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Outline of Talk(s) WARWICK

@ Historical Perspective on TriBimaximal Mixing (TBM) for leptons
(a story of serendipity and following the data)

v oscillation landscape pre-1994

Trimaximal Mixing (TMX)

CHOOZ, SNO and TBM

Legacy

@ For a longer version:
https://indico.global/event/1732/contributions/
30587/attachments/15624/24929/dhpTalk3.pdf
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v vy
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@ A Predictive New Quark Mass Matrix Texture

» Mysteries of the quark mass and mixing spectra
» Mysteries of the Unitarity Triangle
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@ For a longer version:
https://indico.global/event/1732/contributions/
30587/attachments/15624/24929/dhpTalk3.pdf

@ A Predictive New Quark Mass Matrix Texture
» Mysteries of the quark mass and mixing spectra
» Mysteries of the Unitarity Triangle
» The new quark mass matrix texture
» Confronting the data
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Outline of Talk(s) WARWICK

@ Historical Perspective on TriBimaximal Mixing (TBM) for leptons
(a story of serendipity and following the data)
» v oscillation landscape pre-1994
Trimaximal Mixing (TMX)
» CHOOZ, SNO and TBM
» Legacy
@ For a longer version:
https://indico.global/event/1732/contributions/
30587/attachments/15624/24929/dhpTalk3.pdf

v

@ A Predictive New Quark Mass Matrix Texture
» Mysteries of the quark mass and mixing spectra
» Mysteries of the Unitarity Triangle
» The new quark mass matrix texture
» Confronting the data
» Symmetries of the texture
» Discussion and conclusions
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v Oscillation Landscape pre-1994 WARWICK

@ Solar v problem had been around since 1970s:

» Early HOMESTAKE solar v data 1970-1994
= Data/SSM = 0.30 = 0.04 £+ 0.09
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v Oscillation Landscape pre-1994 WARWICK

@ Solar v problem had been around since 1970s:

» Early HOMESTAKE solar v data 1970-1994
= Data/SSM = 0.30 £+ 0.04 £+ 0.09

» Confirmed by Water Cherenkov (Kamiokande, 1989) and with
Gallium (GALLEX, 1992)

» Generally-accepted solution was small angle MSW effect (typically
considered in two flavours)
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v Oscillation Landscape pre-1994 WARWICK

@ Solar v problem had been around since 1970s:

» Early HOMESTAKE solar v data 1970-1994
= Data/SSM = 0.30 £+ 0.04 £+ 0.09

» Confirmed by Water Cherenkov (Kamiokande, 1989) and with
Gallium (GALLEX, 1992)

» Generally-accepted solution was small angle MSW effect (typically
considered in two flavours)

@ Atmospheric ¥ anomaly was known as a simple deficit of v, c.f. v:
IMB (1985) and Kamiokande (1988) :
» Was initially a simple deficit ~ 50%, with no L/E dependence
» Suggested large mixing angles
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1994 Provided Step-change in Perspective  wakwick

Solar Data: P. Da;riulat’s ICHEP Conference Summary talk:

Experiment

Data/SSM (BP) %

Data/SSM (TCL) %

GALLEX
SAGE
Kamiokande
Homestake

60+8+5
52+ 8%5
51£4+6

64+8+5
56£9+£5
66+ 5+8

(Pro memornia) 29 +3 4+ 9
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1994 Provided Step-change in Perspective  warwick

Solar Data: P. Darriulat’s ICHEP Conference Summary talk:

Experiment | Data/SSM (BP) % | Data/SSM (TCL) %
GALLEX 60+8+5 644+8+5
SAGE 52+8+5 56+9+5
Kamiokande 51+4+6 66+5+8
Homestake (Pro memornia) 29 + 3+ 9

Atmospheric Neutrinos: Multi-GeV
T

2.0 T T

M. Nakahata, Glasgow ICHEP
Conference 1994
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Kamiokande Multi-Gev data |

A clear zenith angle
dependence!
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Meanwhile, also in 1994: WARWICK

@ Harrison and Scott propose TriMaximal mixing (TMX) for
quarks(!):
» “Generation permutation symmetry and the quark mixing matrix”,
PLB 333 (1994) 471-475, hep-ph/9406351

1 1 1

_- = = 101 1
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| 1L w 12y | L 1 1
Uﬁ ﬁ \/3 \/§ ﬁ(lU‘ba')* 3 3 3
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B B 3 3 3
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Meanwhile, also in 1994: WARWICK

@ Harrison and Scott propose TriMaximal mixing (TMX) for
quarks(!):
» “Generation permutation symmetry and the quark mixing matrix”,
PLB 333 (1994) 471-475, hep-ph/9406351

1 1 1 111
VA IRVERRRVE] 3 3 3
e 1L e 2y |1 L 1
U= V3 V3 V3 :>(’Um|)* 3 3 3
L& 1w 11
B B 3 3 3

where w = exp (%) and @ = w*
@ Already proposed (1978) for leptonic mixing by both Cabibbo and
Wolfenstein (independently)

@ Is most symmetric mixing scheme, treating all 3 generations
symmetrically; is maximally C'P-violating
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Meanwhile, also in 1994: WARWICK

@ Harrison and Scott propose TriMaximal mixing (TMX) for
quarks(!):
» “Generation permutation symmetry and the quark mixing matrix”,
PLB 333 (1994) 471-475, hep-ph/9406351

