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A new dawn for testing General Relativity

Singularities


Critical phenomena in gravitational collapse


Horizon thermodynamics


Spacetime thermodynamics: Einstein 
equations as equations of state.

Albeit we “use” GR everyday (e.g. GPS) still it has some tantalising 
features and it has resisted so far any attempt to be quantised…

It from the cracks that light gets in…  Anthem-Leonard Cohen

There are a ubiquitous objects that are associated to most of these odd GR features:
Black Holes

Understanding them “in nature” would be key to test our understanding of gravity.
Unfortunately so fare very sparse knowledge was allowed by observations…

The cosmological constant problem


Faster than light and Time travel solutions


AdS/CFT duality, holographic behaviour


Information Problem in BH Physics

No more



Black Holes:  
the rosetta stone of gravity

❖ Albeit we are nowadays familiar with the concept of 
Black Holes their acceptance as a physical solution 
of General relativity has been far from obvious. 

❖ Even once was understood the nature of the event 
horizon, BH are still characterised by “hard to 
digest” structures 

❖ Singularities: infinite curvature 

❖ Cauchy horizons (associated to timelike 
singularities and time machines): end of 
predictability 

QG is supposed to “cure” these features: 
If it does so just in a hidden QG core of Planck scale then BH will be exactly as in GR. 

But what if the “cure” requires long range (in time and/or space) effects? 
Then maybe we could test QG using BH… could we?

“The black holes of nature are the most perfect macroscopic objects there are in the universe: 
the only elements in their construction are our concepts of space and time.”

Subrahmanyan Chandrasekhar

It from the cracks that light gets in…  Anthem-Leonard Cohen



Singularity
❖ A singularity is where General relativity is no more predictive: we cannot describe spacetime there —> missing points.

❖ Penrose’s theorem is what makes very confident that singularities must form inside black holes generically

Penrose’s singularity theorem
Assumptions
❖ The theory of gravity is GR

❖ The gravitational collapse becomes enough strong to have convergent light cones (trapped region)

❖ Matter gravitates in the standard way (no exotic/quantum matter: if p=wρ  w>-1)

Implication
Once a trapped region forms the collapse would be unstoppable and has to lead to a singularity

We shall be ready to give up the first two and hold the last two…

Avoidance of this conclusion requires at least one of the following
❖ The weak energy condition is violated. 

❖ The Einstein field equations do not hold. 

❖ Lorentzian geometry does not provide an adequate description of spacetime inside BHs. 

❖ Global hyperbolicity (Cauchy evolution) breaks down. 



Focussing on the focussing point
❖ Let’s assume that QG produces a space-time which is regular and entirely predictable in the sense of a Cauchy problem. 

❖ No singularities both in the sense of incomplete geodesic as well as curvature singularities (metric is at least C2).

Apart from the above behaviour of the outgoing light rays 
we can catalogue all the possible cases by considering the radius R at which defocussing 

happens and the behaviour of the ingoing light rays there.
We then get only

6.6 Local black hole horizons

We saw above that the characterisation of a black hole event horizon is tightly linked to the global
causal structure of spacetime. We shall see later on that it plays a crucial role in the definition of the
four laws of black hole mechanics. It is however, as we stressed, an intrinsically non-local definition
which is teleological in nature: defining the EH of a black hole requires the full knowledge of the
spacetime in the infinite future. Hence, per se, it is not a so useful concept when dealing e.g. with
dynamical processes or astrophysical observations (see e.g. [54]). For this reason alternative notions
of a horizon, more intrinsic and local, have been proposed. But in order to understand them we shall
need first to add a few notions to our toolkit.

6.6.1 Trapped Surfaces and Trapped Regions

Let us consider Figure 6.12 were we are accounting for time in the vertical axis and for the radius and
one angle on a t = constant slice (i.e. we have suppressed the extra space dimension). There are two

Figure 6.12:

possible null rays that can be emitted from each point of the initial spacelike 2-surface S2: ingoing
light rays, along vector n, and outgoing light rays, along vector l, with l and n null vectors. Being
both l and n null vectors, they are both orthogonal to S2. In Minkowski, all the ingoing light rays
will converge to a point and form a kind of cone surrounded by “bowl-like” structure, made out of
outgoing light rays, around it (Figure 6.13).

Let us define F4 the chronological future of S2, F4 ⌘ I+(S2) and B3 the null hypersurface bounding
it B3 = @F4. 6 It is easy to see that this is a C0 submanifold of M which is also acronal.

Figure 6.13:

We can now consider how the above picture is modified in strong gravity regimes such as a gravita-
tional collapse producing a black hole. In an Eddington–Finkelstein plot, we can see that light-cones
are straight far away from the horizon and begin to tilt as they get close to the horizon, Figure 6.4.
This behaviour can be used to define the notion of a no-escape, a trapped, region without resorting
to non-local concepts like in the case of the event horizon. Indeed, time-like observers are forced to

6Note, we adopt here the notation used by Penrose in [55] but one can alternatively find in some textbooks F4 =
J
+(T 2), B3 = @F4 = J̇

+(T 2).
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❖ Defocusing point at a finite affine distance, 𝜆𝐷𝐸𝐹=𝜆0;

❖ Defocusing point at an infinite affine distance, 𝜆𝐷𝐸𝐹=∞;

❖ Focusing point at infinity, 𝜆𝐷𝐸𝐹=Ø; 

❖ still singular at finite affine parameter for ingoing congruence

Penrose’ theorem works by proving first that in a collapse a 
focussing point for outgoing light rays is reached and then 
by showing that this point (or sets of points) cannot be part 
of the spacetime. If QG removes such a focussing point 
what can happen? We can have



Class 1: Evanescent horizons

❖ We recover the geometry of an evanescent 
regular black hole.

❖ The geometry possesses an outer and an inner 
horizon that merge in finite time.

❖ This situation corresponds to a regular BH 
with no singularity 

❖ Or to a bounce from a BH to a White Hole (the 
time reversal of a black hole)

❖ The expansion relative to the outgoing null vector vanish and changes sign.

❖ The expansion of the intersecting ingoing radial null geodesics remains negative.

Regular BH Bounce

Black hole structure (II)

(a) The weak energy condition holds. 
(b) Einstein field equations hold.  
(c) Global hyperbolicity. 
(d) Pseudo-Riemannian provides an adequate description of spacetime. 

Using spacetime geometry:

Non-singular (or regular) black hole:
A geometry with an outer horizon, but  
a non-singular center and also an inner horizon.

OH

IH

RCR, F. Di Filippo, S. Liberati and M. Visser; Phys.Rev.D 101 (2020) 084047

IHWH

Inner horizon visualization tip: turn a white hole inside out.

Much like white holes, inner horizons are generically unstable (mass inflation).
RCR, F. Di Filippo, S. Liberati, C. Pacilio and M. Visser; JHEP 07 (2018) 023 & JHEP 05 (2021) 132

Instability can be avoided if inner surface gravity vanishes (possible endpoint?).
RCR, F. Di Filippo, S. Liberati, C. Pacilio and M. Visser; arXiv:2205.13556 
E. Franzin, S. Liberati, J. Mazza and V. Vellucci; arXiv:2207.08864
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Note: one can think of Inner Horizons as White 
Horizons which have been turned Inside Out

Figure by courtesy of R. Carballo-Rubio



Class 2: One way hidden wormholes

❖ The geometry possesses a minimum radius 
throat  that resembles the one of a wormhole; 

❖ The throat is inside a trapping horizon and can be 
traversed only in one direction. 

❖ Problematic creation from gravitational collapse 
as topology change is incompatible with global 
hyperbolicity. However, if one gives up (at least 
in two points) metric analyticity requirement then 
possible to conceive a geometry with minimum 
finite radius locally.

❖ The expansion relative to the outgoing null rays vanish and changes sign.

❖ The expansion of the intersecting ingoing radial null rays changes sign as well.



Asymptotic resolutions: Cases 3,4
❖ These are (idealised?) cases in which the defocussing point is 

pushed at infinity.

Everlasting horizons Asymptotic hidden wormholes 

These are allowed but rather unphysical singularity resolutions.
We shall not deal with these asymptotic cases further…



First “take-home” message
❖ The analysis of the singularity 

resolutions tells us that 
substantially, once a trapping 
horizon forms, there are two 
classes of singularity free solutions 
(local in space and time) available:
❖ Simply connected topology: 

Regular black holes (and 
bounces) with inner horizons.

❖ Non-simply connected 
topology: Hidden Wormholes 
(wormholes shielded by a 
trapping horizons)

Black hole structure (II)

(a) The weak energy condition holds. 
(b) Einstein field equations hold.  
(c) Global hyperbolicity. 
(d) Pseudo-Riemannian provides an adequate description of spacetime. 

Using spacetime geometry:

Non-singular (or regular) black hole:
A geometry with an outer horizon, but  
a non-singular center and also an inner horizon.

OH

IH

RCR, F. Di Filippo, S. Liberati and M. Visser; Phys.Rev.D 101 (2020) 084047

IHWH

Inner horizon visualization tip: turn a white hole inside out.

Much like white holes, inner horizons are generically unstable (mass inflation).
RCR, F. Di Filippo, S. Liberati, C. Pacilio and M. Visser; JHEP 07 (2018) 023 & JHEP 05 (2021) 132

Instability can be avoided if inner surface gravity vanishes (possible endpoint?).
RCR, F. Di Filippo, S. Liberati, C. Pacilio and M. Visser; arXiv:2205.13556 
E. Franzin, S. Liberati, J. Mazza and V. Vellucci; arXiv:2207.08864
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(a) The weak energy condition holds. 
(b) Einstein field equations hold.  
(c) Global hyperbolicity. 
(d) Pseudo-Riemannian provides an adequate description of spacetime. 

Black hole:
A solution of the Einstein field equations 
with a singularity enclosed by an outer horizon.

OH

Black hole structure (I)

Spherical symmetry for simplicity; more complicated structure when including rotation

Singularity unavoidable (Penrose’s theorem), under assumptions:

R. Penrose; Phys.Rev.Lett. 14 (1965) 57-59 

Generally expected that quantum gravity effects will regularize the singularity

How to describe the resulting black hole structure?
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GR

Regular BH
Figures by courtesy of R. Carballo-Rubio

Hidden WH



Limiting cases
❖ In both these cases one can ask what happens if  and “overtakes it”

❖ The answer is simple one gets two corresponding new classes of objects

❖ Horizonless Quasi-BH

❖ Naked wormholes

R0 → rhorizon

Black hole structure (III)

Semiclassical dynamics generally pushes inner horizon outwards.

OH

IH

C. Barceló, V. Boyanov, RCR, L. J. Garay; Class.Quant.Grav. 38 (2021) 12, 125003 & arXiv:2203.13539

Possible relaxation mechanism for the instability: evolution towards horizonless object.

Horizonless objects (e.g. gravastars) have been proposed independently.

Formation mechanism still unclear.
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Quasi-BH

Naked Wormhole

Let us define a static and spherically symmetric quasi-
black hole as a spacetime satisfying: 

(i) the geometry is Schwarzschild above a given radius 
R that is defined to be the radius of the object, 

(ii) the geometry for r ≤ R is not Schwarzschild, and 
(iii) there are no event or trapping horizons.

Easy to engineer WH-mickers by “gluing” two copies of 
Schw. or Kerr spacetime cut just above the horizon but in 

general these are not correspondent to regularised solutions. 

R.~Carballo-Rubio, F.~Di Filippo, S.~Liberati and M.~Visser, 
JHEP 08 (2023), 046



Class 1:  Examples

The paper is structured as follows. Section 2 introduces the basic ingredients for regular-
izing BHs, discusses some common pitfalls of traditional RBHs and introduces our strategy
for avoiding them. Section 3 explains how a conformal factor can cure singularities and
presents our own choice. Section 4 shows how a carefully picked mass function can stabilize
the inner horizon; we then recap the metric we are putting forward with eq. (4.12). In sec-
tion 4.1 we investigate the extent to which the object we propose deviates from a Kerr BH
by exploring some simple phenomenological applications: first we describe the ergosurfaces,
then compute the coordinate location of the light ring and ISCO. Finally, section 5 reports
our conclusions.

2 Basic ingredients of regular black holes

Most static and spherically symmetric RBHs can be described by the line element

ds2 = �

✓
1�

2m(r)

r

◆
dt2 +

dr2⇣
1� 2m(r)

r

⌘ + r2
⇥
d✓2 + sin2 ✓ d�2

⇤
. (2.1)

For large r, m(r) ! M , i.e. to the ADM mass, and the spacetime is asymptoti-
cally flat. Regularity is ensured if the mass function m(r) = O

�
r3
�
as r ! 0 [41] and

limr!0+ m0(r)/r2 T 0 corresponds respectively to a de Sitter, Minkowski and anti-de Sitter
core.

Some widely studied choices of m(r) are summarized in table 1. For all of these RBH
models, thanks to the introduction of some characteristic (supposedly quantum-gravity-
induced) length scale `, one finds that r = 0 is a (regular) “point” — it is the degenerate
sphere obtained by shrinking constant-r surfaces. An interesting alternative, which we will
not explore in this article, consists in endowing the center with a non-zero size: popular
examples are black bounces [13–15] and Bronnikov’s black universes [42, 43].

Model m(r)

Bardeen [44] M r3

(r2+`2)3/2

Hayward [45] M r3

r3+2M`2

Dymnikova [46] M
h
1� exp

⇣
r3

`3

⌘i

Fan–Wang [47] M r3

(r+`)3

Table 1: Some of the most popular RBH models. More examples e.g. in refs. [31, 33, 48–50]

Perhaps the most straight-forward way to add rotation to these spacetimes is to repeat
the same “regularization” on the Kerr metric, replacing its mass parameter M with the
function m(r). The resulting line element is known as Gürses–Gürsey metric [51]:

ds2GG = �

✓
1�

2m(r)r

⌃

◆
dt2 �

4am(r)r sin2 ✓

⌃
dt d�+

⌃

�
dr2 + ⌃ d✓2 +

A sin2 ✓

⌃
d�2 (2.2)

with

⌃ = r2 + a2 cos2 ✓, � = r2 � 2m(r)r + a2, A = (r2 + a2)2 ��a2 sin2 ✓ . (2.3)
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m(r)=Misner-Sharp Mass

• Requirements for the mass function
m(r) → M as r → ∞ and m(r) = O(r3) as r → 0 (at least)

• Asymptotic flatness+Regularity at the core+Outer Horizon imply also Inner Horizon.
The position of the inner and outer horizons and their surface gravity depend on m(r)

• Within GR, RBHs are non-vacuum solutions, the effective stress-energy tensor can be 
read off from the Einstein tensor; several interpretations in terms of non-linear 

electrodynamics. In general Violations of energy conditions.
• Even non-rotating RBH have inner horizons
• Rotating regular black holes (Kerr-like) can be constructed e.g. using

generalised Janis–Newman procedure (albeit care is required…)



Class 1: Regular-BH limit
❖ Let us take Hayward RBH for concreteness: 

❖ The effective stress energy tensor takes the form associated with an anisotropic perfect fluid 

❖   has 2 roots for   a degenerate/double root for  (at  ) and no roots for  

m(r) =
Mr3

r3 + 2ℓ2M
, ϕ(r) = 0.

ρ(r) =
3ℓ2

2π ( m(r)
r3 )

2

= − pr(r), pt(r) =
3ℓ2

π
r3 − ℓ2M
r3 + 2ℓ2M ( m(r)

r3 )
2

=
2r3 − 2ℓ2M
r3 + 2ℓ2M

ρ(r) .

