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Note del presentatore
Note di presentazione
Hello everyone and thanks for being still here, I’m Andrea Frazzitta, a second year PhD student in La Sapienza and working in INFN milan on theory and simulations for eupraxia and euaps projects. Today I’ll be presenting a theoretical study brought on with UCLA colleagues regarding some quite extreme regimes in ion channel radiation production in a side to side comparison with magnetic undulator radiationTutti I nomi e affiliazioni
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Ion channel: more than blowout
• IC: plasma based focusing device
• Ionizing a narrow channel of gas, a 

strong driver may lead to a complete 
electron depletion, with low 
longitudinal field

• Nearly pure electrostatic focusing ion 
column: high energy radiation 
production

• Many concepts coming from undulator 
theory in radiation modeling: 
undulator strength K Habib, A. F., et al. Ultrahigh brightness beams from plasma 

photoguns. arXiv. https://doi.org/10.48550/ARXIV.2111.01502

driverradiator

Note del presentatore
Note di presentazione
To give a brief introduction, an IC is a plasma based focusing device that is made by sending a strong driver inside a narrow pre-ionized region of gas, to obtain something different from a conventional blowout regime: as you see in the picture there’s no bubble, instead a cylinder of positive ions is produced, so we may find nearly zero longitudinal field and pure electrostatic focusing. An electron beam may be injected to obtain undulation and radiation emission. Many concepts coming from undulator theory have been recycled in the ion channel radiation modeling, such as the undulator strength K…
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Strength parameter K
• In undulators K defines the 

normalized magnetic field 
strength, and gives the amplitude 
of the trajectory oscillation

• In IC K is given by beam injection 
offset respect to device axis

• For now, if K is made the same, 
trajectories look matched, but 
they actually differ… in energy 

𝚫𝚫𝜸𝜸

𝒙𝒙𝟎𝟎 = 𝑲𝑲𝜸𝜸𝒌𝒌𝒃𝒃

Note del presentatore
Note di presentazione
1-In undulators K defines the normalized magnetic field strength, and gives the linear amplitude of the particle trajectory oscillation, as you may see in the expression referred the upper plot.2- Opposite, in IC K is given by beam injection offset respect to axis, by inversion of the undulator expression3-So if K is made the same, trajectories from the two devices look matched but they actually differ… in energy. Indeed, referring to the Lorentz factor plot, while the magnetic field in undulators conserves particle energy, in IC we find energy fluctuations due to the electrostatic nature of the transverse focusing field, let’s call them delta gamma. Delta gamma may be small as in this case (K/gamma = 0.2), giving no difference in trajectories in the two devices. But what if it becomes bigger and when it does?
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Outline

• 𝑲𝑲/𝜸𝜸 looks like the right variable for radiation 
regimes exploration

• Energy oscillations break linear theory: a fully 
nonlinear particle dynamics and radiation 
description has been performed

• What did we find out?
Possibly interesting IC radiation regimes
Finer theory for known regimes
Unexpected particle dynamics effects

IC

Note del presentatore
Note di presentazione
So, getting to the talk outline:1- I’ll show why 𝑲/𝜸 looks like the right variable for IC radiation regimes exploration 2- Given the energy oscillations showed before, the linear theory soon got broken and a fully nonlinear particle dynamics and radiation description has been performed on K/gamma variable3- Finding  some possibly interesting IC radiation regimes and, as we’ll see in the end of the talk, some unexpected fancy dynamics effectsDire che K/gamma sarà il parametron fondamentaleDescrizione nonlineare di blabla con unexpected resutsNot sure about what we were looking for, but we know from measurements that e.g. in self injection schemes often happens that undulator strength K is on the order of 10s.. What if it’s made even bigger, like 100s? Turns out that the most relevant parameter is actually K/γ 
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Why 𝑲𝑲/𝜸𝜸 is it the right variable
• Even in highly nonlinear cases, 𝑲𝑲/𝜸𝜸 

is the most general parameter both 
in undulator and IC: it defines 
trajectory geometric properties

IC, 𝑲𝑲/𝜸𝜸 = 0.9

• Radiation spectrum is scaled over 
beam energy, laying in a 𝐾𝐾/𝛾𝛾 
dependent envelope

