
Marco Rocchini

INFN - Istituto Nazionale di Fisica Nucleare


FIRENZE DIVISIONINFN
Gamma-Ray Spectroscopy Following Beta-Decay of ISOL Beams: 
Present at TRIUMF and Future at SPES



Young GAMMAs Meeting, 21-22 June 2024, Osservatorio Astrofisico di Asiago (Italy) Marco Rocchini

Gamma-ray spectroscopy following beta-decay of ISOL beams: TRIUMF and SPES

INFN TRIUMF Laboratories

TRIUMF ISAC

1

TRIUMF Labs


GRIFFIN γ-Ray 
Spectrometer


γ-γ Angular 
Correlations 
with GRIFFIN


GAMMA & 
GRIFFIN


74Zn: 
IoIs & r-Process


SPES


SPES β-Decay 
Station



Young GAMMAs Meeting, 21-22 June 2024, Osservatorio Astrofisico di Asiago (Italy) Marco Rocchini

Gamma-ray spectroscopy following beta-decay of ISOL beams: TRIUMF and SPES

INFN

1

TRIUMF ISAC

TRIUMF Laboratories
TRIUMF Labs


GRIFFIN γ-Ray 
Spectrometer


γ-γ Angular 
Correlations 
with GRIFFIN


GAMMA & 
GRIFFIN


74Zn: 
IoIs & r-Process


SPES


SPES β-Decay 
Station

20

Visitors in the cyclotron

Iron Man & TRIUMF Cyclotron
(Avengers: Infinity War)



Young GAMMAs Meeting, 21-22 June 2024, Osservatorio Astrofisico di Asiago (Italy) Marco Rocchini

Gamma-ray spectroscopy following beta-decay of ISOL beams: TRIUMF and SPES

INFN

1

2021-05-23, 6*03 PMGoogle Maps

Page 1 of 1https://www.google.it/maps/@44.3036154,-124.5320708,234496m/data=!3m1!1e3

Imagery ©2021 Maxar Technologies, CNES / Airbus, SCRD, Google, Data SIO, NOAA, U.S. Navy, NGA, GEBCO, Map data ©2021 2 km 

TRIUMF ISAC

TRIUMF Laboratories
TRIUMF Labs


GRIFFIN γ-Ray 
Spectrometer


γ-γ Angular 
Correlations 
with GRIFFIN


GAMMA & 
GRIFFIN


74Zn: 
IoIs & r-Process


SPES


SPES β-Decay 
Station



INFN
Young GAMMAs Meeting, 21-22 June 2024, Asiago (Italy) Marco Rocchini

ISAC-I and ISAC-II 
Facilities

▸ Cyclotron ⟹ 500-MeV protons


▸ ISOL (Isotope Separation On-Line) method


▸ Several primary targets (Uranium, Tantalum, 
Zirconium, …)


▸  Surface and laser ion sources


▸    High-resolution mass separator


▸    Several experimental setups


▸ ISAC-I ⟹ Non-reaccelerated beams 
(20-40 keV)


▸ ISAC-II ⟹ Post-accelerated beams 
(up to ~10 MeV/A)
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▸ ISAC facility: Radioactive Ion Beam production using the ISOL technique


▸ ISAC-I ⟹ Non-reaccelerated beams (20-40 keV) ⟹ GRIFFIN


▸ ISAC-II ⟹ Post-accelerated beams (up to ~10 MeV/A) ⟹ TIGRESS


▸ GRIFFIN (Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei): 
High-efficiency γ-ray spectrometer equipped with many ancillary devices

A.B. Garnsworthy et al., NIMA 918, 9 (2019) 3
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A.B. Garnsworthy et al., NIMA 918, 9 (2019) 

▸ γ-γ Angular Correlations with GRIFFIN: 
J.K. Smith et al., NIMA 922, 47 (2019)


▸ Rhombicuboctahedron geometry ⇒ Up to 52 opening angles


▸ Event mixing technique ⇒ No need to know # of pairs for each 

opening angle and relative efficiencies of the detectors


▸ Finite sizes of the detectors ⇒ Detailed GEANT4 simulations


▸ Definitive spin assignments at the 99% CL

J.K. Smith, A.D. MacLean, W. Ashfield et al. Nuclear Inst. and Methods in Physics Research, A 922 (2019) 47–63

population of low spin states. We note also that for cascades in which
the second transition involves a higher multipolarity, the intermediate
lifetime will be longer and so the above assumption of Gii(t) ˘ 1 will not
hold for such cases.

It is a simple procedure to fit an experimental distribution with
Eq. (3), but the data gathered by large arrays of detectors are distorted
by several experimental factors: uneven distribution of detectors in ✓,
different detector efficiencies, finite detector size, and the lifetimes of
intermediate states. These factors mean that the uncorrected coefficients
obtained from the fitted experimental data do not describe the true
physical angular correlation of the � rays. These effects typically act to
attenuate the asymmetry in the observed angular distributions. Various
techniques have been developed to account for these effects in order
to extract accurate coefficients from experimental data. In cases where
the lifetime of the intermediate state is negligible (the 2+ states in 60Ni,
152Gd and 66Zn are sufficiently short-lived, see Table 2), the uneven
distribution of detectors and different efficiencies can be deconvoluted
from the data by counting the crystal pairs at various opening angles
and normalizing individual detector signals for the detector-specific,
energy-dependent (and sometimes time-dependent) efficiency. This data
processing can be difficult and time-consuming, especially for low-
statistics peaks or if the efficiency varies over time. In the past, an
accounting of the effects of finite detector size has been done by defining
attenuation factors Qll , such that

al =
cl
Qll

(5)

where cl is the coefficient of Pl extracted from a fit of Eq. (3) to the
data. The Qll values are specific to the detector size, shape, distance
from the source, and the energy of the particular � ray. The attenuation
coefficients can be calculated in advance but such calculations depend
heavily on the particular detector array setup and the energies of the
specific � rays involved in the cascade. Examples of such calculations
for detectors with simple geometry can be found in Refs. [4,5]. While
these factors can be calculated analytically for certain detector shapes,
the coefficients were often calculated numerically with Monte Carlo
simulations [4,6,7]. The use of a full simulation in the present work will
allow the calculation of differences in these coefficients due to changes
in the physical setup of the experiment and incorporate modern cross-
section information for the relevant materials.

In this article, we discuss the analysis procedures developed to
extract physically relevant angular correlation coefficients from data
collected with the high-purity germanium clover detectors used in the
Gamma-Ray Infrastructure For Fundamental Investigations of Nuclei
(GRIFFIN) [8,9], described briefly in Section 2. These methods are,
however, generally applicable to large arrays of �-ray detectors. First,
in Section 3, we present an adaptation of an event-mixing technique
to remove energy- and time-dependent efficiency differences between
the detectors. In Sections 4.1, 4.2, 4.3, and 4.4, we describe a series
of methods utilizing simulations to correct for the finite detector sizes
with increasing levels of parameterization and approximation. While
some methods reduce the achievable precision and accuracy of the
measured values they also dramatically reduce the computational cost
of each individual measurement. Finally, in Sections 5 and 4.5 we make
comparisons between the methods and summarize the results.

2. Experimental details - GRIFFIN

Since the analysis techniques described herein are demonstrated
through application to data recorded with the GRIFFIN spectrometer,
we give here a brief description of the facility and refer the reader to
other publications [8–10] for further details.

