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PMNS parameterization

Neutrino oscillations are described by the PMNS matrix:

𝑈𝑃𝑀𝑁𝑆

𝑐𝑖𝑗, 𝑠𝑖𝑗 ≡ cos 𝜃𝑖𝑗 , sin 𝜃𝑖𝑗

𝛿𝐶𝑃 → CP violating phase

𝛼1, 𝛼2 → Majorana phases
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Open problems:

▪ Why neutrino masses are so small?

▪ Which is the ordering of neutrino masses (NO or IO)?

▪ Which is the absolute scale of neutrino masses? 

▪ Why do neutrinos exhibit this mixing structure?

▪ Neutrinos are Dirac or Majorana?

❝SM flavor
puzzle❞

…
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U(2) and application to quarks and charged leptons

A possible solution to the problems of the SM flavor puzzle is the introduction of

FLAVOR SYMMETRIES

In our case:

𝑺𝑼(𝟑)𝑪 × 𝑺𝑼 𝟐 𝑳 × 𝑼(𝟏)𝒀 × 𝑼(𝟐)𝑭

Spontaneously broken by the 
VEVs of two flavons:

𝜙 and 𝜒.

SM
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U(2) and application to quarks and charged leptons

𝑈(2)𝐹 is locally isomorphic to  𝑆𝑈(2)𝐹 × 𝑈(1)𝐹 , under which SM fermions are charged.

The  𝑆𝑈(2)𝐹  and  𝑈(1)𝐹  quantum numbers of the fermionic representations and the 
flavon fields are:  

𝑳, 𝑸
LH lepton and 

quark doublets

𝑬, 𝑼, 𝑫    
RH electron, up 

and down quarks

3 generations for each 
representation (= 3 flavors)
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U(2) and application to quarks and charged leptons

𝑈(2)𝐹 is locally isomorphic to  𝑆𝑈(2)𝐹 × 𝑈(1)𝐹 , under which SM fermions are charged.

The  𝑆𝑈(2)𝐹  and  𝑈(1)𝐹  quantum numbers of the fermionic representations and the 
flavon fields are:  

The choice of the 𝑈(1)𝐹  charges 
for the SM fermions is the one 
that reproduces the physical 
values of masses and mixings for 
quarks and charged leptons.

Source: M. Linster, R. Ziegler. 
A realistic U(2) model of flavor – 
JHEP 08 (2018) 058

9



02

Mirko Rettaroli  -  FLASY 2025

U(2) and application to quarks and charged leptons

We have to construct the 𝑈(2)𝐹 invariant Lagrangian for the quark and charged lepton
sectors.

After inserting the flavon VEVs

𝜙 =
𝜀𝜙Λ

0
𝜒 = 𝜀𝜒Λ

(𝜀𝜙, 𝜀𝜒~ 𝒪(0.01))

=

=

=
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U(2) and application to quarks and charged leptons

Assuming that 𝜆𝑖𝑗
𝑢,𝑑 , 𝑒𝑖𝑗~ 𝒪(1), we can diagonalize the three Yukawa matrices obtaining: 

These predictions can reproduce the experimental values by taking

and𝜀𝜙 ~ 𝜆2 𝜀𝜒 ~ 𝜆2÷3

𝜆 = 0,2  is roughly the Wolfenstein parameter (≈ sin 𝜃𝑐)
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U(2) to neutrinos: the possible patterns

It follows that the Lagrangian contains a neutrino Yukawa coupling term and a 
Majorana mass term:

We will assume Majorana neutrinos.

ℒ𝜈 = 𝐿𝑇𝑌𝜈𝑁𝐻 +
1

2
𝑁𝑇𝑀𝜈𝑁 + ℎ. 𝑐.
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U(2) to neutrinos: the possible patterns

It follows that the Lagrangian contains a neutrino Yukawa coupling term and a 
Majorana mass term:

We will assume Majorana neutrinos.

RH neutrino 
(3 generations)

ℒ𝜈 = 𝐿𝑇𝑌𝜈𝑁𝐻 +
1

2
𝑁𝑇𝑀𝜈𝑁 + ℎ. 𝑐.
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U(2) to neutrinos: the possible patterns

Linster and Ziegler’s hypotheses: ▪ (𝑁1 , 𝑁2) is an 𝑆𝑈(2)𝐹  doublet

▪ 𝑁3 is a singlet

▪ 𝑈(1)𝐹 charges 𝑋𝐷  and 𝑋3 are positive

Source: M. Linster, R. Ziegler. A realistic 
U(2) model of flavor –  JHEP 08 (2018) 058

With these hypotheses we obtain:
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U(2) to neutrinos: the possible patterns

The Majorana neutrino mass matrix is obtained using the type-I see-saw mechanism:

𝒎𝝂
𝑴 = 𝓿𝟐 𝒀𝝂 𝑴𝝂

−𝟏 𝒀𝝂
𝑻

In Linster and Ziegler’s hypotheses we arrive to (neglecting 𝒪(1) coefficients):  

This structure is ruled out by the authors because it implies NO with  𝛼 =
Δ𝑚21

2

Δ𝑚31
2 ~ 𝜀8. 

16



03

Mirko Rettaroli  -  FLASY 2025

U(2) to neutrinos: the possible patterns

In our approach, there are 3 factors of arbitrariness:

Model S Model D Model T

The freedom to choose how the 3 components of 𝑁 transform under 𝑆𝑈(2)𝐹:

RH neutrinos are not SM particles, so we have total freedom in the assignment of 
the 𝑆𝑈(2)𝐹  and  𝑈(1)𝐹 quantum numbers.