2m(r) = r M/ℓ > 3 3/4 M/ℓ = 3 3/4 r* = 3ℓ M/ℓ < 3 3/4

• The (approximately isotropic) dS core [ ]: 

• The (mildly anisotropic) crust [ ]:

• The (grossly anisotropic) atmosphere [ ]:

• The (approximately vacuum) asymptotic region [ ]:

r ∼ ℓ < 2M

ρ(ℓ) ≡ − pr(ℓ) =
3

8πℓ2 [1 − 𝒪 (ℓ/M)] = − pt(ℓ) .

r ∼ L+ ≡ 3 2ℓ2M

ρ(L+) ≡ − pr(L+) =
Λ0

4 [1 + 𝒪 (ℓ/M)], pt(L+) =
Λ0

8 [1 + 𝒪 (ℓ/M))] .

r ∼ 2M

ρ(M ) ≡ − pr(M ) = Λ0 ( ℓ
2M )

4

[1 + 𝒪 (ℓ2 /M2)], pt(M ) = 2ρ(M )[1 + 𝒪 (ℓ2 /M2)] .

r ∼ R ≫ M
ρ(R) ≡ − pr(R) = Λ0 ( ℓ

2M )
4

( 2M
R )

6

[1 + 𝒪 (ℓ2M/R3)], pt(R) = 2ρ(R)[1 + 𝒪 (ℓ2M/R3)] .

Isotropic 
dS Core

r+

Crust

Atmosphere Vacuum

r−

Assuming  and  one has a RBH a 
ultra compact object with 4 “zones”

M/ℓ > 3 3/4 M ≫ ℓ

R.~Carballo-Rubio, F.~Di Filippo, S.~Liberati and M.~Visser, 
JHEP 08 (2023), 046

Ergoregion



Class 1: Quasi-BH limit
❖ Let us take Hayward RBH for concreteness: 

❖ The effective stress energy tensor takes the form associated with an anisotropic perfect fluid 

❖   has 2 roots for   a degenerate/double root for  and no roots for  

m(r) =
Mr3

r3 + 2ℓ2M
, ϕ(r) = 0.

ρ(r) =
3ℓ2

2π ( m(r)
r3 )

2

= − pr(r), pt(r) =
3ℓ2

π
r3 − ℓ2M
r3 + 2ℓ2M ( m(r)

r3 )
2

=
2r3 − 2ℓ2M
r3 + 2ℓ2M

ρ(r) .

2m(r) = r M/ℓ > 3 3/4 M/ℓ = 3 3/4 M/ℓ < 3 3/4

Isotropic 
dS Core

Crust

Atmosphere

Vacuum

Similar structure to 
gravastars

Assuming . In this case, the different scales  and  coalesce, the 
horizons disappear, with the dS-like core growing in size and the crust and 

atmosphere shrinking. 

M/ℓ ≲ 3 3/4 ℓ M

R.~Carballo-Rubio, F.~Di Filippo, S.~Liberati and M.~Visser, 
JHEP 08 (2023), 046
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Figure 1. Radii of the photon spheres (solid red lines for the inner stable one and solid purple line the outer unstable one) and horizons (dashed
black line) for the Bardeen (left panel) and SV (right panel) metric. For the Bardeen metric the two horizons merge for ` = 4M/3

p
3 giving

way to a stable photon sphere inside the usual unstable one. For ` = 48M
25
p

5
the two photon spheres finally merge leaving a simple compact

object. For the SV metric the horizon becomes a wormhole throat for ` = 2M over which a stable photon sphere resides. For ` = 3M the two
photon spheres merge and the wormhole throat becomes an unstable photon sphere.

B. Field sources

As said before, the above introduced static solutions, can be considered the outcome of a transient regularization of the
gravitational collapse due to quantum gravity. The implicitly assumption is that such non-classical regime gives way, at late
times, to a stationary configuration that should be a solution a some gravitational theory: a low energy, e↵ective field theory
limit of quantum gravity, whatever this might be. As our solutions mimic GR ones better and better as one gets away from
the objects cores, so we do expect that any such e↵ective field theory of gravity should be encoding deviations from GR in
strong gravity regimes. Also, it is well known that such theories can often be recast as GR with non-trivial, and sometimes
exotic, matter sources. It is hence reasonable to explore the interpretation of our geometries as solutions of GR and check their
associated matter content as this is a crucial step for considering their behaviour under perturbations.

Within GR, the e↵ective stress-energy tensor associated with the line element (1) is given by its Einstein tensor, i.e., T µ⌫ =
Gµ⌫/8⇡. Then, for any given RBH model, one might question a posteriori the existence of some matter distribution yielding the
same stress-energy tensor.

Notice that the Einstein tensor computed from Eq. (1) has three independent components, meaning that the matter source
cannot be uniquely a scalar field (for which T t

t = T ✓✓), nor an electromagnetic field (for which T t
t = T r

r).
Nonetheless, when �(r) = 0, Gt

t = Gr
r and Bardeen-like RBHs are often interpreted as solutions of GR coupled to some

non-linear electrodynamics with action [13, 14]

S =

Z
d4x
p
�g

 
1

16⇡
R �

1
4⇡
L(F)

!
, (4)

where the electromagnetic Lagrangian is a non-linear function of the electromagnetic field strength F = 1
4 Fµ⌫Fµ⌫, with Fµ⌫ =

2r[µA⌫] being Aµ the electromagnetic potential. The Maxwell field is frequently assumed purely magnetic and its magnetic
charge coincides with the regularization parameter, which implies that the only non-vanishing component of the Maxwell field
is F✓' = ` sin ✓ (alternatively, the only non-vanishing component of the potential is A' = ` cos ✓) and F = `2/2r4.

The modified Maxwell field equation

rµ (LF F↵µ) = 0 , (5)

being LF ⌘ @L/@F, is trivially satisfied, while the gravitational equations

Gµ⌫ = 2
⇣
LF Fµ�F⌫� � gµ⌫L

⌘
, (6)

imply that the electromagnetic Lagrangian is given in term of the metric functions of the spacetime as in Eq. (1) (with � = 0)

L(F) =
m0

r2 , (7)

where r = r(F).

RBH region

quasi-BH region

unstable LR

stable LR

Inner Horizon

Outer Horizon

compact-star 
region



Problem: Mass inflation instability

i0

r
=
r�

r
=
r�

I
+

I
�

r
=
r+

C
A

D
B

FIG. 1: Schematic Penrose diagram of a star collapsing to a non-singular black hole with concentric

outgoing and ingoing null shells. The DTR relation is applied to the crossing point between

outgoing and ingoing shells. The corresponding four spacetime regions A, B, C and D are depicted.

That is, in spherically symmetric situations, the constraint above on the coe�cient g
rr of

the metric in the four spacetime regions at the crossing point must be satisfied.

Eq. (16) can be manipulated in order to obtain

mA(r0) = mB(r0) +min(r0) +mout(r0)�
2mout(r0)min(r0)

r0FB(r0)
, (17)

where min(r0) = mD(r0) �mB(r0) and mout(r0) = mC(r0) �mB(r0). The first three terms

on the right-hand side of the equation have a clear physical meaning: mB measures the

mass of the region between the ingoing and outgoing shell and, therefore, the original mass

of the non-singular black hole before the ingoing shell is absorbed. This is moreover the

region in which the coordinates (u, v) are defined. On the other hand, min and mout are the

mass of the ingoing and outgoing shells. These three contributions are finite, but the last

contribution has to be analyzed more carefully. The reason is that, as the point r0(v)|u=u0

gets closer to the location of the inner horizon, FB(r0) ! 0. This implies that, in order to

understand the behavior of the system at late times, we need to understand the behavior

with v of min(r0(v)|u=u0) and FB(r0(v)|u=u0) (note that mout is constant along u = u0):

8

Without fine tuning there is an instability at inner horizon (mass 
inflation) in QG time scale, while evaporation time is generically 

infinite.

Note also that possible cosmological constant relevant only after a 
time . 

Similarly, ingoing Hawking flux can become relevant (see 
Buonanno et al. 2022) but too late for astrophysical black holes
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See also: [arXiv:2212.07458 [gr-qc]].

v ∼ 1/ Λ

Problem: The inner horizon is 
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dynamical geometries (it is not just linked to Cauchy horizons). 

Even the GR Kerr one…
  R.Carballo-Rubio, F.Di Filippo, SL, C.Pacilio and M.Visser e-Print: 2402.14913.

This seems to suggest that a RBH regularisation with an inner horizon 
cannot be the end point of the collapse… can we avoid mass inflation?
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Figure 3: Numerical evolution of the Misner–Sharpm+ for di↵erent values of �. For the numerical
integration we have considered M0 = 100, ` = 1, ↵ = � = v0 = 1, � = 12, a2 = 10M0`.

For k = 1 this geometry reduces to the one in (18), whereas for k 6= 1 the surface gravity at

the inner horizon is non-zero, and is given by

� =
1

2

dF

dr
= �

r+ � r�
2 (2Mr� + a2 � 3r� (r� + r+))

(1� k)2 . (41)

Fig. 3 shows the result of the numerical integration of Eq. (38). We can see that the

instability timescale is longer for smaller values of the surface gravity, and for � = 0 the

numerical integration does not show any sign of instability.

V. CONCLUSIONS

We have discussed the features of a new kind of regular black hole that combines features

of non-extremal and extremal black holes: inner-extremal regular black holes have two

horizons, at positions r = r+ and r = r�, an arbitrary outer surface gravity +, and a

vanishing inner surface gravity � = 0.

The main motivation behind our proposal is the fact that, in previously analyzed regular
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and IV respectively. We finish the paper with a summary of our results and a discussion of

their implications in Sec. V.

II. INNER-EXTREMAL REGULAR BLACK HOLES

The aim of this section is to show the existence of regular black hole geometries for which

the surface gravity at the inner horizon vanishes. We will work in spherical symmetry for

simplicity, and we start by analyzing static configurations without the accretion of matter.

Under these assumptions, the most general line element can be written in advanced null

coordinates as

ds2 = �e�2�(r)F (r)dv2 + 2e��(r)dvdr + r2d⌦2, (1)

where F (r) and �(r) are two arbitrary functions, with the only restriction that �(r) must

be finite for the metric determinant to be well defined.

It is also useful to introduce the Misner–Sharp quasi-local mass m(r) defined by the

expression [23, 24]

F (r) = 1�
2m(r)

r
. (2)

For simplicity, we will restrict our attention to geometries in which F (r) is a rational function

of the radial coordinate, namely

F (r) =
Nn(r)

Dn(r)
, (3)

where Nn and Dn are polynomials of the same degree n. This simplifying assumption has

been considered before, for instance in [25].

The conditions for regularity at r = 0 have been studied previously, e.g. [13]. If the

metric functions are finite everywhere, so that we can write

m(r) = m0 +m1r +m2r
2 +O(r3),

�(r) = �0 + �1r + �2r
2 +O(r3), (4)

then demanding regularity is equivalent to

m0 = m1 = m2 = �1 = 0. (5)

3

where now

a2 = b2 + 3r�(r� + r+) = c2 +
(2M � 3r� � r+)2

4
+

r3�r+(3/r� + 1/r+)2

4
. (15)

Certainly, as long as c2 � 0, (that is, as long as a2, [or b2], are su�ciently large), the

denominator will be a positive sum of squares, and so the denominator will have no zeros

on the real axis — and thence the metric function F (r) will have no poles on the real axis.

Let us now consider some more specific physically plausible choices of parameters. Assume

that both r� ⌧ r+ ⇠ 2M and more specifically that r� ⇠ |r+ � 2M |, (the following analysis

changes slightly if we do not assume r� ⇠ |r+ � 2M |). Under these conditions

a2 ⇠ c2 + 4r2� +
9

4
r+r� ⇠ c2 +

9

4
r+r�. (16)

The condition for a non-zero denominator (c2 > 0) is then equivalent to

a2 &
9

4
r+r�. (17)

This is the only condition we have to impose on a2 in order to avoid the presence of zeros

in the denominator.

In summary, we consider the metric in Eq. (1) with

F (r) =
(r � r�)

3 (r � r+)

(r � r�)
3 (r � r+) + 2Mr3 + [a2 � 3r�(r+ + r�)]r2

, �(r) = 0 , (18)

subject to

r� ⌧ r+ ⇠ 2M ; r� ⇠ |r+ � 2M | ; a2 &
9

4
r+r�. (19)

III. ANALYSIS OF PERTURBATIONS: DOUBLE NULL SHELL MODEL

Let us now study the stability of the geometry just introduced. We begin by following the

analysis of [19, 26, 27] considering a perturbation constituted by two null shells crossing at a

radius r0 and we study the backreaction on the geometry as r0 approaches the inner horizon

along an outgoing null shell. These shells meet at r0 at a given moment of time. We can

also use null coordinates, which is useful as we are interested in analyzing the behavior of
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Misner-Sharp quasi-local mass m

Figure 1: Embedding in Euclidean space of the horizons (green and blue surfaces) and
ergosurfaces (red and purple surfaces) for a/M = 0.95 and e = 1.

IV in the Hawking–Ellis classification [61]. (The existence of these regions is entirely due to
the presence of the conformal factor: when  = ⌃, the e↵ective stress–energy tensor is of
Hawking–Ellis type I for any m(r).)

4.1.2 Ergosurfaces

The ergosurfaces are defined by the roots of gtt = 0, or equivalently of r2�2m(r)r+a2 cos2 ✓ =
0, whose solution can be given in closed form. Since the result is cumbersome, in figure 1 we
show the embedding in Euclidean space of the horizons and ergosufaces for some illustrative
choice of the parameters. The main di↵erence with respect to a Kerr BH is the shape of
the inner ergosurface around the poles: values of e closer to the upper and lower bounds in
eq. (4.10) correspond to a more pronounced cuspid around the poles; for values of e closer to
the lower bound, the inner horizon and ergosurface move close and eventually touch also at
the equator; for values of e closer to the upper bound the horizons move closer as previously
said. The conformal factor does not a↵ect the ergosurfaces at all.

Finally, let us notice that, since with our choice m(r+) = M , the textbook expression
for the maximal e�ciency of the Penrose process [62–65] seems to yield the same result as in
Kerr:

⌘max = 1�
2m(r+)

r+
= 1�

2M

M +
p
M2 � a2

. (4.15)

Checking whether this is actually the case would require a more careful analysis of the motion
of test particles in our spacetime — an interesting question which however lies outside the
scope of this work.

4.1.3 Notable equatorial orbits

In order to characterize the spacetime and its deviations away from Kerr from a phenomeno-
logical point of view, we compute the coordinate location of the light ring (LR) and the
innermost stable circular orbit (ISCO). We focus on the equatorial plane, where the radial
motion is governed by the function (cf. eq. (2.10))

R = E2r2(r2 + a2)� r2L2 + 2m(r)r(aE + L)2 � � � , (4.16)
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The second term in the above expansion could be interpreted as an electric charge, and could
lead to a di↵erent quadrupole moment with respect to a Kerr BH.

The choice ↵ = � must be discarded as it forces the inner horizon to coincide with the
Kerr one, and in turn implies a non-zero inner horizon surface gravity (actually the usual one
for the Kerr geometry) making the conformal Kerr metric still unstable to mass inflation.

Nonetheless, we can introduce a parameter controlling the di↵erence between the inner-
horizon position in our geometry and in Kerr. This parameter will in turn control the
di↵erence ↵� �. Let us write then

r� ⌘
a2

M + (1� e)
p
M2 � a2

, (4.9)

with e 6= 0 and e < 2 in order to ensure 0 < r� < r+. Further requiring the mass function
to have no poles implies

�3�
3M

p
M2 � a2

< e < 2 , (4.10)

where in the positive (negative) part of the interval r� is larger (smaller) than the Kerr inner
horizon.