1 1 1 111
VA IRVERRRVE] 3 3 3
e 1L e 2y (1 1 1
U= V3 V3 V3 :>(’Um|)* 3 3 3
L& 1w 11
B B 3 3 3

where w = exp (%) and @ = w*
@ Already proposed (1978) for leptonic mixing by both Cabibbo and
Wolfenstein (independently)
@ Is most symmetric mixing scheme, treating all 3 generations
symmetrically; is maximally C'P-violating
@ July '94, H&S realise that latest solar and atmospheric v data are
well-fitted by TMX!
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At ICHEP 1994 WARWICK

@ Following discussions with Don Perkins, we formed HPS
Collaboration on TMX and v oscillations
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At ICHEP 1994
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WARWICK

@ Following discussions with Don Perkins, we formed HPS
Collaboration on TMX and v oscillations

@ Goals:
To understand all the
To fully embrace v data in a single unified To keep it as simple as
3 flavours of neutrinos framework possible (but not simpler)
B 3x3 mixing matrix 4

2 mass-squared differences

/

To interpret the theory visually

P(vi-v)

L/E (kn/GeV)

where plausible => Mass Matrix origins

To highlight apparent symmetries,

a b b z 0y
» a b 0 z O
b b a y 0 =z

Paul Harrison

Unitarity Triangle Angles Explained
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Threefold maximal lepton mixing (TMX) and thigrwicik
solar and atmospheric neutrino deficits (1995)
e PLB 349 (1995) 137 (“HPS1")

@ TMX = universal survival (and appearance) probabilities
(in vacuo) - eminently testable

Paul Harrison Unitarity Triangle Angles Explained 30th June 2025 7/34



Threefold maximal lepton mixing (TMX) and thigrwicik
solar and atmospheric neutrino deficits (1995)
e PLB 349 (1995) 137 (“HPS1")

@ TMX = universal survival (and appearance) probabilities
(in vacuo) - eminently testable

@ Survival probabilities vs. L/FE, including resolution-smearing:

10—

0.8fF Measures mixing angles

R S W P(plateau) = 5/9

P(vi->vy)
0.4F

Read-off Am? here

i

0.0
1 10 100 1000 10* 10° 10°
L/E (km/GeV)
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Threefold maximal lepton mixing (TMX) and thigrwicik
solar and atmospheric neutrino deficits (1995)
e PLB 349 (1995) 137 (“HPS1")

@ TMX = universal survival (and appearance) probabilities
(in vacuo) - eminently testable

@ Survival probabilities vs. L/FE, including resolution-smearing:

10—

0.8fF Measures mixing angles

R S W e P(plateau) = 5/9

P(vi->vy)

04} *
', ssacavesse P(plateau) =1/3
Read-off Am? here

i

0.0
1 10 100 1000 10* 10° 10°
L/E (km/GeV)
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Plotted with Data (taken from HPS1) WARWICK

<« v(Am?) eV
102 10" 10° 107" 1072 1073 107™* 107° 107® 1077
T T T T T T T T T T
1.8 + CDHS-SPS O KAMIOKA (multi—GeV) .
% CCFR ® KAMIOKA (sub—GeV)
1.6 - ¢ CHARM—PS Acc. & FREJUS Atm-
* KARMEN Reactor v IMB .
4 14 + KRASNOYARSKY - # SOUDAN .
% ILL/GOSGEN ¥ NUSEX
= 1.2 |- + BUGEY A KAMIOKA (ve —> ve) —
A HOMESTAKE
o O SAGE Solar |
= B GALLEX
Q0.8 /f % .
Acc.
5/9
06 Reactor )F L{’* /
0.4 -
A
021 .
Atm. Solar
O L 1 1 L 1 1 1 1 1

1 1 1 L 1 1
108 10" 10'?2 10"
L/E (m/MeV = km/GeV) —>

Ami = (7.8 +1.2) x 1073 eV?
Am3, unresolved
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PLB 374 (1996) 111 (“HPS2”) WARWICK

Included T T T T T T T T T T T
1.8 | 4

S 1.6 | 4
A prediction: 6 THE MSW EFFECT IN THREEFOLD

1.4 L MAXIMAL MIXING (Am'? = 0 eV?)

The HPS “5/9-1/3-5/9” Bathtub 2y |

Ple = e) >

NB. required Am?;, ~10-¢- 105 eV?

0 | | 1 | | | | | | | 1
107" 107'2 107 1078 107 107* 1072
Am?/E eV/MeV —
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PLB 374 (1996) 111 (“HPS2”) WARWICK

Included T T T T T T T T T T T

1.8 ' Modern data points added: © SNO+sK 1
A HOMESTAKE

S 1.6 | 4
A prediction: 6 THE MSW EFFECT IN THREEFOLD

1.4 L MAXIMAL MIXING (Am'? = 0 eV?) |
| B GALLIUM
The HPS “5/9-1/3-5/9” Bathtub 2r ¢ BOREXINOpp

Ple = e) =

NB. required Am?;, ~10-¢- 105 eV?