GRIFFIN is an array of 16 High-Purity Germanium (HPGe) clover
detectors arranged in a rhombicuboctahedron geometry (Fig. 1) around
the location at which the radioactive beam is implanted. Each clover

Table 1
Angles between HPGe crystal pairs in the GRIFFIN geometry with the HPGe detectors at a
source-to-detector distance of 11 cm. Two independent sets of crystal pairs at 86.2 degrees
have different geometries but angular differences that are the same to four decimal places.
The same is true for the two independent sets of crystal pairs at 93.8 degrees. See text for
more details of pair counting.
Angle (˝) Num. of Angle (˝) Num. of

Pairs Pairs

0.0 64 91.5 128
18.8 128 93.8 48
25.6 64 93.8 64
26.7 64 97.0 64
31.9 64 101.3 64
33.7 48 103.6 96
44.4 128 106.9 64
46.8 96 109.1 96
48.6 128 110.1 64
49.8 96 112.5 64
53.8 48 113.4 64
60.2 96 115.0 96
62.7 48 116.9 64
63.1 64 117.3 48
65.0 96 119.8 96
66.5 64 126.2 48
67.5 64 130.2 96
69.9 64 131.4 128
70.9 96 133.2 96
73.1 64 135.6 128
76.4 96 146.3 48
78.7 64 148.1 64
83.0 64 152.3 64
86.2 64 154.4 64
86.2 48 160.2 128
88.5 128 180.0 64

Fig. 1. A rhombicuboctahedron (bold outline) is the basis of the array geometry for the
GRIFFIN HPGe clovers. The front of each clover is placed against the square face. Each
clover contains four crystals, indicated by the thinner dividing lines on the square faces.
The crystal pairs i * iii and i * iv span the same range of opening angles, but the pairs
ii * iii and ii * iv do not.

contains four electrically-independent crystals for a total of 64 individ-
ual HPGe crystals in the spectrometer. In typical operation, the TRIUMF-
ISAC facility provides beams of radioactive isotopes that are stopped
at the center of the array and subsequently decay. The distribution of
radioactivity on the tape has a diameter of less than 5 mm. In addition
to the HPGe clover detectors which detect the � rays, ancillary detectors
are available which can detect emitted beta, alpha, proton, and neutron
radiation. The configuration of the HPGe clovers is also variable: the
clovers can be arranged in a close-packed, high-efficiency geometry
with the front face of each detector at a source-to-detector distance of
11 cm, or an optimized peak-to-total geometry with full Compton and
background suppression shields and the HPGe detectors at a distance of
14.5 cm from the source. Some ancillary detectors require the removal
of one or more clover detectors. The particular detector configuration
thus varies based on the experimental needs.

48
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Zirconium Isotopes

Neutron Number

also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A ! 31 (below which the effect of axial asymmetry is
negligible) to A ! 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 ! "0:0; 0:025; . . . ; 0:45#, ! !
"0:0; 2:5; . . . 60:0#, and "4 ! "$0:12;$0:10; . . . ; 0:12#, al-
together 6175 grid points. When "4 ! 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
% y2

b2 %
z2

c2 ! 1: (1)

For ! ! 0, the shape is rotationally symmetric around the z
axis, that is, a ! b, and for ! ! 60& it is rotationally
symmetric around the x axis, that is, b ! c. For intermedi-
ate values of !, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 ! 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51" 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81" 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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Zirconium Isotopes

Neutron Number

also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A ! 31 (below which the effect of axial asymmetry is
negligible) to A ! 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 ! "0:0; 0:025; . . . ; 0:45#, ! !
"0:0; 2:5; . . . 60:0#, and "4 ! "$0:12;$0:10; . . . ; 0:12#, al-
together 6175 grid points. When "4 ! 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
% y2

b2 %
z2

c2 ! 1: (1)

For ! ! 0, the shape is rotationally symmetric around the z
axis, that is, a ! b, and for ! ! 60& it is rotationally
symmetric around the x axis, that is, b ! c. For intermedi-
ate values of !, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 ! 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
relative values. Quantities in bold italic are newly determined.
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51" 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81" 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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FIG. 3. The partial experimental level scheme deduced for
112Cd (top) and from the BMF calculation (bottom). See caption
of Fig. 2 for details.
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also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A ! 31 (below which the effect of axial asymmetry is
negligible) to A ! 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 ! "0:0; 0:025; . . . ; 0:45#, ! !
"0:0; 2:5; . . . 60:0#, and "4 ! "$0:12;$0:10; . . . ; 0:12#, al-
together 6175 grid points. When "4 ! 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
% y2

b2 %
z2

c2 ! 1: (1)

For ! ! 0, the shape is rotationally symmetric around the z
axis, that is, a ! b, and for ! ! 60& it is rotationally
symmetric around the x axis, that is, b ! c. For intermedi-
ate values of !, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 ! 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51" 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81" 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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Gamma-ray spectroscopy following beta-decay of ISOL beams: TRIUMF and SPES

INFN
1) Quantum-phase transition in the Zr isotopes 2) Influence of the nuclear shape on 0νββ decay

3) The downfall of low-energy vibrations in nuclei 4) Triaxiality in radioactive nuclei & the r-process
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also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A ! 31 (below which the effect of axial asymmetry is
negligible) to A ! 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 ! "0:0; 0:025; . . . ; 0:45#, ! !
"0:0; 2:5; . . . 60:0#, and "4 ! "$0:12;$0:10; . . . ; 0:12#, al-
together 6175 grid points. When "4 ! 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
% y2

b2 %
z2

c2 ! 1: (1)

For ! ! 0, the shape is rotationally symmetric around the z
axis, that is, a ! b, and for ! ! 60& it is rotationally
symmetric around the x axis, that is, b ! c. For intermedi-
ate values of !, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 ! 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor
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FIG. 2 (color). Calculated lowering of the nuclear ground-state energy when axial symmetry is broken, relative to calculations
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experiment, we show a measured spectrum [16]. All three spectra exhibit characteristic ! bands. This can be thought of as a necessary
condition: ! bands should be present when the shapes are axially asymmetric.
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
relative values. Quantities in bold italic are newly determined.
Upper limits result from lower limits for the level lifetimes, or
unknown E2=M1 mixing ratios, and the values given assume E2
multipolarity. Also shown are the collective wave function
distributions for the bandheads, plotted in the β − γ plane, with
a color scheme of red for the maximum and blue for the minimum
contribution. The average particle-hole occupation numbers
extracted for protons (π) and neutrons (ν) for the 0þ states are
indicated.
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51" 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81" 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A ! 31 (below which the effect of axial asymmetry is
negligible) to A ! 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 ! "0:0; 0:025; . . . ; 0:45#, ! !
"0:0; 2:5; . . . 60:0#, and "4 ! "$0:12;$0:10; . . . ; 0:12#, al-
together 6175 grid points. When "4 ! 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
% y2

b2 %
z2

c2 ! 1: (1)

For ! ! 0, the shape is rotationally symmetric around the z
axis, that is, a ! b, and for ! ! 60& it is rotationally
symmetric around the x axis, that is, b ! c. For intermedi-
ate values of !, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 ! 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor
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of the previously published data [12,13],
as outlined in Ref. [8], yields lifetimes for the 2287,
2706, and 2927 keV levels of τ ¼ 395þ30