With the above choice, it follows that ↵� � = O
�
e3
�
— the same holds true for all the

other coe�cients in the large-r expansion. This suggests that sizable deviations of r� from its
Kerr value could translate into measurable di↵erences in the value of the quadrupole moment,
or in the periastron precession and the orbital frequency in a binary system [60]. Such
di↵erences would all be O

�
e3
�
, which entails that values of |e| close to one or smaller might

be phenomenologically favored; but the possible impact of e on astrophysical observables
certainly deserves further scrutiny, which we leave for the future.

Let us also note that, with the parametrization (4.9), the mass function becomes m(r) =
M +O

�
e3
�
and in particular m(r+) = M . This entails, among other things, that the outer-

horizon angular velocity is the same as in Kerr, while its surface gravity is

+ =
@r�(r+)

2(r2+ + a2)
= Kerr

+ +O
�
e3
�
. (4.11)

Moreover, e ! 2 is an extremal limit similar to a ! M , since in this limit r� ! r+ and
+ ! 0.

Of course, di↵erent choices from Eq. (4.9) for r� are in principle possible but they are
strongly limited by a series of sanity requirements: the inner horizon must lie within the outer
horizon for all values of a; m(r) must go to M asymptotically; the denominator of m(r) must
have no zeros (for all r > 0), that is �2 < 4µ; all the coe�cients of m(r) must be finite for all
values of a; the extremal limit a ! M should remain thermodynamically unattainable and
thus also the surface gravity of r+ should become zero in this limit — indeed this is possible
only if r� ! r+ for a ! M .

In conclusion, the complete form of our rotating “inner-degenerate” metric is

ds2 =
 

⌃


�

✓
1�

2m(r)r

⌃

◆
dt2 �

4am(r)r sin2 ✓

⌃
dt d�+

⌃

�
dr2 + ⌃ d✓2 +

A sin2 ✓

⌃
d�2

�
,

(4.12)
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with m(r) given in eq. (4.3) and

 = ⌃+
b

r3
, ⌃ = r2 + a2 cos2 ✓, � = r2 � 2m(r)r + a2, A = (r2 + a2)2 ��a2 sin2 ✓ ,

(4.13)

where for the power law of  we have chosen the lowest integer that makes the curvature
scalars continuous and finite (see section 3).

Fixing r+ = r+Kerr and choosing r� as in Eq. (4.9), this metric represents a family of
stable, rotating, CTCs-free, regular solutions with two free parameters (beyond the usual
spin one): the “Kerr-deviation parameter” e and the “regularization parameter” b. Notice
that for a ! M the metric becomes conformal to the extremal Kerr, while for a ! 0 the
metric becomes conformal to Schwarzschild.

4.1 The rotating “inner-degenerate” RBH as a Kerr black hole mimicker

In this section we investigate the extent to which our metric eq. (4.12) can mimic a Kerr BH:
we will briefly describe the e↵ective matter content; then the position of ergosurfaces; and
finally the location of the light ring and the ISCOs.

4.1.1 E↵ective matter content

Clearly, the metric we are considering is not a vacuum solution of general relativity. The Ein-
stein’s equations can still be used to characterize the spacetime by interpreting the Einstein
tensor Gµ

⌫ = Rµ
⌫ �

1

2
R �µ⌫ as an e↵ective stress–energy tensor. To properly characterize the

e↵ective matter content, one first needs to project the Einstein’s tensor onto an orthonormal
tetrad, e.g. the one of Refs. [57–59]. The behavior of the orthonormal components close to
spatial infinity is particularly relevant: since the spacetime is asymptotically flat, they must
all tend to zero as r ! 1, but they do so at di↵erent rates. In particular, the slowest decay-
ing (non-zero) components are those on the diagonal, all the others being of higher order in
powers of 1/r. Such components, at infinity, are the e↵ective energy density and pressures:5

⇢ = �pr = p✓ = p� = �
2M(↵� �)

r4
+O

�
1/r5

�
. (4.14)

Note that these quantities fall o↵ quickly as r ! 1, meaning that deviations from a
vacuum solution (or alternatively from GR, given the supposed non-classical origin of the
e↵ective stress–energy tensor) are sizable only in a region close to the object. Moreover, they
are O

�
e3
�
and do not depend on b; the next-to-leading order O

�
1/r5

�
also does not depend

on b. eq. (4.14) can lead to violations of the null energy condition (NEC), which requires
⇢+ pi � 0, if ↵� � > 0. When the NEC is violated, all the other classical energy conditions
are violated too. When instead � > ↵, not only the null but also the weak (NEC + ⇢ � 0)
and dominant (⇢ � |pi|) energy conditions are met; the strong energy condition (NEC +
⇢+ 3pi � 0) instead is always violated.

Moving closer to r = 0, the simple interpretation in terms of energy density and pres-
sures is not always viable, since there are regions in which the Einstein’s tensor cannot be
diagonalized over the real numbers: in these regions, the e↵ective matter content is of type

5
Technically, the energy density and pressures are defined in terms of the eigenvalues of the orthonormalized

Einstein’s tensor, when these are real. In asymptotically flat spacetimes, this procedure and the one presented

in the text agree at leading order.
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4 Stabilizing the inner horizon with m(r)

In ref. [20] it was shown that the mass-inflation instability can be turned o↵ if the surface
gravity of the inner horizon � vanishes thanks to a wise choice of the mass function. The
problem to extend this idea to the rotating case consists in the fact that adding this condition
(i.e. having a degenerate inner horizon), in addition to the conditions necessary to remove
the ring singularity, avoid CTCs as well as have a well defined limit to the regularized region,
makes the task daunting if not impossible. While we do not have a no-go theorem in this
sense, it is rather clear to a first investigation that, even if viable, such regular metrics would
be too cumbersome for any application towards phenomenology.

We shall then pursue a di↵erent path here, starting from the realization that if we
regularize the singularity with the conformal factor as above, the functional form of the mass
function is left with very few constraints (namely it must be everywhere finite and it must
reduce to the ADM mass M at infinity), and can be easily shaped so to stabilize the inner
horizon.

Since the surface gravity of the inner horizon r� depends on m(r) as

� / @r�|r=r� , (4.1)

if we assume a rational-function form for the mass function, to have a vanishing � the inner
horizon must be a degenerate root of �

� ⌘ r2 � 2m(r)r + a2 = 0 =) (r � r+)(r � r�)
d = 0 , (4.2)

for some d 2 N�2. d = 2 is not viable, since it implies that m(r) has a pole at some positive
r. Thus the minimal choice ends up being d = 3 which implies (given also the required
asymptotic behavior) a mass function of the form

m(r) = M
r2 + ↵r + �

r2 + �r + µ
. (4.3)

From eq. (4.2), it can been shown that � cannot be zero and thus the limit of m(r) for
r ! 0 is not zero but the finite value M�/µ. In this form, m(r) is parametrized by four
coe�cients, two of dimension [M ] (↵ and �) and two of dimension [M ]2 (� and µ). However,
through eq. (4.2), they can all be expressed as functions of the position of the two horizons

↵ =
a4 + r3�r+ � 3a2r�(r� + r+)

2a2M
, (4.4)

� =
a2(2M � 3r� � r+) + r2�(r� + 3r+)

2M
, (4.5)

� = 2M � 3r� � r+ , (4.6)

µ =
r3�r+
a2

. (4.7)

If we choose r+ = M +
p
M2 � a2, i.e. the outer horizon to coincide with its Kerr analog,

our family of solutions can be parametrized in terms of r� only. It is quite remarkable, and
very relevant for phenomenological studies, that in spite of being located beyond a trapping
horizon, the position of the inner horizon can matter for observables in the outside geometry.
An example of this can be exposed by looking at the large-r behavior of the mass function:

m(r) ⇠ M +
M(↵� �)

r
+O

�
1/r2

�
, (r ! 1) . (4.8)

– 9 –

4 Stabilizing the inner horizon with m(r)

In ref. [20] it was shown that the mass-inflation instability can be turned o↵ if the surface
gravity of the inner horizon � vanishes thanks to a wise choice of the mass function. The
problem to extend this idea to the rotating case consists in the fact that adding this condition
(i.e. having a degenerate inner horizon), in addition to the conditions necessary to remove
the ring singularity, avoid CTCs as well as have a well defined limit to the regularized region,
makes the task daunting if not impossible. While we do not have a no-go theorem in this
sense, it is rather clear to a first investigation that, even if viable, such regular metrics would
be too cumbersome for any application towards phenomenology.

We shall then pursue a di↵erent path here, starting from the realization that if we
regularize the singularity with the conformal factor as above, the functional form of the mass
function is left with very few constraints (namely it must be everywhere finite and it must
reduce to the ADM mass M at infinity), and can be easily shaped so to stabilize the inner
horizon.

Since the surface gravity of the inner horizon r� depends on m(r) as

� / @r�|r=r� , (4.1)

if we assume a rational-function form for the mass function, to have a vanishing � the inner
horizon must be a degenerate root of �

� ⌘ r2 � 2m(r)r + a2 = 0 =) (r � r+)(r � r�)
d = 0 , (4.2)

for some d 2 N�2. d = 2 is not viable, since it implies that m(r) has a pole at some positive
r. Thus the minimal choice ends up being d = 3 which implies (given also the required
asymptotic behavior) a mass function of the form

m(r) = M
r2 + ↵r + �

r2 + �r + µ
. (4.3)

From eq. (4.2), it can been shown that � cannot be zero and thus the limit of m(r) for
r ! 0 is not zero but the finite value M�/µ. In this form, m(r) is parametrized by four
coe�cients, two of dimension [M ] (↵ and �) and two of dimension [M ]2 (� and µ). However,
through eq. (4.2), they can all be expressed as functions of the position of the two horizons

↵ =
a4 + r3�r+ � 3a2r�(r� + r+)

2a2M
, (4.4)

� =
a2(2M � 3r� � r+) + r2�(r� + 3r+)

2M
, (4.5)

� = 2M � 3r� � r+ , (4.6)

µ =
r3�r+
a2

. (4.7)

If we choose r+ = M +
p
M2 � a2, i.e. the outer horizon to coincide with its Kerr analog,

our family of solutions can be parametrized in terms of r� only. It is quite remarkable, and
very relevant for phenomenological studies, that in spite of being located beyond a trapping
horizon, the position of the inner horizon can matter for observables in the outside geometry.
An example of this can be exposed by looking at the large-r behavior of the mass function:

m(r) ⇠ M +
M(↵� �)

r
+O

�
1/r2

�
, (r ! 1) . (4.8)

– 9 –

4 Stabilizing the inner horizon with m(r)

In ref. [20] it was shown that the mass-inflation instability can be turned o↵ if the surface
gravity of the inner horizon � vanishes thanks to a wise choice of the mass function. The
problem to extend this idea to the rotating case consists in the fact that adding this condition
(i.e. having a degenerate inner horizon), in addition to the conditions necessary to remove
the ring singularity, avoid CTCs as well as have a well defined limit to the regularized region,
makes the task daunting if not impossible. While we do not have a no-go theorem in this
sense, it is rather clear to a first investigation that, even if viable, such regular metrics would
be too cumbersome for any application towards phenomenology.

We shall then pursue a di↵erent path here, starting from the realization that if we
regularize the singularity with the conformal factor as above, the functional form of the mass
function is left with very few constraints (namely it must be everywhere finite and it must
reduce to the ADM mass M at infinity), and can be easily shaped so to stabilize the inner
horizon.

Since the surface gravity of the inner horizon r� depends on m(r) as

� / @r�|r=r� , (4.1)

if we assume a rational-function form for the mass function, to have a vanishing � the inner
horizon must be a degenerate root of �

� ⌘ r2 � 2m(r)r + a2 = 0 =) (r � r+)(r � r�)
d = 0 , (4.2)

for some d 2 N�2. d = 2 is not viable, since it implies that m(r) has a pole at some positive
r. Thus the minimal choice ends up being d = 3 which implies (given also the required
asymptotic behavior) a mass function of the form

m(r) = M
r2 + ↵r + �

r2 + �r + µ
. (4.3)

From eq. (4.2), it can been shown that � cannot be zero and thus the limit of m(r) for
r ! 0 is not zero but the finite value M�/µ. In this form, m(r) is parametrized by four
coe�cients, two of dimension [M ] (↵ and �) and two of dimension [M ]2 (� and µ). However,
through eq. (4.2), they can all be expressed as functions of the position of the two horizons

↵ =
a4 + r3�r+ � 3a2r�(r� + r+)

2a2M
, (4.4)

� =
a2(2M � 3r� � r+) + r2�(r� + 3r+)

2M
, (4.5)

� = 2M � 3r� � r+ , (4.6)

µ =
r3�r+
a2

. (4.7)

If we choose r+ = M +
p
M2 � a2, i.e. the outer horizon to coincide with its Kerr analog,

our family of solutions can be parametrized in terms of r� only. It is quite remarkable, and
very relevant for phenomenological studies, that in spite of being located beyond a trapping
horizon, the position of the inner horizon can matter for observables in the outside geometry.
An example of this can be exposed by looking at the large-r behavior of the mass function:

m(r) ⇠ M +
M(↵� �)

r
+O

�
1/r2

�
, (r ! 1) . (4.8)

– 9 –

2

aims of this work is to look for any instabilities present in this BH spacetime. Our study suggests that the regular-
ized BH under consideration is a stable configuration against scalar perturbation. As a result, to constrain possible
deviation from Kerr solution, we resort to observational techniques, which corresponds to the second part of our work.

The bending of light by a strong gravitational field is one of the fascinating features of the spacetime curvature,
which gives rise to the existence of spherical/circular null orbits around BHs. As far as observational implications are
concerned, these null orbits further lead to BH shadow, a dark patch around BHs seen by a distant observer. The
recent observations of M87⇤ and Sgr A⇤ BH shadows by the Event Horizon Telescope (EHT) collaboration [30–35]
are the first direct detection of isolated BHs, providing us with an unprecedented platform to test the viability of
modified Kerr solutions. However, since the EHT observations are in strong agreement with the Kerr paradigm, any
deviation from Kerr present in the theory are highly constrained [36–43]. To that end, we compute the shadow cast
by the regularized stable Kerr BH and compare the angular shadow diameter with the EHT observations for both
M87⇤ and Sgr A⇤ shadows and obtain upper bounds on the additional parameters.

The rest of the article is organized as follows: In Section II we briefly review the regularized stable Kerr solution and
discuss some of its properties. In Section III we discuss the consistency conditions on the mass profile suggested in
Ref. [20]. This in some sense represents a study similar to the weak cosmic censorship [44–46]. The computation
of scalar quasi-normal modes and stability analysis is presented in Section IV. In Section V, we study the shadow
cast by this BH and constrain various model parameters requiring consistency with EHT observations. Finally, we
conclude with a brief discussion of main results and possible future extensions of our work.

Notations and conventions: In this work we follow the mostly positive signature convention (�,+,+,+) for the metric.
Indices referring the four dimensional spacetime are represented by Greek letters. Unless specified otherwise, we also
set the fundamental constants to unity, i.e., c = 1 = G.