Note del presentatore
Note di presentazione
So K/gamma: actually we started our analysis by varying K alone but soon realized it wasn’t enough. If you want to understand radiation you should start from trajectories, and trajectories also depend on energy. So what about the ratio 𝑲/𝜸? K/gamma is better known as a radiation divergence parameter, but it actually defines trajectory geometry: here we see a plot of two IC trajectories, both with K/gamma=0.9 but different energy and we see that they perfectly match. This holds for higher energies too. And even for spectrum definition K/gamma works well, as it defines the normalized spectrum envelope, regardless of harmonics density.1-So we said want to explore IC high K regimes and compare them with undulators, great… except we soon noticed that K alone just didn’t look like the right variable. If you want to understand radiation you should start from trajectories, and trajectories also depend on energy. So what about the ratio 𝑲/𝜸? It’s better known for geometric radiation spot properties, mainly divergence, but it turns out that it also defines trajectory geometry: here we see a plot of two IC trajectories, both with K/gamma=0.9 but different energy and we see that they perfectly match. This holds for higher energies and breaks for non-relativistic trajectories, but we don’t care. 2-one could argue that spectral features do depend on K alone, as it changes the harmonics number (few for low K and many for high K): actually K changes harmonics density under an envelope, that upon normalization always encloses the spectrum, careless of K valueIn IC the focusing field is electrostatic, so particle energy undergoes oscillation: note that percentual energy variation is also conserved and K/gamma dependent.
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Comparing IC and undulator: first issues

• For low 𝐾𝐾/𝛾𝛾 IC and undulator are 
one and the same

• For high 𝐾𝐾/𝛾𝛾 IC amplitude is 
smaller and betatron wavelength 
is shorter than expected
This has to do with breaking 

the linear limit of equations, 
but how exactly?

• IC amplitude is manually set in the 
simulation through undulator 
equations: starting point

ion channel
undulator

ion channel
undulator

𝑲𝑲/𝜸𝜸 = 0.02

𝑲𝑲/𝜸𝜸 = 0.8

Note del presentatore
Note di presentazione
So we went on with K/gamma as main variable, and started with a quick comparison between IC and UND trajectories, seeing that everything is fine for K/gamma<<1, trajectories are matched, but as soon as K/gamma grows some issues appear, both in amplitude and in betatron wavelength. So who’s wrong now? IC or undulator theory? Or both? IC amplitude is manually set in the simulation with the undulator equations I showed you before, so it looks like for this K/gamma linear undulator theory is breaking.So one thing at a time, lets start with amplitude errorSo it looks like at this regime undulator is not behaving as expected by linear theory: indeed, it’s actually a wiggler.
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Undulator: amplitude correction

• Ideal undulator field + beam rigidity eq
     → analytical wiggler trajectories

• Amplitude 𝒙𝒙𝟎𝟎 goes linearly as expected for 
𝐾𝐾/𝛾𝛾 → 0 and diverges as 𝑲𝑲/𝜸𝜸 → 𝟏𝟏 

• Ideal limit: after 𝐾𝐾/𝛾𝛾 = 1, no undulation 
takes place as the beam is stuck at first 
magnetic element

𝑥𝑥0 =
arctanh𝐾𝐾/𝛾𝛾

𝑘𝑘𝑏𝑏
 
𝐾𝐾→0

𝐾𝐾
𝛾𝛾𝑘𝑘𝑏𝑏

𝑥𝑥0

normalized 
oscillation 
amplitude

𝑥𝑥 0
𝑘𝑘 𝑏𝑏

𝑲𝑲/𝜸𝜸 = 0.99

Note del presentatore
Note di presentazione
So we went through calculations and found analytical solution for magnetic undulator trajectories, up to whatever wiggler regime: you may see an example up here and note how curvy they get for growing K/g, it’s not a sinusoid anymore. We found that oscillation amplitude goes linearly as expected for K/gamma->0, while it diverges for K/gamma->1, as shown by the equation and the bottom plot.The meaning of this intrinsic limit is that when K/gamma=1, beam rigidity gets satisfied in the first magnetic element and no undulation takes place anymore – the beam is stuck at first element. (The full expression is somehow cumbersome, not reported here, but you may see from the upper plot that trajectory is no longer a sinusoid. The interesting parameter we were looking for is oscillation amplitude, that is always higher than the linear one: amplitude tends to the linear as K/gamma tends to 0 and diverges as K/gamma tends to 1 : what happens is that for K/gamma=1 beam rigidity gets satisfied in the first magnetic element and no undulation takes place anymore. )
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Undulator: amplitude correction
• Numerical checks in agreement with analytical prediction
     

