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The quantum in quantum field theory

Entanglement

Bell inequality violation
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Bell inequality violation
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<latexit sha1_base64="TKYEipBjs+9zp5clsQc6bqpN3+8=">AAACHHicbZDLSgMxFIYz9VbrbVRw4yZYBEEsM21Fl6VuXLZgL9CWIZNm2tBMZkwy0lL6IG58A5/BTReKuHEhuPFZzLQVtPVAwpf/nMPJ+d2QUaks69NILC2vrK4l11Mbm1vbO+buXlUGkcCkggMWiLqLJGGUk4qiipF6KAjyXUZqbu8qztfuiJA04DdqEJKWjzqcehQjpSXHzPUdG/adLDyDU8rDU33nYu0H8rDJyO3kEUtZx0xbGWsScBHsGaQLB+Uv+lgclxzzvdkOcOQTrjBDUjZsK1StIRKKYkZGqWYkSYhwD3VIQyNHPpGt4WS5ETzWSht6gdCHKzhRf3cMkS/lwHd1pY9UV87nYvG/XCNS3mVrSHkYKcLxdJAXMagCGDsF21QQrNhAA8KC6r9C3EUCYaX9TGkT7PmVF6GazdjnGaus3SiCaSTBITgCJ8AGF6AArkEJVAAG9+AJPIMX48EYG6/G27Q0Ycx69sGfMD6+AdlLoJU=</latexit>

x1x2 � x1x4 + x3x2 + x3x4  x3 + x2

any four non-negative numbers
four directions:

<latexit sha1_base64="vQUf8aj3PlEIU1H5GtcUR8Fh2ds=">AAAB73icbVDLSgNBEOyNrxhfUcGLl8EgeAq7gugxxIvHBMwDkhBmJ7PJkNnZdaZXCEt+wosHRbx68C/8Am9e/BYnj4MmFjQUVd10d/mxFAZd98vJrKyurW9kN3Nb2zu7e/n9g7qJEs14jUUy0k2fGi6F4jUUKHkz1pyGvuQNf3g98Rv3XBsRqVscxbwT0r4SgWAUrdRsDygS1fW6+YJbdKcgy8Sbk0LpqPot3ssflW7+s92LWBJyhUxSY1qeG2MnpRoFk3ycayeGx5QNaZ+3LFU05KaTTu8dk1Or9EgQaVsKyVT9PZHS0JhR6NvOkOLALHoT8T+vlWBw1UmFihPkis0WBYkkGJHJ86QnNGcoR5ZQpoW9lbAB1ZShjShnQ/AWX14m9fOid1F0qzaNMsyQhWM4gTPw4BJKcAMVqAEDCQ/wBM/OnfPovDivs9aMM585hD9w3n4AOqSTIg==</latexit>

n̂1

<latexit sha1_base64="6VvJyJqBLQ1X2a9ZChqY9eCODsQ=">AAAB73icbVDLSgNBEOz1GeMrKnjxMhgET2E3IHoM8eIxAfOAJITZyWwyZHZ2nekVwpKf8OJBEa8e/Au/wJsXv8XJ46CJBQ1FVTfdXX4shUHX/XJWVtfWNzYzW9ntnd29/dzBYd1EiWa8xiIZ6aZPDZdC8RoKlLwZa05DX/KGP7ye+I17ro2I1C2OYt4JaV+JQDCKVmq2BxSJ6ha7ubxbcKcgy8Sbk3zpuPot3ssflW7us92LWBJyhUxSY1qeG2MnpRoFk3ycbSeGx5QNaZ+3LFU05KaTTu8dkzOr9EgQaVsKyVT9PZHS0JhR6NvOkOLALHoT8T+vlWBw1UmFihPkis0WBYkkGJHJ86QnNGcoR5ZQpoW9lbAB1ZShjShrQ/AWX14m9WLBuyi4VZtGGWbIwAmcwjl4cAkluIEK1ICBhAd4gmfnznl0XpzXWeuKM585gj9w3n4APCiTIw==</latexit>

n̂2

<latexit sha1_base64="edUGdKt8WvMKW9ZKBJO5uL2M+NE=">AAAB73icbVDLSgNBEOz1GeMrKnjxMhgET2FXET2GePGYgHlAsoTZyWwyZHZ2nekVQshPePGgiFcP/oVf4M2L3+LkcdDEgoaiqpvuriCRwqDrfjlLyyura+uZjezm1vbObm5vv2biVDNeZbGMdSOghkuheBUFSt5INKdRIHk96F+P/fo910bE6hYHCfcj2lUiFIyilRqtHkWi2uftXN4tuBOQReLNSL54WPkW76WPcjv32erELI24QiapMU3PTdAfUo2CST7KtlLDE8r6tMublioaceMPJ/eOyIlVOiSMtS2FZKL+nhjSyJhBFNjOiGLPzHtj8T+vmWJ45Q+FSlLkik0XhakkGJPx86QjNGcoB5ZQpoW9lbAe1ZShjShrQ/DmX14ktbOCd1FwKzaNEkyRgSM4hlPw4BKKcANlqAIDCQ/wBM/OnfPovDiv09YlZzZzAH/gvP0APayTJA==</latexit>

n̂3
<latexit sha1_base64="+OJ/u/aO9lHwcei2L/a2FSefNyk=">AAAB73icbVDLSgNBEOz1GeMrKnjxMhgET2FXFD2GePGYgHlAsoTZyWwyZHZ2nekVQshPePGgiFcP/oVf4M2L3+LkcdDEgoaiqpvuriCRwqDrfjlLyyura+uZjezm1vbObm5vv2biVDNeZbGMdSOghkuheBUFSt5INKdRIHk96F+P/fo910bE6hYHCfcj2lUiFIyilRqtHkWi2uftXN4tuBOQReLNSL54WPkW76WPcjv32erELI24QiapMU3PTdAfUo2CST7KtlLDE8r6tMublioaceMPJ/eOyIlVOiSMtS2FZKL+nhjSyJhBFNjOiGLPzHtj8T+vmWJ45Q+FSlLkik0XhakkGJPx86QjNGcoB5ZQpoW9lbAe1ZShjShrQ/DmX14ktbOCd1FwKzaNEkyRgSM4hlPw4BKKcANlqAIDCQ/wBM/OnfPovDiv09YlZzZzAH/gvP0APzCTJQ==</latexit>

n̂4

Bell inequality violation



<latexit sha1_base64="Ft22ez9zB/+FaDWcSb9v3DtxWIA=">AAACGHicjZBNS8MwHMbT+TbrW9Wjl+AQBHW2gi+X4dCLBw9T3Auss6RZuoWlaUlSYXT7GF68+jG8eFCG113Eb2PX7aCi4AOBh9/z/5PkcUNGpTLNDy0zNT0zO5ed1xcWl5ZXjNW1igwigUkZBywQNRdJwignZUUVI7VQEOS7jFTdzvkor94RIWnAb1Q3JA0ftTj1KEYqQY6xb5ckhQVowx60FYpu95xrWyDeYsTehb0U7TiXcMKgY+SsvJkK/m1ypwO9ED6+6yXHGNrNAEc+4QozJGXdMkPViJFQFDPS1+1IkhDhDmqRemI58olsxOnH+nArIU3oBSI5XMGUft2IkS9l13eTSR+ptvyZjeBvWT1S3kkjpjyMFOF4fJEXMagCOGoJNqkgWLFuYhAWNHkrxG0kEFZJl/r/Sqgc5K2j/OGVmSuegbGyYANsgm1ggWNQBBegBMoAg3vwBF7Aq/agPWsD7W08mtEmO+vgm7ThJz5nobI=</latexit>