II. CONSTRUCTING THE METRIC

An astrophysical BH with Arnowitt-Deser-Misner (ADM) mass M and spin a < M is well described by the Kerr
metric, which is an exact solution of Einstein field equations. However, it is infected with three major issues: (i) the
central singularity where various curvature scalars blow up and GR looses its predictive power, (ii) the instability
originating due to the mass inflation at the Cauchy horizon, and (iii) the existence of closed timelike curves in the
spacetime. Over years, several attempts have been made to get rid of one such issue at a time by introducing
some modified phenomenological metrics. However, in a recent work [20], the authors proposed the following “inner-
degenerate” regularized stable Kerr metric that is free from all these issues :

ds2 = C(r, ✓)

"
�

✓
1�

2m(r) r

⌃(r, ✓)

◆
dt2 �

4 am(r) r sin2 ✓

⌃(r, ✓)
dt d�+

⌃(r, ✓)

�(r)
dr2 + (1)

⌃(r, ✓) d✓2 +
A(r, ✓) sin2 ✓

⌃(r, ✓)
d�2

#
,

with ⌃(r, ✓) = r2+a2 cos2 ✓, �(r) = r2�2m(r) r+a2, A(r, ✓) =
�
r2 + a2

�2
�� a2 sin2 ✓, and m(r) is the mass profile

introduced to remove the mass inflation instability at the Cauchy horizon r�. Note that the locations of the horizons
r+ and r� < r+ are given by the real positive roots of �(r) = 0. On the other hand, the conformal factor C(r, ✓) is
there to tame the central curvature singularity of the Kerr metric.

We are interested in investigating the QNM stability and the shadow observables of this modified Kerr BH and put
constraints on various parameters of the metric. To keep our analysis as general as possible, we shall work with
the mass profile m(r) and the conformal factor C(r, ✓) unspecified, and only fix them when necessary. However, in
the same spirit of Ref.[20], we impose two minimal criteria on the conformal factor in order to avoid any additional
singularity: C(r, ✓) > 0 everywhere, and to keep the spacetime indistinguishable from Kerr metric to a distant ob-
server: C(r, ✓) ! 1 +O(r�n) with n � 2. The second condition implies that the ADM mass and the specific angular
momentum of the black hole are M = limr!1m(r) and a, respectively.

Also, we follow the same e�cient way of Ref.[20] for parameterizing m(r) = F (r; r±) in terms of the horizons

r+ = M +
p
M2 � a2 and r� = a2

⇥
M + (1� e)

p
M2 � a2

⇤�1
. Then, for a given value of e, the extremal limit

❖ Generalisation to rotating black holes.

Taming of mass inflation as κ− → 0



However… semiclassical instability
❖ Zero surface gravity at the inner horizon might not 

be enough to stabilise a regular black hole: there is 
an exponential quantum instability ruled by 

❖ Preliminary investigations seems to suggest that 

❖ classical mass inflation would push the inner 
horizon inwards

❖ the quantum instability would push the inner 
horizon outwards and dominate.

❖ The position of the IH is basically set by ,  so 
the semiclassical instability suggests that one 
effectively gets  

❖ So, this chain of instabilities may lead the RBH 
to end up extremal or a quasi-BH…

❖ But quasi-BH have necessarily an inner stable 
light ring!  possibly unstable again?

lim
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Figure 1. Radii of the photon spheres (solid red lines for the inner stable one and solid purple line the outer unstable one) and horizons (dashed
black line) for the Bardeen (left panel) and SV (right panel) metric. For the Bardeen metric the two horizons merge for ` = 4M/3

p
3 giving

way to a stable photon sphere inside the usual unstable one. For ` = 48M
25
p

5
the two photon spheres finally merge leaving a simple compact

object. For the SV metric the horizon becomes a wormhole throat for ` = 2M over which a stable photon sphere resides. For ` = 3M the two
photon spheres merge and the wormhole throat becomes an unstable photon sphere.

B. Field sources

As said before, the above introduced static solutions, can be considered the outcome of a transient regularization of the
gravitational collapse due to quantum gravity. The implicitly assumption is that such non-classical regime gives way, at late
times, to a stationary configuration that should be a solution a some gravitational theory: a low energy, e↵ective field theory
limit of quantum gravity, whatever this might be. As our solutions mimic GR ones better and better as one gets away from
the objects cores, so we do expect that any such e↵ective field theory of gravity should be encoding deviations from GR in
strong gravity regimes. Also, it is well known that such theories can often be recast as GR with non-trivial, and sometimes
exotic, matter sources. It is hence reasonable to explore the interpretation of our geometries as solutions of GR and check their
associated matter content as this is a crucial step for considering their behaviour under perturbations.

Within GR, the e↵ective stress-energy tensor associated with the line element (1) is given by its Einstein tensor, i.e., T µ⌫ =
Gµ⌫/8⇡. Then, for any given RBH model, one might question a posteriori the existence of some matter distribution yielding the
same stress-energy tensor.

Notice that the Einstein tensor computed from Eq. (1) has three independent components, meaning that the matter source
cannot be uniquely a scalar field (for which T t

t = T ✓✓), nor an electromagnetic field (for which T t
t = T r

r).
Nonetheless, when �(r) = 0, Gt

t = Gr
r and Bardeen-like RBHs are often interpreted as solutions of GR coupled to some

non-linear electrodynamics with action [13, 14]

S =

Z
d4x
p
�g

 
1

16⇡
R �

1
4⇡
L(F)

!
, (4)

where the electromagnetic Lagrangian is a non-linear function of the electromagnetic field strength F = 1
4 Fµ⌫Fµ⌫, with Fµ⌫ =

2r[µA⌫] being Aµ the electromagnetic potential. The Maxwell field is frequently assumed purely magnetic and its magnetic
charge coincides with the regularization parameter, which implies that the only non-vanishing component of the Maxwell field
is F✓' = ` sin ✓ (alternatively, the only non-vanishing component of the potential is A' = ` cos ✓) and F = `2/2r4.

The modified Maxwell field equation

rµ (LF F↵µ) = 0 , (5)

being LF ⌘ @L/@F, is trivially satisfied, while the gravitational equations

Gµ⌫ = 2
⇣
LF Fµ�F⌫� � gµ⌫L

⌘
, (6)

imply that the electromagnetic Lagrangian is given in term of the metric functions of the spacetime as in Eq. (1) (with � = 0)

L(F) =
m0

r2 , (7)

where r = r(F).

Take home message: RBH are most probably always dynamical objects at most metastable. 
Compatibility of this metastability with observations is an open issue.

Credits: Edgardo Franzin, Stefano Liberati, Vania Vellucci. e-Print: 2310.11990 [gr-qc]
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 Class 2: The Simpson-Visser Black-Bounce

proofs JCAP_031P_0221

an event horizon: in the former case, the wormhole is traversable (in the sense of Morris and
Thorne [5]); in the latter, the spacetime contains a regular black hole.

Simpson and Visser [6–8] recently proposed a static and spherically symmetric met-
ric that smoothly interpolates between these possibilities. The line element is (henceforth:
SV metric):

ds
2 = ≠

3
1 ≠ 2MÔ

r2 + ¸2

4
dt

2 +
3

1 ≠ 2MÔ
r2 + ¸2

4≠1

dr
2 + (r2 + ¸

2)
Ë
d◊

2 + sin2
◊d„

2
È

, (1.1)

where M Ø 0 represents the ADM mass and ¸ > 0 is a parameter responsible for the
regularisation of the central singularity;1 note that r œ (≠Œ, +Œ). Despite its simplicity
— it is a minimal modification of the Schwarzschild solution, to which it indeed reduces for
¸ = 0 — this metric is remarkably rich: trimming the value of ¸, it may represent

• a two-way, traversable wormhole à la Morris-Thorne for ¸ > 2M ,

• a one-way wormhole with a null throat for ¸ = 2M , and

• a regular black hole, in which the singularity is replaced by a bounce to a di�erent
universe, when ¸ < 2M ; the bounce happens through a spacelike throat shielded by
an event horizon and is hence dubbed “black-bounce” in [6] or “hidden wormhole” as
per [4].

Such variety is particularly appealing. Regular black holes and traversable wormholes
represent morally distinct scenarios, and have been studied thoroughly, though separately:
see for instance [9–17] and [5, 18–23]. However, the discussion in [3, 4] proves that they
are both theoretically motivated. Actually, it suggests more: if one’s aim is to build phe-
nomenological models that are agnostic e.g. to the scale of regularisation, one would better
not commit to one particular scenario but should rather prefer a unified treatment. Simpson
and Visser’s proposal fits perfectly in this line of reasoning; and it does so at no expense of
simplicity — a greatly attractive feature for the sake of phenomenology.

The capability of the metric (1.1) to properly describe realistic situations, however, is
hindered by the lack of an important ingredient: rotation [24, 25]. Not surprisingly, rotating
regular black holes have been considered before, see e.g. [26–31]; similarly, rotating traversable
wormholes have been proposed in [32] and used for phenomenological modelling e.g. in [33–
37]. Predictably, the objects considered in the aforementioned references fall in two very
distinct classes. The goal of this paper, therefore, is to construct a spinning generalisation
of the Simpson-Visser metric (1.1) suitable for comparison with observations. To achieve it,
we employ the Newman-Janis procedure, a method we introduce and describe below.

The paper is structured as follows. The Newman-Janis procedure is reviewed and ap-
plied in section 2; the section terminates with our proposal for a spinning SV metric. Sec-
tion 3 is devoted to the global analysis of the ensuing spacetimes. Section 4 investigates
the distribution of stress-energy that, assuming GR holds, produces our metric as a solution.
Section 5 describes relevant features of the exterior geometry, namely ergoregion, photon ring
and ISCO. Finally, section 6 reports our conclusions. We adopt units in which c = G = 1,
unless otherwise stated, and metric signature (≠, +, +, +).

1
In [6] a was used in lieu of ¸. However, a is widely used as the spin parameter for rotating spacetimes,

thus we renamed the regularisation length scale ¸.
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Thorne [5]); in the latter, the spacetime contains a regular black hole.
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where M Ø 0 represents the ADM mass and ¸ > 0 is a parameter responsible for the
regularisation of the central singularity;1 note that r œ (≠Œ, +Œ). Despite its simplicity
— it is a minimal modification of the Schwarzschild solution, to which it indeed reduces for
¸ = 0 — this metric is remarkably rich: trimming the value of ¸, it may represent

• a two-way, traversable wormhole à la Morris-Thorne for ¸ > 2M ,

• a one-way wormhole with a null throat for ¸ = 2M , and

• a regular black hole, in which the singularity is replaced by a bounce to a di�erent
universe, when ¸ < 2M ; the bounce happens through a spacelike throat shielded by
an event horizon and is hence dubbed “black-bounce” in [6] or “hidden wormhole” as
per [4].

Such variety is particularly appealing. Regular black holes and traversable wormholes
represent morally distinct scenarios, and have been studied thoroughly, though separately:
see for instance [9–17] and [5, 18–23]. However, the discussion in [3, 4] proves that they
are both theoretically motivated. Actually, it suggests more: if one’s aim is to build phe-
nomenological models that are agnostic e.g. to the scale of regularisation, one would better
not commit to one particular scenario but should rather prefer a unified treatment. Simpson
and Visser’s proposal fits perfectly in this line of reasoning; and it does so at no expense of
simplicity — a greatly attractive feature for the sake of phenomenology.

The capability of the metric (1.1) to properly describe realistic situations, however, is
hindered by the lack of an important ingredient: rotation [24, 25]. Not surprisingly, rotating
regular black holes have been considered before, see e.g. [26–31]; similarly, rotating traversable
wormholes have been proposed in [32] and used for phenomenological modelling e.g. in [33–
37]. Predictably, the objects considered in the aforementioned references fall in two very
distinct classes. The goal of this paper, therefore, is to construct a spinning generalisation
of the Simpson-Visser metric (1.1) suitable for comparison with observations. To achieve it,
we employ the Newman-Janis procedure, a method we introduce and describe below.

The paper is structured as follows. The Newman-Janis procedure is reviewed and ap-
plied in section 2; the section terminates with our proposal for a spinning SV metric. Sec-
tion 3 is devoted to the global analysis of the ensuing spacetimes. Section 4 investigates
the distribution of stress-energy that, assuming GR holds, produces our metric as a solution.
Section 5 describes relevant features of the exterior geometry, namely ergoregion, photon ring
and ISCO. Finally, section 6 reports our conclusions. We adopt units in which c = G = 1,
unless otherwise stated, and metric signature (≠, +, +, +).
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so that
h(r) = Í

2 æ h̃(rÕ) = Í
Õ
ÍÕ = r

2 + ¸
2 + a

2 cos2
◊ (2.12)

and

f(r) = 1 ≠ 2M

Í
æ f̃(rÕ) = 1 ≠ M

3 1
ÍÕ

+ 1
ÍÕ

4
= 1 ≠ 2M

Ô
r2 + ¸2

r2 + ¸2 + a2 cos2 ◊
. (2.13)

Now, the coordinate transformation of step V has the general form (see [26])

F = h̃(r, ◊) + a
2 sin2

◊

f̃(r, ◊)h̃(r, ◊) + a2 sin2 ◊
, G = a

f̃(r, ◊)h̃(r, ◊) + a2 sin2 ◊
. (2.14)

Specifying to our case:

F = r
2 + ¸

2 + a
2

r2 + ¸2 + a2 ≠ 2M
Ô

r2 + ¸2
, G = a

r2 + ¸2 + a2 ≠ 2M
Ô

r2 + ¸2
; (2.15)

these expressions do not depend on ◊ and one can safely integrate them to get t
Õ(u, r), „

Õ(u, r).
(From now on we drop the primes.)

Thus, the metric obtained by applying the NJP to the SV seed does have a Boyer-
Lindquist form. Note that this is obvious, in hindsight, since the functions F, G above are
the same that one would get starting from a Schwarzschild seed, provided one replaces the
coordinate radius r with

Ô
r2 + ¸2, and a Boyer-Lindquist form certainly exists in that case.

The metric ensuing from the application of the NJP with the choices above is our
proposal for the rotating counterpart to the SV metric (1.1)

ds
2 = ≠

A

1 ≠ 2M
Ô

r2 + ¸2

�

B

dt
2 + �

� dr
2 + �d◊

2 ≠ 4Ma sin2
◊
Ô

r2 + ¸2

� dtd„ + A sin2
◊

� d„
2

(2.16)
with

� = r
2 + ¸

2 + a
2 cos2

◊, � = r
2 + ¸

2 + a
2 ≠ 2M


r2 + ¸2,

A = (r2 + ¸
2 + a

2)2 ≠ �a
2 sin2

◊.

It reduces to the SV metric when a = 0 and to the Kerr metric when ¸ = 0. Formally, its
components can be derived from those of the Kerr metric by replacing the Boyer-Lindquist
radius r with Í =

Ô
r2 + ¸2, but without changing dr; i.e. the metric (2.16) is not related to

Kerr by a change of coordinates.
The result (2.16) obtained with the standard NJP is confirmed by the application of

the MNJP, provided the arbitrary function � be fixed equal to �. This choice is coherent
with requiring that the spinning metric coincides with Kerr when ¸ = 0, as it must.

The rest of the paper is devoted to characterising the metric (2.16) and the spacetime
it describes.

3 Metric analysis and spacetime structure

As in the non-spinning case, r may take positive as well as negative values. Our negative-r
region, however, should not be confused with the one deriving from analytically extending the
Kerr spacetime beyond its ring singularity: indeed, the metric (2.16) is symmetric under the
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Figure 1. Parameter space and corresponding spacetime structure. Acronyms are spelled out in
the text.

when the radius of the collapsing object becomes of order the Planck length, in the second
when the density is of order the Planck density [49, 50]. In either case, for astrophysically
relevant masses, one would expect ¸/M to be very small (≥ 10≠38

M§/M in one case and
≥ 4 ◊ 10≠26 (M§/M)2/3 in the other) and RBH-II to be the only viable geometry, at least
for a Æ M .

