVY1rdRWlvf2Nwqb1d2dvf2D8zDakfFqaSsTWMRy55HFBM8Ym3gIFgvkYyEnmBdb3w787tPTCoeR48wTZgTkmHEA04JaMk1q/duNgA2gcyPgzzH19hyzZpVt+bAq8QuSA0VaLnm18CPaRqyCKggSvVtKwEnIxI4FSyvDFLFEkLHZMj6mkYkZMrJ5rfn+FQrPg5iqSsCPFd/T2QkVGoaerozJDBSy95M/M/rpxBcORmPkhRYRBeLglRgiPEsCOxzySiIqSaESq5vxXREJKGg46roEOzll1dJ57xuN+qNh4ta86aIo4yO0Qk6Qza6RE10h1qojSiaoGf0it6M3Hgx3o2PRWvJKGaO0B8Ynz9t6JQN</latexit>

Ndof < 0

The full SL(2, Z) 18 <latexit sha1_base64="4vH500BifF9/tB5jj4LkC3Boa7s=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiQi1Y1QdONKKtgHtCFMJpN26OTBzI20hPyKGxeKuPVH3Pk3TtsstPXAhcM593LvPV4iuALL+jZKa+sbm1vl7crO7t7+gXlY7ag4lZS1aSxi2fOIYoJHrA0cBOslkpHQE6zrjW9nfveJScXj6BGmCXNCMox4wCkBLblm9d7NBsAmkPlxkOf4GluuWbPq1hx4ldgFqaECLdf8GvgxTUMWARVEqb5tJeBkRAKnguWVQapYQuiYDFlf04iETDnZ/PYcn2rFx0EsdUWA5+rviYyESk1DT3eGBEZq2ZuJ/3n9FIIrJ+NRkgKL6GJRkAoMMZ4FgX0uGQUx1YRQyfWtmI6IJBR0XBUdgr388irpnNftRr3xcFFr3hRxlNExOkFnyEaXqInuUAu1EUUT9Ixe0ZuRGy/Gu/GxaC0ZxcwR+gPj8wdvbpQO</latexit>

Ndof = 0
F. Feruglio  et al., e-Print: 2505.20395

Modular symmetry Number of parameters Degrees of Freedom
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Follow the irrep structure of JHEP 09 (2023) 043
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 modular invariant model in a N = 1 rigid SUSYS3

<latexit sha1_base64="Ic295av6NnIn/SYhQDdWPoPEDHM="></latexit>

Table 1: Tensor product decomposition rules for the group S3.

→ 1 1→ 2

1 1 1→ 2

1→ 1→ 1 2

2 2 2 1→ 1→ → 2

Follow the irrep structure of JHEP 09 (2023) 043
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 modular invariant model in a N = 1 rigid SUSYS3

Parameters

<latexit sha1_base64="ZH9uYDZb8MIo/vuP9MMPPhRcTyQ="></latexit>

(ωu, ω̃u,εu, ε̃u,ωuD,εuD, ϑuD)
<latexit sha1_base64="FHNV76esON849KYJErLQlkTwjJM="></latexit>

(ωd, ω̃d,εd, ε̃d,ωdD,εdD, ϑdD)

<latexit sha1_base64="BBKF6q2blhcl/nvVBzhe3VbuKpQ=">AAACMHicbZDLSsNAFIYn3q23qks3QREUpSQu1GVRQZcKVoWmlJPpaTs4k4SZE6GEvoWv4cZH0Y2CIm59CqeJircDA9/8/znMnD9MpDDkeY/O0PDI6Nj4xGRpanpmdq48v3Bm4lRzrPFYxvoiBINSRFgjQRIvEo2gQonn4eX+wD+/Qm1EHJ1SL8GGgk4k2oIDWalZPlwLQCZd2AxIyBZ+XkKkL6ng3GhmB/3CLKgDSuW43iyveBUvL/cv+B+wUl0ONq4fq73jZvkuaMU8VRgRl2BM3fcSamSgSXCJ/VKQGkyAX0IH6xYjUGgaWb5w3121Ssttx9qeiNxc/T6RgTKmp0LbqYC65rc3EP/z6im1dxuZiJKUMOLFQ+1UuhS7g/TcltDISfYsANfC/tXlXdDAyWZcsiH4v1f+C2dbFX+7sn1i09hjRU2wJbbM1pjPdliVHbFjVmOc3bB79sSenVvnwXlxXovWIedjZpH9KOftHaqerPo=</latexit>

(ω, ω̃,ε, ε̃,ωD,εD, ϑD)
<latexit sha1_base64="a6q9rjJl0Pre5xS5FwqqQsl5wiY=">AAACFXicbVDLSsNAFJ3UV62vqEs3oUWsWErionZZdOOygn1AE8JkMkmHTh7MTJQQ8hMi+CtuXCjiVnDXv3HauNDWA8M9c869zNzjxJRwoetTpbSyura+Ud6sbG3v7O6p+wd9HiUM4R6KaMSGDuSYkhD3BBEUD2OGYeBQPHAmVzN/cIcZJ1F4K9IYWwH0Q+IRBIWUbLVR9+2szfOGfyJr3jAFoS7O/Ly4ztRWUe7zU1ut6U19Dm2ZGD+k1qmaZ4/TTtq11S/TjVAS4FAgCjkfGXosrAwyQRDFecVMOI4hmkAfjyQNYYC5lc23yrVjqbiaFzF5QqHN1d8TGQw4TwNHdgZQjPmiNxP/80aJ8NpWRsI4EThExUNeQjURabOINJcwjARNJYGIEflXDY0hg0jIICsyBGNx5WXSP28arWbrRqZxCQqUwRGogjowwAXogGvQBT2AwAN4Bq/gTXlSXpR35aNoLSk/M4fgD5TPb9HfoPo=</latexit>

(g8s, g
→
8, g̃

→
8, g

→
6, g

→
w)

2

7

5

7

7

<latexit sha1_base64="EG0VWPUE54JNJXxYjJKmvKadQ4k=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqBEhDAjbhch6EVvUcwCSQg9nUrSpGehu0YMQ/7Ai7/ixYMiXr1682/sJHPQ6IOGV+9VUV3PDaXQaNtfVmpmdm5+Ib2YWVpeWV3Lrm9UdBApDmUeyEDVXKZBCh/KKFBCLVTAPFdC1e1fjPzqHSgtAv8WByE0Pdb1RUdwhkZqZXcbyCJ6RhsI9xjfwDA/Evb2J/WVl9StbM4u2GPQv8RJSI4kKLWyn412wCMPfOSSaV137BCbMVMouIRhphFpCBnvsy7UDfWZB7oZj+8Z0h2jtGknUOb5SMfqz4mYeVoPPNd0egx7etobif959Qg7p81Y+GGE4PPJok4kKQZ0FA5tCwUc5cAQxpUwf6W8xxTjaCLMmBCc6ZP/kspBwTkuHF0f5ornSRxpskW2SZ445IQUySUpkTLh5IE8kRfyaj1az9ab9T5pTVnJzCb5BevjGwgrnAw=</latexit>

ω = Re(ω) + Im(ω)

<latexit sha1_base64="Ic295av6NnIn/SYhQDdWPoPEDHM="></latexit>

Table 1: Tensor product decomposition rules for the group S3.

→ 1 1→ 2

1 1 1→ 2

1→ 1→ 1 2

2 2 2 1→ 1→ → 2

Follow the irrep structure of JHEP 09 (2023) 043
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 modular invariant model in a N = 1 rigid SUSYS3

Parameters

<latexit sha1_base64="ZH9uYDZb8MIo/vuP9MMPPhRcTyQ="></latexit>

(ωu, ω̃u,εu, ε̃u,ωuD,εuD, ϑuD)
<latexit sha1_base64="FHNV76esON849KYJErLQlkTwjJM="></latexit>

(ωd, ω̃d,εd, ε̃d,ωdD,εdD, ϑdD)

<latexit sha1_base64="BBKF6q2blhcl/nvVBzhe3VbuKpQ=">AAACMHicbZDLSsNAFIYn3q23qks3QREUpSQu1GVRQZcKVoWmlJPpaTs4k4SZE6GEvoWv4cZH0Y2CIm59CqeJircDA9/8/znMnD9MpDDkeY/O0PDI6Nj4xGRpanpmdq48v3Bm4lRzrPFYxvoiBINSRFgjQRIvEo2gQonn4eX+wD+/Qm1EHJ1SL8GGgk4k2oIDWalZPlwLQCZd2AxIyBZ+XkKkL6ng3GhmB/3CLKgDSuW43iyveBUvL/cv+B+wUl0ONq4fq73jZvkuaMU8VRgRl2BM3fcSamSgSXCJ/VKQGkyAX0IH6xYjUGgaWb5w3121Ssttx9qeiNxc/T6RgTKmp0LbqYC65rc3EP/z6im1dxuZiJKUMOLFQ+1UuhS7g/TcltDISfYsANfC/tXlXdDAyWZcsiH4v1f+C2dbFX+7sn1i09hjRU2wJbbM1pjPdliVHbFjVmOc3bB79sSenVvnwXlxXovWIedjZpH9KOftHaqerPo=</latexit>

(ω, ω̃,ε, ε̃,ωD,εD, ϑD)
<latexit sha1_base64="a6q9rjJl0Pre5xS5FwqqQsl5wiY=">AAACFXicbVDLSsNAFJ3UV62vqEs3oUWsWErionZZdOOygn1AE8JkMkmHTh7MTJQQ8hMi+CtuXCjiVnDXv3HauNDWA8M9c869zNzjxJRwoetTpbSyura+Ud6sbG3v7O6p+wd9HiUM4R6KaMSGDuSYkhD3BBEUD2OGYeBQPHAmVzN/cIcZJ1F4K9IYWwH0Q+IRBIWUbLVR9+2szfOGfyJr3jAFoS7O/Ly4ztRWUe7zU1ut6U19Dm2ZGD+k1qmaZ4/TTtq11S/TjVAS4FAgCjkfGXosrAwyQRDFecVMOI4hmkAfjyQNYYC5lc23yrVjqbiaFzF5QqHN1d8TGQw4TwNHdgZQjPmiNxP/80aJ8NpWRsI4EThExUNeQjURabOINJcwjARNJYGIEflXDY0hg0jIICsyBGNx5WXSP28arWbrRqZxCQqUwRGogjowwAXogGvQBT2AwAN4Bq/gTXlSXpR35aNoLSk/M4fgD5TPb9HfoPo=</latexit>

(g8s, g
→
8, g̃

→
8, g

→
6, g

→
w)

2

7

5

7

7

<latexit sha1_base64="EG0VWPUE54JNJXxYjJKmvKadQ4k=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqBEhDAjbhch6EVvUcwCSQg9nUrSpGehu0YMQ/7Ai7/ixYMiXr1682/sJHPQ6IOGV+9VUV3PDaXQaNtfVmpmdm5+Ib2YWVpeWV3Lrm9UdBApDmUeyEDVXKZBCh/KKFBCLVTAPFdC1e1fjPzqHSgtAv8WByE0Pdb1RUdwhkZqZXcbyCJ6RhsI9xjfwDA/Evb2J/WVl9StbM4u2GPQv8RJSI4kKLWyn412wCMPfOSSaV137BCbMVMouIRhphFpCBnvsy7UDfWZB7oZj+8Z0h2jtGknUOb5SMfqz4mYeVoPPNd0egx7etobif959Qg7p81Y+GGE4PPJok4kKQZ0FA5tCwUc5cAQxpUwf6W8xxTjaCLMmBCc6ZP/kspBwTkuHF0f5ornSRxpskW2SZ445IQUySUpkTLh5IE8kRfyaj1az9ab9T5pTVnJzCb5BevjGwgrnAw=</latexit>

ω = Re(ω) + Im(ω)

<latexit sha1_base64="Ic295av6NnIn/SYhQDdWPoPEDHM="></latexit>

Table 1: Tensor product decomposition rules for the group S3.

→ 1 1→ 2

1 1 1→ 2

1→ 1→ 1 2

2 2 2 1→ 1→ → 2

<latexit sha1_base64="VPVxsY+kAncUXFCyDX18G45+Mbk=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEISSFKndCEU3rqSCvUAbwmQ6aYdOLsyciCUU3Pgqblwo4taXcOfbOGm70NYfBj7+cw5nzu/FgiuwrG8jt7S8srqWXy9sbG5t75i7e00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOFVVm/dM6l4FN7BKGZOQPoh9zkloC3XPLhxu8AeII2JHOMLXK7gU1zOoOqaRatkTYQXwZ5BEc1Ud82vbi+iScBCoIIo1bGtGJyUSOBUsHGhmygWEzokfdbRGJKAKSed3DDGx9rpYT+S+oWAJ+7viZQESo0CT3cGBAZqvpaZ/9U6CfhVJ+VhnAAL6XSRnwgMEc4CwT0uGQUx0kCo5PqvmA6IJBR0bAUdgj1/8iI0yyW7UqrcnhVrl7M48ugQHaETZKNzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtDVnzGb20R8Znz8DQJUs</latexit>

Npar = 26 + 2 = 28

Follow the irrep structure of JHEP 09 (2023) 043



10

 modular invariant model in a N = 1 rigid SUSYS3

Parameters

<latexit sha1_base64="ZH9uYDZb8MIo/vuP9MMPPhRcTyQ="></latexit>

(ωu, ω̃u,εu, ε̃u,ωuD,εuD, ϑuD)
<latexit sha1_base64="FHNV76esON849KYJErLQlkTwjJM="></latexit>

(ωd, ω̃d,εd, ε̃d,ωdD,εdD, ϑdD)

<latexit sha1_base64="BBKF6q2blhcl/nvVBzhe3VbuKpQ=">AAACMHicbZDLSsNAFIYn3q23qks3QREUpSQu1GVRQZcKVoWmlJPpaTs4k4SZE6GEvoWv4cZH0Y2CIm59CqeJircDA9/8/znMnD9MpDDkeY/O0PDI6Nj4xGRpanpmdq48v3Bm4lRzrPFYxvoiBINSRFgjQRIvEo2gQonn4eX+wD+/Qm1EHJ1SL8GGgk4k2oIDWalZPlwLQCZd2AxIyBZ+XkKkL6ng3GhmB/3CLKgDSuW43iyveBUvL/cv+B+wUl0ONq4fq73jZvkuaMU8VRgRl2BM3fcSamSgSXCJ/VKQGkyAX0IH6xYjUGgaWb5w3121Ssttx9qeiNxc/T6RgTKmp0LbqYC65rc3EP/z6im1dxuZiJKUMOLFQ+1UuhS7g/TcltDISfYsANfC/tXlXdDAyWZcsiH4v1f+C2dbFX+7sn1i09hjRU2wJbbM1pjPdliVHbFjVmOc3bB79sSenVvnwXlxXovWIedjZpH9KOftHaqerPo=</latexit>