In fact, it is the case as understood
today for Large Mixing Angle MSW
effect in TriBimaximal mixing (see Ll

0 | | | | | | |
below) for Am?,, as above 107" 107'2 107"% 1078 107 107* 1072
AmM?/E eVP/MeV —>
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PLB 374 (1996) 111 (“HPS2”) WARWICK

Included T T T T T T T T T 1
1.8 L Modern data points added: ~© SNO+SK 1
e A HOMESTAKE
A prediction: 7 THE MSW EFFECT IN THREEFOLD T
T 1.4 MAXIMAL MIXING (Am'* = 0 eV?) |
%, W GALLIUM
The HPS “5/9-1/3-5/9” Bathtub 1 2T § BOREXINOPp 1
o 1.0
NB. required Am?;, ~10%-10%eV2 2 0.8
0.6
In fact, it is the case as understood 0.4
today for Large Mixing Angle MSW 0.2
effect in TriBimaximal mixing (see 0 Lo
below) for Am2,, as above 107" 107'2 107"° 1078 107 107* 1072

AmM?/E eV*/MeV —>

@ HPS4 (PLB 458 (1999) 79) predicted for TMX "spectacular effects
expected in long-baseline reactor and accelerator experiments”!
viz. CHOOZ, PALO VERDE, MINOS etc.
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all data

BUT... The CHOOZ 0 |-
Reactor result 1999:

e energy

® vsignal

— MC

R=1.01 = 0.03 (stat) + 0.03 (sys)

(L~1km, E~3MeV) e
No Spectacular Effect! 100
Conclude: | |Ue3|2small if Am2 > 103 eV2 | 0
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WARWICK

all data

BUT... The CHOOZ 0 |-
Reactor result 1999:

e energy

® vsignal

— MC

R=1.01 = 0.03 (stat) + 0.03 (sys)

(L~1km, E~3MeV)
No Spectacular Effect! 100
Conclude: | |Ue3|2small if Am2 > 103 eV2 | 0
0 2 4 6 8 Me‘}ﬂ
|And...| [The SNO NC result 2002: |

[@cc/ Puc=0.35£0.04~1/3! |

| So...

| Solar results energy-dependent |

|Trimaximal Mixing is Dead! |
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So, TriBiMaximal Mixing (TBM) WARWICK

Long live
Tri(Bi)Maximal Mixing!

Tri-bimaximal mixing and the neutrino

oscillation data PLB 530 (2002) 167 HPSS

Return of the HPS “5/9-1/3-5/9” Bathtub! | THE SOLAR DATA P(e = e)
(this time at the second threshold) m SAGE O HOMESTAKE % SNO

O GALLEX ® SK—NC

[Conclude:|  [|U,12~1/3 ]
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So, TriBiMaximal Mixing (TBM)

Long live
Tri(Bi)Maximal Mixing!

Tri-bimaximal mixing and the neutrino
oscillation data PLB 530 (2002) 167

THE UNIVERSITY OF

WARWICK

“HPS5”

Return of the HPS “5/9-1/3-5/9” Bathtub!

(this time at the second threshold) | m sacE O HOMESTAKE

[Conclude:|  [|U,12~1/3 ]

Also... | | SUPERK Atmospheric neutrino
results pointing strongly to
twofold maximalyv,, - v, mixing”

[Conclude: | [|U,q?~ U2~ 172

Paul Harrison Unitarity Triangle Angles Explained

THE SOLAR DATA P(e = e)

O GALLEX ® SK—NC

% SNO
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HPS5 Concludes

WARWICK

“The totality of the data clearly point to a particular form for the lepton mixing matrix” |

148 1%} 1]
2 1 \ Reactor
e 3 V3 Mixing Angle
Upmns = b | —1/% % % Atmospheric
T 11 i Mixing Angle
Ve Vs V2
Atmospheric
Scale
Am?,,
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HPS5 Concludes

WARWICK

“The totality of the data clearly point to a particular form for the lepton mixing matrix” |

Solar
Scal
ca'e Solar
Mixing Angle
Reactor
Mixing Angle
Atmospheric
Mixing Angle
Atmospheric
Scale
Am?,,
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HPS5 Concludes WARWICK

“The totality of the data clearly point to a particular form for the lepton mixing matrix” |

Solar
Scale

Solar
Mixing Angle

Reactor
Mixing Angle
Atmospheric
Mixing Angle

Atmospheric
Scale
Am?,,

“Small non-zero values of U,s,
and/or somewhat different values of
[U,3/?... are more-or-less equally
acceptable experimentally.”
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Legacy? WARWICK

TBM was finally excluded 10 years later since (as anticipated) U.; = 0 was
incompatible with new results from the Daya Bay and RENO reactor experiments
(2012) and later the T2K accelerator experiment (2013)
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TBM was finally excluded 10 years later since (as anticipated) U.; = 0 was
incompatible with new results from the Daya Bay and RENO reactor experiments
(2012) and later the T2K accelerator experiment (2013)

The smeared P(L/E) plot and its variants had a significant impact on the
community’s appreciation of the phenomenology of neutrino oscillations
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TBM was finally excluded 10 years later since (as anticipated) U.; = 0 was
incompatible with new results from the Daya Bay and RENO reactor experiments
(2012) and later the T2K accelerator experiment (2013)

The smeared P(L/E) plot and its variants had a significant impact on the
community’s appreciation of the phenomenology of neutrino oscillations