Values of ¸/M = O(1), instead, entail a macroscopic throat and most likely require
additional ingredients. For instance, a regularisation at the Planck scale might be followed
by a dynamical process, after which the structure settles down to the metric (2.16) [51]. If this
is the case, there is no reason for ¸ to be linked to the scale of quantum gravity. Such process
might preserve or destroy the horizon, so that the remnant object might correspondingly
consist of a (regular) black hole or a “naked” wormhole. Note that ¸/M = 1 is also the
threshold above which traversable wormholes, with no horizons, can exist at spins a < M .

We point out, in passing, that a similar “phase diagram” has recently been derived
in [52] by applying the NJP to a seed metric inspired by loop quantum gravity.

3.2 Null rays and horizon structure

To check that the singularities at � = 0 are coordinate artefacts, one can introduce ingoing
null coordinates

dv := dt + Í
2 + a

2

� dr, dÂ := d„ + a

� dr, (3.3)

and notice that the resulting metric is indeed regular at r = r± except perhaps when v = ±Œ;
equivalently, one could adopt outgoing null coordinates

du := dt ≠ Í
2 + a

2

� dr, dẪ := d„ ≠ a

� dr, (3.4)
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reflection r æ ≠r and the spacetime it describes is thus composed of two identical portions
glued at r = 0.

Some intuition can be gained by noting that the surface r = 0 is an oblate spheroid of
size (Boyer-Lindquist radius) ¸. When ¸ = 0, the spheroid collapses to a ring at ◊ = fi/2 and
the usual singularity of the Kerr geometry is recovered. When instead ¸ ”= 0 the singularity
is excised and r = 0 is a regular surface of finite size, which observers may cross: the
metric (2.16) thus describes a wormhole with throat located at r = 0. The nature of such
throat (timelike, spacelike or null) depends on ¸ and a. Actually, |a| is the relevant parameter,
thus, without loss of generality, we only consider a > 0 here and throughout.

The values of ¸ and a also determine whether the metric has coordinate singularities.
When this is the case, the singularities are given by � = 0 and located at

r± =
51

M ±


M2 ≠ a2

22

≠ ¸
2

61/2

. (3.1)

By calling
Í± := M ±


M2 ≠ a2, (3.2)

we immediately see that r+ is real only if ¸ Æ Í+ and, similarly, r≠ is real only if ¸ Æ Í≠.
Thus, depending on the values of the parameters, we may have two (if a < M and ¸ < Í≠),
one (if a < M and Í≠ < ¸ < Í+) or no singularity at all (if a < M and ¸ > Í+, or if a > M).
The cases in which equalities hold are extremal or limiting versions of the above. As the
analysis in the following subsection will prove, these coordinate singularities are horizons of
the spacetime.

3.1 Phase diagram

For the sake of practicality, we summarise the spectrum of possible cases with the aid of
a “phase diagram” in figure 1: each spacetime structure is associated with a region in (a
constant-M slice of) the parameter space under consideration. We defer a thorough discussion
of each case to section 3.3, but lay out our terminology here:

WoH traversable wormhole;

nWoH null WoH, i.e. one-way wormhole with null throat;

RBH-I regular black hole with one horizon (in the r > 0 side, plus its mirror image in the
r < 0 side);

RBH-II regular black hole with an outer and an inner horizon (per side);

eRBH extremal regular black hole (one extremal horizon per side);

nRBH null RBH-I, i.e. a regular black hole with one horizon (per side) and a null throat.

A comment is in order, at this point. The parameter ¸ represents the spatial extent of
the throat r = 0. It seems di�cult to envisage a single quantum gravity scenario capable of
justifying all the values of ¸ that we consider.

Indeed, if for instance one assumes gravitational collapse to proceed as predicted by
GR until a certain threshold is met, beyond which quantum e�ects become dominant, one
might deduce ¸ ≥ LPlanck or ¸ ≥ LPlanck (M/MPlanck)1/3. The two estimates correspond to
di�erent ways of identifying the threshold: in the first, quantum gravity becomes dominant
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an event horizon: in the former case, the wormhole is traversable (in the sense of Morris and
Thorne [5]); in the latter, the spacetime contains a regular black hole.

Simpson and Visser [6–8] recently proposed a static and spherically symmetric met-
ric that smoothly interpolates between these possibilities. The line element is (henceforth:
SV metric):
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where M Ø 0 represents the ADM mass and ¸ > 0 is a parameter responsible for the
regularisation of the central singularity;1 note that r œ (≠Œ, +Œ). Despite its simplicity
— it is a minimal modification of the Schwarzschild solution, to which it indeed reduces for
¸ = 0 — this metric is remarkably rich: trimming the value of ¸, it may represent

• a two-way, traversable wormhole à la Morris-Thorne for ¸ > 2M ,

• a one-way wormhole with a null throat for ¸ = 2M , and

• a regular black hole, in which the singularity is replaced by a bounce to a di�erent
universe, when ¸ < 2M ; the bounce happens through a spacelike throat shielded by
an event horizon and is hence dubbed “black-bounce” in [6] or “hidden wormhole” as
per [4].

Such variety is particularly appealing. Regular black holes and traversable wormholes
represent morally distinct scenarios, and have been studied thoroughly, though separately:
see for instance [9–17] and [5, 18–23]. However, the discussion in [3, 4] proves that they
are both theoretically motivated. Actually, it suggests more: if one’s aim is to build phe-
nomenological models that are agnostic e.g. to the scale of regularisation, one would better
not commit to one particular scenario but should rather prefer a unified treatment. Simpson
and Visser’s proposal fits perfectly in this line of reasoning; and it does so at no expense of
simplicity — a greatly attractive feature for the sake of phenomenology.

The capability of the metric (1.1) to properly describe realistic situations, however, is
hindered by the lack of an important ingredient: rotation [24, 25]. Not surprisingly, rotating
regular black holes have been considered before, see e.g. [26–31]; similarly, rotating traversable
wormholes have been proposed in [32] and used for phenomenological modelling e.g. in [33–
37]. Predictably, the objects considered in the aforementioned references fall in two very
distinct classes. The goal of this paper, therefore, is to construct a spinning generalisation
of the Simpson-Visser metric (1.1) suitable for comparison with observations. To achieve it,
we employ the Newman-Janis procedure, a method we introduce and describe below.

The paper is structured as follows. The Newman-Janis procedure is reviewed and ap-
plied in section 2; the section terminates with our proposal for a spinning SV metric. Sec-
tion 3 is devoted to the global analysis of the ensuing spacetimes. Section 4 investigates
the distribution of stress-energy that, assuming GR holds, produces our metric as a solution.
Section 5 describes relevant features of the exterior geometry, namely ergoregion, photon ring
and ISCO. Finally, section 6 reports our conclusions. We adopt units in which c = G = 1,
unless otherwise stated, and metric signature (≠, +, +, +).

1
In [6] a was used in lieu of ¸. However, a is widely used as the spin parameter for rotating spacetimes,

thus we renamed the regularisation length scale ¸.
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Energy conditions violation at the WH throat 

Also in this case the naked WH will sport for  a 
stable light-ring at the WH throat.


For  there is only an unstable light-ring again at the 
wormhole throat.

2M < ℓ < 3M

ℓ > 3M

 has no roots for (1 − 2M/( r2 + ℓ2) = 0 ℓ > 2M

(similarly for the rotating case)
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Figure 1. Radii of the photon spheres (solid red lines for the inner stable one and solid purple line the outer unstable one) and horizons (dashed
black line) for the Bardeen (left panel) and SV (right panel) metric. For the Bardeen metric the two horizons merge for ` = 4M/3

p
3 giving

way to a stable photon sphere inside the usual unstable one. For ` = 48M
25
p

5
the two photon spheres finally merge leaving a simple compact

object. For the SV metric the horizon becomes a wormhole throat for ` = 2M over which a stable photon sphere resides. For ` = 3M the two
photon spheres merge and the wormhole throat becomes an unstable photon sphere.

B. Field sources

As said before, the above introduced static solutions, can be considered the outcome of a transient regularization of the
gravitational collapse due to quantum gravity. The implicitly assumption is that such non-classical regime gives way, at late
times, to a stationary configuration that should be a solution a some gravitational theory: a low energy, e↵ective field theory
limit of quantum gravity, whatever this might be. As our solutions mimic GR ones better and better as one gets away from
the objects cores, so we do expect that any such e↵ective field theory of gravity should be encoding deviations from GR in
strong gravity regimes. Also, it is well known that such theories can often be recast as GR with non-trivial, and sometimes
exotic, matter sources. It is hence reasonable to explore the interpretation of our geometries as solutions of GR and check their
associated matter content as this is a crucial step for considering their behaviour under perturbations.

Within GR, the e↵ective stress-energy tensor associated with the line element (1) is given by its Einstein tensor, i.e., T µ⌫ =
Gµ⌫/8⇡. Then, for any given RBH model, one might question a posteriori the existence of some matter distribution yielding the
same stress-energy tensor.

Notice that the Einstein tensor computed from Eq. (1) has three independent components, meaning that the matter source
cannot be uniquely a scalar field (for which T t

t = T ✓✓), nor an electromagnetic field (for which T t
t = T r

r).
Nonetheless, when �(r) = 0, Gt

t = Gr
r and Bardeen-like RBHs are often interpreted as solutions of GR coupled to some

non-linear electrodynamics with action [13, 14]

S =

Z
d4x
p
�g

 
1

16⇡
R �

1
4⇡
L(F)

!
, (4)

where the electromagnetic Lagrangian is a non-linear function of the electromagnetic field strength F = 1
4 Fµ⌫Fµ⌫, with Fµ⌫ =

2r[µA⌫] being Aµ the electromagnetic potential. The Maxwell field is frequently assumed purely magnetic and its magnetic
charge coincides with the regularization parameter, which implies that the only non-vanishing component of the Maxwell field
is F✓' = ` sin ✓ (alternatively, the only non-vanishing component of the potential is A' = ` cos ✓) and F = `2/2r4.

The modified Maxwell field equation

rµ (LF F↵µ) = 0 , (5)

being LF ⌘ @L/@F, is trivially satisfied, while the gravitational equations

Gµ⌫ = 2
⇣
LF Fµ�F⌫� � gµ⌫L

⌘
, (6)

imply that the electromagnetic Lagrangian is given in term of the metric functions of the spacetime as in Eq. (1) (with � = 0)

L(F) =
m0

r2 , (7)

where r = r(F).

WH
BB

Take home message: In spite of being “more exotic” the Black Bounces 
appear to be less prone to instabilities (no IH instability if ). 

What about the WH case?
ℓ > r−

unstable LR

Hidden throat

stable LR
WH throat
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WH throat
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(a) The regular black hole. The maximally
extended spacetime continues above and below

the portion shown by repetition of this
fundamental block.
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(b) The null-throat wormhole. The analytically
extended spacetime continues above and below

by repetition of this fundamental block.
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(c) The traversable wormhole.

Figure 1. Penrose diagrams of regular black hole, null-throat wormhole and traversable wormhole. The white area represents “our universe”
while the gray area is the “other universe”.

rotating case and we shoot for the frequency !. We repeat
this procedure as long as the frequency ! converges to a con-
stant value; in practice, this is often achieved within five iter-
ations. The QNM frequencies for configurations with higher
values of a/M are determined by using a previous frequency
as initial guess and following their behavior as a function of
the spin parameter.

2. WKB

Alternatively, for regular black holes and null-throat worm-
holes, the QNMs can be determined with the WKB approach
as well.

Let us begin with the non-rotating case again. In a nutshell,
the WKB approximation connects two solutions in a matching
region, and gives the best results when the matching region is
around the maximum of the scalar potential, which in this case
does not depend on the frequency of the perturbation. Hence,
the potential can be Taylor-expanded around the maximum of
the potential and, at leading order, the QNM frequencies are
given by

!2 = V0 � i
q
�2V

00
0

 
n +

1
2

!
, n = 0, 1, . . . , (13)

where a prime represents a derivative with respect to the tor-
toise coordinate, and the subscript “0” means evaluated at the
maximum of the potential. The integer n is the overtone num-
ber and the QNM with n = 0 is called the fundamental mode.
Higher order corrections to this equation have been computed,
as well as approaches to increase its accuracy [58, 62–65]. In
our computations, good agreement with the numerical results
are achieved considering a fourth-order approximation. This
is also motivated by the fact that for scalar perturbations in
a Kerr background, especially for the lowest l values, agree-

ment of order 3% with numerical results requires at least a
fourth-order WKB approximation [65].

The rotating case is more involved, as the scalar potential
and the angular eigenvalues do depend on the frequency. The
strategy in this case is to work perturbatively in powers of a!.
For a! su�ciently small, we expect to obtain good accuracy
with this truncated series. In our computations, we have con-
sidered orders up to the sixth — the highest for which ana-
lytical results are available. This choice allows us to explore
intermediate values of the spin parameter. The procedure to
determine the QNM frequency is then, in essence, equivalent
to the WKB method in the non-rotating case, and we need to
numerically solve an equation of the form

!2 = f (a,!, `, n, l,m) , (14)

in order to determine !, given a, `, n, l and m. Generically,
Eq. (14) will contain a number of spurious roots which we
discard by starting with the well-defined solution for a = 0
and following the roots for increasing a/M.

B. Results

1. Regular black holes

Some of our results are presented in Fig. 2, where solid lines
are obtained with the direct integration method, while dashed
lines come from the WKB method. We verified that the results
are not a↵ected significantly by changes in the parameters en-
tering our numerical routines (i.e. the locations of the numer-
ical infinity, of the numerical horizon and of the intermediate
point). Clearly, the two methods are in good agreement for
a . 0.5M, although less so for the l = m = 0 mode. This is
not surprising, as the WKB approximation is expected to hold
best for values of l larger than the spin of the perturbation

E. Franzin, S. Liberati, J. Mazza, R. Dey and S.Chakraborty, 
Phys. Rev. D105, no.12, 124051 (2022)



Cases 1 & 2: Quasi-normal modes analysis
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the entire object with negligible interaction with matter. The SV metric with ` > 2M represents instead a traversable wormhole.
Its throat, di↵erently from a horizon, is traversable in both directions. Since the geometry on the two sides of the wormhole
throat is symmetric, we assume that the perturbation will inherit the symmetry of the background. This assumption translates
into perfect reflection at the throat, which we implement by demanding the perturbation to vanish there, i.e.  (`) = 0.

Both the above assumptions can in principle be modified, e.g. for the limit ultra compact object of Bardeen-like geometries
we could introduce an absorption coe�cient associated to the star matter or in the wormhole case we could assume asymmetric
stimulation of the wormhole mouth. We leave these extensions of the present study for future investigations.

The direct integration method we used requires an initial guess for the value of the QNM frequency. While in the RBH case
we track the mode continuously starting from its ”quasi-Schwarzschild” value obtained for small values of `, in the ultracompact
case because of the discontinuity in the boundary conditions (there is no horizon) and the large values of `, we don’t have any
value as a reference to star from. Thus we explored carefully the !I � !R plan in order to find the mode with smaller imaginary
part, that is the fundamental one.

IV. RESULTS

In what follows we report the QNM spectra for the considered two families of spherically symmetric regular spacetimes. We
focus on the quadrupolar l = 2 fundamental mode, which is the dominant in the gravitational-wave ringdown signal.

For test-field perturbations we explore both the RBH and horizonless branches. For the Bardeen metric we vary the regulariz-
ation parameter from ` = 0, that is Schwarzschild, to roughly the maximum value for which the object still possesses a photon
sphere. In the SV spacetime a photon sphere is always present at the throat and thus there is no upper bound on the value of the
regularization parameter, so we let it span in [0, 3.5M]. We show our results in Figs. 2 and 3.