(ω, ω̃,ε, ε̃,ωD,εD, ϑD)
<latexit sha1_base64="a6q9rjJl0Pre5xS5FwqqQsl5wiY=">AAACFXicbVDLSsNAFJ3UV62vqEs3oUWsWErionZZdOOygn1AE8JkMkmHTh7MTJQQ8hMi+CtuXCjiVnDXv3HauNDWA8M9c869zNzjxJRwoetTpbSyura+Ud6sbG3v7O6p+wd9HiUM4R6KaMSGDuSYkhD3BBEUD2OGYeBQPHAmVzN/cIcZJ1F4K9IYWwH0Q+IRBIWUbLVR9+2szfOGfyJr3jAFoS7O/Ly4ztRWUe7zU1ut6U19Dm2ZGD+k1qmaZ4/TTtq11S/TjVAS4FAgCjkfGXosrAwyQRDFecVMOI4hmkAfjyQNYYC5lc23yrVjqbiaFzF5QqHN1d8TGQw4TwNHdgZQjPmiNxP/80aJ8NpWRsI4EThExUNeQjURabOINJcwjARNJYGIEflXDY0hg0jIICsyBGNx5WXSP28arWbrRqZxCQqUwRGogjowwAXogGvQBT2AwAN4Bq/gTXlSXpR35aNoLSk/M4fgD5TPb9HfoPo=</latexit>

(g8s, g
→
8, g̃

→
8, g

→
6, g

→
w)

2

7

5

7

7

<latexit sha1_base64="EG0VWPUE54JNJXxYjJKmvKadQ4k=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqBEhDAjbhch6EVvUcwCSQg9nUrSpGehu0YMQ/7Ai7/ixYMiXr1682/sJHPQ6IOGV+9VUV3PDaXQaNtfVmpmdm5+Ib2YWVpeWV3Lrm9UdBApDmUeyEDVXKZBCh/KKFBCLVTAPFdC1e1fjPzqHSgtAv8WByE0Pdb1RUdwhkZqZXcbyCJ6RhsI9xjfwDA/Evb2J/WVl9StbM4u2GPQv8RJSI4kKLWyn412wCMPfOSSaV137BCbMVMouIRhphFpCBnvsy7UDfWZB7oZj+8Z0h2jtGknUOb5SMfqz4mYeVoPPNd0egx7etobif959Qg7p81Y+GGE4PPJok4kKQZ0FA5tCwUc5cAQxpUwf6W8xxTjaCLMmBCc6ZP/kspBwTkuHF0f5ornSRxpskW2SZ445IQUySUpkTLh5IE8kRfyaj1az9ab9T5pTVnJzCb5BevjGwgrnAw=</latexit>

ω = Re(ω) + Im(ω)

<latexit sha1_base64="Ic295av6NnIn/SYhQDdWPoPEDHM="></latexit>

Table 1: Tensor product decomposition rules for the group S3.

→ 1 1→ 2

1 1 1→ 2

1→ 1→ 1 2

2 2 2 1→ 1→ → 2

<latexit sha1_base64="VPVxsY+kAncUXFCyDX18G45+Mbk=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEISSFKndCEU3rqSCvUAbwmQ6aYdOLsyciCUU3Pgqblwo4taXcOfbOGm70NYfBj7+cw5nzu/FgiuwrG8jt7S8srqWXy9sbG5t75i7e00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOFVVm/dM6l4FN7BKGZOQPoh9zkloC3XPLhxu8AeII2JHOMLXK7gU1zOoOqaRatkTYQXwZ5BEc1Ud82vbi+iScBCoIIo1bGtGJyUSOBUsHGhmygWEzokfdbRGJKAKSed3DDGx9rpYT+S+oWAJ+7viZQESo0CT3cGBAZqvpaZ/9U6CfhVJ+VhnAAL6XSRnwgMEc4CwT0uGQUx0kCo5PqvmA6IJBR0bAUdgj1/8iI0yyW7UqrcnhVrl7M48ugQHaETZKNzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtDVnzGb20R8Znz8DQJUs</latexit>

Npar = 26 + 2 = 28

<latexit sha1_base64="nScQPKMBf0Cg/QSXylfms+enSb8=">AAACJ3icbVDLSgMxFM34tr6qLt1Ei+CmZaZI7UYR3bgSBfuATimZNNOGZiZDckcsQ//Gjb/iRlARXfonpu0o2nog5Nxz7iW5x4sE12DbH9bM7Nz8wuLScmZldW19I7u5VdUyVpRVqBRS1T2imeAhqwAHweqRYiTwBKt5vfOhX7tlSnMZ3kA/Ys2AdELuc0rASK3syWXLBXYHSVv6A3yMv0vp6QHO/5QRUUPXKeeLZXPnHdvFLt7dbWVzdsEeAU8TJyU5lOKqlX1225LGAQuBCqJ1w7EjaCZEAaeCDTJurFlEaI90WMPQkARMN5PRngO8b5Q29qUyJwQ8Un9PJCTQuh94pjMg0NWT3lD8z2vE4JebCQ+jGFhIxw/5scAg8TA03OaKURB9QwhV3PwV0y5RhIKJNmNCcCZXnibVYsEpFUrXh7nTszSOJbSD9tABctAROkUX6ApVEEX36BG9oFfrwXqy3qz3ceuMlc5soz+wPr8AHoWi4A==</latexit>

Ndof = Nobs →Npar = 18→ 28 = →10 !!
Follow the irrep structure of JHEP 09 (2023) 043
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 modular invariant model in a N = 1 rigid SUSYS3

Parameters

<latexit sha1_base64="ZH9uYDZb8MIo/vuP9MMPPhRcTyQ="></latexit>

(ωu, ω̃u,εu, ε̃u,ωuD,εuD, ϑuD)
<latexit sha1_base64="FHNV76esON849KYJErLQlkTwjJM="></latexit>

(ωd, ω̃d,εd, ε̃d,ωdD,εdD, ϑdD)

<latexit sha1_base64="BBKF6q2blhcl/nvVBzhe3VbuKpQ=">AAACMHicbZDLSsNAFIYn3q23qks3QREUpSQu1GVRQZcKVoWmlJPpaTs4k4SZE6GEvoWv4cZH0Y2CIm59CqeJircDA9/8/znMnD9MpDDkeY/O0PDI6Nj4xGRpanpmdq48v3Bm4lRzrPFYxvoiBINSRFgjQRIvEo2gQonn4eX+wD+/Qm1EHJ1SL8GGgk4k2oIDWalZPlwLQCZd2AxIyBZ+XkKkL6ng3GhmB/3CLKgDSuW43iyveBUvL/cv+B+wUl0ONq4fq73jZvkuaMU8VRgRl2BM3fcSamSgSXCJ/VKQGkyAX0IH6xYjUGgaWb5w3121Ssttx9qeiNxc/T6RgTKmp0LbqYC65rc3EP/z6im1dxuZiJKUMOLFQ+1UuhS7g/TcltDISfYsANfC/tXlXdDAyWZcsiH4v1f+C2dbFX+7sn1i09hjRU2wJbbM1pjPdliVHbFjVmOc3bB79sSenVvnwXlxXovWIedjZpH9KOftHaqerPo=</latexit>

(ω, ω̃,ε, ε̃,ωD,εD, ϑD)
<latexit sha1_base64="a6q9rjJl0Pre5xS5FwqqQsl5wiY=">AAACFXicbVDLSsNAFJ3UV62vqEs3oUWsWErionZZdOOygn1AE8JkMkmHTh7MTJQQ8hMi+CtuXCjiVnDXv3HauNDWA8M9c869zNzjxJRwoetTpbSyura+Ud6sbG3v7O6p+wd9HiUM4R6KaMSGDuSYkhD3BBEUD2OGYeBQPHAmVzN/cIcZJ1F4K9IYWwH0Q+IRBIWUbLVR9+2szfOGfyJr3jAFoS7O/Ly4ztRWUe7zU1ut6U19Dm2ZGD+k1qmaZ4/TTtq11S/TjVAS4FAgCjkfGXosrAwyQRDFecVMOI4hmkAfjyQNYYC5lc23yrVjqbiaFzF5QqHN1d8TGQw4TwNHdgZQjPmiNxP/80aJ8NpWRsI4EThExUNeQjURabOINJcwjARNJYGIEflXDY0hg0jIICsyBGNx5WXSP28arWbrRqZxCQqUwRGogjowwAXogGvQBT2AwAN4Bq/gTXlSXpR35aNoLSk/M4fgD5TPb9HfoPo=</latexit>

(g8s, g
→
8, g̃

→
8, g

→
6, g

→
w)

2

7

5

7

7

<latexit sha1_base64="EG0VWPUE54JNJXxYjJKmvKadQ4k=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqBEhDAjbhch6EVvUcwCSQg9nUrSpGehu0YMQ/7Ai7/ixYMiXr1682/sJHPQ6IOGV+9VUV3PDaXQaNtfVmpmdm5+Ib2YWVpeWV3Lrm9UdBApDmUeyEDVXKZBCh/KKFBCLVTAPFdC1e1fjPzqHSgtAv8WByE0Pdb1RUdwhkZqZXcbyCJ6RhsI9xjfwDA/Evb2J/WVl9StbM4u2GPQv8RJSI4kKLWyn412wCMPfOSSaV137BCbMVMouIRhphFpCBnvsy7UDfWZB7oZj+8Z0h2jtGknUOb5SMfqz4mYeVoPPNd0egx7etobif959Qg7p81Y+GGE4PPJok4kKQZ0FA5tCwUc5cAQxpUwf6W8xxTjaCLMmBCc6ZP/kspBwTkuHF0f5ornSRxpskW2SZ445IQUySUpkTLh5IE8kRfyaj1az9ab9T5pTVnJzCb5BevjGwgrnAw=</latexit>

ω = Re(ω) + Im(ω)

<latexit sha1_base64="Ic295av6NnIn/SYhQDdWPoPEDHM="></latexit>

Table 1: Tensor product decomposition rules for the group S3.

→ 1 1→ 2

1 1 1→ 2

1→ 1→ 1 2

2 2 2 1→ 1→ → 2

<latexit sha1_base64="VPVxsY+kAncUXFCyDX18G45+Mbk=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEISSFKndCEU3rqSCvUAbwmQ6aYdOLsyciCUU3Pgqblwo4taXcOfbOGm70NYfBj7+cw5nzu/FgiuwrG8jt7S8srqWXy9sbG5t75i7e00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOFVVm/dM6l4FN7BKGZOQPoh9zkloC3XPLhxu8AeII2JHOMLXK7gU1zOoOqaRatkTYQXwZ5BEc1Ud82vbi+iScBCoIIo1bGtGJyUSOBUsHGhmygWEzokfdbRGJKAKSed3DDGx9rpYT+S+oWAJ+7viZQESo0CT3cGBAZqvpaZ/9U6CfhVJ+VhnAAL6XSRnwgMEc4CwT0uGQUx0kCo5PqvmA6IJBR0bAUdgj1/8iI0yyW7UqrcnhVrl7M48ugQHaETZKNzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtDVnzGb20R8Znz8DQJUs</latexit>

Npar = 26 + 2 = 28

<latexit sha1_base64="nScQPKMBf0Cg/QSXylfms+enSb8=">AAACJ3icbVDLSgMxFM34tr6qLt1Ei+CmZaZI7UYR3bgSBfuATimZNNOGZiZDckcsQ//Gjb/iRlARXfonpu0o2nog5Nxz7iW5x4sE12DbH9bM7Nz8wuLScmZldW19I7u5VdUyVpRVqBRS1T2imeAhqwAHweqRYiTwBKt5vfOhX7tlSnMZ3kA/Ys2AdELuc0rASK3syWXLBXYHSVv6A3yMv0vp6QHO/5QRUUPXKeeLZXPnHdvFLt7dbWVzdsEeAU8TJyU5lOKqlX1225LGAQuBCqJ1w7EjaCZEAaeCDTJurFlEaI90WMPQkARMN5PRngO8b5Q29qUyJwQ8Un9PJCTQuh94pjMg0NWT3lD8z2vE4JebCQ+jGFhIxw/5scAg8TA03OaKURB9QwhV3PwV0y5RhIKJNmNCcCZXnibVYsEpFUrXh7nTszSOJbSD9tABctAROkUX6ApVEEX36BG9oFfrwXqy3qz3ceuMlc5soz+wPr8AHoWi4A==</latexit>

Ndof = Nobs →Npar = 18→ 28 = →10 !!
Follow the irrep structure of JHEP 09 (2023) 043
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 modular invariant model in a N = 1 rigid SUSYS3

Parameters

<latexit sha1_base64="ZH9uYDZb8MIo/vuP9MMPPhRcTyQ="></latexit>

(ωu, ω̃u,εu, ε̃u,ωuD,εuD, ϑuD)
<latexit sha1_base64="FHNV76esON849KYJErLQlkTwjJM="></latexit>

(ωd, ω̃d,εd, ε̃d,ωdD,εdD, ϑdD)

<latexit sha1_base64="BBKF6q2blhcl/nvVBzhe3VbuKpQ=">AAACMHicbZDLSsNAFIYn3q23qks3QREUpSQu1GVRQZcKVoWmlJPpaTs4k4SZE6GEvoWv4cZH0Y2CIm59CqeJircDA9/8/znMnD9MpDDkeY/O0PDI6Nj4xGRpanpmdq48v3Bm4lRzrPFYxvoiBINSRFgjQRIvEo2gQonn4eX+wD+/Qm1EHJ1SL8GGgk4k2oIDWalZPlwLQCZd2AxIyBZ+XkKkL6ng3GhmB/3CLKgDSuW43iyveBUvL/cv+B+wUl0ONq4fq73jZvkuaMU8VRgRl2BM3fcSamSgSXCJ/VKQGkyAX0IH6xYjUGgaWb5w3121Ssttx9qeiNxc/T6RgTKmp0LbqYC65rc3EP/z6im1dxuZiJKUMOLFQ+1UuhS7g/TcltDISfYsANfC/tXlXdDAyWZcsiH4v1f+C2dbFX+7sn1i09hjRU2wJbbM1pjPdliVHbFjVmOc3bB79sSenVvnwXlxXovWIedjZpH9KOftHaqerPo=</latexit>