 = |⌧�R i |⌧+L i

<latexit sha1_base64="ly0KXkV6e6kaRaY0xGuPr5Mi6N8=">AAACFXicjVDLSsNAFJ3UV62vqEs3g0VwISURX8uiG5cVbC00oUwmt+3QySTMTMQS+hNu/BU3LhRxK7jzb5ykRVQUPHCZwzn3cu+cIOFMacd5t0ozs3PzC+XFytLyyuqavb7RUnEqKTRpzGPZDogCzgQ0NdMc2okEEgUcroLhWe5fXYNULBaXepSAH5G+YD1GiTZS197DXgB9JrIkIlqymzF2PK8oN3+xByL89Lp21a05BfDfpIqmaHTtNy+MaRqB0JQTpTquk2g/I1IzymFc8VIFCaFD0oeOoYJEoPys+NUY7xglxL1YmhIaF+rXiYxESo2iwHSa+wbqp5eLv3mdVPdO/IyJJNUg6GRRL+VYxziPCIdMAtV8ZAihkplbMR0QSag2QVb+F0Jrv+Ye1Q4vDqr102kcZbSFttEuctExqqNz1EBNRNEtukeP6Mm6sx6sZ+tl0lqypjOb6Bus1w/Ze54H</latexit>0
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<latexit sha1_base64="ZOSegPJ/ZwrqeSAHYDL+WVHrHBA="></latexit>
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<latexit sha1_base64="gza1wqCU2WSHKKLMAgJ5TyvRpFM=">AAAB63icdVDLSgMxFM3UV62vqks3wSK4GmamT3dFNy4r2Ae0Q8mkmTY0yYxJRihDf8GNC0Xc+kPu/BszbQUVPXDhcM693HtPEDOqtON8WLm19Y3Nrfx2YWd3b/+geHjUUVEiMWnjiEWyFyBFGBWkralmpBdLgnjASDeYXmV+955IRSNxq2cx8TkaCxpSjHQmDRi5GxZLjn3RqHlVDzq249S9ci0jXr3ilaFrlAwlsEJrWHwfjCKccCI0ZkipvuvE2k+R1BQzMi8MEkVihKdoTPqGCsSJ8tPFrXN4ZpQRDCNpSmi4UL9PpIgrNeOB6eRIT9RvLxP/8vqJDht+SkWcaCLwclGYMKgjmD0OR1QSrNnMEIQlNbdCPEESYW3iKZgQvj6F/5OOZ7s1u3pTKTUvV3HkwQk4BefABXXQBNegBdoAgwl4AE/g2eLWo/VivS5bc9Zq5hj8gPX2CXsqjo4=</latexit>
<latexit sha1_base64="uBl7mxjyzbL/EVO3ml9uQkBd2M0="></latexit>
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<latexit sha1_base64="BVEldccQHhR+z1+GjiAdW6xn/hU="></latexit>
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<latexit sha1_base64="cMQuGiGKxZc7xyYRdR13K52SQsk=">AAAB7HicbVBNTwIxEJ3FL8Qv1KOXRmLiiewav45ELh4xYYEEVtItXWjotpu2a0I2/AYvHjTGqz/Im//GAntQ8CWTvLw3k5l5YcKZNq777RTW1jc2t4rbpZ3dvf2D8uFRS8tUEeoTyaXqhFhTzgT1DTOcdhJFcRxy2g7H9ZnffqJKMymaZpLQIMZDwSJGsLGSX0f1x2a/XHGr7hxolXg5qUCORr/81RtIksZUGMKx1l3PTUyQYWUY4XRa6qWaJpiM8ZB2LRU4pjrI5sdO0ZlVBiiSypYwaK7+nshwrPUkDm1njM1IL3sz8T+vm5roNsiYSFJDBVksilKOjESzz9GAKUoMn1iCiWL2VkRGWGFibD4lG4K3/PIqaV1Uvevq1cNlpXaXx1GEEziFc/DgBmpwDw3wgQCDZ3iFN0c4L86787FoLTj5zDH8gfP5A9MDjg4=</latexit>
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<latexit sha1_base64="ziYj4pVOmWoVW3y3Y99eKekAHTw=">AAAB/HicbVC7TsMwFHV4lvIKdGSxqJAYqiopz7GChbFI9CGlUeS4TmvVdiLbQYqi8issDCDEyoew8Te4bQZoOdLVPTrnXvn6hAmjSjvOt7Wyura+sVnaKm/v7O7t2weHHRWnEpM2jlkseyFShFFB2ppqRnqJJIiHjHTD8e3U7z4SqWgsHnSWEJ+joaARxUgbKbArHg/cWr8GedCYtzM/sKtO3ZkBLhO3IFVQoBXYX/1BjFNOhMYMKeW5TqL9HElNMSOTcj9VJEF4jIbEM1QgTpSfz46fwBOjDGAUS1NCw5n6eyNHXKmMh2aSIz1Si95U/M/zUh1d+zkVSaqJwPOHopRBHcNpEnBAJcGaZYYgLKm5FeIRkghrk1fZhOAufnmZdBp197J+cX9ebd4UcZTAETgGp8AFV6AJ7kALtAEGGXgGr+DNerJerHfrYz66YhU7FfAH1ucPkyCSzQ==</latexit>
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<latexit sha1_base64="oSbIoBV+LQJs8DKV4z62f0jVUxI="></latexit>
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Local, deterministic models satisfy Bell inequality
quantum mechanics does not

Entanglement is just a measurement,  
Bell inequality violation is a true discovery

• high-energy regime 
• in the presence of  weak  
    and strong interactions 
• qubits and qutrits

both can be studied at colliders



Where have we already seen  
entanglement or Bell inequality violation  

at high energies?

