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Lemaitre’s prophecy

The introduction of such a constant implies a
considerable renunciation of the IogicalD
simplicity of the theory [...]

Since I introduced this term, I had always a
bad conscience [...]

I am unable to believe that such an ugly
thing should be realized in nature.

Albert Einstein,
Contribution to the book
“Albert Einstein: Philosopher-Scientist”, 1949

The history of science provides many
instances of discoveries which have been
made for reasons which are no longer
considered satisfactory [...]

It may be that the discovery of the
cosmological constant is such a case.

George E. Lemaitre,
Contribution to the book
“Albert Einstein: Philosopher-Scientist”, 1949



...Einstein’s prophetic outlook

In any case, one thing is clear. The theory of general
relativity allows adding the term Ag,, in the
equations.

One day, our real knowledge of the composition of the
sky of fixed stars, the apparent motions of the fixed
stars and the position of spectral lines as a function
of distance, will probably be sufficient to decide
empirically whether or not A is equal to zero.

Conviction is a good motive, but a bad judge

Albert Einstein
Letter to Willelm de Sitter
April 13, 1917



The cosmological constant at work
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AdS covering does not really help
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A SOMETIMES FORGOTTEN KEY PROPERTY OF
QUANTUM FIELD THEORY



The spectral property of QFT

1) Translations are represented by unitary operators U(a, 1) = exp(ia,P").
There exists a unique translation invariant state Wy.
2) The joint spectrum of the energy-momentum operator P* is contained in the

closed forward cone B
V' = {p>*>0, p° >0}

The theory is completely encoded in the knowledge of the vacuum-to-vacuum
transition amplitudes: Wh(X1,...Xn) = (Yo, d(X1) - .. ¢(Xn)Wo)

Analyticity of the n-point functions in the tubes and positivity of the energy spectrum
in every Lorentz frame are equivalent properties

Wh(X1, ...Xn) = boundary value of W,(z4, . ..2z,)

Tn={(z1,...2n) : $(z11—2z) € Vy}



Normal Analyticity

Spectral condition <—— Any (general) two-point function is the
boundary value of a function analytic in the tube of the complex
Minkowski spacetime

W(x1,X2) = boundary value W(z4, z5)
(z1,20) € T_ X Ty

;A\ Y "
XA X

| ‘ > % 0’
’ “ " "'

‘

T_={z=x+iye M y*>0, y° <0} T+={Z=X+ly€/\/’d, y° >0, y° >0}




Normal Analyticity + Complex Lorentz invariance =Maximal Analyticity

W(z1,22) = W(C) = (24, 22)

-
¢ = (21 — 22)? /

The cut reflects causality and QM

No cut «+— No commutator

On the cut C(x,y) = W(x,y) — W(y,x) # O

The permuted extended tube contains the non coincident Euclidean points

S(x1,X5) = W(21,22)|goxen 5



Klein-Gordon field : a crash review (] + m?)¢ = O

W(Xx1,X2) = W(x1 — x2) = (Yo, ¢(x1)d(x2)Yo)

O +mW(E) =0 ——  (p2 —m2)W(p) = 0

Spectral CCR
Condition

W(p) = A8(p%)8(p> — m?) -+ BEPoREEE—1°)

1 .

Lorentz Invariance

W(Xj_ — X2) —

1 e—lw (x§ —x3) +ip- (X1 —x3)

_ = (—) (+) =
2(2m)d-1 \/]5|2+m2 ap /wﬁ (Xl)wﬁ (x2)dp




Wightman » Schwinger » Feynman

V5 () = 2?;?2(:52w W(X1,X2) = /¢é_)(xi)¢,§+)(xz)d5

pO:w:\/|5|2_|_m2

W(Zj_,ZQ)




An easy exercise: the bubble
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The bubble in x-space
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The bubble in x-space
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Main Course
BACK TO DE SITTER




The asymptotic cone: causal structure
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X and Y are spacelike separated iff (X — Y)? < 0

timelike (X —Y)?=-2-2X-Y>0



Forward de Sitter tubes
Z2:—R2 X2—Y2:—R2 XY:O

TE={Z=X+iY:Y*>0, £Y° >0}

0= —R°1+Y?