Let us note that some results in the test-field approximation were already present in literature, in a specific branch and for
specific values of s. Our results are in agreement with those presented e.g. in Refs. [12, 46, 47]. [V: [48]?]
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Figure 2. Quadrupolar l = 2 fundamental QNMs of the Bardeen metric for test-field perturbations, s = 0 (blue), s = 1 (light purple) and s = 2
(red). On the left results for values of ` in the RBH branch that is from ` = 0 (Schwarzschild) to ` = `ext =

4
3
p

3
M (extremal RBH). On the

right results for values of ` in the horizonless branch. Note that for values of the regularization parameter near the extremal case the imaginary
part is extremely small and thus we have very long living modes.

For the full perturbative analysis the computation in the horizonless branch presents some technical di�culties and numerical
instabilities, therefore we only report the more solid results for the RBH branch, shown in Figs. 4 and 5. However, in advance
with the discussion in Section V, we only need the numerical values of gravitational QNMs in the RBH branch to assess the
possible detectability of these deviations with the next generation of gravitational-wave detectors.
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Figure 3. Quadrupolar l = 2 fundamental QNMs of the SV metric for test-field perturbations, s = 0 (blue), s = 1 (light purple) and s = 2 (red).
On the left results for values of ` in the RBH branch, that is from ` = 0 (Schwarzschild) to ` = 2M (one-way wormhole with an extremal null
throat). On the right results for values of ` in the horizonless branch. It is worth noticing the relative flatness of the real part curves which
highlights weak deviations from the singular GR solution behaviour recovered for ` = 0. On the left results for values of the regularization
parameter near the extremal case (`ext = 2M): the imaginary part is extremely small and thus we have very long living modes.

Figure 4. Axial (blue) and polar (light purple) l = 2 gravitational QNMs for the Bardeen metric for values of ` in the RBH branch that is from
` = 0 (Schwarzschild) to ` = `ext =

4
3
p

3
M (extremal RBH).

A. Summary

The results for the two families of regular models presents some di↵erences. For what regards test-field perturbations, the
SV spacetime seems to be a better mimicker since, given a certain value of the regularizing parameter `, its spectrum is more
similar to the Schwarzschild one. We must say however that, for SV, ` can span a bigger intervals of values and thus the
spectrum can reach higher deviations from Schwarzschild in the imaginary part (some numerical examples are reported in
Table I). Furthermore the corrections to the real part of the frequency in the RBHs branch are negative while for the Bardeen
spacetime are positive. For what regards full gravitational perturbations instead, the real part of the frequency for SV RBHs
presents stronger deviations from the Schwarzschild one in the axial sector.

For both families of regular models, in the ultracompact branch we found long living modes associated to the trapping of
perturbations near the stable photon sphere. The damping time grows exponentially with the harmonic number and it is longer
for values of the regularization parameter near the extremal case, that is for more compact configurations. This is not surprising,
a more e�cient trapping is expected in these cases since there is more distance between the two photon spheres and a deeper
potential well. We also found that the isospectrality between the axial and the polar sector is broken for both families, mainly in

Bardeen RBH Bardeen Quasi-BH SV-BB SV-WH

E.~Franzin, S.~Liberati and V.~Vellucci, 
``From regular black holes to horizonless objects: quasi-normal modes, instabilities and spectroscopy,'' 

[arXiv:2310.11990 [gr-qc]].

Summary
❖ For  both the RBH and SV BB show deviations for the 

Schwarzschild QNM
❖ SV BB tends to show smaller deviations.
❖ Third generation GW detector with enough statistics might see this!
❖ Quasi-BH configurations show marked longer perturbations lifetimes 

(tiny imaginary part)  for 
❖ This is a sufficient condition to expect non-linear instability and 

appears to be related to the presence of the inner-stable-light-ring
❖ However, note that the imaginary part becomes comparable with the 

Schwarzschild one very rapidly as the compactness decreases even 
before the inner-light ring disappear.

❖ A non-linear analysis is definitely needed… 
• (and what about matter interactions?)

ℓ ≲ M

ℓ ≳ ℓext
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Regular Black holes

Bardeen Simpson–Visser

Test s=2 Axial Polar Test s=2 Axial Polar

`/M = 0.2
�R 0.0075 �0.0012 0.0037 �3 · 10�5

�0.0002 �0.0005
�I 0.0045 0.0090 0.0090 0.0022 0.0044 0.0044

`/M = 0.6
�R 0.0808 0.0069 0.0297 �0.0003 �0.0163 �0.0067
�I 0.0674 0.0776 0.0810 0.0236 0.0292 0.0292

`/M = 1.6
�R �0.0053 �0.0690 �0.0428
�I 0.1798 0.1854 0.1776

Horizonless compact objects

Bardeen Simpson–Visser

Test s=2 Test s=2

� = 0.05
�R 0.1380 �0.1801
�I 0.9712 0.9970

� = 0.10
�R 0.3613 �0.0310
�I 0.6441 0.9015

� = 0.20
�R 0.0482
�I 0.5913

Table I. Relative deviations from the quadrupolar fundamental Schwarzschild frequency �R/I =
!R/I�!

S
R/I

|!S
R/I |

with !S M = 0.37367 � 0.08896i, for

s = 2 test-field and linear gravitational perturbations, both in the axial and polar sectors, for selected valued of the regularization parameter.
Results are shown for the Bardeen and SV spacetimes, on the left for the RBH branch and on the right for horizonless configurations. For the
Bardeen metric there are no results for `/M = 1.6 and � = 0.2, with � ⌘ `/`ext � 1, since for those values of compactness the spacetime not
only lose the presence of the horizon but even of a photon sphere. For both spacetimes results for axial and polar gravitational perturbations
are not reported for horizonless configurations because of the numerical issues present in this branch. Looking at the test field case, it is easy
to see the large increment �I passing from the RBH configurations to the horizonless ones for small �s.

arbitrarily many times around the horizon before falling in. If this connection will be confirmed then it will strongly suggest that
the Aretakis instability should be interpreted as a special case of the photon sphere one.

However, we have here to notice that the former has been proven to hold also for extremal Kerr BHs [23] albeit for these BHs
the photon sphere at the horizon is actually unstable. Of course, also in this case one can observe geodesics that orbit arbitrarily
many times around the horizon before falling in, like it happens around any unstable photon sphere, but, usually, this is not
associated to any new instability.

Furthermore, from our previous analysis, it is clear that the damping times for extremal RBHs are of the same order of
magnitude of that for sub-extremal ones, while ultracompact objects with stable photon sphere presents very long living modes
with damping times several order bigger. This seems to suggest that the photon sphere instability is not triggered or partially
suppressed for extremal RBHs. Probably this is due to the fact that an extremal horizon, being an horizon, is not a true stable
orbit but can be considered a metastable photon sphere (see Fig. 6). The presence of an horizon, even if extremal, introduces a
source of dissipation: indeed the energy that enters the horizon is completely lost.

Figure 6. Di↵erence between a true stable photon sphere present in the spacetime of compact horizonless objects (left panel) and the “stable”
photon sphere present at the horizon of extremal BHs and RBHs (right panel). The first one causes a real trapping of modes while in the second
case the “trapped” modes pass through the horizon in the BH region.

In conclusion, there seems to be no ground for a claim that the Aretakis instability is the limit of the instability associated
to stable photon spheres for ultra-compact objects when an extremal trapping horizon forms (even when assuming transparent
supporting matter for these solutions).

Let us we study test- field and linear gravitational perturbations in such spacetimes, 
varying the regularization parameters so to pass smoothly from RBHs to the ultracompact horizonless objects.

Spin 2 
Test Field

perturbation



Phenomenology: parametrising the uncertainties

Note: one of the parameters is not independent: e.g. inelastic interaction parameter must satisfy   

Including additional independent parameters would provide more freedom to play with the observational data but less 
constraining power. The set introduced is minimal, but still able to asses the observational status of black holes. 

Γ̃ = 1 − κ − Γ

τ+ - Lifetime
τ- -formation 

time
μ- compactness

κ-Absorption 
Coeff.

Γ-Elastic 
reflection Coeff. 

Γ-Inelastic 
reflection Coeff. 

ε(r)- Tails

Classical
GR BH ∞ ~10 M 0 1 0 0 0

Trapped 
regions 

(RBH+Hidden WH)

undertermined ~10 M 0 1 0 0 Non-zero

Quasi-BH ∞ Model 
dependent

Model 
dependent

Model 
dependent

Model 
dependent

Model 
dependent

Model 
dependent

Bouncing 
Geometries 
(long lived)

𝓣(i) Model 
dependent 0 1 0 0 non-zero and 

r*= O(rs)

Traversable 
Wormholes ∞ unknown >0 Model 

dependent 1-κ 0 Model 
dependent

Size, R = rs(1 + ∆): the value of the radius below which the modifications to the classical geometry are O(1). ∆ ≥ 0. 
Note the compactness parameter μ = ∆/(1 + ∆). So for ∆ ≪ 1 one has μ ≃ ∆ 

~

R. Carballo-Rubio, F. Di Filippo, S. Liberati and M. Visser, 
Phys. Rev. D98, no.12, 124009 (2018)



EM channels
1. Stars orbiting the BH mimicker

FIG. 2: The orbits of stars around Sgr A* can be used in order to constrain its radius.

More interesting for the present discussion is the remark that these observations also

constrain the size of Sgr A* (Fig. 2). The values of the periastron in these orbits provide

upper bounds to the value of R (equivalently, �). For the purposes of estimating the order

of magnitude of this quantity, it is enough to consider the star S2 (also known as S0-2)

[39, 40] which is one of the most precisely tracked. The periastron of S2 is 17 light hours

[[Note: I am using the value in [40]; update this value if necessary]], while the Schwarzschild

radius of Sgr A* is 40 light seconds. Therefore,

�  O(103). (14)

Given that this kind of observation is essentially geometric in nature, the remaining phe-

nomenological parameters that describe the physical intrinsic properties of the dark object

remain unconstrained in practice. It may be possible however to constrain in the future

the tails ✏(r), though this would require gathering data for several stars with much shorter

orbital periods [48] and which remain close enough to Sgr A* [49]. More details in this

regard are given in Sec. III B 3.

2. Infalling matter

We have discussed in the previous section that tracking the trajectories of stars around

Sgr A* permits to place an upper bound on the spatial extension of the latter, on the

basis that these stars have been observed to travel freely without colliding with the central

supermassive object (CMO in the following). Observations of stars orbiting CMOs at the

center of galaxies are restricted to Sgr A* due to technological limitations, so that this

16

2. Infalling matter.
Naive expectation:  
strong constraints from absence of thermal radiation from hard surface in the case of Quasi-BH  
However quite generally radiation emitted as a consequence of smash of matter on a hard 
surface rather than a horizon will be subject to strong lensing. indeed the escape solid angle is

For  r→rs

FIG. 3: Only a fraction �⌦/2⇡ of geodesics emitted at a point on the surface r = R can escape

for ultra-compact configurations.

constraint only applies to this particular astronomical source. However, another source of

information comes from matter infalling on the CMO.

Before than that, we need a small pause and study the strong lensing of outgoing geodesic

caused by the gravitational field of the CMO. For a surface below the photon sphere rph =

3rs/2, and a congruence of outgoing null geodesics originated at a point of this surface (see

Fig. 3), the null geodesics that escape the gravitational field of the object are inside the

solid angle [55] (see also [56])

�⌦

2⇡
= 1�

r
1� 27

4

⇣rs
R

⌘2 ⇣
1� rs

R

⌘
. (15)

The geodesics that do not fall inside this cone are strongly curved and come back to the

surface r = R. Note that, in the limit R ! rs (in which � ' µ ' 0), one has

�⌦

2⇡
=

27

8
µ+ O(µ2). (16)

Therefore, only a small fraction of the light emitted from the surface of the object will escape

to infinity. After this important remark we can study two di↵erent ways in which matter

falls on the CMO namely the case in which stars collide with the CMO (triggering a “stellar

disruption event” [50]) and the case in which the CMO is surrounded by an accretion disk.
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Therefore, only a small fraction of the light emitted from 
the surface of the object will immediately escape to infinity 

 Cataclysmic events (stars disruptions)

Steady accretion 

10

present discussion on the universal dependence of the
equation above on the geometrical factor �⌦/2⇡.

If we combine Eqs. (24) and (22), we see that the tem-
perature of the envelope of debris goes to zero as µ1/4.
This makes harder to probe this phenomenon the more
compact the CMO is. This feature is characteristic of in-
elastic processes in which some energy interacts with the
surface of the CMO and is then radiated isotropically in
the corresponding local reference frame, hence su↵ering
the lensing e↵ects described in Sec. III B 2.

This luminosity can be constrained using astronomical
surveys, in particular the Pan-STARRS1 3⇡ survey [100].
The larger the value of µ, the larger the luminosity, so
that this analysis should lead to an upper bound on the
value of µ. In order to do so, one needs additional in-
formation about the number of CMOs with a given mass
and for a given value of redshift, and also an estimation
of the number of stellar disruption events that would oc-
cur. The details of the distribution of the layer of debris
around the CMO and, in particular, the position of the
photosphere of this envelope, are also important. Taking
into account all these details, the authors of [95] obtain
a constraint µ  µCMO = 10�4 (we have just rounded
o↵ the value of the exponent). Note that the electro-
magnetic radiation is emitted from the photosphere, so
that this observational channel is ultimately placing con-
straints on the size of the latter. We can remove the e↵ect
of the model-dependent details regarding the thickness of
the layer of debris by considering instead a very conser-
vative bound derived from the fact that the radius of the
CMO must certainly be smaller than the radius of the
photosphere, namely µ  µph where µph measures the
size of the photosphere. In order to do so, we just need to
take into account that µph/µCMO ' TM?/4⇡r2s (see [95]
for the derivation), with T = 0.34 ⇥ 10�3 m2 kg�1 the
Thomson opacity for solar metallicity, andM? = O(M�).
Not yet checked; — Matt
We can then write

µ  10�4
TM?