Our proposed symmetric forms of the mass matrices are suggestive of deeper

symmetries, and are exploited (and gently broken) in building BSM models of
lepton masses and mixing
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Legacy? WARWICK

TBM was finally excluded 10 years later since (as anticipated) U.; = 0 was
incompatible with new results from the Daya Bay and RENO reactor experiments
(2012) and later the T2K accelerator experiment (2013)

The smeared P(L/E) plot and its variants had a significant impact on the
community’s appreciation of the phenomenology of neutrino oscillations

Our proposed symmetric forms of the mass matrices are suggestive of deeper

symmetries, and are exploited (and gently broken) in building BSM models of
lepton masses and mixing

Currently, |U.5|?2 ~ 0.02. Thus TBM remains a useful zeroth-order approximation to
Upmnss While allowing the exciting prospect that leptonic CP violation may be
accessible in the future
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Mystery of Quark Mass Spectra
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@ Quark masses show marked hierarchical structure:
100} mtop e Is quasi-“geometric”:
S Me ~ (0.0035
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1 2 3
Generation Number
@ Noted by very many authors



Mystery of Quark Mass Spectra
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WARWICK

@ Quark masses show marked hierarchical structure:

to
100} .etop

Ry me

- _.e beauty m
e . My

charme .” pro
. g c

. -
’

° _.e%trange

- Ms

downe -~ mh
up® mq

ms

Quark Mass (GeV)

1 2 3

Generation Number

@ Noted by very many authors
@ Masses not predicted in the SM

@ Hierarchy certainly not explained within SM

i @ Is quasi-“geometric”:

~ 0.0035
~ (0.0020

~ 0.020
~ 0.050

@ BSM, Froggatt-Neilsen mechanism has had some success
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Mystery of Quark Mixing Spectrum WARWICK

@ CKM quark mixing matrix: w
Vud Vus Vub
Vekn = | Vea Ves Ve
Wd Ws Wb dalL - Vi > qiL
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Mystery of Quark Mixing Spectrum

@ CKM quark mixing matrix:

THE UNIVERSITY OF

Vud Vus Vub
VCKM = Vcd Vcs Vcb
-
dalL

Vie Vis Vi

1 A AN(p — i)
~ ) 1 AN?
AN (A —p—in) —AN? 1

where )\ = |V,5| ~ 0.22
A, pand 7 S O(1)

Paul Harrison Unitarity Triangle Angles Explained
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Mystery of Quark Mixing Spectrum WARWICK

@ CKM quark mixing matrix: W
Vud ‘/;LS Vub
VCKM = ‘/cd chs ‘/(:b
Via Vis Vi QoL > > L
Vai
1 A AN (p—an)
~ - 1 AN? + 00\,
AN (1 —p—in) —AN? 1

where \ = |V,¢| ~ 0.22
A, pand 77 S O(1)
@ Elements not predicted by the SM
@ Strong hierarchy certainly not explained within SM
@ But masses and mixings both arise in the Yukawa/Mass matrices
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Mysteries of the Unitarity Triangle
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WARWICK
@ Sides/Angles of UT are arbitrary in SM.
@ But measured angles:
(.1
o= (91.6 4+ 1.4)° a
3 =(22.6+0.4)°
v = (65.7+1.3)° i 8

consistent with “special” values:

(,8,7) = (5, %’T) = (a0, B0, 70)-

@ Seems striking!
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Mysteries of the Unitarity Triangle

THE UNIVERSITY OF

WARWICK
@ Sides/Angles of UT are arbitrary in SM.
@ But measured angles:
(.1
o= (91.6 4+ 1.4)° a
3 =(22.6+0.4)°
v = (65.7£1.3)° v ;

consistent with “special” values:

((Yr e‘/jﬁ ﬁ)) ~ (%7 %7 3%) = (Oé(), /607 70)
@ Seems striking!
@ Coincidence or smoking gun?

@ — Test as clue to what lies behind.
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= Build Special Angles into a Texture:

WARWICK
cghg  bA3 0 qg=u,d,
HS _ 3 2 2
My =ng [ oA bAL AgN2 |,
0 AA? 1

Aq complex

arg (\q) unobservable

=] = = E na
Paul Harrison Unitarity Triangle Angles Explained



= Build Special Angles into a Texture: WARWICK

cghy DA 0 q=u,d,
]V[qH Y= ng b)\f13 b/\Z Ao)\fl , Ag complex

0 A )\;2 1 arg (\q) unobservable

@ Complex ratio is fixed constant:

» arg A\, /Ag = —i, is sole source of C'P violation

> |A./Ad| =~ 0.41 controls relative strength of “u” and “d” mass

hierarchies
» ** Complex ratio controls angles of the UT (see later)
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= Build Special Angles into a Texture: WARWICK

cghy DA 0 q=u,d,
M =ng | DA b2 AgAZ |, Ay complex
0 AOAZZ 1 arg (\q) unobservable

@ Complex ratio is fixed constant:

» arg A\, /Ag = —i, is sole source of C'P violation

> |Aw/Ad| = 0.41 controls relative strength of “u” and “d” mass
hierarchies

» ** Complex ratio controls angles of the UT (see later)

@ Complex sum is fitted parameter close to \:
‘)\d + Au‘ =N= A+ O()\$)
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= Build Special Angles into a Texture: WARWICK

cghy DA 0 q=u,d,
M =ng | DA b2 AgAZ |, Ay complex
0 AOAZZ 1 arg (\q) unobservable

@ Complex ratio is fixed constant:
Au _ .
~ = ¢ tang.