1
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U(2) to neutrinos: the possible patterns

The freedom in assigning the values of the 𝑈(1)𝐹 charges:

𝜀𝜙 = 𝜀𝜒 = 𝜆2

A - Scenario

The two possible choices of 𝜀𝜙 and 𝜀𝜒:

(𝜆 = 0,2) 

Model S Model D Model T

𝑿𝟏 , 𝑿𝟐 , 𝑿𝟑 𝑿𝑫 , 𝑿𝟑 𝑿𝑻

2

3

𝜀𝜙 = 𝜆2 ,  𝜀𝜒 = 𝜆3

B - Scenario
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U(2) to neutrinos: the possible patterns

From this arbitrariness we obtain 104 different mass matrix PATTERNS, 
which differ from each other in the:

𝒂 𝝀𝟖 𝒃 𝝀𝟔 𝒄 𝝀𝟕

𝒃 𝝀𝟔 𝒅 𝝀𝟒 𝒆 𝝀𝟓

𝒄 𝝀𝟕 𝒆 𝝀𝟓 𝒇 𝝀𝟔

o powers of 𝝀 in the leading order (LO) structure

o coefficients (combinations of 𝒚𝒊𝒋 and 𝒌𝒊𝒋) 

The 104 patterns are so distributed:

• 48 for Model S

• 46 for Model D

• 10 for Model T
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U(2) to neutrinos: the possible patterns

Numerical analysis

We test whether each pattern is able to reproduce these six dimensionless low-energy 
observables:

For each pattern, we test separately for the hypothesis of NO and IO. 
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U(2) to neutrinos: the possible patterns

Parameter set:

𝑝𝑖 = {𝒆𝒊𝒋 , 𝒚𝒊𝒋 , 𝒌𝒊𝒋}

NEUTRINOSCHARGED 
LEPTONS

𝑞𝑗(𝑝𝑖)

Predicted observables:

Constraints on 𝑝𝑖:

▪ 𝑦𝑖𝑗, 𝑘𝑖𝑗 complex parameters

▪ 𝑒𝑖𝑗 real parameters
modulus within the range [𝜆, 𝜆−1]

A numerical function creates random samples of the set 𝑝𝑖  and calculates the six 𝑞𝑗(𝑝𝑖). 
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U(2) to neutrinos: the possible patterns

Fit procedure

We want to minimize these two functions:

: best fit values

: 1𝜎 uncertainties

Parameter of Metric Goodness :

If it is low, Yukawa hierarchy arises
solely by the 𝑈(2)𝐹  breaking

(      is any parameter belonging to 𝑝𝑖)
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U(2) to neutrinos: the possible patterns

The fit is considered as satisfactory if there is at least one set 𝑝𝑖  for which: 

𝜒2 < 20

Paa < 30

(6 for Model S and 7 for Model D, all valid only in NO hypothesis)

13 VIABLE PATTERNS
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U(2) to neutrinos: the possible patterns

ANARCHICAL 
PATTERN

24
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Predictions on neutrino observables

Effective Majorana mass parameter (𝒎𝜷𝜷)

The rate of the 0𝜈2𝛽 decay would depend on this parameter.

26
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Predictions on neutrino observables

Effective Majorana mass parameter (𝒎𝜷𝜷)

Each point is a valid representation, i.e. a set {𝑒𝑖𝑗, 𝑦𝑖𝑗, 𝑘𝑖𝑗} which 

reproduces all the 6 fit observables within the 3𝜎 range.
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Predictions on neutrino observables

Effective electron neutrino mass (𝒎𝜷)

It determines the endpoint of the beta decay spectrum.
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Predictions on neutrino observables

Effective electron neutrino mass (𝒎𝜷)
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Further developments of the model

Conclusions

From the viable patterns we can make predictions on Lepton Flavor Violating (LFV) 
decays in connection with the leptonic anomalous magnetic moments.

For further details, see the talk by Simone Marciano 

The talk will begin in a few minutes – STAY TUNED !
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The elementary particles of the 
SM are divided in:

• Fermions

• Bosons

Quarks

Leptons

Neutrinos

A
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Appendix
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Appendix

Experimental parameters

NuFIT 6.0 (September 2024)
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Appendix

Lagrangians
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Appendix
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Appendix

Comparison between Yukawas and exp. mass ratios
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Appendix

T2 A - scatter plots
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Appendix

U(2) symmetry breaking model

QUARKS AND 
CHARGED LEPTONS

MAJORANA 
NEUTRINOS

Masses and mixings are 
successfully reproduced

𝜺𝝓~ 𝝀𝟐

𝜺𝝌~ 𝝀𝟐÷𝟑  

Linster and Ziegler’s 
hypothesis

Complete 
arbitrariness on 𝑈(2)𝐹  

quantum numbers

104 patterns

13 VIABLE PATTERNS

NUMERICAL FIT
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Appendix – Fit results
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Appendix – Fit results
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Appendix

𝒎𝜷𝜷 plots with the next gen experiments

42



A

Mirko Rettaroli  -  FLASY 2025

Appendix

Parameters

43

𝒆𝒊𝒋 𝒚𝒊𝒋 𝒌𝒊𝒋 total

Model S 8 9 6 23

Model D 8 8 6 22

Model T 8 7 5 20
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