4⇡r2
s

= O(1)⇥
✓
108M�

M

◆2

. (25)

It is important to stress that this bound still relies
on a series of significant assumptions regarding the cos-
mological population of CMOs and the rate of stellar
disruption events (and also an assumption that � does
not depend explicitly on the mass of the CMO, an as-
sumption which should be relaxed in future analyses).
It should be therefore taken as a rough estimate, and
as a proof of principle that this kind of observation can
be used to constrain the phenomenological parameters
discussed here. More refined analysis and future obser-
vations would help to strengthen the accuracy of these
results. Most importantly, Eq. (25) assumes that  and
� are both vanishing. The introduction of nonzero values
for these two parameters has a significant impact on the
discussion, with the left-hand side of Eq. (25) picking up
factors that depend explicitly on these phenomenological
parameters. The change in this equation is functionally

equivalent to the change of the upper bound discussed in
the next section, with the general outcome that the upper
bound on µ becomes weaker for nonzero values of these
parameters. We will show this explicitly in the discus-
sion below, that includes naturally all the steps that are
needed in order to take these parameters into account.
One last comment is that the factor that depends on

�⌦/2⇡ in Eq. (24) is essential in order to avoid running
into significantly problematic and wrong conclusions. Ig-
noring this factor and writing T1 = (LEdd/4⇡�SBR2)1/4

would instead have resulted in an overestmate of the the
outgoing flux of radiation by several orders of magnitude.
It is clear that this would had led to stronger (but nev-
ertheless flawed) constraints than Eq. (25).
b. Accretion disks around supermassive black

holes: The most stringent constraints on some of the
phenomenological parameters come from the information
about the average amount of infalling matter per unit of
time onto CMOs. The value of this accretion rate Ṁ is
generally more stable than the (much higher, but also
more variable) accretion rate associated by the direct
capture of an infalling star, which are also much more
sparse events. Estimation of the accretion rate for these
objects depends on the physics of accretion disks [101–
103], as the accretion rate is typically estimated from the
luminosity of the disk. As we have done in the previous
section, we will not discuss the model-dependent features
behind these estimations. We will just assume that it is
possible to obtain a measure of the order of magnitude of
Ṁ , focusing our discussion on the (already rich) physics
that can be described in terms of Ṁ and our phenomeno-
logical parameters introduced previously. More accurate
estimations of Ṁ would just permit to refine the obser-
vational bounds given below.
Let us start summarizing the main argument that has

been invoked several times in the literature [104–108].
We can reduce this argument to its essentials by con-
sidering the system composed by the CMO and the ac-
cretion disk as a composite system in which energy is
exchanged between its two components. The accretion
rate Ṁ measures the energy that the accretion disk is
pumping into the CMO. On the other hand, the quan-
tity that is interesting in order to test the nature of the
CMO is the energy that the CMO emits by itself, as this
measures the reaction of the CMO to its interaction with
the accretion disk. Ideally, one would like to disentan-
gle the two fluxes of energy and measure independently
the radiation emitted by the CMO. However, this is not
yet observationally possible (and, as we discuss below,
might be even impossible in practice due to its extreme
faintness). Therefore, it is necessary to make additional
assumptions in order to determine the properties of this
outgoing energy flux:

1. Thermality: It was pointed out in [104–106] that
the strong lensing of outgoing geodesics emitted at
di↵erent points in the surface r = R (a phenomenon
that we have already discussed in Sec. III B 2 a)
implies that the surface reaches thermal equilib-

Claims in the past of the exclusion of horizonless objects of ANY compactness. (Narayan-Broderick, 2006). 
These derivations are based mainly on two strong assumptions:
1. Thermalisation of the reemitted flux. OK thanks to strong lensing.
2. Steady state: i.e. equilibrium of ingoing (accretion) and outgoing (reemission) fluxes. Not OK due to possible absorption

weak constraint due to complex physics

• Tracking several stars we can determine the mass of Sgr A* and our 
distance from it. M = 4×106 M⊙ and d = 8 Kpc

• Most close orbiting star S2 constraints the radius of Sgr A*: The 
periastron of S2 is 17 light hours, while the Schwarzschild radius of 
Sgr A* is 40 light seconds. Therefore, ∆ ≤ O(103). 9

the distances involved in the orbits of the stars discussed
in the previous section are large in comparison with the
gravitational radius of the Sgr A*. However, another
source of information comes from matter infalling on the
CMO. It is reasonable to expect that processes involving
matter in the surroundings of the gravitational radius
constitute a better probe of the features of the CMO.

In order to describe these processes, we need to briefly
review some aspects of the behavior of geodesics around
the gravitational radius of the CMO that are caused
by the strong gravitational fields in the near-horizon re-
gion. Both ingoing and outgoing geodesics are interest-
ing phenomenologically, as the former describe the ap-
proach of particles and waves to the CMO, while the
latter describe how and when the radiation produced in
di↵erent processes escapes from the gravitational field of
the CMO. We can just focus on null geodesics, given
that these determine the boundaries of the lightcones
in which timelike geodesics have to be contained. As
is usually done in spherical symmetry, we can restrict
attention to the ✓ = ⇡/2 plane without any loss of gen-
erality, and reduce the geodesic equation for trajectories
xµ(�) = (t(�), r(�),⇡/2,'(�)) to

✓
dr

d�

◆2

+

✓
1� 2M

r

◆
L2

r2
= E2. (18)

The conserved quantities E = (1 � 2M/r)dt/d� and
L = r2d'/d� correspond to the energy and angular mo-
mentum of the null geodesic. The derivation of these
equations is described in most general relativity text-
books (see, for instance, [119]). The second term in the
left-hand side of the equation above acts as an e↵ective
potential. Circular trajectories (dr/d� = 0) can occur
at maxima or minima of this e↵ective potential, being
respectively unstable or stable. It is straightforward to
check from Eq. (18) that there is only one bound circular
orbit, at

rph =
3

2
rs = 3M. (19)

The surface defined by r = rph, known as the photon
sphere, plays an important role in the discussions below.

Null geodesics that cross or reach the photon sphere
have a maximum angular momentum L? that can be di-
rectly evaluated from Eq. (18) by imposing the condition
that (dr/d�)2

��
r=rph

� 0,

L  L? = 3
p
3ME. (20)

The main implication of the existence of this maximum
angular momentum is that outgoing geodesics inside the
photon sphere cannot cross the latter if L > L?. A similar
comment applies to ingoing geodesics outside the photon
sphere.

Let us now consider for instance an object with a sur-
face at r = R  rph such that every point on the surface
emits electromagnetic radiation isotropically in its local

FIG. 1. Only a fraction �⌦/2⇡ of geodesics emitted isotrop-
ically at a point on the surface r = R can escape for ultra-
compact configurations.

orthonormal frame {eµt , eµr , e
µ
✓ , e

µ
'}. A fraction of these

initially outgoing rays cannot reach the photon sphere,
which means (see Fig. 1) that these will be strongly
curved and will come back to the surface r = R [120]
(see also [121]). The escape angle #? measured from the
normal to the surface can be determined imposing the
critical value L = L? and calculating

sin#? =
gµ⌫eµ'dx

⌫/d�
s✓

gµ⌫e
µ
'
dx⌫

d�

◆2

+

✓
gµ⌫e

µ
r
dx⌫

d�

◆2

����������
r=R, ✓=⇡/2, L=L?

(21)

=
L?

ER

r
1� 2M

R
. (22)

Here we have used eµr = (0,
p

1� 2M/r, 0, 0), and eµ' =
(0, 0, 0, 1/r), and we keep ✓ = ⇡/2 without loss of gener-
ality. The solid angle spanned by the cone of geodesics
that escape from the sphere r = R can be then calculated
as

�⌦ =

Z
2⇡

0

d'

Z #?

0

d# sin# = 2⇡(1� cos#?) (23)

= 2⇡

"
1 +

✓
1� 3M

R

◆r
1 +

6M

R

#
. (24)

In the limit R ! rs = 2M (in which � ' µ ⌧ 1), one
has

�⌦

2⇡
=

27

8
µ+ O(µ2). (25)

Therefore, only a small fraction of the light emitted from
the surface of the object will escape to infinity for ultra-
compact configurations. After this important remark, we
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Sec. IIIA) of additional physical features that are ex-
pected to be relevant in realistic scenarios. As we discuss
below, the introduction of these additional physical as-
pects makes these constraints significantly weaker.

Let us consider a simple calculation of the time at
which steady state is reached (see Fig. 2). The initial
configuration is given by an accretion disk that starts
pumping energy into the CMO, the energy emission of
the latter being negligible before accretion begins. We
will start considering the most favorable case in which
the CMO returns all the accreted energy as thermal ra-
diation, and evaluate the timescale at which steady state
can be achieved. Hence, the accretion rate onto the CMO
is zero for t < 0 (this is just an irrelevant choice of the ori-
gin of time) and Ṁ 2 R for t 2 [0, T ], where the timescale
T is short enough so that the approximation of constant
Ṁ is reasonable (more details below). For simplicity, we
assume that all propagating energy is carried along null
geodesics, and also restrict the discussion to spherically
symmetric situations. The amount of energy emitted per
unit time by the CMO, Ė, is measured at the location
of the accretion disk r = Rdisk. Our goal is describing
its evolution for t � 0. There are two e↵ects to keep
into account. First of all, the energy emitted Ė remains
negligible until the first ingoing radial null geodesics can
bounce back at the surface r = R and return to the ac-
cretion disk. This time can be directly evaluated using
the Schwarzschild metric as

Tbounce = 2


Rdisk �R+ rs ln

✓
Rdisk � rs
R� rs

◆�
. (29)

This timescale is divergent in the limit R ! rs, or
equivalently � ! 0. However, the logarithmic behav-
ior implies that even for extremely small, but strictly
non-vanishing �, Eq. (29) would be at most O(10)⇥ rs.
Hence, this timescale is essentially the light-crossing time
of the CMO.

FIG. 2. On the left: Initial state in which matter starts falling
at a rate Ṁ from the accretion disk onto the CMO. On the
right: steady state in which the energy emitted from the CMO
and reaching the accretion disk is Ė = Ṁ .

This e↵ect alone would delay the moment in which the
steady state would be reached, but, given the logarith-

mic dependence, even sub-Planckian values for R � rs
would be ruled out. However, there is a second e↵ect to
keep into account. Outgoing null geodesics are strongly
lensed, which implies that a fraction of them do not es-
cape and fall again onto the surface of the CMO. This
e↵ect is unavoidable due to the inherently inelastic na-
ture of the process that is necessary for thermalization to
take place: the energy falling from the accretion disk is
absorbed by the CMO in the first place, and then emit-
ted. Even assuming spherical symmetry for the infalling
energy, particles would not hit the surface and bounce
back radially. On the contrary, this emission would be
isotropic in a local frame at rest in the surface, thus im-
plying that only a very small fraction of the initially ab-
sorbed energy contributes to Ė. The remaining energy
follows highly curved trajectories and is reabsorbed by
the CMO in a timescale that can be calculated numeri-
cally and is also controlled by its Schwarzschild radius,
being O(10)⇥ rs at most. Then, a repetition of this pro-
cess takes place, until eventually all the energy is radiated
away.
In order to make the calculation tractable, let us fol-

low the discussion in [121] and consider discrete inter-
vals with their size given by the characteristic timescale
⌧s = O(10) ⇥ rs, starting at t = Tbounce. During each of
these intervals, the mass that the accretion disk is eject-
ing into the CMO is given by Ṁ⌧s. In the first interval
after Tbounce, the amount of outgoing energy that reaches
the accretion disk is given by the corresponding fraction
of the first injection of energy,

E1 =
�⌦

2⇡
Ṁ⌧s. (30)

During the second interval, one would get the same frac-
tion of the energy corresponding to the second injection,
plus a fraction of the remaining energy from the first in-
jection:

E2 =


�⌦

2⇡
+

�⌦

2⇡

✓
1� �⌦

2⇡

◆�
Ṁ⌧s

= E1 +

✓
1� �⌦

2⇡

◆
E1. (31)

In general, one can show that

En =
nX

k=1

✏k, (32)

where the partial energies can be determined from the
recurrence relation

✏k+1 =

✓
1� �⌦

2⇡

◆
✏k, k � 1, (33)

with the seed ✏1 = E1 given in Eq. (30). Summing the
geometric series, it follows then that

En =
�⌦

2⇡
Ṁ⌧s

n�1X

k=0

✓
1� �⌦

2⇡

◆k

= Ṁ⌧s


1�

✓
1� �⌦

2⇡

◆n�
.

(34)

Neglecting κ and 𝜞 still one gets from SgrA* and IR emission 10-2 fainter than expected
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The accretion rate Ṁ is obtained dividing the mass ac-
creted in each of these intervals by ⌧s. Therefore, let
us analogously define Ėn = En/⌧s. When ⌧s ⌧ T , the
timescale during which the accretion rate Ṁ is roughly
constant, we can formally take the limit in which the
size of the time intervals goes to zero and therefore
Ėn becomes a function of a continuous variable, Ė(t),
which can be written in terms of the continuous variable
t 2 [Tbounce, T ] as

Ė(t)

Ṁ
= 1�

✓
1� �⌦

2⇡

◆(t�Tbounce)/⌧s

. (35)

There are certain limits that are illustrative of the physics
behind Eq. (35) (see also Fig. 3):

• In the limit R ! rph = 3rs/2, one has �⌦/2⇡ ! 1
[recall Eq. (24)]. This implies that Ė = Ṁ iden-
tically for R � rph. In this limit, relativistic lens-
ing e↵ects disappear: for a regular star (neutron
star or less dense), if the surface of the star emits
instantly the absorbed energy, then after a large
enough timescale (with respect to Tbounce) the sys-
tem reaches a steady state. It was this very same
intuition originated in these astrophysical systems
that led to the authors of the works [132–134] to as-
sume that the steady state is reached in this same
timescale for CMOs of arbitrary compactness.

• In the limit R ! rs (� ! 0) one has Ė/Ṁ ! 0.
This corresponds to the known astrophysical be-
havior of a black hole, in which a steady state can-
not be achieved [132–134]. However, this limit is
not abrupt, but proceeds in a continuous way: for
� ' µ ⌧ 1, one has

Ė

Ṁ
' µ(t� Tbounce)/⌧s. (36)

In particular, there is a maximum value of Ė that is
determined from the equation above when t = T (if
the accretion rate changes, the system would have
to adapt to the new accretion rate and therefore
the process of stabilization would restart).

The second limit above illustrates that relativistic lens-
ing e↵ects cannot be ignored for µ ⌧ 1, and can in-
deed spoil the stabilization of the composite system into
a steady state. In particular, for Sgr A* the typical
timescale for the variation of its accretion rate is set by
the Eddington timescale T = Mc2/LEdd ' 3.8⇥ 108 yr.
Hence, given that the emission of Sgr A* is at most
10�2 times that predicted under the steady state assump-
tion [132], we can write

Ė

Ṁ

�����
t=T

' µ(T � Tbounce)/⌧s  O(10�2). (37)

Plugging the numbers into this equation, we obtain

µ ' �  O(10�17). (38)

FIG. 3. Representation of Eq. (35) for � = 0.1 (light gray),
� = 0.01 (gray) and � = 0.001 (dark gray).

In particular, we see that the steady state assumption is
not valid if µ satisfies this constraint. In other words, this
constraint would be the strongest statement that can be
made using this method.
It is interesting to translate this constraint into length

scales. It implies that it is possible to rule out the exis-
tence of a surface that emits all the absorbed energy as
thermal radiation with a precision of 10�17 (in the co-
ordinate distance r) on the size of the CMO. In terms
of proper radial distances, this precision becomes smaller
due to the Schwarzschild factor µ = 1 � rs/R, and is in
fact roughly of 102 meters over a size of 1010 m, which is
certainly impressive. On the other hand, this is still more
than 70 orders of magnitude greater than� ⇠ `2

P
/rs (cor-

responding to a proper radial distance of the order of the
Planck length).
The same argument (although without taking into ac-

count the lensing of the geodesics in the near-horizon
region) has been applied to the CMO in M87 [136],
which is three orders of magnitude more massive than
Sgr A* [138]. Taking into account the adjustments dis-
cussed in this section, we can find a constraint that is
several orders of magnitude weaker than the one that
applies to Sgr A*.
Most importantly, it is natural to expect that the sur-

face of the CMO will not strictly have  = � = 0. As we
now show, the introduction of these parameters describ-
ing additional physics regarding the nature of the CMO
has a large impact in the discussion, with  having the
largest impact.
Intuitively, the reason for this is clear. Before escaping

the gravitational field of the CMO, radiation undergoes
several cycles of absorption (after being lensed back to
the CMO) and emission. If  6= 0, in each of these cycles
only a fraction (1 � ) of the absorbed energy is emit-
ted, which suppresses the overall power of the radiation
emitted by the CMO. Let us write explicitly the main
equations for  6= 0. Eq. (32) still holds, but the recur-

102 meters over a size of 1010 m! Still very far from Planck scale.

Let’s analyse in detail the case of non-zero absorption 
(i.e. simple case  but )κ ≠ 0 Γ = 0
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Sec. IIIA) of additional physical features that are ex-
pected to be relevant in realistic scenarios. As we discuss
below, the introduction of these additional physical as-
pects makes these constraints significantly weaker.