• …great but what about betatron wavelength mismatch? → 𝚫𝚫𝜸𝜸
     

Note del presentatore
Note di presentazione
We did numerical checks, finding now an exact amplitude prediction, that you see in dashed orange and compared with the linear prediction in blue. So this solves the amplitude issue, while the short wavelength problem is instead given by relativistic dynamics in plasma and due particle energy oscillation Deltagamma.Several numerical checks have been performed, here we show an amplitude check in dashed orange, compared with the conventional expression in dashed blue and superposed to numerical undulator trajectory, showing a good match with the new expression. Well this solves the amplitude issue, but not the wavelength’s one. Indeed, the latter is related to linear plasma density equations, and particle energy variation Deltagamma comes into play.
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• For high 𝑲𝑲/𝜸𝜸 :

greater trajectory angle due to high 
transverse momentum, that means lower 
average longitudinal speed and, at a given 
oscillation period, shorter wavelength

energy fluctuation 𝚫𝚫𝜸𝜸 changes beam rigidity: 
greater effective oscillation period, but not 
enough to compensate for longitudinal 
slowdown

• Global effect: nonlinear wavelength 
shortening, analytically described

Ion channel: wavelength correction 𝚫𝚫𝜸𝜸

Note del presentatore
Note di presentazione
So let’s go step by step in this point. So the effect of growing K/g is to give greater trajectory angle at axis crossing, due to the high transverse momentum, and so lower average longitudinal speed: now, at fixed oscillation period this means less distance travelled so shorter wavelength. At the same time, energy fluctuation 𝚫𝜸 changes beam rigidity giving greater average oscillation period, but not enough to compensate for the slowdown. This all sums up to give a nonlinear wavelength shortening as a function of energy fluctuation. Expression is once again cumbersome, but just check its accuracy with numerics and the fair enough approximation needed to proceed with calculations.This also means that as K/gamma grows we will need less plasma density than expected to obtain the desired wavelength!
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• Plasma density and K correction 
give amplitude and 𝝀𝝀𝒃𝒃 matching

• Great energy oscillations are 
found as 𝐾𝐾/𝛾𝛾 → 1: big role in 
spectral features definition

IC vs UND: proper comparison
𝑲𝑲/𝜸𝜸𝟎𝟎 = 0.95

𝑥𝑥0 =
arctanh𝐾𝐾/𝛾𝛾0

𝑘𝑘𝑏𝑏
 

𝑛𝑛𝑝𝑝 ≈ 𝑛𝑛𝑝𝑝,0
2
3

+
𝑘𝑘𝑏𝑏𝑥𝑥0

2

4/3 −1/2

Note del presentatore
Note di presentazione
Putting it all together we were able to find the proper IC injection offset, thanks to undulator theory corrections, and to provide a new expression for the required plasma density, thanks to betatron wavelength corrections. With this new recipe, proper matching between IC and UND trajectory was achieved as you see in green and orange in the upper plot, compared with the inaccurate linear IC trajectories in blue: note how even if wavelength and amplitude matching, there are still core differences between the two trajectories, given by the nature of the fields. (Another bonus of this complete theory is a relation between the percentage energy oscillation and K/gamma, and as you see Deltagamma may get huge even for not so extreme K/gamma regimes: and this will play a big role in defining IC spectral features and its difference with UND
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IC spectrum for high K/γ 
max energy

min energy

ion channel

Note del presentatore
Note di presentazione
So lights out and let’s go through some cartoons on the radiation emission process hoping to give an idea. Here’s the ion channel and the particle is injected off axis as prescribed. As it reaches the device axis, energy will reach its maximum, going then back to injection energy on the other extreme. 
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IC spectrum for high K/γ 