New York Times Headline
May 4th, 1935



B-meson decays

MF, R. Floreanini, E. Gabrielli and L. Marzola, Phys. Rev D 109 (2024) 3, L031104

entanglement Bell inequality 

1



Pairs of  top quarks

ATLAS Collaboration, arXiv:2311.07288 

<latexit sha1_base64="180fp7jUAUqI+u3jms0jLgt+lDM="></latexit>

pp ! t+ t̄ ! `±`⌥ + jets + Emiss
T

<latexit sha1_base64="7PM86hNwC+PXYckpf/M6Zh2FJiw="></latexit>
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Y. Afik and J.R.M. de Nova, Eur. Phys. J. Plus 136 (2021) 907  

<latexit sha1_base64="I+K7uacr5kHh9JbfXyXAxw/xxpU="></latexit>

D = �0.547± 0.002 [stat]± 0.021 [syst]
CMS Collaboration, CMS-TOP-23-001

<latexit sha1_base64="1G3mWOLB4i8y22OBGYIdrgBuffo=">AAACA3icdZDLSsNAFIYn9VbrrepON4NFEKQhqb3EhVDUhcsK1hbaGCbTSTt0cmFmIpRQcOOruHGhiFtfwp1v4zStoKI/DPx85xzOnN+NGBXSMD60zNz8wuJSdjm3srq2vpHf3LoWYcwxaeKQhbztIkEYDUhTUslIO+IE+S4jLXd4Nqm3bgkXNAyu5Cgito/6AfUoRlIhJ79zflI09HLNukkODd0oVcZOUpyY2tjJFwy9YpjH1SOoSKrUWGbJguaMFMBMDSf/3u2FOPZJIDFDQnRMI5J2grikmJFxrhsLEiE8RH3SUTZAPhF2kt4whvuK9KAXcvUCCVP6fSJBvhAj31WdPpID8bs2gX/VOrH0LDuhQRRLEuDpIi9mUIZwEgjsUU6wZCNlEOZU/RXiAeIISxVbToXwdSn831yXdLOqVy7LhfrpLI4s2AV74ACYoAbq4AI0QBNgcAcewBN41u61R+1Fe522ZrTZzDb4Ie3tE+G8lIQ=</latexit>
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Charmonium spin-0 states

2.1.3 Additional observables

Given a density matrix ⇢ describing the state of a generic bipartite system, SA + SB, the reduced
density matrix describing the state of SA alone is given by ⇢A = TrB[⇢], where the trace is performed
on all SB degrees of freedom; similarly, ⇢B = TrA[⇢] is the reduced density matrix describing the state
of SB.

For pure states, ⇢ = | ih |, or equivalently ⇢2 = ⇢, the quantity

E [⇢] ⌘ �Tr[⇢A ln ⇢A] = �Tr[⇢B ln ⇢B] , (2.18)

giving the von Neumann entropy of the reduced density matrices and often called in the literature
entropy of entanglement, is a good entanglement quantifier. Indeed, a pure state ⇢ is entangled if
and only if its reduced density matrices have non-zero entropy. Assuming for the two systems SA and
SB have the same dimension d, one finds 0  E [⇢]  ln d; the first equality holds if and only if the
bipartite pure state is separable, while the upper bound is reached by a maximally entangled state

Given a generic density matrix ⇢ of the bipartite state SA + SB, deciding whether the state is
entangled or not, or quantifying its entanglement content is in general a hard problem [36, 37], and,
thus, it is often better to rely on quantities that give only su�cient conditions for the presence of
entanglement.

One such quantity involves the operation of partial transposition. Given a basis of orthonormal
vectors {|iji = |ii ⌦ |ji} for the system SA +SB, any density matrix can be represented by its matrix
elements hi1j1|⇢|i2j2i; then, the partially transpose matrix ⇢TB with respect to SB is represented by
matrix elements hi1j2|⇢|i2j1i; a similar expression holds for ⇢TA . Interestingly, if ⇢TB , or equivalently
⇢TA possesses negative eigenvalues, than the original density matrix ⇢ is entangled. In addition, the
absolute sum of the negative eigenvalues of ⇢TB , called negativity,

N (⇢) =
X

k

|�k|� �k
2

, (2.19)

�k being the eigenvalues of ⇢TB , can be used to quantify its entanglement content [38].

3 Charmonium spin 0 states

T he decays of the spin 0 states of the charmonium are the simplest to analyze because the
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the ⌘c falls into the singlet representation of the product 1
2 ⌦ 1

2 = 0 � 1 while the �0
c into the m = 0

component of the triplet. Charge parity conservation implies the same condition as parity and does
not add new relations among the helicity amplitudes.

The states in Eq. (3.2) enter into the helicity density matrix

⇢⇤⇤ = | 0ih 0| =
1

2

0

BB@

0 0 0 0
0 1 ±1 0
0 ±1 1 0
0 0 0 0

1

CCA , (3.3)

in which the only, still undefined, overall size of the amplitudes has canceled out in the normalization,
which is Tr ⇢ = 1.

The system is completely constrained, thus becoming identified with the idealized two-qubit system
in textbooks. This property was already observed for the decay of the Higgs boson H ! ⌧�⌧+ in [39].
Neither the ⇤ baryon nor the anti-baryon are polarized.

The concurrence can be computed and it is maximal:

C = 1 . (3.4)

From the density matrix in Eq. (3.3), using the Pauli matrices, we can write the correlation matrix

Cij = Tr ⇢⇤⇤ �i ⌦ �j =

0

@
1 0 0
0 1 0
0 0 �1

1

A , (3.5)

which is the same for both decay processes. Accordingly, the Horodecki condition is found to be

m12 = 2 , (3.6)

namely, maximal violation of the Bell inequality.
For these decays, we do not even need the experimental values of the helicity amplitudes to claim

maximum entanglement and Bell inequality violation. Uncertainties from the data analysis are however
necessary to assess the significance of the result. We understand that they are forthcoming.

This process provides a direct test for the conservation of quantum correlations. If the experiments
find a di↵erence between the helicity amplitudes w 1

2 � 1
2
and w� 1

2
1
2
, or that they vanish, it will mean

that some of the original coherence has been lost during the flight of the ⇤ baryons—some of which
travel inside the beam pipe wall and the first layers of the detector before decaying. This is an
important test, as explained in the Introduction.