(ω, ω̃,ε, ε̃,ωD,εD, ϑD)
<latexit sha1_base64="a6q9rjJl0Pre5xS5FwqqQsl5wiY=">AAACFXicbVDLSsNAFJ3UV62vqEs3oUWsWErionZZdOOygn1AE8JkMkmHTh7MTJQQ8hMi+CtuXCjiVnDXv3HauNDWA8M9c869zNzjxJRwoetTpbSyura+Ud6sbG3v7O6p+wd9HiUM4R6KaMSGDuSYkhD3BBEUD2OGYeBQPHAmVzN/cIcZJ1F4K9IYWwH0Q+IRBIWUbLVR9+2szfOGfyJr3jAFoS7O/Ly4ztRWUe7zU1ut6U19Dm2ZGD+k1qmaZ4/TTtq11S/TjVAS4FAgCjkfGXosrAwyQRDFecVMOI4hmkAfjyQNYYC5lc23yrVjqbiaFzF5QqHN1d8TGQw4TwNHdgZQjPmiNxP/80aJ8NpWRsI4EThExUNeQjURabOINJcwjARNJYGIEflXDY0hg0jIICsyBGNx5WXSP28arWbrRqZxCQqUwRGogjowwAXogGvQBT2AwAN4Bq/gTXlSXpR35aNoLSk/M4fgD5TPb9HfoPo=</latexit>

(g8s, g
→
8, g̃

→
8, g

→
6, g

→
w)

2

7

5

7

7

<latexit sha1_base64="EG0VWPUE54JNJXxYjJKmvKadQ4k=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqBEhDAjbhch6EVvUcwCSQg9nUrSpGehu0YMQ/7Ai7/ixYMiXr1682/sJHPQ6IOGV+9VUV3PDaXQaNtfVmpmdm5+Ib2YWVpeWV3Lrm9UdBApDmUeyEDVXKZBCh/KKFBCLVTAPFdC1e1fjPzqHSgtAv8WByE0Pdb1RUdwhkZqZXcbyCJ6RhsI9xjfwDA/Evb2J/WVl9StbM4u2GPQv8RJSI4kKLWyn412wCMPfOSSaV137BCbMVMouIRhphFpCBnvsy7UDfWZB7oZj+8Z0h2jtGknUOb5SMfqz4mYeVoPPNd0egx7etobif959Qg7p81Y+GGE4PPJok4kKQZ0FA5tCwUc5cAQxpUwf6W8xxTjaCLMmBCc6ZP/kspBwTkuHF0f5ornSRxpskW2SZ445IQUySUpkTLh5IE8kRfyaj1az9ab9T5pTVnJzCb5BevjGwgrnAw=</latexit>

ω = Re(ω) + Im(ω)

<latexit sha1_base64="Ic295av6NnIn/SYhQDdWPoPEDHM="></latexit>

Table 1: Tensor product decomposition rules for the group S3.

→ 1 1→ 2

1 1 1→ 2

1→ 1→ 1 2

2 2 2 1→ 1→ → 2

S3-invariant scalar product between two doublets

<latexit sha1_base64="VPVxsY+kAncUXFCyDX18G45+Mbk=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEISSFKndCEU3rqSCvUAbwmQ6aYdOLsyciCUU3Pgqblwo4taXcOfbOGm70NYfBj7+cw5nzu/FgiuwrG8jt7S8srqWXy9sbG5t75i7e00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOFVVm/dM6l4FN7BKGZOQPoh9zkloC3XPLhxu8AeII2JHOMLXK7gU1zOoOqaRatkTYQXwZ5BEc1Ud82vbi+iScBCoIIo1bGtGJyUSOBUsHGhmygWEzokfdbRGJKAKSed3DDGx9rpYT+S+oWAJ+7viZQESo0CT3cGBAZqvpaZ/9U6CfhVJ+VhnAAL6XSRnwgMEc4CwT0uGQUx0kCo5PqvmA6IJBR0bAUdgj1/8iI0yyW7UqrcnhVrl7M48ugQHaETZKNzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtDVnzGb20R8Znz8DQJUs</latexit>

Npar = 26 + 2 = 28

<latexit sha1_base64="nScQPKMBf0Cg/QSXylfms+enSb8=">AAACJ3icbVDLSgMxFM34tr6qLt1Ei+CmZaZI7UYR3bgSBfuATimZNNOGZiZDckcsQ//Gjb/iRlARXfonpu0o2nog5Nxz7iW5x4sE12DbH9bM7Nz8wuLScmZldW19I7u5VdUyVpRVqBRS1T2imeAhqwAHweqRYiTwBKt5vfOhX7tlSnMZ3kA/Ys2AdELuc0rASK3syWXLBXYHSVv6A3yMv0vp6QHO/5QRUUPXKeeLZXPnHdvFLt7dbWVzdsEeAU8TJyU5lOKqlX1225LGAQuBCqJ1w7EjaCZEAaeCDTJurFlEaI90WMPQkARMN5PRngO8b5Q29qUyJwQ8Un9PJCTQuh94pjMg0NWT3lD8z2vE4JebCQ+jGFhIxw/5scAg8TA03OaKURB9QwhV3PwV0y5RhIKJNmNCcCZXnibVYsEpFUrXh7nTszSOJbSD9tABctAROkUX6ApVEEX36BG9oFfrwXqy3qz3ceuMlc5soz+wPr8AHoWi4A==</latexit>

Ndof = Nobs →Npar = 18→ 28 = →10 !!
Follow the irrep structure of JHEP 09 (2023) 043
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 modular invariant model in a N = 1 rigid SUSYS3

Parameters

<latexit sha1_base64="ZH9uYDZb8MIo/vuP9MMPPhRcTyQ="></latexit>

(ωu, ω̃u,εu, ε̃u,ωuD,εuD, ϑuD)
<latexit sha1_base64="FHNV76esON849KYJErLQlkTwjJM="></latexit>

(ωd, ω̃d,εd, ε̃d,ωdD,εdD, ϑdD)

<latexit sha1_base64="BBKF6q2blhcl/nvVBzhe3VbuKpQ=">AAACMHicbZDLSsNAFIYn3q23qks3QREUpSQu1GVRQZcKVoWmlJPpaTs4k4SZE6GEvoWv4cZH0Y2CIm59CqeJircDA9/8/znMnD9MpDDkeY/O0PDI6Nj4xGRpanpmdq48v3Bm4lRzrPFYxvoiBINSRFgjQRIvEo2gQonn4eX+wD+/Qm1EHJ1SL8GGgk4k2oIDWalZPlwLQCZd2AxIyBZ+XkKkL6ng3GhmB/3CLKgDSuW43iyveBUvL/cv+B+wUl0ONq4fq73jZvkuaMU8VRgRl2BM3fcSamSgSXCJ/VKQGkyAX0IH6xYjUGgaWb5w3121Ssttx9qeiNxc/T6RgTKmp0LbqYC65rc3EP/z6im1dxuZiJKUMOLFQ+1UuhS7g/TcltDISfYsANfC/tXlXdDAyWZcsiH4v1f+C2dbFX+7sn1i09hjRU2wJbbM1pjPdliVHbFjVmOc3bB79sSenVvnwXlxXovWIedjZpH9KOftHaqerPo=</latexit>

(ω, ω̃,ε, ε̃,ωD,εD, ϑD)
<latexit sha1_base64="a6q9rjJl0Pre5xS5FwqqQsl5wiY=">AAACFXicbVDLSsNAFJ3UV62vqEs3oUWsWErionZZdOOygn1AE8JkMkmHTh7MTJQQ8hMi+CtuXCjiVnDXv3HauNDWA8M9c869zNzjxJRwoetTpbSyura+Ud6sbG3v7O6p+wd9HiUM4R6KaMSGDuSYkhD3BBEUD2OGYeBQPHAmVzN/cIcZJ1F4K9IYWwH0Q+IRBIWUbLVR9+2szfOGfyJr3jAFoS7O/Ly4ztRWUe7zU1ut6U19Dm2ZGD+k1qmaZ4/TTtq11S/TjVAS4FAgCjkfGXosrAwyQRDFecVMOI4hmkAfjyQNYYC5lc23yrVjqbiaFzF5QqHN1d8TGQw4TwNHdgZQjPmiNxP/80aJ8NpWRsI4EThExUNeQjURabOINJcwjARNJYGIEflXDY0hg0jIICsyBGNx5WXSP28arWbrRqZxCQqUwRGogjowwAXogGvQBT2AwAN4Bq/gTXlSXpR35aNoLSk/M4fgD5TPb9HfoPo=</latexit>

(g8s, g
→
8, g̃

→
8, g

→
6, g

→
w)

2

7

5

7

7

<latexit sha1_base64="EG0VWPUE54JNJXxYjJKmvKadQ4k=">AAACD3icbVDJSgNBEO2JW4xb1KOXxqBEhDAjbhch6EVvUcwCSQg9nUrSpGehu0YMQ/7Ai7/ixYMiXr1682/sJHPQ6IOGV+9VUV3PDaXQaNtfVmpmdm5+Ib2YWVpeWV3Lrm9UdBApDmUeyEDVXKZBCh/KKFBCLVTAPFdC1e1fjPzqHSgtAv8WByE0Pdb1RUdwhkZqZXcbyCJ6RhsI9xjfwDA/Evb2J/WVl9StbM4u2GPQv8RJSI4kKLWyn412wCMPfOSSaV137BCbMVMouIRhphFpCBnvsy7UDfWZB7oZj+8Z0h2jtGknUOb5SMfqz4mYeVoPPNd0egx7etobif959Qg7p81Y+GGE4PPJok4kKQZ0FA5tCwUc5cAQxpUwf6W8xxTjaCLMmBCc6ZP/kspBwTkuHF0f5ornSRxpskW2SZ445IQUySUpkTLh5IE8kRfyaj1az9ab9T5pTVnJzCb5BevjGwgrnAw=</latexit>

ω = Re(ω) + Im(ω)

<latexit sha1_base64="Ic295av6NnIn/SYhQDdWPoPEDHM="></latexit>

Table 1: Tensor product decomposition rules for the group S3.

→ 1 1→ 2

1 1 1→ 2

1→ 1→ 1 2

2 2 2 1→ 1→ → 2

chosen as  eV10−16

S3-invariant scalar product between two doublets

<latexit sha1_base64="VPVxsY+kAncUXFCyDX18G45+Mbk=">AAACA3icbZDLSsNAFIYn9VbrLepON4NFEISSFKndCEU3rqSCvUAbwmQ6aYdOLsyciCUU3Pgqblwo4taXcOfbOGm70NYfBj7+cw5nzu/FgiuwrG8jt7S8srqWXy9sbG5t75i7e00VJZKyBo1EJNseUUzwkDWAg2DtWDISeIK1vOFVVm/dM6l4FN7BKGZOQPoh9zkloC3XPLhxu8AeII2JHOMLXK7gU1zOoOqaRatkTYQXwZ5BEc1Ud82vbi+iScBCoIIo1bGtGJyUSOBUsHGhmygWEzokfdbRGJKAKSed3DDGx9rpYT+S+oWAJ+7viZQESo0CT3cGBAZqvpaZ/9U6CfhVJ+VhnAAL6XSRnwgMEc4CwT0uGQUx0kCo5PqvmA6IJBR0bAUdgj1/8iI0yyW7UqrcnhVrl7M48ugQHaETZKNzVEPXqI4aiKJH9Ixe0ZvxZLwY78bHtDVnzGb20R8Znz8DQJUs</latexit>

Npar = 26 + 2 = 28

<latexit sha1_base64="nScQPKMBf0Cg/QSXylfms+enSb8=">AAACJ3icbVDLSgMxFM34tr6qLt1Ei+CmZaZI7UYR3bgSBfuATimZNNOGZiZDckcsQ//Gjb/iRlARXfonpu0o2nog5Nxz7iW5x4sE12DbH9bM7Nz8wuLScmZldW19I7u5VdUyVpRVqBRS1T2imeAhqwAHweqRYiTwBKt5vfOhX7tlSnMZ3kA/Ys2AdELuc0rASK3syWXLBXYHSVv6A3yMv0vp6QHO/5QRUUPXKeeLZXPnHdvFLt7dbWVzdsEeAU8TJyU5lOKqlX1225LGAQuBCqJ1w7EjaCZEAaeCDTJurFlEaI90WMPQkARMN5PRngO8b5Q29qUyJwQ8Un9PJCTQuh94pjMg0NWT3lD8z2vE4JebCQ+jGFhIxw/5scAg8TA03OaKURB9QwhV3PwV0y5RhIKJNmNCcCZXnibVYsEpFUrXh7nTszSOJbSD9tABctAROkUX6ApVEEX36BG9oFfrwXqy3qz3ceuMlc5soz+wPr8AHoWi4A==</latexit>

Ndof = Nobs →Npar = 18→ 28 = →10 !!
Follow the irrep structure of JHEP 09 (2023) 043
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 unified quark-lepton modelS3
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χ2
min ≃ 2.8 × 10−8

 unified quark-lepton modelS3

The model fits the data but allowed regions are not well defined: they merely denotes  and give an idea of 
where the modulus can be located and of the gradient of the  around the “only acceptable ” point 

Δχ2 = 1,4,9
χ2 χ2 = 0
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Interesting (the model being overfitted)
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Interesting (the model being overfitted)
1) As one might expect, the observables are almost completely uncorrelated
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sin2 µ12 sin2 µ23 sin2 µ13 ±m2 ¢m2 me mµ mø µ12 µ23 µ13 ±CPq mu mc md ms mt mb

si
n2

µ 1
2

si
n2

µ 2
3

si
n2

µ 1
3

±m
2

¢
m

2
m

e
m

µ
m

ø
µ 1

2
µ 2

3
µ 1

3
± C

P
q

m
u

m
c

m
d

m
s

m
t

m
b

1.00 0.01 -0.01 -0.00 0.01 -0.00 -0.00 0.01 0.00 0.00 -0.01 0.01 -0.00 -0.00 0.00 -0.02 -0.01 -0.01

0.01 1.00 0.03 0.00 0.00 -0.01 0.03 0.00 0.02 -0.00 0.01 -0.01 -0.01 -0.02 -0.02 0.00 -0.00 0.01

-0.01 0.03 1.00 0.00 0.00 -0.00 -0.01 -0.01 -0.01 0.01 -0.01 -0.00 0.01 -0.00 -0.01 -0.00 0.00 0.01

-0.00 0.00 0.00 1.00 0.00 -0.00 0.01 0.01 -0.01 0.00 0.01 -0.00 0.00 0.01 -0.01 0.01 0.01 -0.01

0.01 0.00 0.00 0.00 1.00 0.00 0.00 -0.01 -0.01 -0.00 -0.00 0.01 0.00 -0.00 0.00 0.01 -0.00 -0.00