−24 , τ ¼ 221þ68
−44 ,

and τ ¼ 245þ500
−110 fs, respectively—the latter two deter-

mined for the first time. The extracted BðE2; 4þ5 → 2þ4 Þ
of 55% 14 W:u: indicates a large collective enhancement.
Similarly, collective enhancements are observed for the
decays of the 2927 keV 5þ level to lower-lying 3þ, 4þ, and
6þ states. Also shown in Fig. 1 is a spectrum of γ rays in
coincidence with the 1253 keV γ ray from the 1871 keV 0þ4
state in 112Cd. The inset displays the 360 keV γ-ray peak
that is assigned as the 2þ6 → 0þ4 transition and a very small
peak from a 285 keV γ ray that is assigned as the 2þ5 → 0þ4
transition. The branching extracted for the latter is
7.9ð33Þ × 10−4, yielding BðE2; 2þ5 → 0þ4 Þ ¼ 34ð15Þ W:u:
with the lifetime from Ref. [14]. Further analysis of
the γ − γ coincidence data reveals a transition from the
2711 keV 4þ state to the 2156 keV 2þ level; its branching is
deduced to be 0.059%0.008, resulting in BðE2;4þ6 →2þ5 Þ¼
77%30W:u: Further examples of coincidence spectra, and
tables of the results, are found in Ref. [6].
The assignment of the levels into bands, as shown in

Figs. 2 and 3, is generally based on the presence of an
enhanced E2 transition or a large relative BðE2Þ value.
Exceptions to this practice are some of the levels associated
with the intruder γ band. (Herein, we follow the convention
of using the label of γ for the 2þ, 3þ, 4þ, etc. ordering of
states, independent of its exact nature as γ vibrational or
nonaxial rotational.) In 110Cd, a sequence formed by the
2287 − 2þ, 2566 − 3þ, 2706 − 4þ, 3008 − 5þ (first
observed in Ref. [15]), and 3240 keV − 6þ states was
observed, with an enhanced 4þ → 2þ transition and a large
6þ → 4þ branch. This sequence of levels is a candidate for
the γ band based on the intruder 0þ2 configuration, expected
if the 0þ2 level is indeed a deformed shape-coexisting state.
In 112Cd, the 2þ and 3þ levels at 2231 and 2403 keV are
considered as intruder γ band candidates; there is insuffi-
cient knowledge of higher spin levels to make suggested
assignments. From the sensitivity achieved with the 112Ag
decay, the 0þ3 band in 112Cd has been extended to spin 4,
and the 0þ4 band has been located based on enhanced
4þ → 2þ and 2þ → 0þ BðE2Þ values (see Ref. [6]).
The collective states are compared to the results of BMF

calculations using the symmetry conserving configuration
mixing method with the Gogny D1S energy density func-
tional, as described in Ref. [16] and outlined in Ref. [6].
This is the first application of this method to the midshell
nuclei in the Z ¼ 50 region that have previously been
described as good spherical vibrators (see, e.g., Ref. [17]).
The BMF effects are taken into account through the exact
angular-momentum and particle-number restoration and
include the possibility of axial and nonaxial shape mixing.
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FIG. 2. The partial experimental level scheme deduced for
110Cd (top) and from the BMF calculation (bottom) showing the
collective, low-lying, positive-parity bands with their in-band and
bandhead decays. The transitions are labeled by BðE2Þ values in
W.u. with uncertainties in parentheses; square brackets indicate
relative values. Quantities in bold italic are newly determined.
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unknown E2=M1 mixing ratios, and the values given assume E2
multipolarity. Also shown are the collective wave function
distributions for the bandheads, plotted in the β − γ plane, with
a color scheme of red for the maximum and blue for the minimum
contribution. The average particle-hole occupation numbers
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The occupation numbers are computed in a similar fashion
as in Ref. [18] using the 0s, 0p, 1s0d, 1p0f, and 0g9=2
orbits as the reference to define the particle-hole structure
for both protons and neutrons.
Rather than focus on the details, we concentrate on the

overall gross features of the calculations. Considering that
the calculations have no free parameters, there is remark-
able similarity between the observed and predicted bands
shown in Figs. 2 and 3. For both nuclei, four low-lying
collective 0þ states are predicted with distinct shapes: the
prolate ground state band with β ≈ 0.20, a triaxial-
deformed 0þ2 band with β ≈ 0.4 and γ ≈ 20°, an oblate
0þ3 band with β ≈ 0.30, and a prolate 0þ4 band with
β ≈ 0.25. Two γ bands are also predicted, the lowest-lying

of which has β ≈ 0.20 (similar to the ground state) and
triaxial, and the second band has a deformation nearly
identical to that of the 0þ2 state. The γ bands strongly mix in
the calculations, resulting in enhanced E2 transitions
between the band members. There is also strong mixing
of the spin 4 and 6 states of the 0þ bands with states in other
bands, especially those in close proximity, resulting in a
fragmentation of the E2 decay strength. The 0þ2 states have
enhanced E2 transitions to the 2þ1 states (predicted, 16 and
40 W.u.; observed, <40 and 51" 14 in 110Cd and 112Cd,
respectively), the 0þ3 bandheads have enhanced decays to
the 2þ bandheads of the γ bands (predicted 97 and
108 W.u., observed <1680 and 81" 7 W:u:, respectively),
and the 0þ4 states have enhanced decays to the 2þ member
of the 0þ2 band (23 and 25 W.u. predicted, and exper-
imentally these E2 transitions are favored by approximately
2 orders of magnitude versus other possible E2 transitions).
The predicted energies of the states, as given in Figs. 2 and

3, are generally overestimated; this feature, however, is quite
common in BMF calculations. The ratios of the 4þ to 2þ

energies are 2.63 and 2.38 in 110;112Cd, respectively, whereas
experimentally they appear slightly closer to the vibrational
limit of 2.0 with values of 2.34 and 2.29. The in-bandBðE2Þ
values are also generally greater than observed, suggesting
that the calculated deformation may be slightly too large, as
also reflected in the quadrupole moments of the 2þ1 states;
the observed spectroscopic moments are −0.40ð3Þ and
−0.38ð3Þ eb for 110;112Cd, respectively, and the correspond-
ing predicted values are −0.60 and −0.57 eb.
A remarkable aspect of the present calculations is that

they do not support spherical vibrational interpretations for
the excited states of 110;112Cd; the low-lying states are
predicted to possess significant deformation and none of
the states have vibrational wave functions. Detailed inves-
tigations of the Cd isotopes have revealed systematic
discrepancies that are problematic to reconcile with their
long-standing view as spherical vibrational systems
[4,17,19]. Recently, the spherical vibrational interpretation
was resurrected by considering terms in the Hamiltonian
that mix phonon states, introducing a partial dynamical
symmetry that preserves the typical spherical vibrator
pattern for some states while allowing for departures for
others [20]. In this model, the mixing with shape-coexisting
intruder states remains weak, as reflected in the data [8].
The effect of the phonon mixing essentially interchanges
the positions of the low-spin N þ 1 and N phonon states.
The 0þ3 and 0þ4 states, which would normally be members
of the two- and three-phonon multiplets, respectively,
interchange their characters, as do the 2þ members of
the three- and four-phonon multiplets. The present BMF
calculations suggest an alternative explanation to the “Cd
problem” [20], and the observation of enhanced BðE2Þ
values supports their interpretation as rotational structures
associated with the excited 0þ states.
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Experiment on 96Zr performed one year ago