3.2 �0
c ! �+ �

The scalar state of the charmonium can decay into a pair of � mesons

�0
c ! �+ � , (3.7)

with branching fraction of (8.48± 0.26± 0.27)⇥ 10�4 [23].
The �0 are produced in

e+e� !  (3686) ! ��0 . (3.8)
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The final state of the two � mesons can be written as

| i = w�1�1 |� 1, �1i+ w0 0 |0 0i+ w1 1 |1, 1i , (3.9)

with
|w�1�1 |2 + |w0 0 |2 + |w1 1 |2 = 1 , (3.10)

and w1 1 = �w�1�1 because of the conservation of parity. The same condition is found by the identity
of the final particles. There is therefore only one independent amplitude and the density matrix
depends on one complex number.

The final states are spin 1 and their polarizations are described by quatrits. The resulting 9 ⇥ 9
helicity density matrix ⇢�� = | ih | is written as

⇢�� /

0

BBBBBBBBBBBB@

0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 |w�1�1 |2 0 w�1�1w

⇤
0 0

0 w�1�1w
⇤
1 1

0 0
0 0 0 0 0 0 0 0 0
0 0 w0 0w

⇤
�1,�1

0 |w0 0 |2 0 w0 0w
⇤
1 1

0 0
0 0 0 0 0 0 0 0 0
0 0 w1 1w

⇤
�1�1

0 w1 1w
⇤
0 0

0 |w1 1 |2 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0

1

CCCCCCCCCCCCA

, (3.11)

The analysis of the data in [23] only gives the absolute value of the ratio of the moduli of the helicity
amplitudes: ����

w1,1

w0 0

���� = 0.299± 0.003 , (3.12)

and no value for the phase. Accordingly, we can only carry out the analysis in the case of zero phase.
This phase comes from the final state strong interactions if we assume that the form factors have no
significant absorptive part. The helicity amplitudes are determined from the value in Eq. (3.12) to be

|w0 0 | = 0.9210± 0.0014 and |w1,1 | = |w�1�1 | = 0.2754± 0.0023 , (3.13)

and these values can be inserted in the density matrix in Eq. (3.11).
The entanglement can be found from the entropy of entanglement because the final state in Eq. (3.9)

is pure. We find
E [⇢] = 0.531± 0.0021 (3.14)

This number is di↵erent from zero with a significance of 255�.
We find that, after optimization, the expectation value of the Bell operator is

Tr ⇢�� B = 2.2961± 0.0165 (3.15)

This decay provides a clean test of the violation of Bell inequality in a system of two qutrits. Its
significance is 17.9�.

4 Charmonium spin 1 states

T he decay of spin 1 particles brings in a dependence of the helicity density matrix on the
scattering angle. The amount of entanglement and possible violations of the Bell inequality

therefore depend on the value of this angle.
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Charmonium spin-1 states

Horodecki condition

Concurrence

4.1 J/ ! ⇤+ ⇤̄ and  (3686) ! ⇤+ ⇤̄

The helicity states of the final system in

J/ ! ⇤+ ⇤̄ (4.1)

fall in the triplet representation of the product 1
2 ⌦

1
2 = 1� 0. It is constrained by the conservation of

the angular momentum to be described by the three states

| "i / w 1
2

1
2
|12

1
2i ⌦ |12

1
2i (4.2)

| #i / w� 1
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2
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2
|12 � 1

2i ⌦ |12
1
2i , (4.4)

in which the state in the first line of Eq. (4.4) corresponds to the J/ being transversally polarized
with positive helicity (Jz = +1), the second line to the opposite helicity (Jz = �1) and the third line
to the 0 helicity (Jz = 0), that is, the J/ being longitudinally polarized. The states in Eq. (??) are
written along the z-axis and must be rotated to the direction of the final state momentum.

In the process
e+e� ! � ! cc̄ ! J/ ! ⇤⇤̄ , (4.5)

the J/ is produced polarized. The correlation matrix of the two baryons depends on the scattering
angle ⇥ because the polarization of the J/ does.

The elements of the spin density matrix can be written as
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1�

0
2
= w�1�2w

⇤
�0
1�

0
2

X

k=±1

D(1)⇤
k,�1��2

(0,⇥, 0)D(1)
k,�0

1��0
2
(0,⇥, 0) (4.6)

where D(1)
i,j is the Wigner matrix for the spin 1 representation of SO(3) and the sum is only over the

polarization ±1 because the spin 1 state is produced from unpolarized electrons and positrons with
the electron and positron taken to be massless and, therefore, with only the helicities ±1.

Of the four helicity amplitudes, only two are independent. The density matrix is given by
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in which f⇥ ⌘ (3� cos 2⇥)/4, s⇥ ⌘ sin⇥ and c⇥ ⌘ cos⇥.
The helicity amplitudes can be parametrized as

w 1
2

1
2
= w� 1

2 � 1
2
=

p
1� ↵p
2

and w 1
2 � 1

2
= w� 1

2
1
2
=

p
1 + ↵ exp[�i��] (4.8)

The polarization of the ⇤ baryons is given by

B�
i = �B+

i = Tr ⇢⇤⇤1 ⌦ �i = (0,

p
1� ↵2 sin 2⇥ sin��

C0
, 0) , (4.9)

in which C0 = 2 + ↵+ ↵ cos 2⇥. The polarization in Eq. (4.9) agrees with [15,40].
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The decay J/ ! ⇤⇤̄ has branching fraction 1.8⇥ 10�3 [27]. From [15] we can obtain the values
of the two parameters

↵ = 0.4748± 0.0022|stat ± 0.0031|syst and �� = 0.7521± 0.0042|stat ± 0.0066|syst . (4.10)

No correlation in the uncertainties are given.
The correlation matrix can be computed from the density matrix and it is given by

C =
1

C0

0

@
2 sin2⇥ 0

p
1� ↵2 sin 2⇥ cos��

0 2↵ sin2⇥ 0
�
p
1� ↵2 sin 2⇥ cos�� 0 �(1 + 2↵+ cos 2⇥)

1

A . (4.11)

Again, it agrees with [40].

Figure 4.1: Concurrence (left) and Horodecki condition m12 (right) for J/ ! ⇤⇤. Both quantities are the largest for

⇥ = ⇡/2.

As shown in Fig. 4.1, the concurrence and m12 depend on the scattering angle. The largest values
are found at ⇥ = ⇡/2, for which

C = 0.475± 0.0039 and m12 = 1.225± 0.004 (4.12)

The entanglement is not maximal even for ⇥ = ⇡/2 because the final state is not a pure state and
instead contains a mixture of the states discussed in Eq. (4.4).

The significance of the violation of the Bell inequality is nominally 56.2�. This is a lower bound
that could be improved once the correlation in the uncertainties are included.