expected 
frequency 

and intensity

𝟏𝟏/𝜸𝜸𝟎𝟎

Note del presentatore
Note di presentazione
Here we see the radiation spot detector on the right. On axis emission will be produced where tangent is zero, so on extremes, so at injection energy, and emission will be nearly the same as undulator one, with expected frequency and intensity.
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IC spectrum for high K/γ 

higher 
frequency 

and intensity

𝟏𝟏/𝜸𝜸𝒎𝒎𝒎𝒎𝒙𝒙

Note del presentatore
Note di presentazione
Instead, off axis emission will be given by more and more energetic sections of the trajectory, moving towards the axis, in some cases reaching top intensity around critical angle. At this point we observe a relativistic dipole like emission at much higher frequencies and intensity
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IC spectrum for high K/γ 
• For growing 𝐾𝐾/𝛾𝛾, radiation intensity 

and critical frequency from planar 
trajectories gets peaked around two 
lobes near critical angle, that gets 
values > ±𝟏𝟏 rad

𝐾𝐾/𝛾𝛾0 = 0.95

Note del presentatore
Note di presentazione
To give some more detail, here we have the angle range we are talking about: here we see two lobes about +-1 rad with respect to device’s axis, so very well separated spots. But what about photon energy? Since at this regimes K is always >>1, it’s meaningful to talk about critical frequency instead of harmonics. So the analytical trend of critical frequency versus polar angle was calculated, showing again the raise of two-lobes emission for high K/gamma. And, at these regimes, other experimentally relevant parameters as the critical angle are not as expected, featuring higher values.Aggiungi plot spot vs omega_cUpper trend in normalized critical frequency goes as arctanh^4
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IC single particle radiation spots and critical frequency

numerics numerics

theory theory

Note del presentatore
Note di presentazione
Here we see some IC radiation spots and critical frequency in more detail: nothing new for low K/gamma, just the expected relativistic doppler shift, but for K/gamma=0.8 we start to see some flattening and intensity redistribution.
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IC single particle radiation spots and critical frequency

numerics numerics

theory theory

Note del presentatore
Note di presentazione
While again, the two well separated spots at high frequency stand out as peak intensity as K/gamma goes to 1
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x

x

spectrum along 
oscillation plane

IC

detector

Note del presentatore
Note di presentazione
Ok spots are nice but not enough for spectrum evaluation: so let’s cut a slice on the detector along the horizontal oscillation plane, and check for radiation intensity resolved against photon energy on horizontal axis an detector angle on vertical axis.
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• 𝑲𝑲/𝜸𝜸 = 𝟎𝟎.𝟑𝟑 → IC and UND spectra are one and the same 

IC vs UND: numerical single particle spectrum comparison

UND numerical IC numerical IC theory

Note del presentatore
Note di presentazione
Now that trajectories are matched, IC vs UND spectrum comparison makes sense, so we see numerical undulator on the left, numerical IC at center and analytical IC on the right. For low K/gamma, und and IC spectra are one and the same but
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• 𝑲𝑲/𝜸𝜸 = 𝟎𝟎.𝟗𝟗 → IC overcomes UND, nearly flat 𝜔𝜔𝑐𝑐(𝜃𝜃), theory ok 

IC vs UND: numerical spectrum comparison

IC theoryUND numerical IC numerical

Note del presentatore
Note di presentazione
As K/gamma grows IC gets much higher brightness near critical angle, still fitting undulator on axis while the theory goes along
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IC vs UND: numerical spectrum comparison
• 𝑲𝑲/𝜸𝜸 = 𝟎𝟎.𝟗𝟗𝟗𝟗 → 𝜔𝜔𝑐𝑐  peaked at 𝜃𝜃𝑐𝑐, theory still fits

IC theoryUND numerical IC numerical

Note del presentatore
Note di presentazione
And for even higher K/gamma undulator spectrum is now barely visible, while theoretical critical frequency still fits
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IC spectrum: full beam case study

𝑲𝑲/𝜸𝜸𝟎𝟎 = 𝟎𝟎.𝟗𝟗𝟗𝟗 𝑬𝑬𝟎𝟎= 𝟗𝟗𝟎𝟎 MeV 𝒏𝒏𝒑𝒑= 1.7 × 𝟏𝟏𝟎𝟎𝟏𝟏𝟏𝟏 cm-3 𝝐𝝐 = 𝟏𝟏 mm mrad 𝒙𝒙𝟎𝟎 = 290 𝝁𝝁m