-0.00 -0.01 -0.00 -0.00 0.00 1.00 0.02 0.01 0.01 -0.01 -0.01 0.00 0.01 0.01 0.01 0.01 0.00 0.00
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0.01 0.00 -0.01 0.01 -0.01 0.01 0.01 1.00 -0.00 -0.01 -0.00 -0.00 0.00 -0.02 -0.00 -0.00 0.00 0.00
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Interesting (the model being overfitted)
1) As one might expect, the observables are almost completely uncorrelated
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°1.00
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Interesting (the model being overfitted)
1) As one might expect, the observables are almost completely uncorrelated
2) Model parameters, however, show significant correlations
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-0.21 -0.67 0.01 0.64 0.01 0.08 -0.46 0.53 0.31 1.00 0.03 0.76 -0.05 -0.60 0.03 0.01 -0.46 -0.04 0.23 -0.20 0.37 -0.05 -0.20 0.17 0.13 -0.55 -0.31 -0.49

-0.30 -0.72 0.02 0.67 -0.04 -0.15 -0.51 0.59 0.32 0.03 1.00 -0.51 0.11 -0.71 0.03 0.01 -0.53 0.00 0.22 -0.18 0.40 -0.06 -0.20 0.19 0.14 -0.58 -0.33 -0.52

-0.05 -0.11 -0.01 0.11 -0.00 -0.05 -0.09 0.07 0.02 0.76 -0.51 1.00 0.07 -0.03 0.01 0.00 -0.08 0.01 0.03 -0.01 0.06 -0.01 -0.04 0.03 0.02 -0.09 -0.05 -0.08

0.09 0.01 -0.02 -0.04 -0.11 -0.87 0.22 0.27 0.24 -0.05 0.11 0.07 1.00 0.04 0.01 -0.01 0.05 -0.06 0.02 -0.04 -0.01 0.01 -0.00 -0.00 -0.01 0.01 -0.00 0.01

0.25 0.94 -0.03 -0.89 0.01 -0.06 0.63 -0.76 -0.45 -0.60 -0.71 -0.03 0.04 1.00 -0.04 -0.02 0.62 0.09 -0.33 0.30 -0.51 0.07 0.27 -0.24 -0.19 0.76 0.44 0.68

-0.03 -0.04 0.02 0.04 -0.01 0.00 -0.02 0.04 0.03 0.03 0.03 0.01 0.01 -0.04 1.00 -0.48 -0.03 0.01 -0.00 -0.00 0.02 -0.02 -0.00 -0.00 0.01 -0.04 -0.02 -0.02

-0.00 -0.01 0.00 0.01 0.00 -0.00 -0.02 0.00 -0.00 0.01 0.01 0.00 -0.01 -0.02 -0.48 1.00 -0.01 -0.01 0.00 -0.00 0.02 0.02 -0.00 0.02 -0.01 -0.01 -0.01 -0.01

0.70 0.71 -0.01 -0.65 0.02 0.00 0.49 -0.56 -0.34 -0.46 -0.53 -0.08 0.05 0.62 -0.03 -0.01 1.00 -0.61 -0.09 0.07 -0.40 0.07 0.21 -0.33 -0.03 0.53 0.39 0.43

-0.57 0.03 -0.01 -0.05 -0.01 -0.02 -0.01 -0.04 -0.02 -0.04 0.00 0.01 -0.06 0.09 0.01 -0.01 -0.61 1.00 -0.24 0.24 0.02 -0.01 0.01 -0.07 -0.02 0.02 -0.03 0.09
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Interesting (the model being overfitted)
1) As one might expect, the observables are almost completely uncorrelated
2) Model parameters, however, show significant correlations
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Correlations tend to be governed by the modulus



Reø Imø Æ Æ̃ Ø Ø̃ ÆD ØD ∞D g8s g0
8 g̃0

8
g0

6 g0
w Æu Æ̃u Øu

Ø̃u Æu
D Øu

D ∞u
D Æd Æ̃d Ød Ø̃d Æd

D Ød
D ∞d

D

R
e ø

Im
ø

Æ
Æ̃

Ø
Ø̃

Æ
D

Ø
D

∞ D
g 8

s
g0 8

g̃0
8

g0 6
g0 w

Æ
u

Æ̃
u

Ø
u

Ø̃
u

Æ
u D

Ø
u D

∞
u D

Æ
d

Æ̃
d

Ø
d

Ø̃
d

Æ
d D

Ø
d D

∞
d D

1.00 0.36 -0.01 -0.30 0.01 0.03 0.30 -0.26 -0.16 -0.21 -0.30 -0.05 0.09 0.25 -0.03 -0.00 0.70 -0.57 0.16 -0.28 -0.29 0.06 0.10 -0.20 -0.06 0.31 0.12 0.23

0.36 1.00 -0.03 -0.94 0.01 -0.02 0.67 -0.81 -0.49 -0.67 -0.72 -0.11 0.01 0.94 -0.04 -0.01 0.71 0.03 -0.32 0.27 -0.55 0.08 0.29 -0.26 -0.20 0.81 0.45 0.72

-0.01 -0.03 1.00 -0.23 0.00 0.02 -0.03 0.02 0.01 0.01 0.02 -0.01 -0.02 -0.03 0.02 0.00 -0.01 -0.01 0.01 -0.00 0.01 -0.00 -0.00 -0.01 0.02 -0.02 -0.00 -0.03

-0.30 -0.94 -0.23 1.00 -0.00 0.06 -0.63 0.76 0.46 0.64 0.67 0.11 -0.04 -0.89 0.04 0.01 -0.65 -0.05 0.31 -0.28 0.51 -0.08 -0.27 0.24 0.20 -0.76 -0.43 -0.68

0.01 0.01 0.00 -0.00 1.00 -0.05 0.02 0.02 0.00 0.01 -0.04 -0.00 -0.11 0.01 -0.01 0.00 0.02 -0.01 -0.00 -0.01 -0.00 0.00 0.01 0.00 -0.01 0.01 -0.01 0.02

0.03 -0.02 0.02 0.06 -0.05 1.00 0.04 -0.07 0.07 0.08 -0.15 -0.05 -0.87 -0.06 0.00 -0.00 0.00 -0.02 0.02 -0.02 -0.00 -0.01 -0.00 -0.01 0.01 -0.01 -0.01 -0.01

0.30 0.67 -0.03 -0.63 0.02 0.04 1.00 -0.14 0.25 -0.46 -0.51 -0.09 0.22 0.63 -0.02 -0.02 0.49 -0.01 -0.19 0.15 -0.38 0.06 0.19 -0.18 -0.14 0.54 0.30 0.48

-0.26 -0.81 0.02 0.76 0.02 -0.07 -0.14 1.00 0.86 0.53 0.59 0.07 0.27 -0.76 0.04 0.00 -0.56 -0.04 0.27 -0.24 0.44 -0.06 -0.24 0.21 0.16 -0.65 -0.37 -0.58

-0.16 -0.49 0.01 0.46 0.00 0.07 0.25 0.86 1.00 0.31 0.32 0.02 0.24 -0.45 0.03 -0.00 -0.34 -0.02 0.16 -0.15 0.26 -0.04 -0.15 0.13 0.09 -0.39 -0.23 -0.34

-0.21 -0.67 0.01 0.64 0.01 0.08 -0.46 0.53 0.31 1.00 0.03 0.76 -0.05 -0.60 0.03 0.01 -0.46 -0.04 0.23 -0.20 0.37 -0.05 -0.20 0.17 0.13 -0.55 -0.31 -0.49

-0.30 -0.72 0.02 0.67 -0.04 -0.15 -0.51 0.59 0.32 0.03 1.00 -0.51 0.11 -0.71 0.03 0.01 -0.53 0.00 0.22 -0.18 0.40 -0.06 -0.20 0.19 0.14 -0.58 -0.33 -0.52

-0.05 -0.11 -0.01 0.11 -0.00 -0.05 -0.09 0.07 0.02 0.76 -0.51 1.00 0.07 -0.03 0.01 0.00 -0.08 0.01 0.03 -0.01 0.06 -0.01 -0.04 0.03 0.02 -0.09 -0.05 -0.08

0.09 0.01 -0.02 -0.04 -0.11 -0.87 0.22 0.27 0.24 -0.05 0.11 0.07 1.00 0.04 0.01 -0.01 0.05 -0.06 0.02 -0.04 -0.01 0.01 -0.00 -0.00 -0.01 0.01 -0.00 0.01

0.25 0.94 -0.03 -0.89 0.01 -0.06 0.63 -0.76 -0.45 -0.60 -0.71 -0.03 0.04 1.00 -0.04 -0.02 0.62 0.09 -0.33 0.30 -0.51 0.07 0.27 -0.24 -0.19 0.76 0.44 0.68

-0.03 -0.04 0.02 0.04 -0.01 0.00 -0.02 0.04 0.03 0.03 0.03 0.01 0.01 -0.04 1.00 -0.48 -0.03 0.01 -0.00 -0.00 0.02 -0.02 -0.00 -0.00 0.01 -0.04 -0.02 -0.02

-0.00 -0.01 0.00 0.01 0.00 -0.00 -0.02 0.00 -0.00 0.01 0.01 0.00 -0.01 -0.02 -0.48 1.00 -0.01 -0.01 0.00 -0.00 0.02 0.02 -0.00 0.02 -0.01 -0.01 -0.01 -0.01

0.70 0.71 -0.01 -0.65 0.02 0.00 0.49 -0.56 -0.34 -0.46 -0.53 -0.08 0.05 0.62 -0.03 -0.01 1.00 -0.61 -0.09 0.07 -0.40 0.07 0.21 -0.33 -0.03 0.53 0.39 0.43

-0.57 0.03 -0.01 -0.05 -0.01 -0.02 -0.01 -0.04 -0.02 -0.04 0.00 0.01 -0.06 0.09 0.01 -0.01 -0.61 1.00 -0.24 0.24 0.02 -0.01 0.01 -0.07 -0.02 0.02 -0.03 0.09

0.16 -0.32 0.01 0.31 -0.00 0.02 -0.19 0.27 0.16 0.23 0.22 0.03 0.02 -0.33 -0.00 0.00 -0.09 -0.24 1.00 0.26 0.37 -0.03 -0.09 0.07 0.09 -0.45 -0.00 -0.33

-0.28 0.27 -0.00 -0.28 -0.01 -0.02 0.15 -0.24 -0.15 -0.20 -0.18 -0.01 -0.04 0.30 -0.00 -0.00 0.07 0.24 0.26 1.00 -0.04 0.01 0.09 -0.05 -0.09 0.08 0.19 0.20

-0.29 -0.55 0.01 0.51 -0.00 -0.00 -0.38 0.44 0.26 0.37 0.40 0.06 -0.01 -0.51 0.02 0.02 -0.40 0.02 0.37 -0.04 1.00 -0.05 -0.16 0.15 0.09 -0.45 -0.27 -0.38

0.06 0.08 -0.00 -0.08 0.00 -0.01 0.06 -0.06 -0.04 -0.05 -0.06 -0.01 0.01 0.07 -0.02 0.02 0.07 -0.01 -0.03 0.01 -0.05 1.00 -0.25 -0.02 -0.01 0.07 0.04 0.06

0.10 0.29 -0.00 -0.27 0.01 -0.00 0.19 -0.24 -0.15 -0.20 -0.20 -0.04 -0.00 0.27 -0.00 -0.00 0.21 0.01 -0.09 0.09 -0.16 -0.25 1.00 -0.07 -0.06 0.23 0.13 0.21

-0.20 -0.26 -0.01 0.24 0.00 -0.01 -0.18 0.21 0.13 0.17 0.19 0.03 -0.00 -0.24 -0.00 0.02 -0.33 -0.07 0.07 -0.05 0.15 -0.02 -0.07 1.00 -0.81 -0.10 -0.64 0.13

-0.06 -0.20 0.02 0.20 -0.01 0.01 -0.14 0.16 0.09 0.13 0.14 0.02 -0.01 -0.19 0.01 -0.01 -0.03 -0.02 0.09 -0.09 0.09 -0.01 -0.06 -0.81 1.00 -0.22 0.54 -0.50

0.31 0.81 -0.02 -0.76 0.01 -0.01 0.54 -0.65 -0.39 -0.55 -0.58 -0.09 0.01 0.76 -0.04 -0.01 0.53 0.02 -0.45 0.08 -0.45 0.07 0.23 -0.10 -0.22 1.00 0.34 0.74

0.12 0.45 -0.00 -0.43 -0.01 -0.01 0.30 -0.37 -0.23 -0.31 -0.33 -0.05 -0.00 0.44 -0.02 -0.01 0.39 -0.03 -0.00 0.19 -0.27 0.04 0.13 -0.64 0.54 0.34 1.00 -0.10

0.23 0.72 -0.03 -0.68 0.02 -0.01 0.48 -0.58 -0.34 -0.49 -0.52 -0.08 0.01 0.68 -0.02 -0.01 0.43 0.09 -0.33 0.20 -0.38 0.06 0.21 0.13 -0.50 0.74 -0.10 1.00

°1.00

°0.75

°0.50

°0.25

0.00

0.25

0.50

0.75

1.00

13

Correlations tend to be governed by the modulus

Parameters that are only weakly correlated with τ 
also tend to be weakly correlated with all other 
parameters
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Correlations tend to be governed by the modulus

Parameters that are only weakly correlated with τ 
also tend to be weakly correlated with all other 
parameters

 and  are anti correlated because 
they appear in the same matrix element
(α, α̃) (αu, α̃u)
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Correlations tend to be governed by the modulus

Parameters that are only weakly correlated with τ 
also tend to be weakly correlated with all other 
parameters

In modular-invariant models, significant correlations 
among parameters naturally arise due to the rigid, 
symmetry-imposed structure of the theory, even 
when the number of parameters exceeds the number 
of observables

 and  are anti correlated because 
they appear in the same matrix element
(α, α̃) (αu, α̃u)
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Correlations tend to be governed by the modulus

Parameters that are only weakly correlated with τ 
also tend to be weakly correlated with all other 
parameters

In modular-invariant models, significant correlations 
among parameters naturally arise due to the rigid, 
symmetry-imposed structure of the theory, even 
when the number of parameters exceeds the number 
of observables

These correlations reflect the non-linear modular 
constraints and the internal geometry of the 
parameter space, and are not a sign of fine-
tuning

 and  are anti correlated because 
they appear in the same matrix element
(α, α̃) (αu, α̃u)
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<latexit sha1_base64="FK/txW+IM9M6ysR7l2yUSEGnOfw="></latexit>