Hf ={X=0, Y?=R? Y’ >0}



Backward de Sitter tube

TE={Z=X+iY:Y>>0, +£Y° >0}




dS-QFT : Normal Analiticity Hypothesis

W(x41,X2) = boundary value of W(z4,z,)

W(z4,2z5) holomorphicin 7_ x T,

T ={Z=X+iY:Y*>0, +Y° >0}




Normal Analyticity +complex de Sitter invariance =Maximal Analyticity

¢=24 'Zy
The cut reflects causality and QM ‘

—1
T\l No cut +— No commutator
On the cut C(Xl,XQ) = W(Xl,XQ) — W(XQ,Xl) 7é 0]

S(XE,XE) — QU(Zi, ZQ) |Ed><Ed\5

(Jacques Bros and UM 1994)



Maximally analytic two-point function (aka BD)

P+ D (5 =) e 952
WI/(ZZL;Z2) — 2(27T)d/2 (C _1) 4 P—%—l—iy(c’-)
(S +i)T (5 —iv) d—1  d-1 d 1-
B (4m)9/2T () i (T+’”’ o Mo T)
¢ =212
\\ J _1
Kzg=§

Zy -Zo = — cos(S)

The Schwinger function (the Euclidean propagator) is the restriction
of the maximally analytic two-point function to the Euclidean sphere

d—1 | ¢ \pP(d=1 _ ; 2
PG+ mT (S — ) (sins)~ 7 g7 (@-2)p” 17 (—coss)

G, (—coss) = 2(27T)d/2 —Z+iv




Physical interpretation: temperature

X° = VR? — r?sinh (%)
X(t,r) =3 X'=r (r? <R?)
X? = /R2 — r2 cosh (%)

Time translations:

a(s)X(t,r) = X(t+s,r)

Maximal analyticity ==I1> KMS condition



W(X1,X2(t)) = (Yo, p(X1)U(t)p(X2)U(—t)Wo)

C = (Zl = 22)2 Imtt
21

0 Ret

1) W(X1,X2(t)) is analytic in the strip 0 < Im t < 27R
2) For t real W(X41,X2(t + 27iR)) = W(Xa(t), X1)

KMS condition at inverse temperature 2R



The asymptotic cone: causal structure

spacelike

C=21-25

: causal but not strongly causal’

X and Y are spacelike separated iff (X — Y)? < 0
(X—Y)2 =2R? —2X-Y = 2R? — 2(X°Y0 +- X9y — (X1y1 4. . 4+ Xx9"1yd=1)) <O
X-Y>1



Anti de Sitter chiral tubes

2 _ g2 {Xz—Y2:R2
B X-Y=0

b 4

Zo={Z=X+iY:Y* >0, £V - XY >0}




dS-QFT : Normal Analiticity
The AdS spectral condition implies that

W(x1,X2) = boundary value of W(z4,z5)

W(z4,z,) holomorphicin Z_ x Z,,

X




Normal Analyticity +Anti de Sitter invariance = Maximal Analyticity

W(Z1,22) = W(Q) = (21, 25)

a
T

Zy-Z

¢ 142
T The cut reflects causality and QM ‘

On the cut C(Xl,Xz) = W(Xl,Xg) — W(XQ,X:]_) 7& 0

S(X1,X35) = W(Z1,2Z2) e xHen s

(Jacques Bros, Henri Epstein and UM 1999)



KG - Two-point function

- e
e LG )
(=24 25 mz_yz_(d—l)Q



THE BUBBLE

/ Gf’nl (X1, XQ)GS',,,2 (X1, X2)dX4
Eqg



The bubble in dS e AdS

D(GE — INT(GE 4+ IMNT(GE — )45 L
I\ v,d) = (5= -5 +1 )d( 5= — iv)I'(% —|—IV)/ b ZQ.A
227 (9) L P
A\ e—l7’l’(d—2) o0 % 0’5_2 .
| _
2(A, v, d) A L We (W

The above integrals may be computed by using the Wronskian relations
among solutions of the Legendre differential equation:

d°f df (2
(1—22)E — 2zE + (V(V+ 1) — 1_22) f(z) =0

1
(v—0o)(loc+v+1)

N

/ fl, (X)gs (x)ax = [(1 —x*)2 (0 + p) (o — p+ 1)f5 (x)g " (x)

S - DR 0]

a
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A nicer elementary derivation

m1 - m%

ij_mQ(ny) :/Ede XZGd y, \/ dZ— m2
0
| Ga 268 0 2)VED oz = 505Gy
Eq

GY (x,y) — G2 (x, z

Examples: Minkowski and AdS (same in dS)

2—d d—2 _d 9-1_ (m2\%-1
Gin(r) = ;Tr <g - 1) + (’Zﬁ)gr (1— g) /Ed G, (%, 2)Gi, (x,2) dz = F((iﬂ)%z) (m2) o Enffél)
RYCEHNCED
I; G(AdS) _ 2 2 d< 2
r(1-4¢ (9t (9L 4+ )
bubblesgs = FAV(X,X) = S 2 (33d + V) — (SEd * )
(4m)s (2 —v2) \T (3% +v) T (33 +))