𝝀𝝀𝒃𝒃 = 𝟏𝟏 mm

• Semi-realistic setup, IC may be 
too wide for such a plasma 
density

• Theoretical 130% energy 
oscillation, 5 × maximal 
undulator radiation intensity 
around ±1 rad at ≈ 𝟐𝟐 keV

Note del presentatore
Note di presentazione
Given these results we looked for a set of parameters for a full beam, that you may find listed up there. We choose K/gamma=0.95 to see the double lobe emission and looked for some realistic beam and feasible plasma density. So, dynamics simulations look on point: betatron wavelength perfectly matched, 130% energy oscillation as predicted, and we expected peak intensity around 2keV and some emittance related spectrum issues…
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IC spectrum: full beam case study

IC, x-y emittance IC, x emittance only IC theory

𝑲𝑲/𝜸𝜸𝟎𝟎 = 𝟎𝟎.𝟗𝟗𝟗𝟗 𝑬𝑬𝟎𝟎= 𝟗𝟗𝟎𝟎 MeV 𝒏𝒏𝒑𝒑= 1.7 × 𝟏𝟏𝟎𝟎𝟏𝟏𝟏𝟏 cm-3 𝝐𝝐 = 𝟏𝟏 mm mrad 𝒙𝒙𝟎𝟎 = 290 𝝁𝝁m

Note del presentatore
Note di presentazione
…and we met them, but not exactly as we thought. On the left we see a full beam radiation spectrum, on the right the prediction: you may see that we have half the expected intensity. We tried removing just the horizontal emittance, along the oscillation plane, but nothing happened. So we removed just the vertical component of emittance: and… here comes the sun on the center plot, the intensity is back. Even for larger horizontal emittance the spectrum is comparable with theory. So how comes that such a degradation on the left is given by the “wrong” emittance component?Half the expected is found on horizontal plane, and it’s distributed over wider divergence along vertical plane. Though expecting some degradation, such a bad deviation looked suspicious
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IC high 𝑲𝑲/𝜸𝜸𝟎𝟎 emittance source: precession

• Transverse orbit analysis reveals an 
emittance-related precession, that grows 
with angular momentum and focusing 
strength

• It is unrelated to the emission process 
and always takes place during 
electrostatic focusing, strongly enhanced 
in high transverse momentum variation 
regimes

off axis 
injection

transverse plane

Note del presentatore
Note di presentazione
And here we come to the fancy particle dynamics effect. Checking transverse plane we saw that particle orbits, that you see here, undergo some unexpected precession process: its rate is faster for higher particle angular momentum and higher focusing strength. Going back to vertical emittance, in this case it gives angular momentum respect to axis, so this explains the intensity drop, due to a much greater divergence than expected.This precession is unrelated to radiation emission and just given by relativistic dynamics. 



Funded by the 
European Union

www.eupraxia-pp.org 24Andrea Frazzitta - EuPRAXIA_PP 24

IC high 𝑲𝑲/𝜸𝜸𝟎𝟎 emittance source: precession
• Precession takes place because of an effective shift 

in oscillation center due to misalignment between 
force and relativistic acceleration

• An analytical expression for precession rate has 
been calculated and may be used for additional 
rms emittance term 

Note del presentatore
Note di presentazione
We wanted to understand why this should happen and turns out that it’s given by the misalignment between restoring force and relativistic acceleration, that shifts back and forth the effective oscillation center. We went through an analytical description of the precession rate as a function of Deltagamma and angular momentum, showing that for such regimes it should be accounted as an extra emittance growth source.
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Conclusions

• A fully nonlinear study of particle and radiation dynamics in focusing 
ion channel devices has been performed, in a comparison with 
conventional undulators

• Relativistic dipole emission has been predicted and numerically 
observed in IC planar trajectories: may lead to well angular-separated 
double spot sources?

• Unexpected dynamics-related precession was observed in strong 
oscillation regimes, giving an extra emittance growth source that still 
needs to be evaluated in detail

Note del presentatore
Note di presentazione
2-or may just give a more complete description of the process, with more realistic radiation predictions.
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Thanks for the attention!
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