Spokespersons: M. Rocchini, P. Garrett, M. Zielinska

Experiment on 116,118,120Cd approved 
(highest priority)


Spokespersons: A. Nannini, P. Garrett, M. Zielinska

Experiment on 74Zn published, beam development 
for more exotic Cu beam accepted (highest priority)

● M. Rocchini et al., Physics Review Letters 130 (2023) 122502

● Spokespersons LoI: M. Rocchini, B. Olaizola, A. Illana
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▸ IoIs: Regions of the nuclide chart in which 

the energy gained through correlations 
(e.g., quadrupole) can offset the spherical 
mean-field gaps, leading to the 
appearance of unexpected 
deformed ground states


▸ Their study permits 
investigating correlation 
energies and 
phenomena such as 
deformation and 
shape coexistence
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β-decay studies of neutron-rich nuclei in and around the “island of inversion” have been performed. 
With a systematic investigation of half-lives for the isotonic chains from N = 19 to 22, conspicuous 
kinks observed at Z = 13 provide a clear signature of a boundary on the northern (high-Z ) side of the 
island. Based on the comparison with shell model calculations using Gogny D1S and SDPF-M interactions, 
a newly determined 2+

2 state in 34Si at 4519 keV presents an experimental evidence of triaxiality in this 
region and sheds more light on the structure of the transition across the northern boundary of the island.

 2017 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

Since the pioneering works on the shell structure in nuclei by 
Goeppert-Mayer [1] and Jensen et al. [2], magic numbers have 
played a major role in our understanding of nuclear structure close 
to β-stability. A nucleus with a magic number of nucleons shows 
signs of stability such as a spherical ground state and remarkably 
higher E(2+

1 ) energies and smaller B(E2) values than their neigh-
bors. With nuclear physics studies moving towards nuclei far from 
β-stability, such a picture was firstly broken in the light neutron-
rich nuclei. In 1975, Thibault et al. [3] observed anomalous ground 
state properties in 31Na deviating strongly from the prediction of 
the traditional shell model. Later on, more studies revealed a re-
gion of large deformation around N = 20, Z < 14 [4–8] and inter-
preted these anomalies as the reduction of the N = 20 shell gap, 
which is a result of the intrusion of neutron orbits from the pf
shell into the sd shell. Warburton et al. [9] predicted that nuclei 
with this inversed ground states would constitute a 3 × 3 square 
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with Z = 10 ∼ 12, N = 20 ∼ 22, which was referred to as the “is-
land of inversion”.

In the following years, uncovering the underlying inversion 
mechanism and exploring the scope of the island has been the 
focus of intensive theoretical and experimental investigations. The 
reduction of N = 20 shell gap is now known to be most likely 
caused by the strong nucleon–nucleon tensor interaction [10–13]
and the original border of the “island of inversion” has been 
extended considerably [14–22]. The nuclei 29F [14], 28Ne [15], 
29,30Na [16–19], 31,35,36Mg [20–22], which were originally outside 
the island, have been experimentally confirmed to be inside the 
island recently. Based on these achievements, now many atten-
tions are focused on the further question about how this struc-
ture transition moves along the isotonic or isotopic chains: sharp 
or gradual? The answer to this question will provide a stringent 
test of various model predictions. For a better description of this 
structure transition, theory suggested that the triaxial degree of 
freedom plays an important role in this particular region [23–30]. 
However, due to the limited experimental spectroscopic informa-
tion available in this region, there is yet no decisive evidence of 
triaxiality to date.
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Fig. 2. (Color online). (a) Experimental half-lives of four isotonic chains from N =
19 to 22 in and around the “island of inversion”. Data are taken from the present 
work and Refs. [35,53], respectively. (b) The theoretical half-lives of four isotonic 
chains obtained by shell model calculations with the Gogny D1S and the SDPF-M 
interactions are compared with experimental data.

sults are in nice agreement with the experimental data, especially 
well reproducing the kinks at Z = 13. On average, the SDPF-M cal-
culations are closer to the experimental data.

A detailed analysis reveals that the half-lives of these neutron-
rich nuclei are very sensitive to the correlation between the wave 
functions of the parent and the daughter nuclei. The Ne, Na, and 
Mg nuclei lie inside the “island of inversion” and all have simi-
lar dominant intrusive wave functions for the parent and daughter 
nuclei in the β-decay. Therefore the trend of their half-lives fol-
lows the general rule, i.e. increasing when heading towards the 
β-stability. When approaching the edge of the “island of inversion”, 
as the ground states of Mg isotopes have dominant intrusive wave 
functions, while the ground states and most of the low-lying ex-
cited states in Al isotopes have dominant normal wave functions, 
the weak correlations between the wave functions of the parent 
and daughter nuclei result in relative long half-lives of the Mg iso-
topes. In contrast, when decaying out of the “island of inversion”, 
both Al and Si nuclei have similar dominant normal wave func-
tions, which give rise to the relative short half-lives of Al isotopes. 
Thus, the kinks occurring at Z = 13 can be mainly ascribed to the 
evolution of the occupation of normal and intruder orbits in the 
nuclei around the edge of “island of inversion”, and therefore con-
sidered as a clear sign for the northern boundary of the island. The 
strong or weak kinks reflect the sharp or gradual structure transi-
tion on the northern side of the island, respectively. For example, 
the sharp structure transition from ∼ 100% intruder configuration 
of 31Mg [20] to ∼ 100% normal configuration of 32Al [49,50] leads 
to the strongest kink observed in the N = 19 isotonic chain. De-
tailed β-decay properties certainly will shed more light on the 
structure transition at the edge of the island. In the following we 
focus on the detailed β-delayed γ -spectroscopy of 34Al.

Shell model calculations [36,51] predicted that 34Al, as a 
boundary nucleus of the “island of inversion”, should exhibit nor-
mal and intruder configurations at similar excitation energies. The 
coexistence of the normal 4− ground state and a intruder 1+ iso-
meric state results in two β-decay paths, which were first reported 
in a previous β-decay study [36]. In Ref. [36], a 54.4(5) ms half-

Fig. 3. (Color online). Level scheme for 34Si populated in the β-decay of 34Al along 
with shell model calculations with the Gogny D1S and the SDPF-M interactions. The 
experimental level in red is newly determined in the present work. The calculated 
0h̄ω components(%) are labeled on the top of the corresponding levels. Energies are 
given in keV.

life of the 4− ground state in 34Al was deduced from the β-decay 
time spectra in coincidence with the 926-keV γ -line in 34Si, while 
a 26(1) ms half-life of the 1+ isomer was obtained in coincidence 
with the positron-annihilation 511-keV γ -line. Since the 511-keV 
γ -line could also be generated by other sources such as the previ-
ously implanted long-lived nuclei and the beam-activated products 
around, the half-life of the 1+ isomer may be overestimated. In 
the more recent experimental works by the same group, a new 
25(4) ms half-life of the 1+ isomer in 34Al was obtained by gat-
ing on the γ -lines of 34Si [52] and the excitation energy of the 1+

isomer was found to be 46.6 keV [53]. Furthermore, with the de-
tection of e+e− pairs, the excited energy of the long-predicted 0+

2
state [54–57] in 34Si was determined and a quadrupole deforma-
tion β ∼0.29 was extracted for this 0+

2 state, which coexists with 
the spherical ground state in 34Si [36].