Npar = Nobs → Ndof = 0

Parameters
 - common to quarks and leptonsτ

8 - for leptons

8 - for quarks

Naively, one would expect quark parameter 
space to be more constrained than the lepton 
one (10 observables and 8+2 parameters) vs 
(8 observables and 8+2  parameters)

Also in the limiting case  the  analysis is ill-defined and we can only draw qualitative 
conclusions from the analysis. The model can be “accepted” only if 

Ndof = 0 χ2

χ2
min = 0
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Correlations among Observables
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Notably, non-negligible correlations 
between observables begin to emerge, 
also for observables in different sectors
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Notably, non-negligible correlations 
between observables begin to emerge, 
also for observables in different sectors
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Correlations must be governed by the modulus for 
lepton-quark correlated pairs of observables
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Most correlated Observables

Consider for instance the pair (sin2 θℓ
23, δq

CP)
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Consider for instance the pair (sin2 θℓ
23, δq

CP)

 positively correlated to Im( )sin2 θℓ
23 τ
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Most correlated Observables

Consider for instance the pair (sin2 θℓ
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CP)

 positively correlated to Im( )sin2 θℓ
23 τ

 negatively correlated to Im( )δq
CP τ
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Consider for instance the pair (sin2 θℓ
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Same for  and  and so onms, θq
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Correlations must be governed by the modulus for 
lepton-quark correlated pairs of observables

Same for  and  and so onms, θq
12 sin2 θℓ

23

Things are different when observables are in the same 
sector, for instance  that are positive 
correlated but with opposite correlations to Im( ). In 
this case one should look at the correlations with the 
other model parameters

(sin2 θℓ
23, sin2 θℓ

12)
τ

Most correlated Observables

Consider for instance the pair (sin2 θℓ
23, δq

CP)

 positively correlated to Im( )sin2 θℓ
23 τ

 negatively correlated to Im( )δq
CP τ

 are negatively correlated(sin2 θℓ
23, δq

CP)
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Correlations between Parameters
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Also, parameters that are weekly 
correlated with the modulus can be 
strongly correlated between them, 
as for instance  that 
appear in the elements (11) and (21) 
of the charged lepton mass matrix

(e13, e23)

Correlations between Parameters
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Once again, since we are in the 
case of an overfitted model, the 
presence of strong correlations 
between parameters is related 
to the non-linear modular 
constraints and the internal 
geometry of the parameter 
space, and is not a sign of fine-
tuning

Also, parameters that are weekly 
correlated with the modulus can be 
strongly correlated between them, 
as for instance  that 
appear in the elements (11) and (21) 
of the charged lepton mass matrix

(e13, e23)

Correlations between Parameters
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Model based on the 2O group 
e group  2O, the binary octahedral group, is a group of order 48 closely related to the octahedral group O, the group of rotational 
symmetries of a cube (or an octahedron). Specifically,  2O  is the double cover of the octahedral group and is isomorphic to S4

Ding, Liu, Yao, JHEP 01 (2023); Ding, Liu, Lu, Weng, JHEP 11 (2023) 083, Ding, Lisi, AM, Petcov, Phys.Rev.D 111 (2025) 7, 075024 
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Model based on the 2O group 
e group  2O, the binary octahedral group, is a group of order 48 closely related to the octahedral group O, the group of rotational 
symmetries of a cube (or an octahedron). Specifically,  2O  is the double cover of the octahedral group and is isomorphic to S4

Ding, Liu, Yao, JHEP 01 (2023); Ding, Liu, Lu, Weng, JHEP 11 (2023) 083, Ding, Lisi, AM, Petcov, Phys.Rev.D 111 (2025) 7, 075024 

two one-dimensional irreps 1, 1′ 

three two-dimensional irreps 2, 2̂, ̂2′ 

two three-dimensional irreps 3, 3′ 

one four-dimensional irrep 4{{
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We consider N= 1 global supersymmetry,  generalized CP (gCP) symmetry  all coupling constants are real →

2O has 8 irreducible representations

Particle content of the model

L ∼ 3 , Ec
D ≡ (ec, μc) ∼ ̂2 ′ , τc ∼ 1′ , Nc ∼ 3

kL = − 1 , kEc
D

= 6 , kτc = 5 , kNc = 1

QD ≡ (Q1, Q2)T ∼ 2 , Q3 ∼ 1′ , Uc
D ≡ (uc, cc) ∼ ̂2 ′ 

tc ∼ 1′ , Dc
D ≡ (dc, sc) ∼ 2 , bc ∼ 1′ 

kQD
= 3 − kUc

D
= kQ3

= 6 − ktc = 6 − kDc
D

= − kbc

ree  lepton doublets SU(2) Li = (νi

ℓi) i = e, μ, τ

ree  quark doublets SU(2) Qi = (ui

di) ui = u, c, t di = d, s, b

ree right-handed fermions  that are  singletsEc = (ec, μc, τc) SU(2)

Six right-handed quarks  and   
that are  singlets

Uc = (uc, cc, tc) Dc = (dc, sc, bc)
SU(2)

ree right-handed neutrinos  that are  singletsNc
i i = 1,2,3 SU(2)

Two Higgs fields,  and  that are invariant singlets of 2O  
with zero modular weights.

Hu Hd

Model based on the 2O group 
e group  2O, the binary octahedral group, is a group of order 48 closely related to the octahedral group O, the group of rotational 
symmetries of a cube (or an octahedron). Specifically,  2O  is the double cover of the octahedral group and is isomorphic to S4

Ding, Liu, Yao, JHEP 01 (2023); Ding, Liu, Lu, Weng, JHEP 11 (2023) 083, Ding, Lisi, AM, Petcov, Phys.Rev.D 111 (2025) 7, 075024 

Representation under the 2O modular group 
and weights

two one-dimensional irreps 1, 1′ 

three two-dimensional irreps 2, 2̂, ̂2′ 

two three-dimensional irreps 3, 3′ 

one four-dimensional irrep 4{{
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The Lagrangian of the model contains the most general superpotential with all possible singlets 
under 2O built with the modular forms organized in various multiplets of different weights
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The Lagrangian of the model contains the most general superpotential with all possible singlets 
under 2O built with the modular forms organized in various multiplets of different weights

𝒲E = gE
1 (Ec

DL) ̂2 ′ 
Y(5)

̂2 ′ 
Hd + gE

2 (Ec
DL) ̂4

Y(5)
̂4
Hd + gE

3 (τcL)3′ 
Y(4)

3′ 
Hd

𝒲ν = gHu(NcL)1 + Λ (NcNc)2
Y(2)

2

𝒲u = gu
1 (Uc

DQD) ̂4
Y(3)

̂4
Hu + gu

2 (tcQD)2
Y(6)

2 Hu + gu
3 (tcQ3)1

Y(6)
1 Hu

𝒲d = gd
1 (Dc

DQD)1
Y(6)

1 Hd + gd
2 (Dc

DQD)1′ 
Y(6)

1′ 
Hd + gd

3 (Dc
DQD)2

Y(6)
2 Hd + gd

4 (Dc
DQ3)2

Y(6)
2 Hd + gd

5 (bcQ3)1
Hd

neutrinos

charged leptons

up - quarks

down - quarks
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The Lagrangian of the model contains the most general superpotential with all possible singlets 
under 2O built with the modular forms organized in various multiplets of different weights

Each term multiplied by an unknown real (gCP invariance) parameter
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The Lagrangian of the model contains the most general superpotential with all possible singlets 
under 2O built with the modular forms organized in various multiplets of different weights

Light neutrino mass matrix is derived by the seesaw formula

Each term multiplied by an unknown real (gCP invariance) parameter
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The Lagrangian of the model contains the most general superpotential with all possible singlets 
under 2O built with the modular forms organized in various multiplets of different weights

Light neutrino mass matrix is derived by the seesaw formula

Each term multiplied by an unknown real (gCP invariance) parameter

e model contains 14 unknowns

Minimal model in the modular form literature (before arXiv:2506.19822)

𝒲E = gE
1 (Ec

DL) ̂2 ′ 
Y(5)

̂2 ′ 
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2 (Ec
DL) ̂4
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̂4
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Y(4)
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2
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Y(3)
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Quark sector 
8 real parametersLepton sector 

4 real parameters

e modulus  
2 real parameters 

τ
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Experimental inputs and model parameters
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Experimental inputs and model parameters

Model should satisfy 18 experimental constraints (only Normal Ordering of neutrino masses allowed)

charged fermion masses and quark mixing 
parameters extrapolated to the GUT scale

8 for leptons{
<latexit sha1_base64="9KlUXXisyadYJoiR5tSLeqaZDKI="></latexit>

Oi =






sin
2 ω12, sin

2 ω23, sin
2 ω13 i = 1, 2, 3 ε mixing,

ϑm2,!m2 i = 4, 5 ε masses,
reµ, rµω ,mω i = 6, 7, 8 charged lepton masses,
ωq12, ω

q
23, ω

q
13, ϑ

q
CP i = 9, 10, 11, 12 quark mixing,

ruc, rct, rds, rsb,mt,mb i = 13, . . . , 18 quark masses.
10 for quarks{

S. Antusch et al., J. High Energy Phys. 03 (2005) 024


S. Antusch and V. Maurer, J. High Energy Phys. 11 (2013) 115.
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Experimental inputs and model parameters

e Lagrangian of the model contains 14 real parameters, 6 for leptons, 10 for quarks, with  in commonτ

<latexit sha1_base64="XhND50X5oVz4QaRf5i1tp8e/gOc="></latexit>

Pleptons = (ω, gE1 vd,
gE2
gE1

,
gE3
gE1

,
g vu→
!
) ,

Pquarks = (ω, gu1 vu,
gu2
gu1

,
gu3
gu1

, gd1 vd,
gd2
gd1

,
gd3
gd1

,
gd4
gd1

,
gd5
gd1

)

Model should satisfy 18 experimental constraints (only Normal Ordering of neutrino masses allowed)

charged fermion masses and quark mixing 
parameters extrapolated to the GUT scale

8 for leptons{
<latexit sha1_base64="9KlUXXisyadYJoiR5tSLeqaZDKI="></latexit>

Oi =






sin
2 ω12, sin

2 ω23, sin
2 ω13 i = 1, 2, 3 ε mixing,

ϑm2,!m2 i = 4, 5 ε masses,
reµ, rµω ,mω i = 6, 7, 8 charged lepton masses,
ωq12, ω

q
23, ω

q
13, ϑ

q
CP i = 9, 10, 11, 12 quark mixing,

ruc, rct, rds, rsb,mt,mb i = 13, . . . , 18 quark masses.
10 for quarks{

S. Antusch et al., J. High Energy Phys. 03 (2005) 024


S. Antusch and V. Maurer, J. High Energy Phys. 11 (2013) 115.
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Complete correlations matrix
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Observables show a more complex and rich pattern 
of correlations in this case, , than in 
the two previous cases, 

Ndof = 4 > 0
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In most of the cases, correlations seem to be 
governed by the modulus τ

Interesting case of the  pair, for which the 
correlation is ~1 and is not related to 
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Correlations between Parameters
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As for the other two other examples, significant 
correlations among parameters naturally arise due 
to symmetry-imposed structure of the theory

Correlations between Parameters
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As for the other two other examples, significant 
correlations among parameters naturally arise due 
to symmetry-imposed structure of the theory

Apparently, there is not a significant difference 
with respect to the case of overfitting models

Correlations between Parameters
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-0.00 -0.03 -0.00 0.00 0.00 0.00 -0.00 1.00 0.00 -0.00 0.00 -0.00 0.00 0.00 0.00 -0.01 0.01 0.00

-0.10 0.22 0.01 -0.01 0.01 -0.00 0.00 0.00 1.00 -0.02 0.05 0.03 0.07 -0.00 -0.01 -0.04 0.00 0.01

-0.07 0.09 0.01 -0.02 0.01 -0.00 0.00 -0.00 -0.02 1.00 0.01 0.03 -0.02 0.01 -0.00 0.03 -0.00 -0.01

0.05 -0.10 0.00 0.02 -0.00 -0.00 0.00 0.00 0.05 0.01 1.00 -0.00 0.01 -0.02 0.01 0.01 0.00 -0.01

0.16 -0.39 -0.02 0.03 -0.03 0.00 -0.00 -0.00 0.03 0.03 -0.00 1.00 0.02 -0.01 0.01 -0.06 -0.01 0.02

0.02 -0.01 0.00 0.00 -0.01 0.00 -0.01 0.00 0.07 -0.02 0.01 0.02 1.00 0.06 0.01 0.05 0.00 -0.01

-0.00 0.01 0.00 -0.00 0.01 0.00 -0.00 0.00 -0.00 0.01 -0.02 -0.01 0.06 1.00 -0.00 -0.01 0.00 0.00

-0.03 0.02 0.00 -0.01 -0.00 -0.00 0.00 0.00 -0.01 -0.00 0.01 0.01 0.01 -0.00 1.00 0.00 0.01 -0.00

0.21 -0.22 -0.06 0.06 -0.02 -0.00 0.01 -0.01 -0.04 0.03 0.01 -0.06 0.05 -0.01 0.00 1.00 0.01 0.02

0.00 -0.01 -0.00 -0.00 0.01 0.00 -0.00 0.01 0.00 -0.00 0.00 -0.01 0.00 0.00 0.01 0.01 1.00 -0.00

-0.03 0.04 0.01 -0.01 0.00 -0.00 0.00 0.00 0.01 -0.01 -0.01 0.02 -0.01 0.00 -0.00 0.02 -0.00 1.00

°1.00

°0.75

°0.50

°0.25

0.00

0.25

0.50

0.75

1.00

<latexit sha1_base64="nPqY3Yz6Tl0IRwbDw9+7iK0Yxpk=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3biSKvYB7VAyaaYNzUyG5I5ahn6NG3/FjYuKiDs/xbQdfLQeCBzOOZebe7xIcA22/WEtLC4tr6xm1rLrG5tb27md3ZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd61+M/fodU5rL8BYGEXMD0g25zykBI7Vzpat20gL2AIn09HCIS/hbiIgyQuuGd3tAlJL3P1ZH+uOs3c7l7YI9AZ4nTkryKEWlnRu1OpLGAQuBCqJ107EjcBOigFPBhtlWrFlEaJ90WdPQkARMu8nkzCE+NEoH+1KZFwKeqL8nEhJoPQg8kwwI9PSsNxb/85ox+GduwsMoBhbS6SI/FhgkHneGO1wxCmJgCKGKm79i2iOKUDDNZk0JzuzJ86R2XHCKheL1Sb58ntaRQfvoAB0hB52iMrpEFVRFFD2iZzRCr9aT9WK9We/T6IKVzuyhP7A+vwBGyKbh</latexit>