Ad

» arg A\, /Ag = —i, is sole source of C'P violation

> |Aw/Ad| = 0.41 controls relative strength of “u” and “d” mass
hierarchies

» ** Complex ratio controls angles of the UT (see later)

@ Complex sum is fitted parameter close to \:
‘)\d + Au‘ =N= A+ O()\s).

@ Describes 10 observables with 7 real parameters
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Leading-order Solution (Quark Masses) WARWICK

@ Diagonalise — masses:

(cg—b)A; 0 0
Dy =UM°U} = m] 0 DA, 0], a=ud,
0 0 1

@ Good for mass hierarchy (\,, \g << 1) v/
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Leading-order Solution (Quark Masses) WARWICK

@ Diagonalise — masses:

(cg—D)A; 0 0
Dy =UM°U} = m] 0 DA, 0], a=ud,
0 0 1
@ Good for mass hierarchy (\,, \g << 1) v/

@ 3 free parameters (at LO): b, ¢, ¢, (to fit 4 mass ratios)
@ = one constraint/prediction (LO):

Mmemy _ Aug _ 9. _ [0.172(LO)
. =, =g = {0.176 (VLo) | ©f 01770002 (exp) /
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Leading-order Solution (Quark Masses) WARWICK

@ Diagonalise — masses:

(cg—D)A; 0 0
D, =U,MH5UT = md 0 b2 0, g=ud,
q q+¥q q 3 q

0 0 1

@ Good for mass hierarchy (\,, \g << 1) v/
@ 3 free parameters (at LO): b, ¢, ¢, (to fit 4 mass ratios)
@ = one constraint/prediction (LO):

me Mg 8

Me My 2 ~ _ [0.172 (LO)
| | =tan” % = {0.176 (NLO) c.f. 0.1774+0.002 (exp) v

@ Fits any m,,, mgq v (no prediction here).
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Leading-order Solution (Quark Mixing) WARWICK
@ Diagonalised by 2 x 2 (complex) rotations in 23 and 12 spaces.
@ Small entries induced in the 13 elements of U,:

1 +Xg  AgAd
Ug~ | ¥} 1 —AgA2 |, ga=u,d.

0 AgA? 1

Paul Harrison Unitarity Triangle Angles Explained 30th June 2025 19/34



THE UNIVERSITY OF

Leading-order Solution (Quark Mixing) WARWICK

@ Diagonalised by 2 x 2 (complex) rotations in 23 and 12 spaces.
@ Small entries induced in the 13 elements of U,:

1 XAy AgAl
Ug~ | FA; 1 —AgA2 |, ga=u,d.
0 AgA? 1

@ Combine U, and Uy:

1 Moo Agdd Ay
= VCKM = UuUdT ~ —)\() 1 AO)\(Q)

AgA3 Al —Ag)? 1
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Leading-order Solution (Quark Mixing)

WARWICK
@ Diagonalised by 2 x 2 (complex) rotations in 23 and 12 spaces.

@ Small entries induced in the 13 elements of U,:

1 +Xg  AgAd
Ug~ | ¥} 1 —AgA2 |, ga=u,d.
0 AgA? 1

@ Combine U, and Uy:

1 Moo Agdd Ay
= Vorw = U U = | =) 1 Agh
AgA3 Al —Ag)? 1

@ C.f. Wolfenstein form:

1 A AN —iT) 2 ~ 20 v
AN (1 —p—in) —AN 1 (
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The UT Angles

@ Have deduced that:

_ . v
Au = ANp+i) = 3%

Ap=A1-=p

= 7 ~arg A}

— i) =

[0~ arg Ag
and o ~ arg(—ﬁ—z)

Paul Harrison Unitarity Triangle Angles Explained

V

AN

THE UNIVERSITY OF
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The UT Angles WARWICK
@ Have deduced that:

- L V* Im
A* ~ )\ ) = 4%

u X AP +17) = 7% 1 @®n STANDARD UT

* G —in) = M g
Ay~ N1 —p—in) ANZ Ve [ @ Vi
= 7 ~arg A} Ay o

[ >~ arg Ag
14
Au B

nd o ~ arg(—3= ' '

and arg(—5%) 5 05 o

@ Recall, HS texture asserts % = —i tan g.
d

»=>ax3 v/
> = tan J =~ [3=| (see Figure).

> éﬁ:%/
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Precision Fit to the Data WARWICK

@ Data from PDG
@ Renormalise to common scale (¢ = my)
@ Fit using full numerical diagonalisation
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Precision Fit to the Data WARWICK

@ Data from PDG

@ Renormalise to common scale (¢ = my)

@ Fit using full numerical diagonalisation

@ — poor fit: x?/dof ~ 100/3.

@ Tension between fitted values of A, m./m; and ms/m.
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Precision Fit to the Data WARWICK

@ Data from PDG

@ Renormalise to common scale (u = my)

@ Fit using full numerical diagonalisation

@ — poor fit: x?/dof ~ 100/3.