In the present work, both two β-decay paths are observed 
(shown in Fig. 3). All the previously reported γ transitions follow-
ing the β-decay from the 4− ground state in 34Al [36,58,59] are 
confirmed here. Gating on the 929-keV transition, the β correlated 
decay curve yields a half-life of 51.5(9) ms, which is a little smaller 
than the previously reported value of 54.4(5) ms [36]. In the pre-
vious experiment [36], the 34Al nucleus is produced in the frag-
mentation of a 77.5 MeV/nucleon 36S beam on a 240 mg/cm2 9Be 
target. It is well known that projectile fragmentation can produce 
fragments in not only ground states but also isomeric states. The 
proportion of isomeric to ground states population varies greatly 
with the projectile-fragment combination as well as the incident 
energy and other experimental conditions. Thus, it would be in-
teresting to figure out the origin of this difference in half-life in a 
future experiment.

For the decay path from the 1+ isomer in 34Al, as shown in 
Fig. 4, due to the combination of a high γ -detection efficiency 
and a low background level, a γ line at 1193 keV is found to be 
coincident with the 3326-keV γ ray (2+

1 → 0+
1 ). This 1193-keV 

γ line has been observed in several previous experiments [52,
59–63]. Based on the observed coincidence between the 1193- and 
3326-keV transitions, a level at 4519 keV was established with-
out spin-parity assignment [52,61,62]. The coincidence between 
the 1193- and 3326-keV transitions as well as the observation of 
a 1800-keV deexcited γ -ray transition from the 4519-keV state 
to the 0+

2 state at 2719 keV in the present work further con-
firms the 4519-keV level reported in Refs. [52,61,62]. Gating on 
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For the first time the g factor of an isotope beyond N = 20 near the ‘island of inversion’ has been measured. A 34Al radioactive beam was
produced in a one-neutron pickup reaction on a 36S primary beam at 77.5 MeV/u, providing a large spin-polarization for application of the
β-Nuclear Magnetic Resonance (β-NMR) method. The measured g factor of 34Al, |g| = 0.539(2), combined with results from earlier β-decay
studies, allows to firmly assign a ground state spin/parity 4−. Comparison to large scale shell model calculations reveals that a dominant amount
of intruder components is needed in the 34Al wave function to account for the observed large magnetic moment µ = (+)2.156(16)µN . This
reveals Z = 13 to be a true ‘transition number’ between the normal Z = 14 Si isotopes and the abnormal Z = 12 Mg isotopes. The sensitivity of
this odd–odd ground state dipole moment to the N = 20, as well as the N = 28 gap, reveals that both are significantly reduced, despite Z = 13
being outside the conventional island of inversion.
 2007 Elsevier B.V. All rights reserved.

The disappearance of magic numbers is one of the amazing
features discovered in the physics of nuclei far from stability.
A good example is the N ∼ 20 region, where a mass anomaly
in 31,32Na [1] and a large deformation observed for 32

12Mg [2]
were in contrast to the spherical behavior expected for a nucleus
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with magic number N = 20. The unusual properties of these nu-
clei were explained in terms of states with two neutrons excited
across the N = 20 shell gap, called 2p2h (2 particle–2 hole) in-
truder states. The region where such intruder state is the ground
state, is often referred to as the “island of inversion”, and it was
predicted [3] to consist of nine nuclei with 10 ! Z ! 12 and
20 ! N ! 22. Experiments have shown however, that some iso-
topes with N < 20 also belong to the island of inversion, e.g.,
the N = 19 isotones 30

11Na and 31
12Mg [4,5]. This might be ex-

plained by a decrease of the N = 20 shell gap [6,7] for isotopes
below Z = 14, because of the strong T = 0 monopole inter-
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Fig. 5. Isotopes in and near the island of inversion: intruder dominant ground
states (red), normal ground states (yellow) and mixed configurations (rose).
Isotopes with yet unknown configurations are in light grey and the unknown
isotopes from the initially defined island in dark grey. (For interpretation of
the references to colour in this figure legend, the reader is referred to the web
version of this Letter.)

netic moment µ = (+)2.156(16)µN is much larger than the
values calculated with the most recent large-scale shell model
interactions. This has two causes: the magnetic moment is ex-
tremely sensitive to mixing with intruder configurations in the
wave function (related to the N = 20 shell gap), but also to the
occupation of the ν1p3/2 orbital (related to the N = 28 shell
gap). Contrary to earlier studies suggesting that Al isotopes
have a normal ground state across the N = 20 region, this result
establishes a large mixing of at least 50% of intruder configura-
tions in the 34Al ground state. Furthermore, the subtle interplay
between the effect of reduced N = 20 and N = 28 shell gaps at
Z = 13 observed through the g factor, will provide a severe test
for a further improved effective shell model interaction. This is
indispensable information, that cannot be deduced from bind-
ing energies or from decay and level scheme studies.
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Fig. 7. The intruder contribution of the calculated ground-state wave function for 
the elements Ca (Z=20) through Ni(Z=28), computed by the VS-IMSRG(2) within 
the proton pf neutron pf5/2 g9/2 valence space.

In this work, starting from the h̄ω = 16 MeV harmonic oscil-
lator basis, our calculations are performed in the 15 major shell 
space to derive the effective Hamiltonian in the proton pf and 
neutron pf5/2 g9/2d5/2 valence space above 48Ca core. Note that the 
neutron d5/2 orbital is added to the valence space here, in contrast 
to the calculations in Ref. [15]. The three-body interaction matrix 
elements are restricted up to E3max = 16, where E3max is defined 
as the sum of the three-body oscillator quanta. The center-of-mass 
Hamiltonian coefficient β = 3 is used in the following discussion 
and we observed that the β-dependence is negligibly small. For 
N>35, the calculated S2n are lower than the experiment, which 
was already observed in Ref. [15]. The discrepancy is attributed to 
the many-body correlations beyond the VS-IMSRG(2) approxima-
tion, implying the enhancement of the collectivity in N>35.

It should be noted that the VS-IMSRG results systematically 
overestimate the excitation energies, while the trend of the exper-
iment is well reproduced as shown in earlier works [26,63]. While 
too strong for N<38, the VS-IMSRG δ∗

2n results follow the experi-
mental trends in the IOI region well, as shown in Fig. 6, and thus 
we expect that the underlying physics is mostly captured through 
the VS-IMSRG(2) approximation. Nevertheless, since collectivity is 
an inherently many-body effect, we expect further improvement 
when advancing to the IMSRG(3) truncation for such calculations. 
Indeed implementation of IMSRG(3) has already been carried out 
in the single-reference formulation of the IMSRG for closed-shell 
systems [64], and first results for the VS-IMSRG are currently in 
preparation.

To further examine the extend of the N=40 IOI in the neigh-
boring elements, we expand the VS-IMSRG calculations to cover 
the full region between Ca and Ni. In Fig. 7, the contributions of 
intruder configuration for Cr and neighboring elements are visu-
alized using the calculated ground-state wave function from the 
VS-IMSRG within the proton pf and neutron pf5/2 g9/2 valence 
space above 48Ca. As seen in Fig. 7, towards N=40, the intruder 
configuration increases in the Cr ground states, a sign of IOI be-
havior at N=40 [51]. Also, the number of neutrons across the gap 
is maximized at N=40, consistent with the LNPS calculations [51].