Nobs = Npar → Ndof = 0
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∞
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1.00 0.36 -0.01 -0.30 0.01 0.03 0.30 -0.26 -0.16 -0.21 -0.30 -0.05 0.09 0.25 -0.03 -0.00 0.70 -0.57 0.16 -0.28 -0.29 0.06 0.10 -0.20 -0.06 0.31 0.12 0.23

0.36 1.00 -0.03 -0.94 0.01 -0.02 0.67 -0.81 -0.49 -0.67 -0.72 -0.11 0.01 0.94 -0.04 -0.01 0.71 0.03 -0.32 0.27 -0.55 0.08 0.29 -0.26 -0.20 0.81 0.45 0.72

-0.01 -0.03 1.00 -0.23 0.00 0.02 -0.03 0.02 0.01 0.01 0.02 -0.01 -0.02 -0.03 0.02 0.00 -0.01 -0.01 0.01 -0.00 0.01 -0.00 -0.00 -0.01 0.02 -0.02 -0.00 -0.03

-0.30 -0.94 -0.23 1.00 -0.00 0.06 -0.63 0.76 0.46 0.64 0.67 0.11 -0.04 -0.89 0.04 0.01 -0.65 -0.05 0.31 -0.28 0.51 -0.08 -0.27 0.24 0.20 -0.76 -0.43 -0.68

0.01 0.01 0.00 -0.00 1.00 -0.05 0.02 0.02 0.00 0.01 -0.04 -0.00 -0.11 0.01 -0.01 0.00 0.02 -0.01 -0.00 -0.01 -0.00 0.00 0.01 0.00 -0.01 0.01 -0.01 0.02

0.03 -0.02 0.02 0.06 -0.05 1.00 0.04 -0.07 0.07 0.08 -0.15 -0.05 -0.87 -0.06 0.00 -0.00 0.00 -0.02 0.02 -0.02 -0.00 -0.01 -0.00 -0.01 0.01 -0.01 -0.01 -0.01

0.30 0.67 -0.03 -0.63 0.02 0.04 1.00 -0.14 0.25 -0.46 -0.51 -0.09 0.22 0.63 -0.02 -0.02 0.49 -0.01 -0.19 0.15 -0.38 0.06 0.19 -0.18 -0.14 0.54 0.30 0.48

-0.26 -0.81 0.02 0.76 0.02 -0.07 -0.14 1.00 0.86 0.53 0.59 0.07 0.27 -0.76 0.04 0.00 -0.56 -0.04 0.27 -0.24 0.44 -0.06 -0.24 0.21 0.16 -0.65 -0.37 -0.58

-0.16 -0.49 0.01 0.46 0.00 0.07 0.25 0.86 1.00 0.31 0.32 0.02 0.24 -0.45 0.03 -0.00 -0.34 -0.02 0.16 -0.15 0.26 -0.04 -0.15 0.13 0.09 -0.39 -0.23 -0.34

-0.21 -0.67 0.01 0.64 0.01 0.08 -0.46 0.53 0.31 1.00 0.03 0.76 -0.05 -0.60 0.03 0.01 -0.46 -0.04 0.23 -0.20 0.37 -0.05 -0.20 0.17 0.13 -0.55 -0.31 -0.49

-0.30 -0.72 0.02 0.67 -0.04 -0.15 -0.51 0.59 0.32 0.03 1.00 -0.51 0.11 -0.71 0.03 0.01 -0.53 0.00 0.22 -0.18 0.40 -0.06 -0.20 0.19 0.14 -0.58 -0.33 -0.52

-0.05 -0.11 -0.01 0.11 -0.00 -0.05 -0.09 0.07 0.02 0.76 -0.51 1.00 0.07 -0.03 0.01 0.00 -0.08 0.01 0.03 -0.01 0.06 -0.01 -0.04 0.03 0.02 -0.09 -0.05 -0.08

0.09 0.01 -0.02 -0.04 -0.11 -0.87 0.22 0.27 0.24 -0.05 0.11 0.07 1.00 0.04 0.01 -0.01 0.05 -0.06 0.02 -0.04 -0.01 0.01 -0.00 -0.00 -0.01 0.01 -0.00 0.01

0.25 0.94 -0.03 -0.89 0.01 -0.06 0.63 -0.76 -0.45 -0.60 -0.71 -0.03 0.04 1.00 -0.04 -0.02 0.62 0.09 -0.33 0.30 -0.51 0.07 0.27 -0.24 -0.19 0.76 0.44 0.68

-0.03 -0.04 0.02 0.04 -0.01 0.00 -0.02 0.04 0.03 0.03 0.03 0.01 0.01 -0.04 1.00 -0.48 -0.03 0.01 -0.00 -0.00 0.02 -0.02 -0.00 -0.00 0.01 -0.04 -0.02 -0.02

-0.00 -0.01 0.00 0.01 0.00 -0.00 -0.02 0.00 -0.00 0.01 0.01 0.00 -0.01 -0.02 -0.48 1.00 -0.01 -0.01 0.00 -0.00 0.02 0.02 -0.00 0.02 -0.01 -0.01 -0.01 -0.01

0.70 0.71 -0.01 -0.65 0.02 0.00 0.49 -0.56 -0.34 -0.46 -0.53 -0.08 0.05 0.62 -0.03 -0.01 1.00 -0.61 -0.09 0.07 -0.40 0.07 0.21 -0.33 -0.03 0.53 0.39 0.43

-0.57 0.03 -0.01 -0.05 -0.01 -0.02 -0.01 -0.04 -0.02 -0.04 0.00 0.01 -0.06 0.09 0.01 -0.01 -0.61 1.00 -0.24 0.24 0.02 -0.01 0.01 -0.07 -0.02 0.02 -0.03 0.09

0.16 -0.32 0.01 0.31 -0.00 0.02 -0.19 0.27 0.16 0.23 0.22 0.03 0.02 -0.33 -0.00 0.00 -0.09 -0.24 1.00 0.26 0.37 -0.03 -0.09 0.07 0.09 -0.45 -0.00 -0.33

-0.28 0.27 -0.00 -0.28 -0.01 -0.02 0.15 -0.24 -0.15 -0.20 -0.18 -0.01 -0.04 0.30 -0.00 -0.00 0.07 0.24 0.26 1.00 -0.04 0.01 0.09 -0.05 -0.09 0.08 0.19 0.20

-0.29 -0.55 0.01 0.51 -0.00 -0.00 -0.38 0.44 0.26 0.37 0.40 0.06 -0.01 -0.51 0.02 0.02 -0.40 0.02 0.37 -0.04 1.00 -0.05 -0.16 0.15 0.09 -0.45 -0.27 -0.38

0.06 0.08 -0.00 -0.08 0.00 -0.01 0.06 -0.06 -0.04 -0.05 -0.06 -0.01 0.01 0.07 -0.02 0.02 0.07 -0.01 -0.03 0.01 -0.05 1.00 -0.25 -0.02 -0.01 0.07 0.04 0.06

0.10 0.29 -0.00 -0.27 0.01 -0.00 0.19 -0.24 -0.15 -0.20 -0.20 -0.04 -0.00 0.27 -0.00 -0.00 0.21 0.01 -0.09 0.09 -0.16 -0.25 1.00 -0.07 -0.06 0.23 0.13 0.21

-0.20 -0.26 -0.01 0.24 0.00 -0.01 -0.18 0.21 0.13 0.17 0.19 0.03 -0.00 -0.24 -0.00 0.02 -0.33 -0.07 0.07 -0.05 0.15 -0.02 -0.07 1.00 -0.81 -0.10 -0.64 0.13

-0.06 -0.20 0.02 0.20 -0.01 0.01 -0.14 0.16 0.09 0.13 0.14 0.02 -0.01 -0.19 0.01 -0.01 -0.03 -0.02 0.09 -0.09 0.09 -0.01 -0.06 -0.81 1.00 -0.22 0.54 -0.50

0.31 0.81 -0.02 -0.76 0.01 -0.01 0.54 -0.65 -0.39 -0.55 -0.58 -0.09 0.01 0.76 -0.04 -0.01 0.53 0.02 -0.45 0.08 -0.45 0.07 0.23 -0.10 -0.22 1.00 0.34 0.74

0.12 0.45 -0.00 -0.43 -0.01 -0.01 0.30 -0.37 -0.23 -0.31 -0.33 -0.05 -0.00 0.44 -0.02 -0.01 0.39 -0.03 -0.00 0.19 -0.27 0.04 0.13 -0.64 0.54 0.34 1.00 -0.10

0.23 0.72 -0.03 -0.68 0.02 -0.01 0.48 -0.58 -0.34 -0.49 -0.52 -0.08 0.01 0.68 -0.02 -0.01 0.43 0.09 -0.33 0.20 -0.38 0.06 0.21 0.13 -0.50 0.74 -0.10 1.00
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1.00 0.01 -0.01 -0.00 0.01 -0.00 -0.00 0.01 0.00 0.00 -0.01 0.01 -0.00 -0.00 0.00 -0.02 -0.01 -0.01

0.01 1.00 0.03 0.00 0.00 -0.01 0.03 0.00 0.02 -0.00 0.01 -0.01 -0.01 -0.02 -0.02 0.00 -0.00 0.01

-0.01 0.03 1.00 0.00 0.00 -0.00 -0.01 -0.01 -0.01 0.01 -0.01 -0.00 0.01 -0.00 -0.01 -0.00 0.00 0.01

-0.00 0.00 0.00 1.00 0.00 -0.00 0.01 0.01 -0.01 0.00 0.01 -0.00 0.00 0.01 -0.01 0.01 0.01 -0.01

0.01 0.00 0.00 0.00 1.00 0.00 0.00 -0.01 -0.01 -0.00 -0.00 0.01 0.00 -0.00 0.00 0.01 -0.00 -0.00

-0.00 -0.01 -0.00 -0.00 0.00 1.00 0.02 0.01 0.01 -0.01 -0.01 0.00 0.01 0.01 0.01 0.01 0.00 0.00

-0.00 0.03 -0.01 0.01 0.00 0.02 1.00 0.01 0.01 0.00 -0.00 0.01 0.00 0.01 -0.00 0.00 0.00 -0.00

0.01 0.00 -0.01 0.01 -0.01 0.01 0.01 1.00 -0.00 -0.01 -0.00 -0.00 0.00 -0.02 -0.00 -0.00 0.00 0.00

0.00 0.02 -0.01 -0.01 -0.01 0.01 0.01 -0.00 1.00 -0.02 0.01 -0.02 0.01 -0.03 -0.03 -0.02 -0.01 0.01

0.00 -0.00 0.01 0.00 -0.00 -0.01 0.00 -0.01 -0.02 1.00 0.01 -0.00 0.00 -0.01 -0.01 0.01 -0.01 0.01

-0.01 0.01 -0.01 0.01 -0.00 -0.01 -0.00 -0.00 0.01 0.01 1.00 -0.00 0.00 0.01 0.00 0.00 -0.00 0.00

0.01 -0.01 -0.00 -0.00 0.01 0.00 0.01 -0.00 -0.02 -0.00 -0.00 1.00 0.00 0.01 -0.01 -0.00 -0.00 -0.00

-0.00 -0.01 0.01 0.00 0.00 0.01 0.00 0.00 0.01 0.00 0.00 0.00 1.00 0.00 0.01 0.00 0.01 -0.00

-0.00 -0.02 -0.00 0.01 -0.00 0.01 0.01 -0.02 -0.03 -0.01 0.01 0.01 0.00 1.00 0.09 -0.02 -0.07 0.01

0.00 -0.02 -0.01 -0.01 0.00 0.01 -0.00 -0.00 -0.03 -0.01 0.00 -0.01 0.01 0.09 1.00 0.00 0.02 0.00

-0.02 0.00 -0.00 0.01 0.01 0.01 0.00 -0.00 -0.02 0.01 0.00 -0.00 0.00 -0.02 0.00 1.00 -0.00 0.01

-0.01 -0.00 0.00 0.01 -0.00 0.00 0.00 0.00 -0.01 -0.01 -0.00 -0.00 0.01 -0.07 0.02 -0.00 1.00 0.00

-0.01 0.01 0.01 -0.01 -0.00 0.00 -0.00 0.00 0.01 0.01 0.00 -0.00 -0.00 0.01 0.00 0.01 0.00 1.00
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<latexit sha1_base64="GBiQugdo8U/ZBG/850qKyQIhOX4=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi1YVC0Y0rqWIf0Cklk2ba0MxkSO6oZejXuPFX3LioiLjzU8y0xUf1QOBwzrnc3ONFgmuw7XcrMze/sLiUXc6trK6tb+Q3t2paxoqyKpVCqoZHNBM8ZFXgIFgjUowEnmB1r3+e+vVbpjSX4Q0MItYKSDfkPqcEjNTOn162ExfYPSTS08MhPsFfQkSUEdxr3u0BUUrefVsd6adZu50v2EV7DPyXOFNSQFNU2vmR25E0DlgIVBCtm44dQSshCjgVbJhzY80iQvuky5qGhiRgupWMzxziPaN0sC+VeSHgsfpzIiGB1oPAM8mAQE/Peqn4n9eMwT9uJTyMYmAhnSzyY4FB4rQz3OGKURADQwhV3PwV0x5RhIJpNmdKcGZP/ktqB0WnVCxdHRbKZ9M6smgH7aJ95KAjVEYXqIKqiKIH9IRG6MV6tJ6tV+ttEs1Y05lt9AvWxydDkqbf</latexit>

Nobs < Npar → Ndof < 0
Param

eters
O

bservables



25
Re(· ) Im(· ) gE1 vd gE2 /g

E
1 gE3 /g

E
1

gDvuÔ
�

gu1vu gu2/g
u
1 gu3/g

u
1 gd1vd gd2/g

d
1 gd3/g

d
1 gd4/g

d
1 gd5/g

d
1

Re
(·

)
Im

(·
)

gE 1
v d

gE 2
/g

E 1
gE 3
/g

E 1
gD

v u
Ô

�
gu 1v

u
gu 2/

gu 1
gu 3/

gu 1
gd 1v

d
gd 2/

gd 1
gd 3/

gd 1
gd 4/

gd 1
gd 5/

gd 1

1.00 0.77 0.30 0.64 0.13 -0.89 0.02 -0.04 0.29 0.31 0.43 0.29 0.56 0.14

0.77 1.00 0.42 0.56 0.12 -0.78 0.03 -0.01 0.28 0.43 0.30 0.18 0.78 0.18

0.30 0.42 1.00 0.22 -0.70 -0.31 0.01 0.00 0.12 0.19 0.12 0.07 0.33 0.07

0.64 0.56 0.22 1.00 0.09 -0.59 0.01 -0.02 0.19 0.23 0.27 0.18 0.42 0.10

0.13 0.12 -0.70 0.09 1.00 -0.12 0.01 -0.01 0.03 0.04 0.05 0.04 0.10 0.02

-0.89 -0.78 -0.31 -0.59 -0.12 1.00 -0.02 0.03 -0.27 -0.32 -0.38 -0.25 -0.58 -0.14