@ Tension between fitted values of A, m./m; and ms/m.
@ Disaster?
@ Not necessarily!
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Precision Fit to the Data WARWICK

@ Data from PDG

@ Renormalise to common scale (u = my)

@ Fit using full numerical diagonalisation

@ — poor fit: x?/dof ~ 100/3.

@ Tension between fitted values of A, m./m; and mg/m.

@ Disaster?

@ Not necessarily!

@ Because (exactly) these quantities run with renormalisation scale
@ ~ 14% from weak to GUT scales: A(T1), m./m:(T) and ms/my({).
@ While A, «, 3, m, /m. and mg/ms are ~ invariant.

@ = vary u
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Precision Fit to the Data

WARWICK
@ Fit y?/d.o.f ~1.01/2
Observable Input Renormali- Fitted Value
sedtop=10"TeV  atpu=10"TeV
[ /me| (x10%) 2.00 4 0.05 2.00
Ima/ms| (x10%) 4.97 £ 0.06 4.97
me/myi (x10%) 3.46 +0.03 3.46
me /my (x10%) 1.968 4 0.008 1.968
A 0.2250 4 0.0007 0.2250
A 0.88 4 0.02 0.88
D 0.159 + 0.009 0.152
7 0.352 4 0.007 0.348
~ UTAngles | - Prediction from Fit
B O S iy 016114 9130 £0.02
3(°) 22.6 + 0.4 22.340.1
7 (%) 65.74+ 1.3 66.4 4 0.1
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Some Details of the Fit WARWICK

@ Best fit renormalisation scale:
p~ (0.3 = 3) x 10* TeV.

@ Fitted values of the free

parameters:
» \g = 0.22646
» Ay =0.854
> b=0.462
> ¢, =0.344
» ¢, = —0.040
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Some Details of the Fit WARWICK

@ Best fit renormalisation scale:
p~ (0.3 = 3) x 10* TeV.

@ Fitted values of the free
60

parameters:

> )\ = 0.22646 5o

> Ay = 0.854 £ w0 i,

> b =0.462 250

» ¢, = 0.344 §

» ¢y = —0.040 Sl A
10

@ Three curves minimise at

common scale ~ 1()4 TeV 100" 10 10° 105 100 10° 10" 108
Renormalisation Scale (TeV)

@ Fitted values of observables
in table represent predictions
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The Leading Order UT (LO-UT) WARWICK
@ Define useful complex constants:
20 = A5 /Mo = isge P = pg + ino,

Zo = A3/ 0 = <o e"ho = 1 — 20,

where

sp =sing; co = cosg; 770=3000=2\1—@ and pozsin2

us
]
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The Leading Order UT (LO-UT) WARWICK
@ Define useful complex constants:
20 = A5 /Mo = isge P = pg + ino,

Zo = A3/ 0 = <o e"ho = 1 — 20,

where
sp=sing; co=cosg; 1o = SoCo = 2\% and py = sin? o3

@ Use to construct LO-UT

Im

(Po,M0)
ot

Qo

Zo=Vig/AA®
Zof=Vp/IAN3
Yo=37T/8 fo=rT0
. . Re
0o 0.5 1
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WARWICK

Symmetries of the MMs

@ Properties of the paired system (M,,, M), rather than of either in
isolation
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Recall: C'P Transformation and Rephasing  wakwick

(.0
e CP: s
@ Under CP, all complex numbers in the
MMs are complex-conjugated. ! 8
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Recall: C'P Transformation and Rephasing  warwick

(.

o CP: 2

@ Under CP, all complex numbers in the
MMs are complex-conjugated. ! 8

@ Observable effect is to flip orientation CP 4
of UT in complex plane (77 — —7))
@ Unless 77 = 0 (CP is conserved)

()
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Recall: C'P Transformation and Rephasing  warwick

e CP:
@ Under CP, all complex numbers in the

MMs are complex-conjugated. /\\

@ Observable effect is to flip orientation
of UT in complex plane (77 — —7))

@ Unless 1) = 0 (C'P is conserved)

(.-
@ Rephasing:
@ Simultaneous phase changes of @D

M, and M, unobservable /\
Y 6
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Recall: C'P Transformation and Rephasing  warwick

e CP:
@ Under C'P, all complex numbers in the

MMs are complex-conjugated. /\\

@ Observable effect is to flip orientation
of UT in complex plane (77 — —7))

@ Unless 1) = 0 (C'P is conserved)
(.-
@ Rephasing:
@ Simultaneous phase changes of ®D ,
M, and M, unobservable : Rephase—
@ UT simply rotates in complex plane /, S

@ (Physical) shape and size invariant
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Symmetry for oy = 7 WARWICK

@ In HS texture, simple sign Im
change of zg (or of zg, but = _ 2%y
not both), flips orientation RN
of the UT (see fig) RO 48 )
@ Is only observable effect AN 7 X0
. . Zo+Z
@ Butiffo ==+7% 5 S R
-z?, *‘\" —‘,_' 7
"'Jb‘f bt ,\,?o-zo
Zp e
2ot Tl
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Symmetry for ap = 3 WARWICK

@ In HS texture, simple sign m
change of zg (or of Zp, but ~ =s.__ _ 2mf
not both), flips orientation R
of the UT (see fig) RO 48 )
@ Is only observable effect 202 7 S
@ Butiffa =+7 5 j& R —— ke
@ Itis equivalent to a 2f [N Ty
C'P transformation Sl T 2o 20
@ Can be reversed by a subsequent Eo‘
actual C'P transformation “2nok RS