The same analysis can be done for the case of the  (3686). The decay  (3686) ! ⇤⇤̄ has branching
fraction 3.81⇥ 10�4 [27]. From [41] we find

↵ = 0.690± 0.07|stat ± 0.02|syst and �� = 0.401+0.154
�0.140|stat ± 0.028|syst , (4.13)

and no correlations between the uncertainties are given.
As shown in Fig. 4.2, the concurrence and m12 are, as before, the largest at ⇥ = ⇡/2, for which

C = 0.690± 0.072 and m12 = 1.476± 0.098 (4.14)
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↵ = 0.690± 0.07|stat ± 0.02|syst and �� = 0.401+0.154
�0.140|stat ± 0.028|syst , (4.13)

and no correlations between the uncertainties are given.
As shown in Fig. 4.2, the concurrence and m12 are, as before, the largest at ⇥ = ⇡/2, for which

C = 0.690± 0.072 and m12 = 1.476± 0.098 (4.14)
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more statistical errors

statistical errors

for the tracks proper and

�b = 3µm� 15µm

sin2/3⇥

GeV

pT
(2.16)

for the impact parameters and for the reconstruction of the vector of closest approach. These values are
taken from the envisaged IDEA tracking detector [1]; a constant smearing originates in imperfections
in the detector or anomalies in signal collection, whereas the term scaling with the momentum is
a noise that comes from the imperfection of the readouts. In the simulation we retain the leading
contributions in the quoted uncertainties and account for the related detector e↵ects by performing
a Gaussian smearing of the Monte Carlo truth pion momenta and closest approach vector taking the
nominal resolutions above as standard deviations.

Notice that the uncertainties are small if typical pion momenta of the order of 10 GeV and ⌧ -
lepton times of flight of the order of 0.1 mm are considered. Furthermore, the decay of the ⌧ pairs
will generally occur inside the beam pipe (of order 1 cm), thereby ensuring the absence of further
interactions with the detector material that could quench the spin correlation under study.

Figure 2.4: Distribution of the ⌧ -lepton pair events in invariant mass after including the initial state radiation of the

electrons. The last four bins, from 89 to 91 GeV, contain 99% of the events. The count in each bin is normalized to the

total number of events.

We also include in our Monte Carlo simulation the e↵ect of Initial state radiation (ISR), which
shifts the beam—and the actual center of mass (CM)—energy as shown in Fig. 2.4. The plot is
obtained by using Pythia 8 [16] and following the indicated statistics we pollute our dataset with
events characterized by a lower CM energy up to

p
s = 89 GeV, corresponding to the last three bins

of Fig. 2.4 which comprise 99% of the events.
The angular distributions of the pion momenta in the rest frame of the ⌧ -lepton pairs give, as

the desired, the coe�cients of the polarization density matrix. In the following we compare the
results obtained from analytical computations to the values indicated by the Monte Carlo simulations
performed with and without the ISR and detector resolution e↵ects.

3 Results

Q uantum tomography gives us the means to study entanglement and Bell inequality violation
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2.3.1 Neutrino momenta reconstruction

The eight unknown components of the neutrino momenta can be reconstructed by means of eight
equations: four from the sum of the ⌧ -lepton momenta, which is constrained to satisfy

p
µ
⌧+ + p

µ
⌧� = p

µ
e+e� , (2.9)

and four from the mass-shell conditions

(p⌧+ � p⇡+)2 = m
2
⌫ = 0 and (p⌧� � p⇡�)2 = m

2
⌫ = 0 (2.10)

p
2
⌧+ = m

2
⌧ and p

2
⌧� = m

2
⌧ . (2.11)

The system of equations is second order and a two-fold degeneracy arises (see the Appendix in [14]).
As opposed to other processes, like top quark and W -boson decays, the reconstruction of the

neutrino momenta and, therefore, of the ⌧ momenta is almost perfect. The reason is that the ⌧

lepton lives long enough to give a decay vertex that can be distinguished from the collision point.
Consequently, the vector of closest approach, identified from the continuation of the trajectories of the
pions emitted in the decay, can be measured and used as to resolve the two-fold degeneracy arising
from the momenta reconstruction. Following [15], we then define the directions of the two charged
pions as

n� =
p�
|p�|

and n+ =
p+

|p+|
, (2.12)

in which p± are their momenta. The distance between the two decay vertices v± of the ⌧
± leptons is

d = v+ � v� . (2.13)

The vector of closest approach connecting the backward continuations of the two charged pion tracks
is then given by

dmin = d+
[(d · n+)(n� · n+)� d · n�]n� + [(d · n�)(n� · n+)� d · n+]n+

1� (n� · n+)2
. (2.14)

The correct kinematic reconstruction of the ⌧ momenta is then selected by computing dmin for the
two solutions and comparing the results with the measured value.

2.3.2 Detector response and initial state radiation

The performance of what will be the actual detectors of FCC-ee can only be presumed from the
specifications detailed in the current experimental proposal.

The pairs of ⌧ leptons must be identified from the charged pions appearing in the final state. Even
though the e�ciency is high but not 100%, this is not really a problem given the very large number
of events available.

We model the detector resolution with the following uncertainties:

�pT

pT
= 3⇥ 10�5 � 0.6⇥ 10�3 pT

GeV
and �✓,� = 0.1⇥ 10�3 rad (2.15)

for the tracks proper and

�b = 3µm� 15µm

sin2/3⇥

GeV

pT
(2.16)
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2.1 Quantum tomography at work

The density matrix describing the polarization state of a quantum system composed by two fermions
can be written as

⇢ =
1

4
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X
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B+
i (�i ⌦ 1) +
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j

B�
j (1 ⌦ �j) +
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i,j

Cij (�i ⌦ �j)

3

5, (2.1)

with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
�k ⌘ �3. In the fermion-pair center of mass frame we have

n =
1

sin⇥
(p⇥ k), r =

1

sin⇥
(p� k cos⇥) , (2.2)

where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.

The coe�cients B±
i in Eq. (2.1) give the polarizations of the individual fermions, whereas the

coe�cients Cij encode the spin correlations. By using Tr (�i�j) = 2�ij and Tr (�i) = 0, we have:

B+
i = Tr [⇢(�i ⌦ 1)] , B�

i = Tr [⇢(1 ⌦ �i)] , Cij = Tr [⇢(�i ⌦ �j)] . (2.3)

More details on these definitions and quantum tomography in general can be found in [5].
The quantum tomography of the polarization density matrix is completed once the coe�cients

Bi and Cij have been found. Given a Lagrangian for a theory, these quantities can be computed
from the scattering amplitudes describing the underlying process. Experimentally, or in Monte Carlo
simulations, they can instead be reconstructed by tracking the angular distribution of suitable ⌧ -pair
decay products. In particular, for events where each ⌧ lepton decays to a single pion and a neutrino,
we have
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d cos ✓±i
=
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1⌥ B±

i cos ✓±i
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, (2.4)
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d�

d cos ✓+i d cos ✓�j
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4
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1 + Cij cos ✓+i cos ✓�j

⌘
, (2.5)

in which cos ✓±i are the projections of the ⇡± momentum direction on the {n, r,k} basis, as computed
in the rest frame of the decaying ⌧

±. Figures 2.1 and 2.2 show the relative frequencies of the values
obtained for the Bi and Cij coe�cients from the actual Monte Carlo simulation we have used in
this work. All the histograms are normalized to the total number, 107, of simulated events. The
average values of these coe�cients encode the tomographic information and do not vanish provided
the corresponding histograms are not symmetric with respect to the zero value.