0.02 0.03 0.01 0.01 0.01 -0.02 1.00 -0.86 -0.56 0.02 0.01 0.00 0.03 0.00

-0.04 -0.01 0.00 -0.02 -0.01 0.03 -0.86 1.00 0.66 -0.01 -0.02 -0.01 -0.01 -0.00

0.29 0.28 0.12 0.19 0.03 -0.27 -0.56 0.66 1.00 0.08 0.32 0.14 0.13 0.04

0.31 0.43 0.19 0.23 0.04 -0.32 0.02 -0.01 0.08 1.00 -0.02 -0.07 0.31 0.07

0.43 0.30 0.12 0.27 0.05 -0.38 0.01 -0.02 0.32 -0.02 1.00 0.70 0.21 0.06

0.29 0.18 0.07 0.18 0.04 -0.25 0.00 -0.01 0.14 -0.07 0.70 1.00 0.55 0.15

0.56 0.78 0.33 0.42 0.10 -0.58 0.03 -0.01 0.13 0.31 0.21 0.55 1.00 0.21

0.14 0.18 0.07 0.10 0.02 -0.14 0.00 -0.00 0.04 0.07 0.06 0.15 0.21 1.00
≠1.00

≠0.75

≠0.50

≠0.25

0.00

0.25

0.50

0.75

1.00

sin2 µ12 sin2 µ23 sin2 µ13 ±m2 ¢m2 reµ rµø mø µq
12 µq

23 µq
13 ±q

CP
ruc rct rds rsb mt mb

si
n2

µ 1
2

si
n2

µ 2
3

si
n2

µ 1
3

±m
2

¢
m

2
r e

µ
r µ

ø
m

ø
µq 12

µq 23
µq 13

±q C
P

r u
c

r c
t

r d
s

r s
b

m
t

m
b

1.00 0.84 0.66 -0.46 0.22 0.00 0.00 -0.00 0.01 0.25 -0.05 -0.16 -0.09 -0.00 -0.01 -0.81 0.01 0.00

0.84 1.00 0.96 0.02 -0.01 0.01 -0.04 -0.00 0.01 0.23 -0.05 -0.16 -0.08 -0.01 -0.01 -0.75 0.01 0.00

0.66 0.96 1.00 0.26 -0.13 -0.00 0.01 -0.00 0.00 0.19 -0.05 -0.14 -0.06 -0.01 -0.01 -0.62 0.00 0.00

-0.46 0.02 0.26 1.00 0.06 -0.00 0.00 0.00 -0.00 -0.08 0.01 0.04 0.04 -0.00 0.00 0.29 -0.01 -0.00

0.22 -0.01 -0.13 0.06 1.00 -0.00 -0.00 -0.00 0.00 0.05 -0.00 -0.02 -0.02 0.00 0.00 -0.14 -0.00 0.00

0.00 0.01 -0.00 -0.00 -0.00 1.00 0.00 0.00 0.00 0.00 -0.00 -0.00 -0.00 0.00 -0.00 -0.00 0.00 -0.00

0.00 -0.04 0.01 0.00 -0.00 0.00 1.00 0.00 -0.00 -0.00 0.00 0.00 0.00 -0.01 0.00 -0.01 -0.00 0.01

-0.00 -0.00 -0.00 0.00 -0.00 0.00 0.00 1.00 0.00 0.00 -0.00 0.00 -0.00 -0.00 -0.00 0.01 -0.00 0.00

0.01 0.01 0.00 -0.00 0.00 0.00 -0.00 0.00 1.00 0.00 0.00 0.01 -0.01 0.00 0.00 0.00 0.00 -0.00

0.25 0.23 0.19 -0.08 0.05 0.00 -0.00 0.00 0.00 1.00 0.02 0.05 -0.05 0.00 0.00 0.27 -0.00 -0.00

-0.05 -0.05 -0.05 0.01 -0.00 -0.00 0.00 -0.00 0.00 0.02 1.00 -0.05 1.00 -0.01 0.00 -0.03 -0.00 -0.00

-0.16 -0.16 -0.14 0.04 -0.02 -0.00 0.00 0.00 0.01 0.05 -0.05 1.00 -0.00 0.01 -0.00 -0.07 -0.00 -0.01

-0.09 -0.08 -0.06 0.04 -0.02 -0.00 0.00 -0.00 -0.01 -0.05 1.00 -0.00 1.00 -0.01 0.01 -0.04 -0.00 -0.00

-0.00 -0.01 -0.01 -0.00 0.00 0.00 -0.01 -0.00 0.00 0.00 -0.01 0.01 -0.01 1.00 -0.00 0.00 -0.00 0.00

-0.01 -0.01 -0.01 0.00 0.00 -0.00 0.00 -0.00 0.00 0.00 0.00 -0.00 0.01 -0.00 1.00 0.01 -0.01 -0.00

-0.81 -0.75 -0.62 0.29 -0.14 -0.00 -0.01 0.01 0.00 0.27 -0.03 -0.07 -0.04 0.00 0.01 1.00 -0.01 -0.00

0.01 0.01 0.00 -0.01 -0.00 0.00 -0.00 -0.00 0.00 -0.00 -0.00 -0.00 -0.00 -0.00 -0.01 -0.01 1.00 -0.00

0.00 0.00 0.00 -0.00 0.00 -0.00 0.01 0.00 -0.00 -0.00 -0.00 -0.01 -0.00 0.00 -0.00 -0.00 -0.00 1.00
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°0.75
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<latexit sha1_base64="vcu1zWWgoR9qniWjlrrqyg4R3rY=">AAACJnicbVDLSgMxFM3UV62vqks3wSK4KjMi1Y1SdONKqtgHdErJpJk2NDMZkjtqGfo1bvwVNy4qIu78FDNt8VE9EDiccy4393iR4Bps+93KzM0vLC5ll3Mrq2vrG/nNrZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd65+nfv2WKc1leAODiLUC0g25zykBI7XzJ5ftxAV2D4n09HCIT/GXEBFlBPead3tAlJJ331ZH+mnWbucLdtEeA/8lzpQU0BSVdn7kdiSNAxYCFUTrpmNH0EqIAk4FG+bcWLOI0D7psqahIQmYbiXjM4d4zygd7EtlXgh4rP6cSEig9SDwTDIg0NOzXir+5zVj8I9bCQ+jGFhIJ4v8WGCQOO0Md7hiFMTAEEIVN3/FtEcUoWCazZkSnNmT/5LaQdEpFUtXh4Xy2bSOLNpBu2gfOegIldEFqqAqougBPaERerEerWfr1XqbRDPWdGYb/YL18QlJ/qbj</latexit>

Nobs > Npar → Ndof > 0

Reø Imø e13 e23 l13 l23 cE3,L3 cL3 c∫33 cl33 u13 u23 d13 d23 cu3q3 q13 q23 cd3q3
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e ø
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c l
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u
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u
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d 1
3
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3

c u
3q

3
q 1

3
q 2

3
c d

3q
3

1.00 -0.08 0.26 0.08 -0.63 -0.75 0.12 0.69 -0.19 0.05 0.11 0.10 0.40 0.26 -0.02 -0.23 -0.55 -0.27

-0.08 1.00 -0.05 -0.10 0.79 0.18 -0.15 -0.72 0.21 0.18 0.03 0.30 0.23 0.08 -0.56 0.59 0.79 -0.77

0.26 -0.05 1.00 0.97 -0.18 -0.22 -0.90 0.20 0.87 0.02 0.03 0.02 0.09 0.07 0.01 -0.07 -0.16 -0.05

0.08 -0.10 0.97 1.00 -0.14 -0.06 -0.93 0.12 0.91 0.03 0.02 -0.02 0.01 0.01 0.05 -0.07 -0.12 0.05

-0.63 0.79 -0.18 -0.14 1.00 0.58 -0.19 -0.97 0.27 -0.02 -0.04 0.17 -0.05 -0.08 -0.40 0.57 0.90 -0.42

-0.75 0.18 -0.22 -0.06 0.58 1.00 -0.15 -0.73 0.20 -0.22 -0.07 -0.04 -0.27 -0.18 -0.05 0.24 0.49 0.11

0.12 -0.15 -0.90 -0.93 -0.19 -0.15 1.00 0.20 -0.98 0.00 -0.00 -0.04 0.02 0.01 0.08 -0.11 -0.17 0.08

0.69 -0.72 0.20 0.12 -0.97 -0.73 0.20 1.00 -0.28 0.05 0.05 -0.13 0.10 0.11 0.36 -0.54 -0.88 0.34

-0.19 0.21 0.87 0.91 0.27 0.20 -0.98 -0.28 1.00 -0.00 -0.00 0.04 -0.03 -0.03 -0.10 0.16 0.24 -0.10

0.05 0.18 0.02 0.03 -0.02 -0.22 0.00 0.05 -0.00 1.00 0.01 0.06 0.07 0.04 -0.10 0.09 0.11 -0.16

0.11 0.03 0.03 0.02 -0.04 -0.07 -0.00 0.05 -0.00 0.01 1.00 0.10 0.14 0.07 -0.10 -0.10 -0.05 -0.10

0.10 0.30 0.02 -0.02 0.17 -0.04 -0.04 -0.13 0.04 0.06 0.10 1.00 -0.04 0.02 -0.88 0.29 0.28 -0.19

0.40 0.23 0.09 0.01 -0.05 -0.27 0.02 0.10 -0.03 0.07 0.14 -0.04 1.00 0.45 0.00 -0.52 -0.20 -0.75

0.26 0.08 0.07 0.01 -0.08 -0.18 0.01 0.11 -0.03 0.04 0.07 0.02 0.45 1.00 -0.03 -0.26 -0.10 -0.38

-0.02 -0.56 0.01 0.05 -0.40 -0.05 0.08 0.36 -0.10 -0.10 -0.10 -0.88 0.00 -0.03 1.00 -0.46 -0.51 0.37

-0.23 0.59 -0.07 -0.07 0.57 0.24 -0.11 -0.54 0.16 0.09 -0.10 0.29 -0.52 -0.26 -0.46 1.00 0.70 -0.07

-0.55 0.79 -0.16 -0.12 0.90 0.49 -0.17 -0.88 0.24 0.11 -0.05 0.28 -0.20 -0.10 -0.51 0.70 1.00 -0.36

-0.27 -0.77 -0.05 0.05 -0.42 0.11 0.08 0.34 -0.10 -0.16 -0.10 -0.19 -0.75 -0.38 0.37 -0.07 -0.36 1.00
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1.00 0.11 0.32 -0.23 0.11 -0.01 0.00 -0.00 -0.10 -0.07 0.05 0.16 0.02 -0.00 -0.03 0.21 0.00 -0.03

0.11 1.00 0.41 -0.11 0.06 0.01 0.01 -0.03 0.22 0.09 -0.10 -0.39 -0.01 0.01 0.02 -0.22 -0.01 0.04

0.32 0.41 1.00 0.08 -0.05 -0.00 0.00 -0.00 0.01 0.01 0.00 -0.02 0.00 0.00 0.00 -0.06 -0.00 0.01

-0.23 -0.11 0.08 1.00 0.02 -0.00 -0.00 0.00 -0.01 -0.02 0.02 0.03 0.00 -0.00 -0.01 0.06 -0.00 -0.01

0.11 0.06 -0.05 0.02 1.00 -0.00 -0.00 0.00 0.01 0.01 -0.00 -0.03 -0.01 0.01 -0.00 -0.02 0.01 0.00

-0.01 0.01 -0.00 -0.00 -0.00 1.00 0.00 0.00 -0.00 -0.00 -0.00 0.00 0.00 0.00 -0.00 -0.00 0.00 -0.00

0.00 0.01 0.00 -0.00 -0.00 0.00 1.00 -0.00 0.00 0.00 0.00 -0.00 -0.01 -0.00 0.00 0.01 -0.00 0.00

-0.00 -0.03 -0.00 0.00 0.00 0.00 -0.00 1.00 0.00 -0.00 0.00 -0.00 0.00 0.00 0.00 -0.01 0.01 0.00

-0.10 0.22 0.01 -0.01 0.01 -0.00 0.00 0.00 1.00 -0.02 0.05 0.03 0.07 -0.00 -0.01 -0.04 0.00 0.01

-0.07 0.09 0.01 -0.02 0.01 -0.00 0.00 -0.00 -0.02 1.00 0.01 0.03 -0.02 0.01 -0.00 0.03 -0.00 -0.01

0.05 -0.10 0.00 0.02 -0.00 -0.00 0.00 0.00 0.05 0.01 1.00 -0.00 0.01 -0.02 0.01 0.01 0.00 -0.01

0.16 -0.39 -0.02 0.03 -0.03 0.00 -0.00 -0.00 0.03 0.03 -0.00 1.00 0.02 -0.01 0.01 -0.06 -0.01 0.02

0.02 -0.01 0.00 0.00 -0.01 0.00 -0.01 0.00 0.07 -0.02 0.01 0.02 1.00 0.06 0.01 0.05 0.00 -0.01

-0.00 0.01 0.00 -0.00 0.01 0.00 -0.00 0.00 -0.00 0.01 -0.02 -0.01 0.06 1.00 -0.00 -0.01 0.00 0.00

-0.03 0.02 0.00 -0.01 -0.00 -0.00 0.00 0.00 -0.01 -0.00 0.01 0.01 0.01 -0.00 1.00 0.00 0.01 -0.00

0.21 -0.22 -0.06 0.06 -0.02 -0.00 0.01 -0.01 -0.04 0.03 0.01 -0.06 0.05 -0.01 0.00 1.00 0.01 0.02

0.00 -0.01 -0.00 -0.00 0.01 0.00 -0.00 0.01 0.00 -0.00 0.00 -0.01 0.00 0.00 0.01 0.01 1.00 -0.00