Symmetry is good to all orders
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Symmetry for 3y =

s
8

@ First consider 5y = 5 # Z (fig—) m

THE UNIVERSITY OF

WARWICK

H s
keeping o = Z and A, + Ag = Ao TR -
@ Clearly now R TN
N B T IR PR
.
{4| =tanp A RSAI W
Ad ’ N R Lt <. Ny \
. > .
~ B KR Zy RS
T s ). s
and 2 < ﬁ < 2 O3 Zo + 2o S
X 1% 4 R
o par e
|‘\\ -l 3
',“ Sy x Z* _ad L, N
. .
‘\‘ Zb“ 0‘" R4 K
\‘t‘ S . . R4 K
U N P
“‘C\‘"‘\~ L )
-~ - " "
- hd * .
~‘~ S i _,'
RRETR A
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oF

T
Symmetry for By = 3 WARWICK
@ First consider 5y = 5 # Z (fig—) m
keeping o = 5 and A, + g = Ao T o
@ Clearly now RN
Ao AN RN
A | S S i . ‘A A . .
3] = an g7 RN
- oy e Zy Ot N
s ™ i [ ¢ ‘o' *:~\ “
and —3 < B < 2 fooo? Zy+2o o
. . . - = 3 v
@ Consider the following rotation A
of A\g: ““ zb‘\ _Z_O-V',‘ "', ',"
B—B-1% (%) 0‘\ //

e Iff 3 =T, the result is just
a C'P transformation
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T
Symmetry for Bo = ¢ WARWICK
@ First consider 5y = 5 # Z (fig—) m
keeping o = 5 and A, + Ag = Ao JEUEE—— .
@ Clearly now -,
ST o ST N
‘;‘\—Z = tan f3, A ¢ \f\{ \\\
N Az P o
s s i [ ¢ ‘—' ‘:~\ "
and -5 <f<3 Zo+2o S
. . . o > 3 Yo e
@ Consider the following rotation | LB
f . .“\‘ e x . ""_.' ": K
of Ag AN A,
B—B—7 (*) R 7
‘c\__' . "o "'
o Iff 3 =T, the result is just N

a C'P transformation
@ = to fix By = § require symmetry under transformation (x) followed

by C'P flip

Paul Harrison Unitarity Triangle Angles Explained 30th June 2025

28/34



Discussion WARWICK

@ SM has no mechanism for constraining MMs
@ = Need to look BSM for models to do so
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@ SM has no mechanism for constraining MMs
@ = Need to look BSM for models to do so

@ Just as we showed that TBM could be based on discrete
symmetries of leptonic MMs (without providing an explicit model),
we tried to do something similar here for quark MMs
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Discussion WARWICK

@ SM has no mechanism for constraining MMs

@ = Need to look BSM for models to do so

@ Just as we showed that TBM could be based on discrete
symmetries of leptonic MMs (without providing an explicit model),
we tried to do something similar here for quark MMs

@ The discrete symmetries outlined which lead to our MMs should
be low-energy hints of symmetries in BSM models, and may
provide signposts for where to look:
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Discussion WARWICK

@ SM has no mechanism for constraining MMs
@ = Need to look BSM for models to do so

@ Just as we showed that TBM could be based on discrete
symmetries of leptonic MMs (without providing an explicit model),
we tried to do something similar here for quark MMs

@ The discrete symmetries outlined which lead to our MMs should
be low-energy hints of symmetries in BSM models, and may
provide signposts for where to look:

» Compound z, sign-flip and C'P symmetry = o ~ 7 suggests a
simple involution symmetry
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Discussion WARWICK

@ SM has no mechanism for constraining MMs
@ = Need to look BSM for models to do so

@ Just as we showed that TBM could be based on discrete
symmetries of leptonic MMs (without providing an explicit model),
we tried to do something similar here for quark MMs

@ The discrete symmetries outlined which lead to our MMs should
be low-energy hints of symmetries in BSM models, and may
provide signposts for where to look:

» Compound z, sign-flip and C'P symmetry = o ~ 7 suggests a
simple involution symmetry

» Compound symmetry of C'P and transformation (*) = 7 ~ &
suggests a larger discrete group
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Discussion WARWICK

@ SM has no mechanism for constraining MMs
@ = Need to look BSM for models to do so

@ Just as we showed that TBM could be based on discrete
symmetries of leptonic MMs (without providing an explicit model),
we tried to do something similar here for quark MMs

@ The discrete symmetries outlined which lead to our MMs should
be low-energy hints of symmetries in BSM models, and may
provide signposts for where to look:

» Compound z, sign-flip and C'P symmetry = o ~ 7 suggests a
simple involution symmetry

» Compound symmetry of C'P and transformation (*) = 7 ~ &
suggests a larger discrete group

» Partial isospin reflection symmetry (see back-up slides) suggests
up-down exchange symmetry among Yukawas
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Discussion WARWICK

@ SM has no mechanism for constraining MMs
@ = Need to look BSM for models to do so

@ Just as we showed that TBM could be based on discrete
symmetries of leptonic MMs (without providing an explicit model),
we tried to do something similar here for quark MMs