Whenever the average of the product of two cosine (in the Cij coe�cients) di↵er from the product
of the averages of the single cosines (in the Bi coe�cients) we have non vanishing correlation and,
possibly, quantum entanglement.

2.2 Entanglement and Bell inequality violation

Given a two-qubit, 4⇥ 4 density matrix ⇢ as in (2.1), its concurrence can be explicitly constructed by
using the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.6)

4

References

[1] FCC Collaboration, A. Abada et al., FCC-ee:
The Lepton Collider: Future Circular Collider
Conceptual Design Report Volume 2, Eur. Phys.
J. ST 228 (2019), no. 2 261–623.

[2] SuperKEKB Collaboration, SuperKEKB
Collider, Nucl. Instrum. Meth. A 907 (2018)
188, [arXiv:1809.01958].

[3] Belle-II Collaboration, W. Altmannshofer et al.,
The Belle II Physics Book, PTEP 2019 (2019),
no. 12 123C01, [arXiv:1808.10567]. [Erratum:
PTEP 2020, 029201 (2020)].

[4] L3 Collaboration, M. Acciarri et al.,
Measurement of tau polarization at LEP, Phys.
Lett. B 429 (1998) 387–398.

[5] A. J. Barr, M. Fabbrichesi, R. Floreanini,
E. Gabrielli, and L. Marzola, Quantum
entanglement and Bell inequality violation at
colliders, arXiv:2402.07972.

[6] W. K. Wootters, Entanglement of formation of
an arbitrary state of two qubits, Phys. Rev. Lett.
80 (Mar, 1998) 2245–2248.

[7] J. Bell, On the Einstein Podolsky Rosen paradox,
Physics Physique Fizika 1 (1964) 195.

[8] J. F. Clauser, M. A. Horne, A. Shimony, and
R. A. Holt, Proposed experiment to test local
hidden variable theories, Phys. Rev. Lett. 23
(1969) 880–884.

[9] R. Horodecki, P. Horodecki, and M. Horodecki,
Violating bell inequality by mixed spin-1/2 states:
necessary and su�cient conditions, Phys. Lett. A
200 (1995) 340.

[10] M. Fabbrichesi, R. Floreanini, and G. Panizzo,
Testing Bell Inequalities at the LHC with
Top-Quark Pairs, Phys. Rev. Lett. 127 (2021),
no. 16 161801, [arXiv:2102.11883].
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Entanglement and Bell inequalities violation in
H ! ZZ with anomalous coupling, Eur. Phys. J.
C 83 (2023), no. 11 1050, [arXiv:2307.13496].

18

2.1 Quantum tomography at work

The density matrix describing the polarization state of a quantum system composed by two fermions
can be written as

⇢ =
1

4
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i

B+
i (�i ⌦ 1) +
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j

B�
j (1 ⌦ �j) +

X

i,j

Cij (�i ⌦ �j)

3

5, (2.1)

with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
�k ⌘ �3. In the fermion-pair center of mass frame we have

n =
1

sin⇥
(p⇥ k), r =

1

sin⇥
(p� k cos⇥) , (2.2)

where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.

The coe�cients B±
i in Eq. (2.1) give the polarizations of the individual fermions, whereas the

coe�cients Cij encode the spin correlations. By using Tr (�i�j) = 2�ij and Tr (�i) = 0, we have:

B+
i = Tr [⇢(�i ⌦ 1)] , B�

i = Tr [⇢(1 ⌦ �i)] , Cij = Tr [⇢(�i ⌦ �j)] . (2.3)

More details on these definitions and quantum tomography in general can be found in [5].
The quantum tomography of the polarization density matrix is completed once the coe�cients

Bi and Cij have been found. Given a Lagrangian for a theory, these quantities can be computed
from the scattering amplitudes describing the underlying process. Experimentally, or in Monte Carlo
simulations, they can instead be reconstructed by tracking the angular distribution of suitable ⌧ -pair
decay products. In particular, for events where each ⌧ lepton decays to a single pion and a neutrino,
we have

1

�

d�

d cos ✓±i
=

1

2

�
1⌥ B±

i cos ✓±i
�
, (2.4)

1

�

d�

d cos ✓+i d cos ✓�j
=

1

4

⇣
1 + Cij cos ✓+i cos ✓�j

⌘
, (2.5)

in which cos ✓±i are the projections of the ⇡± momentum direction on the {n, r,k} basis, as computed
in the rest frame of the decaying ⌧

±. Figures 2.1 and 2.2 show the normalized distributions obtained
for the values of the Bi and Cij from the actual Monte Carlo simulation we have used in this work. The
central values of the Gaussian fits—dashed lines—indicate the values of the coe�cients themselves.

Whenever the average of the product of two cosine (in the Cij coe�cients) di↵er from the product
of the averages of the single cosines (in the Bi coe�cients) we have non vanishing correlation and,
possibly, quantum entanglement.

2.2 Entanglement and Bell inequality violation

Given a two-qubit, 4⇥ 4 density matrix ⇢ as in (2.1), its concurrence can be explicitly constructed by
using the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.6)

4

size of the systematic errors a↵ecting the concurrence and the Horodecki condition by accounting for
ISR and the projected detector e↵ects. To this end, we first compare the absolute value of the di↵erence
between the central values of the concurrence obtained in the Monte Carlo simulation without, see
Eq. (3.7), and with detector e↵ects and ISR, see Eq. (3.11)

�C |syst = |0.4815� 0.4805| = 0.0010 , (3.13)

similarly, for the Horodecki condition signaling the violation of the Bell inequality (cf. Eqs. (3.8)–
(3.12)) we have

�m12|syst = |1.233� 1.239| = 0.006 . (3.14)

These di↵erences account for the systematic uncertainty in the beam energy and are subdominant
with respect to the statistical errors in Eq. (3.11) and Eq. (3.12).

An additional contribution to the systematic errors can be obtained by using the two sets of
uncertainties in the smearing procedure introduced in Section 2.3.2. These yield

�C |syst = |0.4807� 0.4805| = 0.0002 , (3.15)

and
�m12|syst = |1.232� 1.230| = 0.002 . (3.16)

These contributions are, again, subdominant with respect to the statistical errors in Eq. (3.11) and
Eq. (3.12). They become important as we rescale our statistical uncertainties toward the FCC target
luminosity and will eventually come to dominate.