-0.03 0.04 0.01 -0.01 0.00 -0.00 0.00 0.00 0.01 -0.01 -0.01 0.02 -0.01 0.00 -0.00 0.02 -0.00 1.00
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<latexit sha1_base64="nPqY3Yz6Tl0IRwbDw9+7iK0Yxpk=">AAACJnicbVDLSgMxFM34rPVVdekmWARXZUakuikU3biSKvYB7VAyaaYNzUyG5I5ahn6NG3/FjYuKiDs/xbQdfLQeCBzOOZebe7xIcA22/WEtLC4tr6xm1rLrG5tb27md3ZqWsaKsSqWQquERzQQPWRU4CNaIFCOBJ1jd61+M/fodU5rL8BYGEXMD0g25zykBI7Vzpat20gL2AIn09HCIS/hbiIgyQuuGd3tAlJL3P1ZH+uOs3c7l7YI9AZ4nTkryKEWlnRu1OpLGAQuBCqJ107EjcBOigFPBhtlWrFlEaJ90WdPQkARMu8nkzCE+NEoH+1KZFwKeqL8nEhJoPQg8kwwI9PSsNxb/85ox+GduwsMoBhbS6SI/FhgkHneGO1wxCmJgCKGKm79i2iOKUDDNZk0JzuzJ86R2XHCKheL1Sb58ntaRQfvoAB0hB52iMrpEFVRFFD2iZzRCr9aT9WK9We/T6IKVzuyhP7A+vwBGyKbh</latexit>

Nobs = Npar → Ndof = 0
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Ø
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Ø
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Æ
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Ø
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∞
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1.00 0.36 -0.01 -0.30 0.01 0.03 0.30 -0.26 -0.16 -0.21 -0.30 -0.05 0.09 0.25 -0.03 -0.00 0.70 -0.57 0.16 -0.28 -0.29 0.06 0.10 -0.20 -0.06 0.31 0.12 0.23

0.36 1.00 -0.03 -0.94 0.01 -0.02 0.67 -0.81 -0.49 -0.67 -0.72 -0.11 0.01 0.94 -0.04 -0.01 0.71 0.03 -0.32 0.27 -0.55 0.08 0.29 -0.26 -0.20 0.81 0.45 0.72

-0.01 -0.03 1.00 -0.23 0.00 0.02 -0.03 0.02 0.01 0.01 0.02 -0.01 -0.02 -0.03 0.02 0.00 -0.01 -0.01 0.01 -0.00 0.01 -0.00 -0.00 -0.01 0.02 -0.02 -0.00 -0.03

-0.30 -0.94 -0.23 1.00 -0.00 0.06 -0.63 0.76 0.46 0.64 0.67 0.11 -0.04 -0.89 0.04 0.01 -0.65 -0.05 0.31 -0.28 0.51 -0.08 -0.27 0.24 0.20 -0.76 -0.43 -0.68

0.01 0.01 0.00 -0.00 1.00 -0.05 0.02 0.02 0.00 0.01 -0.04 -0.00 -0.11 0.01 -0.01 0.00 0.02 -0.01 -0.00 -0.01 -0.00 0.00 0.01 0.00 -0.01 0.01 -0.01 0.02

0.03 -0.02 0.02 0.06 -0.05 1.00 0.04 -0.07 0.07 0.08 -0.15 -0.05 -0.87 -0.06 0.00 -0.00 0.00 -0.02 0.02 -0.02 -0.00 -0.01 -0.00 -0.01 0.01 -0.01 -0.01 -0.01

0.30 0.67 -0.03 -0.63 0.02 0.04 1.00 -0.14 0.25 -0.46 -0.51 -0.09 0.22 0.63 -0.02 -0.02 0.49 -0.01 -0.19 0.15 -0.38 0.06 0.19 -0.18 -0.14 0.54 0.30 0.48

-0.26 -0.81 0.02 0.76 0.02 -0.07 -0.14 1.00 0.86 0.53 0.59 0.07 0.27 -0.76 0.04 0.00 -0.56 -0.04 0.27 -0.24 0.44 -0.06 -0.24 0.21 0.16 -0.65 -0.37 -0.58

-0.16 -0.49 0.01 0.46 0.00 0.07 0.25 0.86 1.00 0.31 0.32 0.02 0.24 -0.45 0.03 -0.00 -0.34 -0.02 0.16 -0.15 0.26 -0.04 -0.15 0.13 0.09 -0.39 -0.23 -0.34

-0.21 -0.67 0.01 0.64 0.01 0.08 -0.46 0.53 0.31 1.00 0.03 0.76 -0.05 -0.60 0.03 0.01 -0.46 -0.04 0.23 -0.20 0.37 -0.05 -0.20 0.17 0.13 -0.55 -0.31 -0.49

-0.30 -0.72 0.02 0.67 -0.04 -0.15 -0.51 0.59 0.32 0.03 1.00 -0.51 0.11 -0.71 0.03 0.01 -0.53 0.00 0.22 -0.18 0.40 -0.06 -0.20 0.19 0.14 -0.58 -0.33 -0.52

-0.05 -0.11 -0.01 0.11 -0.00 -0.05 -0.09 0.07 0.02 0.76 -0.51 1.00 0.07 -0.03 0.01 0.00 -0.08 0.01 0.03 -0.01 0.06 -0.01 -0.04 0.03 0.02 -0.09 -0.05 -0.08

0.09 0.01 -0.02 -0.04 -0.11 -0.87 0.22 0.27 0.24 -0.05 0.11 0.07 1.00 0.04 0.01 -0.01 0.05 -0.06 0.02 -0.04 -0.01 0.01 -0.00 -0.00 -0.01 0.01 -0.00 0.01

0.25 0.94 -0.03 -0.89 0.01 -0.06 0.63 -0.76 -0.45 -0.60 -0.71 -0.03 0.04 1.00 -0.04 -0.02 0.62 0.09 -0.33 0.30 -0.51 0.07 0.27 -0.24 -0.19 0.76 0.44 0.68

-0.03 -0.04 0.02 0.04 -0.01 0.00 -0.02 0.04 0.03 0.03 0.03 0.01 0.01 -0.04 1.00 -0.48 -0.03 0.01 -0.00 -0.00 0.02 -0.02 -0.00 -0.00 0.01 -0.04 -0.02 -0.02

-0.00 -0.01 0.00 0.01 0.00 -0.00 -0.02 0.00 -0.00 0.01 0.01 0.00 -0.01 -0.02 -0.48 1.00 -0.01 -0.01 0.00 -0.00 0.02 0.02 -0.00 0.02 -0.01 -0.01 -0.01 -0.01

0.70 0.71 -0.01 -0.65 0.02 0.00 0.49 -0.56 -0.34 -0.46 -0.53 -0.08 0.05 0.62 -0.03 -0.01 1.00 -0.61 -0.09 0.07 -0.40 0.07 0.21 -0.33 -0.03 0.53 0.39 0.43

-0.57 0.03 -0.01 -0.05 -0.01 -0.02 -0.01 -0.04 -0.02 -0.04 0.00 0.01 -0.06 0.09 0.01 -0.01 -0.61 1.00 -0.24 0.24 0.02 -0.01 0.01 -0.07 -0.02 0.02 -0.03 0.09

0.16 -0.32 0.01 0.31 -0.00 0.02 -0.19 0.27 0.16 0.23 0.22 0.03 0.02 -0.33 -0.00 0.00 -0.09 -0.24 1.00 0.26 0.37 -0.03 -0.09 0.07 0.09 -0.45 -0.00 -0.33

-0.28 0.27 -0.00 -0.28 -0.01 -0.02 0.15 -0.24 -0.15 -0.20 -0.18 -0.01 -0.04 0.30 -0.00 -0.00 0.07 0.24 0.26 1.00 -0.04 0.01 0.09 -0.05 -0.09 0.08 0.19 0.20

-0.29 -0.55 0.01 0.51 -0.00 -0.00 -0.38 0.44 0.26 0.37 0.40 0.06 -0.01 -0.51 0.02 0.02 -0.40 0.02 0.37 -0.04 1.00 -0.05 -0.16 0.15 0.09 -0.45 -0.27 -0.38

0.06 0.08 -0.00 -0.08 0.00 -0.01 0.06 -0.06 -0.04 -0.05 -0.06 -0.01 0.01 0.07 -0.02 0.02 0.07 -0.01 -0.03 0.01 -0.05 1.00 -0.25 -0.02 -0.01 0.07 0.04 0.06

0.10 0.29 -0.00 -0.27 0.01 -0.00 0.19 -0.24 -0.15 -0.20 -0.20 -0.04 -0.00 0.27 -0.00 -0.00 0.21 0.01 -0.09 0.09 -0.16 -0.25 1.00 -0.07 -0.06 0.23 0.13 0.21

-0.20 -0.26 -0.01 0.24 0.00 -0.01 -0.18 0.21 0.13 0.17 0.19 0.03 -0.00 -0.24 -0.00 0.02 -0.33 -0.07 0.07 -0.05 0.15 -0.02 -0.07 1.00 -0.81 -0.10 -0.64 0.13

-0.06 -0.20 0.02 0.20 -0.01 0.01 -0.14 0.16 0.09 0.13 0.14 0.02 -0.01 -0.19 0.01 -0.01 -0.03 -0.02 0.09 -0.09 0.09 -0.01 -0.06 -0.81 1.00 -0.22 0.54 -0.50

0.31 0.81 -0.02 -0.76 0.01 -0.01 0.54 -0.65 -0.39 -0.55 -0.58 -0.09 0.01 0.76 -0.04 -0.01 0.53 0.02 -0.45 0.08 -0.45 0.07 0.23 -0.10 -0.22 1.00 0.34 0.74

0.12 0.45 -0.00 -0.43 -0.01 -0.01 0.30 -0.37 -0.23 -0.31 -0.33 -0.05 -0.00 0.44 -0.02 -0.01 0.39 -0.03 -0.00 0.19 -0.27 0.04 0.13 -0.64 0.54 0.34 1.00 -0.10

0.23 0.72 -0.03 -0.68 0.02 -0.01 0.48 -0.58 -0.34 -0.49 -0.52 -0.08 0.01 0.68 -0.02 -0.01 0.43 0.09 -0.33 0.20 -0.38 0.06 0.21 0.13 -0.50 0.74 -0.10 1.00
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1.00 0.01 -0.01 -0.00 0.01 -0.00 -0.00 0.01 0.00 0.00 -0.01 0.01 -0.00 -0.00 0.00 -0.02 -0.01 -0.01

0.01 1.00 0.03 0.00 0.00 -0.01 0.03 0.00 0.02 -0.00 0.01 -0.01 -0.01 -0.02 -0.02 0.00 -0.00 0.01

-0.01 0.03 1.00 0.00 0.00 -0.00 -0.01 -0.01 -0.01 0.01 -0.01 -0.00 0.01 -0.00 -0.01 -0.00 0.00 0.01

-0.00 0.00 0.00 1.00 0.00 -0.00 0.01 0.01 -0.01 0.00 0.01 -0.00 0.00 0.01 -0.01 0.01 0.01 -0.01

0.01 0.00 0.00 0.00 1.00 0.00 0.00 -0.01 -0.01 -0.00 -0.00 0.01 0.00 -0.00 0.00 0.01 -0.00 -0.00

-0.00 -0.01 -0.00 -0.00 0.00 1.00 0.02 0.01 0.01 -0.01 -0.01 0.00 0.01 0.01 0.01 0.01 0.00 0.00

-0.00 0.03 -0.01 0.01 0.00 0.02 1.00 0.01 0.01 0.00 -0.00 0.01 0.00 0.01 -0.00 0.00 0.00 -0.00

0.01 0.00 -0.01 0.01 -0.01 0.01 0.01 1.00 -0.00 -0.01 -0.00 -0.00 0.00 -0.02 -0.00 -0.00 0.00 0.00

0.00 0.02 -0.01 -0.01 -0.01 0.01 0.01 -0.00 1.00 -0.02 0.01 -0.02 0.01 -0.03 -0.03 -0.02 -0.01 0.01

0.00 -0.00 0.01 0.00 -0.00 -0.01 0.00 -0.01 -0.02 1.00 0.01 -0.00 0.00 -0.01 -0.01 0.01 -0.01 0.01
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Example of correlations
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Example of correlations

For instance  model parameters most correlated to  in the two sectors→ τ
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Example of correlations

For instance  model parameters most correlated to  in the two sectors→ τ
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Example of correlations

For instance  model parameters most correlated to  in the two sectors→ τ

Leptons  (negative correlation)→
gvu

Λ
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Example of correlations

For instance  model parameters most correlated to  in the two sectors→ τ

Leptons  (negative correlation)→
gvu

Λ

Quarks  (positive correlation)→
gd

4

gd
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Example of correlations

    and  are, indeed the most (anti)correlated 

parameters among the two different sectors

gd
4

gd
1

gvu

Λ



27

We can directly verify the correlation among  
quark and lepton parameters
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Example of correlations

We trace back their anti correlation going back to their 
correlation to the real and imaginary parts of τ

    and  are, indeed the most (anti)correlated 

parameters among the two different sectors
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Correlation between Parameters and Observables
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All neutrino observables are positively 

correlated to , (in particular  

and the other two mixing angles)
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correlated to , (in particular  

and the other two mixing angles)
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Correlation between Parameters and Observables

We can presume the presence of a significant anticorrelation between  and all neutrino mixing angles rsb
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Correlations between quark and lepton observables
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Significative anticorrelation between  and rsb sin2 θ12, sin2 θ23, sin2 θ13, δCP

Correlations between quark and lepton observables
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Going back to the results of the fit 
we understand how the  tension 
on the values of  predicted by 
the model (0.344) and the measured 
one (0.303) induces a new tension 
on  in the combined fit

3σ
sin2 θ12

rsb

Overestimating  at  causes 
an underestimation of  at 

sin2 θ12 3σ
rsb ∼ 2.7σ

Correlations between quark and lepton observables
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Significative anticorrelation between  and rsb sin2 θ12, sin2 θ23, sin2 θ13, δCP

e existence of such correlations between the lepton and quark observables could be 
a strong indicator of an underlying modular flavour symmetry in particle physics

Going back to the results of the fit 
we understand how the  tension 
on the values of  predicted by 
the model (0.344) and the measured 
one (0.303) induces a new tension 
on  in the combined fit

3σ
sin2 θ12

rsb

Overestimating  at  causes 
an underestimation of  at 

sin2 θ12 3σ
rsb ∼ 2.7σ

Correlations between quark and lepton observables
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statistical tests and generate more complex correlation patterns among observables. In 
contrast, over-parameterized models (like the S3 example, where Ndof < 0) can always achieve a 
perfect fit but lack true predictive power

Correlations are a key signature. The strong correlations between model parameters, and 
more importantly, between observables (even across sectors), are not a sign of fine-tuning but a 
direct consequence of the rigid structure imposed by the modular symmetry

Future Outlook: The tension observed between the predicted value of  and its experimental value 
in the 2O model highlights how these frameworks can be concretely tested and potentially falsified by 
future precision measurements. This demonstrates that modular symmetry models are not just theoretical 
curiosities but are becoming increasingly constrained by experimental data

sin2 θ12