@ The discrete symmetries outlined which lead to our MMs should
be low-energy hints of symmetries in BSM models, and may
provide signposts for where to look:

» Compound z, sign-flip and C'P symmetry = o ~ 7 suggests a
simple involution symmetry

» Compound symmetry of C'P and transformation (*) = 7 ~ &
suggests a larger discrete group

» Partial isospin reflection symmetry (see back-up slides) suggests
up-down exchange symmetry among Yukawas

@ Much to be done to find concrete BSM model(s) to
implement/embed these symmetries.
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Conclusions WARWICK

@ Proposed geometric-hierarchical MM texture
@ Mass hierarchy “slopes” are related to UT sides

s

@ Symmetries constrain UT angles — o ~ 7 and J ~
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Conclusions WARWICK

@ Proposed geometric-hierarchical MM texture
@ Mass hierarchy “slopes” are related to UT sides
@ Symmetries constrain UT angles — o ~ 7 and J ~

@ Origin of hierarchy not explained explicitly, but standard
model-building methods can achieve that (e.g. F-N Mechanism)
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Conclusions WARWICK

@ Proposed geometric-hierarchical MM texture
@ Mass hierarchy “slopes” are related to UT sides
@ Symmetries constrain UT angles — o ~ 7 and J ~

@ Origin of hierarchy not explained explicitly, but standard
model-building methods can achieve that (e.g. F-N Mechanism)

@ M, and M, exploit 7 pars to fit 10 observables with x?/d.o.f ~ 1/2
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Conclusions WARWICK

@ Proposed geometric-hierarchical MM texture
@ Mass hierarchy “slopes” are related to UT sides
@ Symmetries constrain UT angles — o ~ 7 and J ~

@ Origin of hierarchy not explained explicitly, but standard
model-building methods can achieve that (e.g. F-N Mechanism)

@ M, and M, exploit 7 pars to fit 10 observables with x?/d.o.f ~ 1/2
@ Precise prediction of quark mass double ratio:
= 32" = tan®F (1 + O(X7)) = 0.176 £ 0.001

c.f. 0.177 4 0.002 (exp)

Me My
me Ms
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Conclusions WARWICK

@ Proposed geometric-hierarchical MM texture
@ Mass hierarchy “slopes” are related to UT sides
@ Symmetries constrain UT angles — o ~ 7 and J ~

@ Origin of hierarchy not explained explicitly, but standard
model-building methods can achieve that (e.g. F-N Mechanism)

@ M, and M, exploit 7 pars to fit 10 observables with x?/d.o.f ~ 1/2
@ Precise prediction of quark mass double ratio:
= 32" = tan®F (1 + O(X7)) = 0.176 £ 0.001

c.f. 0.177 4 0.002 (exp)

Me My
me Ms

@ Precise predictions of UT angles:
» o — 5 =(1.30+0.02)° c.f. (1.6 + 1.4)° (exp)

(
> J T =(=02%0.1)° cf (0.140.4)° (exp)

» 20 =(-1.1£0.1)° c.f (—1.8 £ 1.3)° (exp)

Paul Harrison Unitarity Triangle Angles Explained 30th June 2025 30/34



THE UNIVERSITY OF

WARWICK

Backup Slides

=] = = E na
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Isospin Reflection Symmetry? WARWICK

@ Can re-write texture:

/4 /' y3
. cAg b )\zq 0 . )
y — /oy *3 AV
My> =mnq [ V' Ag VA, Aodg | £d AT
0 A2 1

' ~ b. Still get good fit to data.

@ First (leading) matrix solely responsible for quark mass differences
and mixing parameters.

@ Second (small) matrix is I,-dependent “pedestal” on quark
masses. Symmetric under a family-SU (3) symmetry.

@ All coefficients (\g, Ao, V', ¢/, d) symmetric under isospin reflection
operator u < d.

@ Symmetry broken (only) by A, n, and the sign of d.

Paul Harrison Unitarity Triangle Angles Explained 30th June 2025 32/34



Analytic NLO Solutions: 1) Mixing Parametersyarwici

@ We give here the algebraic NLO solutions of the texture:

A=X (1+ HAG) +O(N)
A=Ag {1+ [2(3b—2p0) — 2] \§ } +O(N)
p=po(l+cofo) + (’)(/\4)
n=mno{l+ [sof, + 3(1=5b)] A} + O(\),
where f\ = $(3fa+4mof. — 5),
fa=3A + Hea+ )], fo=tca—cu)
and fp:so(1+fc)—ﬁ[QfAjLQfC—?b].

@ NLO corrections above, as fractions of LO terms are respectively:
—5.8 x 1073, +2.6%, +3.6% and —1.8% (using fitted param values
from table).
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Analytic NLO Solutions: 2) Mass Ratios WARWICK

@ For the quark mass ratios, we find:

q
2—r
M= 2 =) {1+ A 2] a2} + 00
—Z = DAL [1+ (1 —ra)A]] + O(ND),
c A2
where r, = 72 and 74 = 4°.
@ NLO corrections to mass ratios m../m;, ms/mp, m4,/me, mq/ms as

fractions of LO terms are (resp.) —4.3 x 1073, —2.5%, +4.3%, and
+4.5% (using fitted param values from table).

@ All results compatible with full numerical results reported in table.
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