Including now also the systematic errors estimated above we find that

C = 0.4805± 0.0063|stat ± 0.0012|syst , (3.17)

and the Horodecki’s condition gives

m12 = 1.239± 0.017|stat ± 0.008|syst , (3.18)

where the systematic errors where added linearly.
Equations Eqs. (3.17)–(3.18) are the main result of the present work. The overall significance of

the Bell inequality violation (obtained with a benchmark luminosity of 17.6 fb�1) is about 13 standard
deviations once the errors are added in quadrature. The expected significance with 150 ab�1 of data
can be estimated by retaining only the systematic error in Eq. (3.18) and it is about 30 standard
deviations.

These significances can be increased by means of kinematic cuts that select events with scattering
angles close to ⇥ = ⇡/2, for which the values of C and m12 are larger (see Fig. 3.2).

3.3 Polarizations

The coe�cients B±
i are directly related to the polarizations of the ⌧ leptons. Analytically, we find

that these coe�cients are equal, B+
i = B�

i for i = r, n, k.
From the Monte Carlo simulation with detector e↵ects and ISR included (corresponding to data

collected with a benchmark integrated luminosity of 17.6 fb�1), we take the polarization to be the
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2.1 Quantum tomography at work

The density matrix describing the polarization state of a quantum system composed by two fermions
can be written as

⇢ =
1

4

2

41 ⌦ 1 +
X

i

B+
i (�i ⌦ 1) +

X

j

B�
j (1 ⌦ �j) +

X

i,j

Cij (�i ⌦ �j)

3

5, (2.1)

with i, j = r, n, k and �i being the Pauli matrices. The decomposition refers to a right-handed
orthonormal basis, {n, r,k} and the quantization axis for the polarization is taken along k, so that
�k ⌘ �3. In the fermion-pair center of mass frame we have

n =
1

sin⇥
(p⇥ k), r =

1

sin⇥
(p� k cos⇥) , (2.2)

where k is the direction of the ⌧
+ momentum and ⇥ is the scattering angle. We take p · k = cos⇥,

with p being the direction of the incoming e
+.

The coe�cients B±
i in Eq. (2.1) give the polarizations of the individual fermions, whereas the

coe�cients Cij encode the spin correlations. By using Tr (�i�j) = 2�ij and Tr (�i) = 0, we have:

B+
i = Tr [⇢(�i ⌦ 1)] , B�

i = Tr [⇢(1 ⌦ �i)] , Cij = Tr [⇢(�i ⌦ �j)] . (2.3)

More details on these definitions and quantum tomography in general can be found in [5].
The quantum tomography of the polarization density matrix is completed once the coe�cients

Bi and Cij have been found. Given a Lagrangian for a theory, these quantities can be computed
from the scattering amplitudes describing the underlying process. Experimentally, or in Monte Carlo
simulations, they can instead be reconstructed by tracking the angular distribution of suitable ⌧ -pair
decay products. In particular, for events where each ⌧ lepton decays to a single pion and a neutrino,
we have

1

�

d�

d cos ✓±i
=

1

2

�
1⌥ B±

i cos ✓±i
�
, (2.4)

1

�

d�

d cos ✓+i d cos ✓�j
=

1

4

⇣
1 + Cij cos ✓+i cos ✓�j

⌘
, (2.5)

in which cos ✓±i are the projections of the ⇡± momentum direction on the {n, r,k} basis, as computed
in the rest frame of the decaying ⌧

±. Figures 2.1 and 2.2 show the normalized distributions obtained
for the values of the Bi and Cij from the actual Monte Carlo simulation we have used in this work. The
central values of the Gaussian fits—dashed lines—indicate the values of the coe�cients themselves.

Whenever the average of the product of two cosine (in the Cij coe�cients) di↵er from the product
of the averages of the single cosines (in the Bi coe�cients) we have non vanishing correlation and,
possibly, quantum entanglement.

2.2 Entanglement and Bell inequality violation

Given a two-qubit, 4⇥ 4 density matrix ⇢ as in (2.1), its concurrence can be explicitly constructed by
using the auxiliary matrix

R = ⇢ (�y ⌦ �y) ⇢
⇤ (�y ⌦ �y) , (2.6)
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while B±
n and B±

r are consistent with their vanishing analytic value, and the overall sign depends on
the frame of reference. The systematic error is obtained as discussed in the previous section. The
polarization in Eq. (3.19) corresponds to the tree-level value, consistently with the input value used
for the Weinberg angle—see Sec. 3.3.2—whereas the current measured value is 0.1476± 0.0108 [4].

3.3.1 The interplay between polarizations and entanglement

The components Bi of the polarization and the coe�cients Cij of the spin correlations are closely
related, for they both enter the density matrix which must satisfy positivity and normalization con-
ditions. The entanglement is the largest for vanishing polarizations and vice versa. This relationship
explains the maximum entanglement shown by amplitudes in parity conserving theories, such as
QED [18], that have vanishing polarizations. This also happens in electroweak processes if the par-
ity violating structure of the lepton current is suppressed, as it is known to be for the special, and
unphysical, choice sin ✓W = 0.5 [18]. For this value, the vector coupling of leptons vanishes and the
current conserves parity. The cancellation is not possible for any common value of the Weinberg angle
once quark currents are involved because of the di↵erent charges. For this reason, the requirement of
maximum entanglement (or the vanishing of the polarizations, which amounts to the same), though
appealing, can hardly be promoted to a general principle from which to constrain a Standard Model
parameters like the Weinberg angle itself.