Let us consider a simple calculation of the time at
which steady state is reached (see Fig. 2). The initial
configuration is given by an accretion disk that starts
pumping energy into the CMO, the energy emission of
the latter being negligible before accretion begins. We
will start considering the most favorable case in which
the CMO returns all the accreted energy as thermal ra-
diation, and evaluate the timescale at which steady state
can be achieved. Hence, the accretion rate onto the CMO
is zero for t < 0 (this is just an irrelevant choice of the ori-
gin of time) and Ṁ 2 R for t 2 [0, T ], where the timescale
T is short enough so that the approximation of constant
Ṁ is reasonable (more details below). For simplicity, we
assume that all propagating energy is carried along null
geodesics, and also restrict the discussion to spherically
symmetric situations. The amount of energy emitted per
unit time by the CMO, Ė, is measured at the location
of the accretion disk r = Rdisk. Our goal is describing
its evolution for t � 0. There are two e↵ects to keep
into account. First of all, the energy emitted Ė remains
negligible until the first ingoing radial null geodesics can
bounce back at the surface r = R and return to the ac-
cretion disk. This time can be directly evaluated using
the Schwarzschild metric as

Tbounce = 2


Rdisk �R+ rs ln

✓
Rdisk � rs
R� rs

◆�
. (29)

This timescale is divergent in the limit R ! rs, or
equivalently � ! 0. However, the logarithmic behav-
ior implies that even for extremely small, but strictly
non-vanishing �, Eq. (29) would be at most O(10)⇥ rs.
Hence, this timescale is essentially the light-crossing time
of the CMO.

FIG. 2. On the left: Initial state in which matter starts falling
at a rate Ṁ from the accretion disk onto the CMO. On the
right: steady state in which the energy emitted from the CMO
and reaching the accretion disk is Ė = Ṁ .

This e↵ect alone would delay the moment in which the
steady state would be reached, but, given the logarith-

mic dependence, even sub-Planckian values for R � rs
would be ruled out. However, there is a second e↵ect to
keep into account. Outgoing null geodesics are strongly
lensed, which implies that a fraction of them do not es-
cape and fall again onto the surface of the CMO. This
e↵ect is unavoidable due to the inherently inelastic na-
ture of the process that is necessary for thermalization to
take place: the energy falling from the accretion disk is
absorbed by the CMO in the first place, and then emit-
ted. Even assuming spherical symmetry for the infalling
energy, particles would not hit the surface and bounce
back radially. On the contrary, this emission would be
isotropic in a local frame at rest in the surface, thus im-
plying that only a very small fraction of the initially ab-
sorbed energy contributes to Ė. The remaining energy
follows highly curved trajectories and is reabsorbed by
the CMO in a timescale that can be calculated numeri-
cally and is also controlled by its Schwarzschild radius,
being O(10)⇥ rs at most. Then, a repetition of this pro-
cess takes place, until eventually all the energy is radiated
away.
In order to make the calculation tractable, let us fol-

low the discussion in [121] and consider discrete inter-
vals with their size given by the characteristic timescale
⌧s = O(10) ⇥ rs, starting at t = Tbounce. During each of
these intervals, the mass that the accretion disk is eject-
ing into the CMO is given by Ṁ⌧s. In the first interval
after Tbounce, the amount of outgoing energy that reaches
the accretion disk is given by the corresponding fraction
of the first injection of energy,

E1 =
�⌦

2⇡
Ṁ⌧s. (30)

During the second interval, one would get the same frac-
tion of the energy corresponding to the second injection,
plus a fraction of the remaining energy from the first in-
jection:

E2 =


�⌦

2⇡
+

�⌦

2⇡

✓
1� �⌦

2⇡

◆�
Ṁ⌧s

= E1 +

✓
1� �⌦

2⇡

◆
E1. (31)

In general, one can show that

En =
nX

k=1

✏k, (32)

where the partial energies can be determined from the
recurrence relation

✏k+1 =

✓
1� �⌦

2⇡

◆
✏k, k � 1, (33)

with the seed ✏1 = E1 given in Eq. (30). Summing the
geometric series, it follows then that

En =
�⌦

2⇡
Ṁ⌧s

n�1X

k=0

✓
1� �⌦

2⇡

◆k

= Ṁ⌧s


1�

✓
1� �⌦

2⇡

◆n�
.

(34)

The minimum surface luminosity expected at infinity L∞ can be estimated as

  where  L∞ > η ·M η = ·E/ ·M
An upper bound on the observed luminosity can then be translated into a 

constraint on the  parameter. From ETH we know η η < 10−2

How this translates on a bound on the relative compactness   ?μ = 1 − 2M/r*

Assuming that all the kinetic energy of infalling matter is converted to outgoing 
radiation, leads to the naive result η = 1 − μ

However, this does not take into account lensing ( ) and 
the possibility that part of the radiation is absorbed by the Quasi-BH.  

I.e. the case . 

ΔΩ/2π = 27μ /8 + O(μ2)

κ ≠ 0

The net effect is

Therefore, we have a geometric series which can easily be summed:

En

Ṁ⌧
=

�⌦

2⇡
(1� )

n�1X

j=0

(
(1� )j

✓
1�

�⌦

2⇡

◆j
)

=
�⌦

2⇡

(1� )

+ �⌦
2⇡ (1� )

⇢
1� (1� )n

✓
1�

�⌦

2⇡

◆n�
.

(11)

Going back to the continuum limit, we have

⌘(t) =
Ė

Ṁ
=

�⌦

2⇡

(1� )

+ �⌦
2⇡ (1� )

(
1� (1� )t/⌧

✓
1�

�⌦

2⇡

◆t/⌧
)
. (12)

Here, t denotes the timescale over which Sgr A⇤ has been accreting. One possible estimate

for this timescale [31, 34, 35] is given by the Eddington timescale4, t ⇠ T ⇠ 3.8⇥ 108 yr.

Eq. (12) is the main equation in the paper. It supersedes the naive estimation in Eq. (5),

as it adequately describes the e↵ect of gravitational lensing as well as absorption. We will

devote the rest of the paper to extracting the physics encoded in this equation.

We can identify two di↵erent regimes, depending on the value of the absorption coe�cient:

•  ⌧ ⌧/T ⌧ 1 (which includes the particular case  = 0 considered in Ref. [12]): using

the relation

(1� )T/⌧ = eT ln(1�)/⌧
' e�T/⌧

' 1, (13)

it follows that the term proportional to (1� )T/⌧ in Eq. (12) approximately equals

unity, so that we can write

⌘(T ) ' 1�

✓
1�

�⌦

2⇡

◆T/⌧

. (14)

The constraint ⌘ . 10�2 translates into the upper bound

µ . 10�16 . (15)

There are two very important points to note about this constraint. First of all, this is

4 We will see that the precise value of the timescale is not particularly relevant for generic values  6= 0.
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t=time over which SGrA* has been accreting 

time for each bounce
t ≈ TEdd ≈ 3.8 × 108 yr

τ = ≈ O(10M ) ∼ 102 s

For the physical limit τ/T ≪ κ < 1

actually a tighter constraint than the one reported in Ref. [12], as in that paper the

constraint is obtained by imposing that the steady state ⌘ ⇠ 1 is not reached, instead

of ⌘ . 10�2 that we are imposing here. More importantly, this constrain relies on the

assumption that  either vanishes identically or is extremely small, which is arguably

unrealistic given the ubiquitous presence of absorption in astrophysical processes. If

is, therefore, much more reasonable to consider the regime described next.

• ⌧/T ⌧  < 1: using the relation

(1� )T/⌧ = eT ln(1�)/⌧ < e�T/⌧
⌧ 1 , (16)

where we have used the inequality

ln (1� x) < �x 8 x 2 (0, 1) . (17)

It follows that the term proportional to (1� )T/⌧ in Eq. (12) is negligible, so that we

can write

⌘ =
�⌦

2⇡

1� 

+ �⌦
2⇡ (1� )

. (18)

This result is very di↵erent from Eq. (14). First of all, note that the time dependence

has disappeared. Also, Ė 6= Ṁ , which is reasonable to expect as part of the energy

deposited onto the surface is absorbed. We can see that Eq. (18), once compared with

observations, cast a much weaker constraint (see Fig. 3). For example, an absorption

coe�cient as small as  = 10�5 weakens the the upper-bound constraint to

µ . 10�7,
�
 = 10�5

�
. (19)

This is 9 order of magnitudes weaker than the naive constraint in Eq. (15). As another

example, a value of 1�  = 10�2 leads to the constraint

µ . 1,
�
1�  = 10�2

�
. (20)

This implies that no meaningful upper-bound constraints can be placed for objects

that are su�ciently close to displaying perfect absorption, as Fig. 4 illustrates more

clearly.
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So e.g. for 
or for 

Γ̃ = 1 − κ = 10−5 ⟹ μ ≲ 10−7

Γ̃ = 1 − κ = 10−2 ⟹ μ ≲ 1

So no meaningful upper-bound constraints can be placed for objects with large absorption coefficients

R. Carballo-Rubio, F. Di Filippo, S.L. and M.Visser, 
JCAP08 (2022) no.08, 055.[arXiv:2205.13555 [astro-ph.HE]].

Figure 2: Schematic proof of Eq. (9). When some radiation hits the surface of the compact object
(blue dotted lines) a fraction (1 � )�⌦/2⇡ escapes (black lines), a fraction  is absorbed (red
dashed lines) and the rest falls back onto the surface of the compact object.

compact object is given by Ṁ ⌧ . We denote with En the amount of energy that reaches the

accretion disk after n time intervals. It will also prove useful to define the energy ✏n that

reaches the accretion disk after bouncing o↵ the compact object n times.

The energy that escapes at infinity after n time intervals is given by

En =
nX

j=1

✏j (8)

We note that ✏1 = (1� ) �⌦
2⇡ Ṁ⌧ and (see Fig. 2):

✏j = (1� )

✓
1�

�⌦

2⇡

◆
✏j�1. (9)

So,

✏j = (1� )j
✓
1�

�⌦

2⇡

◆j�1 �⌦

2⇡
Ṁ⌧. (10)
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Indeed, one can model the quasi-BH—matter interaction as a series of bounces of the 
radiation over the surface which have to be summed up. 
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FIG. 10: Visualizations of photon escape probability for di↵erent values of a. Each panel has its own color bar, di↵erent from
the others. In particular the case of a = 1 (central and right bottom panels) is presented both in normal and logarithmic
color scale. The latter clearly shows that even in the extremal case there is a region with the same value of probability of the
non-rotating case and, moreover, there is a region where the escape probability becomes smaller than this value.

FIG. 11: Visualizations of photon escape probability for di↵erent values of a, normalized to the same color scale. The value
P = 1.6875 · 10�5 corresponds to the case a = 0.

2. Note that we are not taking into account the angles in the interval [0°, 1°]. On the pole (✓ = 0), the Kerr
metric has a coordinate singularity and we cannot integrate total probability from the pole to the equator in
the coordinate system that we are considering; for this reason we start integrating from ✓ = 1°. In this way we
introduce uncertainties due to the fact that we are neglecting the contribution from angles in the range [0°, 1°].
Assuming that the probability presents a monotonous behavior with the angle, which is verified in the interval
[1°, 90°], an upper bound to this error is given by (✓1 � ✓0)|sin ✓ ⌃(✓) P (✓)|✓=✓? , where ✓? corresponds to the
maximum of this expression.

• Zulianello, Carballo-Rubio, SL, Ansoldi: Phys.Rev.D 103 (2021) 6, 064071 • e-Print: 2005.01837 [gr-qc]

The re-emission of radiation can be enhanced or suppressed w.r.t. the non-rotating case if it 
happens respectively at the equator or at the poles, due to the dependence of the escaping 

angle to the azimuthal coordinate.

https://arxiv.org/abs/2005.01837


GW channel: EchoesEchoes in a nutshell

The last phase of the gravitational-wave signal of the merger of a compact binary (ringdown) may
contain echoes

The initial signal of the ringdown is related to the characteristic oscillations of the relaxing final
object, but the presence (or not) of a horizon might modify the late signal

The effective potential in which the perturbations propagate is very different for a black hole and
another compact horizonless object

Time delay for a compact object of mass M0 and compactness σ = r0/2M0 − 1

∆techo = 2
∫ rpeak≈3M0

r0=2M0(1+σ)

dr
1− 2M0/r

≈ 2M0 [1− 2σ − 2 ln(2σ)]
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• In the case of a black hole GW scattered back at the potential barrier (usually close to the light ring) are lost 
inside the horizon.

• For an horizonless object (quasi-BH or traversable wormhole) instead the wave can go through the center and 
bounce again at the potential barrier with a part transmitted at infinity and one par reflected. 

This generates “echoes”.
Key point: even for ultra compact objects the delay between such echoes is macroscopic 

(logarithmic scaling).  
Time delay for an object of compactness  Δ = r/2M0 − 1

Δtecho = 2∫
rpeak≈3M0

r0=2M0(1+Δ)

dr
1 − 2M0/r

≈ 2M0 [1 − 2Δ − 2 ln(2Δ)]

So far searches for quasi-periodic signals…

• The amplitude of gravitational wave echoes would be 
proportional to Γ. 

• A non-observation of echoes can only constrain this parameter. 

• A positive detection of echoes could be used in order to 
determine also ∆.

• The other two parameters which are relevant for the process 
are τ+, which has to be greater than the characteristic time 
scale of echoes (this would place a very uninteresting lower 
bound on this quantity), and τ- which has to be smaller .



Echos and Non-linear back reaction
Non-linear interactions between the GW and the central object 

• These are neglected in extant analyses. However, this appears to be inconsistent
• For quasi-BH even modest amounts of accretion will generate a trapped region
• The formation of a trapping horizon might be avoided  by nonlinear interactions
Example: If vacuum polarisations supports a QUasi-BH in Boulware vacuum 

  so even tiny change 2M→r can generate huge back-reaction.RSET ∝ − (1 −
2M
r )

−2

t

r

u

v
r_s(1+∆)

r_s

0

• The more compact the central object is, the larger is the fraction of 
the energy stored in the gravitational waves to be transferred 
through nonlinear interactions. I.e. large absorption 

• A model-independent outcome of these interactions has to be the 
expansion of the central object in order to avoid the formation of 
trapping horizons.  

• For very compact objects, very small ∆M corresponds to large 
variations in the compactness.

• So, even for one get noticeable delays between echoes 
given that the compactness of the object has to increase

κ = 1 − Eout /Ein

κ ∼ 0.01 %

Absorption beyond the test-field limit

The absorption coefficient is the fraction of the incoming energy Ein that is lost inside the object

κ = 1− Eout

Ein

Partial absorption of the first echo: M0 → M = M0 +∆E

For very compact objects, very small ∆M corresponds to large variations in the compactness

σ2nd echo ≪ σ1st echo =⇒ ∆t2nd echo > ∆t1st echo

κ=0
κ=0.01%
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V. Vellucci, E. Franzin and S. Liberati,

``Echoes from backreacting exotic compact objects,''


arXiv:2205.14170 [gr-qc]].



Closure
BH are the new frontier for testing classical and quantum deviations from GR

Basic arguments from Penrose singularity theorem show that regular spacetime resolutions of 
singularities are divide in two families depending on the absence/presence of a minimal radius

For both these families there are related horizonfull and horizonless solutions.
Ensuing instabilities of inner trapping horizon might lead to rapid evolution and specific long 

living configuration…
In any case: avoiding the central singularity appears to generically lead to long range effects (in 

time or space).
The resulting black hole mimickers are very hard to exclude with current observations but they 
are not hopeless and better modelling plus multimessanger astrophysics will be the key to this.

Hopefully, we might be at the dawn 
of a new form of QG 

phenomenology based on BH 
observations!



THANK YOU!

we have seen many ultra 
compact object in the sky

sure we have seen so many 
GR black holes!

Haven’t we?