This is similar to the trend in the f7/2 and p3/2 orbitals for 
32Mg [13,26]. Additionally, it is seen that the intruder state con-
figuration is strongest for Cr compared to the neighboring nuclei, 
such as Mn, Fe and Co, shown in Fig. 7, implying that 64Cr is the 
pinnacle of the N=40 IOI. The next strong contribution is seen for 

Mn and Fe, with a similar trend where the intruder contribution is 
the strongest at N=40 followed by N=42. For Fe, this result is in 
agreement with the maximum observed quadrupole deformation 
between 66Fe and 68Fe (i.e. N = 40 and N = 42) from the mean-
field calculations [23]. Another recent work on Mn has shown a 
high pairing gap approaching N=40 attributed to neutron occupy-
ing higher lying orbitals [48]. These results are in line with the 
results from LNPS calculations [51] that show the onset of defor-
mation at N=40 in the Fe chain and at N=38 in Cr isotopes.

4. Conclusion and discussion

Our results reduce the uncertainties of the mass measurements 
for 63−65Cr masses. Moreover, this presents the first high-precision 
direct mass measurements of 64,65Cr. Our results provide com-
pelling evidence for maximal collectivity at 64Cr centering it in an 
island of inversion around N=40. Comparison of our results with 
global mass-models and the ab-initio VS-IMSRG calculations indi-
cates the dominance of the intruder configurations for 64Cr, and 
shows the overall trend of collectivity in the region. The precise 
data provides important constraints to guide the ongoing develop-
ment of ab-initio approaches to nuclear structure. High precision 
mass measurements beyond N=41 would be required to more 
fully probe the N=40 island of inversion. Advancement in the ab 
initio theory in this region will be significant in illuminating the 
nuclear shell structure for the Z = 24 nuclei.
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Mass measurements continue to provide invaluable information for elucidating nuclear structure and 
scenarios of astrophysical interest. The transition region between the Z = 20 and 28 proton shell closures 
is particularly interesting due to the onset and evolution of nuclear deformation as nuclei become more 
neutron-rich. This provides a critical testing ground for emerging ab-initio nuclear structure models. Here, 
we present high-precision mass measurements of neutron-rich chromium isotopes using the sensitive 
electrostatic Multiple-Reflection Time-Of-Flight Mass Spectrometer (MR-TOF-MS) at TRIUMF’s Ion Trap 
for Atomic and Nuclear Science (TITAN) facility. Our high-precision mass measurements of 59,61−63Cr 
confirm previous results, and the improved precision in measurements of 64−65Cr refine the mass surface 
beyond N=40. With the ab initio in-medium similarity renormalization group, we examine the trends 
in collectivity in chromium isotopes and give a complete picture of the N=40 island of inversion from 
calcium to nickel.

 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

Mass measurements are essential to derive the binding energy 
of the nucleus needed to understand the nuclear forces that hold 

* Corresponding author.
E-mail address: silwalr@appstate.edu (R. Silwal).

the nucleons together [1], and constrain nuclear reaction rates. 
Such measurements for radioactive nuclei play an important role 
to enhance our knowledge of nuclear structure, for instance, via 
the study of evolution of magicity in the nuclear chart. New con-
tenders of nuclei with magic behavior (typically associated with 
shell gaps in the mass surface, large 2+ excitation energies, re-
duced transition probabilities, among others) were discovered from 
measurements of nuclei far from stability [2,3]. Magic behavior has 

https://doi.org/10.1016/j.physletb.2022.137288
0370-2693/ 2022 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
SCOAP3.

Where is the northern boundary of the N = 40 IoI?
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INFN
▸ IoIs: Regions of the nuclide chart in which 

the energy gained through correlations 
(e.g., quadrupole) can offset the spherical 
mean-field gaps, leading to the 
appearance of unexpected 
deformed ground states


▸ Their study permits 
investigating correlation 
energies and 
phenomena such as 
deformation and 
shape coexistence


▸ 4 IoIs 
identified: 
N = 8, 20, 
28, 40

Islands of Inversion

Global Calculations of Ground-State Axial Shape Asymmetry of Nuclei

Peter Möller,1,* Ragnar Bengtsson,2 B. Gillis Carlsson,2 Peter Olivius,2 and Takatoshi Ichikawa3

1Theoretical Division, Los Alamos National Laboratory, Los Alamos, New Mexico 87545, USA
2Department of Mathematical Physics, Lund Institute of Technology, P.O. Box 118, SE-22100 Lund, Sweden

3Advanced Science Research Center, Japan Atomic Energy Agency (JAEA), Tokai-mura, Naka-gun, Ibaraki, 319-1195, Japan
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Important insight into the symmetry properties of the nuclear ground-state (gs) shape is obtained from
the characteristics of low-lying collective energy-level spectra. In the 1950s, experimental and theoretical
studies showed that in the gs many nuclei are spheroidal in shape rather than spherical. Later, a
hexadecapole component of the gs shape was identified. In the 1970–1995 time frame, a consensus
that reflection symmetry of the gs shape was broken for some nuclei emerged. Here we present the first
calculation across the nuclear chart of axial symmetry breaking in the nuclear gs. We show that we fulfill a
necessary condition: Where we calculate axial symmetry breaking, characteristic gamma bands are
observed experimentally. Moreover, we find that, for those nuclei where axial asymmetry is found, a
systematic deviation between calculated and measured masses is removed.

DOI: 10.1103/PhysRevLett.97.162502 PACS numbers: 21.10.Gv, 21.10.Dr, 21.10.Re, 21.60.!n

Much about nuclear properties at excitation energies up
to a few MeV is learned by calculating the nuclear ground-
state shape and the low-lying energy levels and other prop-
erties corresponding to this shape. There are innumerable
theoretical nuclear-structure studies in limited regions of
nuclei that locally describe known properties well. How-
ever, for many important applications, such as modeling
the properties of the hundreds of different fission-fragment
nuclei in a nuclear reactor or the properties of the thou-
sands of nuclei involved in stellar nucleosynthesis pro-
cesses, for example the rapid-neutron capture process,
models that have predictive power and are global, unified,
and universal are required. By global and unified we mean
that the model describes nuclei from very light (normally
16O) to the heaviest nuclei with a consistent set of pa-
rameters for all studied properties and all nuclei. By uni-
versal we mean that several nuclear properties such as
nuclear ground-state masses, shapes, low-lying energy lev-
els, !-decay transition rates, and fission barriers are well
described by the model. At present, there are only two
models on record that are global, unified, and universal,
namely the Hartree-Fock-Bogoliubov model as imple-
mented by the Pearson-Goriely collaboration [1,2] and
the macroscopic-microscopic finite-range droplet model
(FRDM) or finite-range liquid-drop model (FRLDM) [3–
6]. As shown in the literature, the FRDM and FRLDM have
been more universally applied [4,6]. In terms of nuclear
masses, all three approaches extrapolate to previously un-
known regions of nuclei with encouraging stability [2,4].