3.3.2 Weinberg angle

The Weinberg angle can be obtained from the polarization vector P⌧ using the relation [19]

P⌧ (cos⇥) =
A⌧

�
1 + cos2⇥

�
+ 2 cos⇥Ae

1 + cos2⇥+ 2 cos⇥A⌧Ae
, (3.20)

with,

A = Ae = A⌧ =
2 (1� 4 sin2 ✓W )

1 + (1� 4 sin2 ✓W )2
, (3.21)

assuming lepton flavor universality.
We compute the Weinberg angle by taking the weighted angular average of Eq. (3.20) and finding

A by solving the equation after inserting the value of hP i⌧ from Eq. (3.19). Inserting the value of A
so obtained into Eq. (3.21) yields the equation

0.2190 =
2 (1� 4 sin2 ✓W )

1 + (1� 4 sin2 ✓W )2
, (3.22)

which shows that the uncertainty in the coe�cient Bi is reduced by a factor of about 8 in the error
propagation. The central value for the Weinberg angle that solves Eq. (3.22) corresponds to the tree
level value:

sin2 ✓W = 0.2223±0.0006|stat ± 0.0001|syst , (3.23)

consistently with the inputs of our Monte Carlo simulation.
Rescaling the statistical uncertainty of our sample (obtained with a benchmark luminosity of 17.6

fb�1) to account for the expected FCC-ee yield, we obtain an uncertainty of 1 ⇥ 10�4, completely
dominated by the systematics. This uncertainty is of the same order of magnitude of the current
value [20]. The report [1] cites uncertainties in determination of the Weinberg angle between 10�5 and
10�6 as one of the goals for the FCC-ee machine—such a value can only be achieved if the systematic
error indicated by our estimate is reduced.
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which shows that the uncertainty in the coe�cient Bi is reduced by a factor of about 8 in the error
propagation. The central value for the Weinberg angle that solves Eq. (3.18) corresponds to the tree
level value:

sin2 ✓W = 0.2223± 0.0006 , (3.19)

consistently with the inputs of our Monte Carlo simulation.
Considering only the statistical error, we rescale the uncertainty of our sample to account for the

expected FCC-ee yield and obtain an uncertainty of 7.8⇥ 10�6 on the determination of the tree-level
Weinberg angle. This uncertainty is two order of magnitude better than the current value [19]. The
report [1] cites uncertainties in the Weinberg angle determination between 10�5 and 10�6 as one of
the goals for the FCC-ee machine.

3.4 Anomalous couplings

The ⌧ lepton—the heaviest among the leptons, as the top quark among the quarks—could be the
likeliest to show a behavior departing from that described by the Standard Model. The most general
electroweak Lorentz-invariant vertex �µ between the Z-boson and the ⌧ lepton up to dimension five
operators can be written as

i
g

2 cos ✓W
⌧̄ �µ(q2) ⌧ Zµ(q) =

i
g

2 cos ✓W
⌧̄


�
µ
F

V
1 (q2) + �

µ
�5F

A
1 (q2) +
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q⌫

2m⌧
F2(q

2) +
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µ⌫
�5q⌫

2m⌧
F3(q

2)

�
⌧ Zµ(q) , (3.20)

with F
V
1 (0) = gV = �1/2 + 2 sin2 ✓W and F

A
1 (0) = �gA = 1/2. F2(0) is the magnetic and F3(0) the

electric dipole moment. We parametrize the first two form factors in terms of a Taylor expansion as

F
V,A
1 (q2) = F

V,A
1 (0) +

q
2

m
2
Z

C
V,A
1 , (3.21)

and give limits on the coe�cients C
V,A
1 at q

2 = m
2
Z . These form factors act as anomalous couplings

of the ⌧ lepton to the Z boson.

3.4.1 Observables

Our strategy to constrain the form factors in Eq. (3.20) exploits the polarization density matrix, which
can be experimentally reconstructed through quantum tomography and gives a bird’s-eye view of the
possible observables available for a given process.

The method has been previously used to constrain physics beyond the SM a↵ecting the top-
quark [20, 21] and ⌧ pair [21] production at the LHC and at superKEKB [22], or yielding Higgs
anomalous couplings to ⌧ leptons [14] and gauge bosons [23–25].

For the present case, we use the entries of the polarization density matrix to define three observables
used to constrain the parameters in Eq. (3.20): one observable is the concurrence C defined in Eq. (2.7)
and it measures the entanglement in the spin states of the produced ⌧ pairs, another— specific to the
CP-violating contributes—is related to triple products involving one momentum and the spin vectors
of the ⌧ leptons:

Codd =
X

i<j

���Cij �Cji

��� , (3.22)
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and the third is the total cross section:

�T =
1

64⇡2 s

Z
d⌦

|M|2

4

r
1� 4m2

⌧

s
, (3.23)

in which we neglect the electron mass and take
p
s = 91.19 GeV.

3.4.2 Limits

Figure 3.4: �2
test for the form factor F2(m

2
Z) and FV

3 (m2
Z). The limits for F2(m

2
Z) are obtained by means of the

concurrence, those for the form factor FV
3 (m2

Z) by means of the operator Codd.

Figure 3.5: �2
test for the form factor FV

1 (m2
Z) (left) and FA

1 (m2
Z) (right). Both limits are obtained by means of the

cross section.

For a sample of 200.000 events, the expected value and uncertainty on the cross section is (22.83±
0.05) pb. For the same sample, from Section 3.2.1, we find an uncertainty on Cij , and therefore
on Codd, of at most 0.009, and on the concurrence C of 0.006. We use these uncertainties in the
determination of the limits on the form factors with the understanding that they can be improved by
rescaling the number of events to that actually expected at the FCC-ee.

The operators introduced in the previous section, generically denoted here as Oa[Fi(m2
Z)], depend

on the electroweak form factors Fi(m2
Z) and OSM are the values of the operators for the Standard

Model. To constrain the couplings, we introduce a �
2 test set for a (68.3) 95% C.L.


Oa[Fi(m2
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 (1.00) 3.84 , (3.24)
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Figure 2.2: Relative frequencies of the values of the coe�cients Cij obtained with the Monte Carlo simulation of the

⌧ -lepton pairs decaying into a charged pion plus a neutrino, the momentum of which is reconstructed. The histograms

are normalized to the total number of events.

where ⇢
⇤ denotes the matrix with complex conjugated entries. Although non-Hermitian, the matrix

R has non-negative eigenvalues; denoting with ri, i = 1, 2, 3, 4, their square roots and assuming r1 to
be the largest, the concurrence C can be expressed as [6]

C = max
�
0, r1 � r2 � r3 � r4

�
. (2.7)

The concurrence is a quantitative estimate of the amount of entanglement in the two-qubit system.
Entanglement is present if C > 0 and maximal for C = 1.

To assess the possible violation of Bell inequalities we resort instead to the matrix C in Eq. (2.5)
and build, with its transpose CT , the symmetric, positive, 3 ⇥ 3 matrix M = CCT ; its eigenvalues
m1, m2, m3 can be ordered in increasing order: m1 � m2 � m3. Then, the two-spin state ⇢ in (2.1)
violates the Bell inequality [7], in its original as well as in the equivalent Clauser-Horne-Shimony-Holt
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For a sample of 200.000 events, the expected value and uncertainty on the cross section is (22.83±
0.05) pb. For the same sample, from Section 3.2.1, we find an uncertainty on Cij , and therefore
on Codd, of at most 0.009, and on the concurrence C of 0.006. We use these uncertainties in the
determination of the limits on the form factors with the understanding that they can be improved by
rescaling the number of events to that actually expected at the FCC-ee.
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