Although axial asymmetry of rapidly rotating nuclei has
been studied for a long time, less attention has been given
to axial asymmetry in the nuclear ground state, and pre-
vious results are very sparse. Several different calculations,
for example Refs. [7–9], predict that some neutron-
deficient rare-earth nuclei with N " 76 are triaxially de-

formed in the ground state. However, very different results
are obtained for the magnitude of the effect. For 138Sm, it is
found that axial asymmetry lowers the ground-state energy
by 0.7 MeV in Ref. [9] but only by about 0.2 MeV in
Refs. [7,8]. Furthermore, the models were not applied
globally throughout the chart of the nuclides. Therefore,
no specific general conclusions could be drawn. This is
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FIG. 1 (color online). Calculated potential-energy surface ver-
sus "2 and " for 108Ru. Each combination of the radial coor-
dinate (#2) and angle (") corresponds to a specific nuclear shape.
The tip of the sector corresponds to a spherical shape. Along the
horizontal line at " " 0, the shapes grow increasingly prolate
with increasing #2, and, along the line at " " 60, the shapes
grow increasingly oblate with distance from the tip.
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also hinted at by the comment: ‘‘one can therefore con-
clude that triaxial shapes for medium-mass and heavy
nuclei are rather rare—if they exist at all’’ in a compre-
hensive review article on nuclear shapes [10].

Here we present somewhat different and more conclu-
sive results obtained in our unified, universal FRLDM,
which has very well-tested properties and excellent ex-
trapolatability. We perform the first global calculation of
axial asymmetry of the static nuclear ground-state shape
and are, therefore, able to draw specific conclusions on this
asymmetry. A complete description of the model and ex-
tensive discussions of its previous accomplishments can be
found in Refs. [3,4,11–14]. More recently, an improved,
very detailed description of the fission barrier was obtained
within the model [6,15]. For consistency, we use here the
parameter set obtained in this latest study. However, the
effect of the new parameters on the results presented here is
minute; the main effect is on fission barrier heights. We
also revisit our previous results on reflection asymmetry
[3]. By analyzing the effect of reflection asymmetry on the
nuclear ground-state mass in the same format as applied
here to axial asymmetry, we better understand the signifi-
cance of the earlier and current results on symmetry
breaking.

We calculate three-dimensional nuclear potential-
energy surfaces for 7206 nuclei from the proton drip line
to the neutron drip line for nuclei from nucleon number
A ! 31 (below which the effect of axial asymmetry is
negligible) to A ! 290. For compatibility with previous
studies, we use the so-called Nilsson perturbed-spheroid
shape parametrization or " parametrization. We use the
deformation grid "2 ! "0:0; 0:025; . . . ; 0:45#, ! !
"0:0; 2:5; . . . 60:0#, and "4 ! "$0:12;$0:10; . . . ; 0:12#, al-
together 6175 grid points. When "4 ! 0, the shape is
exactly ellipsoidal, that is, the nuclear surface is described
by the equation:

 

x2

a2
% y2

b2 %
z2

c2 ! 1: (1)

For ! ! 0, the shape is rotationally symmetric around the z
axis, that is, a ! b, and for ! ! 60& it is rotationally
symmetric around the x axis, that is, b ! c. For intermedi-
ate values of !, the shape is axially asymmetric, or triaxial,
with a < b < c. When "4 ! 0, a hexadecapole component
is superimposed on the shape described by Eq. (1). The
definition of the shape given in Ref. [3] assures that the
hexadecapole component transforms like a tensor. We find
that some nuclear ground states are neither oblate nor
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▸ 74Zn via 74Cu β-decay [ T1/2 = 1.63(5) s ], Beam intensity ≈ 1.5･103 pps


▸ GRIFFIN: 12 of 16 available clovers at 14.5 cm from the target


▸ εγ(1332.5 keV) = 7.8%, εγ(300 keV) = 16.6%


▸ P/T (addback + BGO suppressors) = 45.5%


▸ Tape cycle: 5 T1/2 on, 1 s off, 0.5 s background, 1 s tape movement

Our Experiment on 74Zn with GRIFFIN
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INFN γ-γ Angular Correlations: the (02+)
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▸ The state at 1789 keV is firmly 
established as the first excited 0+ state
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INFN Experimental Results in a Nutshell
▸ New, definitive spin assignment for:


▸ 22+, 02+, 31+, 23+ states


▸ Two new transitions:


▸ 23+ ⟶ 41+ and 23+ ⟶ 02+


▸ From measured branching ratios and 
δ(E2/M1) mixing ratios ⇒ Relative B(E2) values
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Strong transitions observed, 
indicative of band structures 

at low-spin in 74Zn
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INFN Calculated Shapes from Shell Model
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▸ The experimental results triggered new developments in 
state-of-the-art shell model calculations (LSSM, Large-
Scale Shell Model by Silvia Lenzi, Frédéric Nowacki, Duc 
D. Dao)


▸ The calculations reproduce well the results


▸ For the first time with this approach, shapes of ground 
and excited states have been extracted 
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Calculated Shapes from Shell Model
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of Inversion
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▸ The experimental results triggered new developments in 

state-of-the-art shell model calculations (LSSM, Large-
Scale Shell Model by Silvia Lenzi, Frédéric Nowacki, Duc 
D. Dao)


▸ The calculations reproduce well the results


▸ For the first time with this approach, shapes of ground 
and excited states have been extracted 
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• Strong 23+ ⟶ 02+ ⟹ Hint of Configuration Coexistence


• Strong 31+ ⟶ 22+ ⟹ Hint of a quasi γ-band at low excitation 
energy and Triaxiality


• New Large-Scale Shell-Model calculations support this 
interpretation


• Inversion of “normal” and intruder configurations ⟹ 
74Zn seems to be in the N = 40 Island of Inversion, which 
extends further north in the chart of the nuclides


First Evidence of Axial Shape Asymmetry and Configuration Coexistence in 74Zn:
Suggestion for a Northern Extension of the N = 40 Island of Inversion
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The excited states of N ¼ 44 74Zn were investigated via γ-ray spectroscopy following 74Cu β decay. By
exploiting γ-γ angular correlation analysis, the 2þ2 , 3

þ
1 , 0

þ
2 , and 2þ3 states in 74Zn were firmly established.

The γ-ray branching and E2=M1 mixing ratios for transitions deexciting the 2þ2 , 3
þ
1 , and 2þ3 states were

measured, allowing for the extraction of relative BðE2Þ values. In particular, the 2þ3 → 0þ2 and 2þ3 → 4þ1
transitions were observed for the first time. The results show excellent agreement with new microscopic
large-scale shell-model calculations, and are discussed in terms of underlying shapes, as well as the role of
neutron excitations across the N ¼ 40 gap. Enhanced axial shape asymmetry (triaxiality) is suggested to
characterize 74Zn in its ground state. Furthermore, an excited K ¼ 0 band with a significantly larger
softness in its shape is identified. A shore of the N ¼ 40 “island of inversion” appears to manifest above
Z ¼ 26, previously thought as its northern limit in the chart of the nuclides.
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The atomic nucleus can possess states at low excitation
energy that have different shapes than the ground state,
which is referred to as shape coexistence [1,2]. While this
phenomenon seems to be ubiquitous, its most striking
manifestations tend to appear in nuclei that have neutron
or proton numbers corresponding to shell and subshell
closures. Here, the energy gained through correlations
can sometimes offset the spherical mean-field shell gaps,
leading to the appearance of deformed low-energy
“intruder” states in the “normal,” near spherical, structure
of the nucleus. In certain regions of the nuclear chart,
referred to as “islands of inversion” (IOIs), the intruder

configurations descend in excitation energy below the
normal ones, thus becoming the ground states. Under-
standing the ordering of the configurations, i.e., mapping
their relative energies, permits tests of theoretical calcu-
lations of correlation energies. Currently, four IOIs are
experimentally confirmed, associated with the neutron shell
closures N ¼ 8, 20, 28, and 40 [3].
Configurations leading to distinct shapes are often

discussed in terms of axially symmetric prolate or oblate
shapes coexisting with spherical states [1,2], but may also
involve deviations from axial symmetry. The effects of
nonaxiality have been observed for rapidly rotating nuclei
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INFN β-Decay Station @ SPESN. Marchini, A. Nannini, M. Ottanelli et al. Nuclear Inst. and Methods in Physics Research, A 1020 (2021) 165860

Fig. 1. Two different cross-sectional views of the beta decay station of the SPES facility at LNL. The main parts of the setup are indicated.

Fig. 2. 207Bi source spectrum obtained by adding the Si(Li) detector spectra from all the sectors. This spectrum has been acquired by an analog acquisition system with a shaping
time of 6 �sec for the spectroscopy amplifier. No magnetic transport system has been used. The Compton edges of the � lines from the 207Bi source are clearly visible. Also, a small
peak corresponding to the 570 keV � line (indicated by the arrow) is visible. In the table, the energies and intensities of the internal conversion electron transition are reported.

consists of a tape station with two measurement systems as shown
in Fig. 1. The first, at the beam implantation point, is equipped with
plastic � detectors and five coaxial high-purity Ge (HPGe) crystals
for �-ray spectroscopy to study the gross properties of �-decay and
the de-excitation scheme of the daughter nuclei. After a collection
period, the tape is moved with a velocity of about 2 m/s to the second
measurement point: this will be equipped with a plastic scintillator to
detect � electrons, a coaxial large-volume HPGe crystal, and SLICES for
the study of short-lived species.

In the following the SLICES components are described in detail
(Sections 2, 3) with a particular focus on the magnetic lens design. The
results of the commissioning of SLICES at the CN accelerator of LNL
will be presented in Section 4.

2. SLICES components

The main components of SLICES are a magnetic transport system
and a segmented, large-area lithium-drifted silicon Si(Li) detector. The
magnetic lens, made of a set of permanent NdFeB N52 magnets, guides
the electrons around a central photon shield towards the Si(Li) detector.
The unconventional size of both lens and detector, compared to a
traditional mini-orange arrangement [9], grant a large acceptance in
both electron energy and emission angle ensuring high efficiency of the
apparatus.

2.1. Si(Li) detector

The Si(Li) detector is 76.2 mm in diameter and 6.8 mm thick. This
thickness is well suited to the measurement of electron energies up
to 2 MeV, since it exceeds the maximum distance of penetration of
the electrons. One side of the crystal is a boron implanted contact,
which has been segmented in 32 radial sectors by photolithographic
technique [10]. Each sector covers an 11.25˝ angular range and is
surrounded by a 4 mm wide guard-ring. The segmentation is crucial
to reduce the capacitance at the Field Effect Transistor (FET) input of
the preamplifier thereby improving the overall achievable resolution of
the full detector. The other side is a Ì500 �m thick Li-diffused contact,
both contacts are covered with a Ì3000 ≈ thick Al-layer.

An aluminized Mylar-foil in front of the detector surface protects it
from impurities when cooled. The thickness of the Mylar (17 �m) has
been chosen so as not to affect electrons of energy above 35 keV.

The detector is fully depleted when biased at 800 V. (The depletion
voltage as indicated by the manufacturer is 700 V.)

The Si(Li) detector, its holder, and the FETs are cooled to a tem-
perature of about *150 ˝C to reduce the influence of thermal noise. A
platinum resistance sensor (PT100) with a resistance of 100 ⌦ at 0 ˝C
is integrated into the front panel of the detector holder to monitor the
temperature. In addition, an HV-filter has been mounted next to the
detector to reduce the noise pickup from the HV cable.
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Fig. 1. Two different cross-sectional views of the beta decay station of the SPES facility at LNL. The main parts of the setup are indicated.

Fig. 2. 207Bi source spectrum obtained by adding the Si(Li) detector spectra from all the sectors. This spectrum has been acquired by an analog acquisition system with a shaping
time of 6 �sec for the spectroscopy amplifier. No magnetic transport system has been used. The Compton edges of the � lines from the 207Bi source are clearly visible. Also, a small
peak corresponding to the 570 keV � line (indicated by the arrow) is visible. In the table, the energies and intensities of the internal conversion electron transition are reported.

consists of a tape station with two measurement systems as shown
in Fig. 1. The first, at the beam implantation point, is equipped with
plastic � detectors and five coaxial high-purity Ge (HPGe) crystals
for �-ray spectroscopy to study the gross properties of �-decay and
the de-excitation scheme of the daughter nuclei. After a collection
period, the tape is moved with a velocity of about 2 m/s to the second
measurement point: this will be equipped with a plastic scintillator to
detect � electrons, a coaxial large-volume HPGe crystal, and SLICES for
the study of short-lived species.

In the following the SLICES components are described in detail
(Sections 2, 3) with a particular focus on the magnetic lens design. The
results of the commissioning of SLICES at the CN accelerator of LNL
will be presented in Section 4.

2. SLICES components

The main components of SLICES are a magnetic transport system
and a segmented, large-area lithium-drifted silicon Si(Li) detector. The
magnetic lens, made of a set of permanent NdFeB N52 magnets, guides
the electrons around a central photon shield towards the Si(Li) detector.
The unconventional size of both lens and detector, compared to a
traditional mini-orange arrangement [9], grant a large acceptance in
both electron energy and emission angle ensuring high efficiency of the
apparatus.

2.1. Si(Li) detector

The Si(Li) detector is 76.2 mm in diameter and 6.8 mm thick. This
thickness is well suited to the measurement of electron energies up
to 2 MeV, since it exceeds the maximum distance of penetration of
the electrons. One side of the crystal is a boron implanted contact,
which has been segmented in 32 radial sectors by photolithographic
technique [10]. Each sector covers an 11.25˝ angular range and is
surrounded by a 4 mm wide guard-ring. The segmentation is crucial
to reduce the capacitance at the Field Effect Transistor (FET) input of
the preamplifier thereby improving the overall achievable resolution of
the full detector. The other side is a Ì500 �m thick Li-diffused contact,
both contacts are covered with a Ì3000 ≈ thick Al-layer.

An aluminized Mylar-foil in front of the detector surface protects it
from impurities when cooled. The thickness of the Mylar (17 �m) has
been chosen so as not to affect electrons of energy above 35 keV.

The detector is fully depleted when biased at 800 V. (The depletion
voltage as indicated by the manufacturer is 700 V.)

The Si(Li) detector, its holder, and the FETs are cooled to a tem-
perature of about *150 ˝C to reduce the influence of thermal noise. A
platinum resistance sensor (PT100) with a resistance of 100 ⌦ at 0 ˝C
is integrated into the front panel of the detector holder to monitor the
temperature. In addition, an HV-filter has been mounted next to the
detector to reduce the noise pickup from the HV cable.
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