Cosmological corrections to the effective potential in
the O(N) model

Sig) = [ [Ao+ 5000190+ 2461 6) + (6| 12| v

Sq
Y =m72¢2 + 2t s | (m? + 30g?)? log m’ ::;’CWQ (N = 1)(m? + 6g0?)? log T ZQCgsozl
~ 282 | (M +306gp%) <log ik Jﬁcg(pz + %)
+ (N —1)(m* + cgp?) <log m chggﬂ + %)]
.\ 1ﬁ;2 B % log 3(m? +A3cg¢2) © log m?2 +M§Cg¢2 % B 327(3)

c m? +csp? 49  3((3
+(N1)<—log A + log qugSO +@— 4£3)>]+O(A3)



2-loop banana integrals

In(v1, ... Vng1,d) = /G‘,ﬁl(xo - X)GJ,(Xo - X) ... GY ., (Xo - X) dpu(X)

(Sergio Cacciatori, Henri Epstein and UM 2024)



Two-loop : PDE’s

E'( d) = : / - ! z dkdqgdpdzx
U, v, 2
el 2m)3d | k2 +ug2+vp?+2 qap

1 / dqdk
- (@2m)2 ) (k2 +u)(¢® +v)((g+ k)2 + 2)

mj



But in x-space still elementary
(ourselves, 2023)

oo m;
R++(m1’m27m37d) _/ r _%Ii_l (mllr)Ii—l (mg’l") K%—l (m3fr) dr LTI
0
o~ 21=9m —12F1 (n_|_]_ d_|_n’2,m_2) m%n '/l
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dS two-loop banana

r(e=L + ;)\ (2= —; 3
G%(—coss) = (% zz;))é/; i) (sins)_¥P , 2. (—coss).
T

I(V17 V2, V37d)

- /GVl (xO : x)Guz (5170 ) x)GV3 (33'0 . x) -

d

7(Td / G, (— cos s)Gy, (— cos §)G,, (— cos s)(sin s)?1ds
7)

Cp - 52 — 432 d—2
P2, P2 (P, 7 (w)(1—u?)" T du

= K (v, 10,V . .
d( 1,Y2, 3) —14in — S +ivg —5tvs

—1

= 2
Kalvr, va,vs) = = 22+% rar (4)
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de Sitter plane waves
Ia(X; €) = (X- ) AeC, £2=0

La (X, §) = AA +d = 1)pha (X, €)

Involution: A - A= —-A—d+1
Complex (squared) mass m? = A\

a(X, &) = erlosXd)

Um(x,p) = €'P* = e/mPX

)\:—d%l+iy, veR
A=-L 40, veR, v < G,



A sewing Is necessary around (X-¢) =0

(X-)* = 0(X-X- O +a(N)i(—X- &) (=X - )N



Plane waves are holomorphic in the tubes

PE(Z,6) = (XY - = ((X- &) +eFZ (Y- &)

(Y-&) >0forZe T+

(Y-&) <OforZe T~

(X- €)% = 0(X-E)(X- &) + e 0(=X



Fourier - type representation of the two-point
functions

v IS any complex number

X -




Kallen Lehmann expansions - Linearization

Wm1 (21,22) . e Wm1 (21,22) — / p(,LL, mq,..., mn)W’u(Zl,Zz)d/,Lz
0

Wi, (21,22) =/ pp, MW, (21,22)dp?
0



dS: Mehler -Fock transform

(%2 4+ i) T (%2 — )

WV<ZZLaZQ> — 2(27T)d/2 (CQ R 1)_dT P:%T_HV<<)

Evaluate the Mehler-Fock transform

d—2 d—2 d—2 d—2

P A v) = [P )P P, (R — 1) au

2

D (S +iv)T (52 —iv) T (2 40N T (52 —iN) sinh(7k) hg(k, A, v)

p(k, A\, v) =

J2(2m)tts
Wi (Z1,22)W,(Z1,22) = / p(ky A\, V)W,o (21, Z5)dK?
— OO
Trivial case : d = 3 P:i L (coshu) =/ Wsiihu Siny”“.
hs(. v A) — 1 sinh(7k) sinh(7w ) sinh(7v)

V8mTKkVA cosh W cosh W("H';‘_V) cosh W(H—;\-H/) cosh 7r(/£+2)\+1/) :



Using the Fourier-like representation

°© _d—2 _d=2 _d=2 d—2
ha(k, A, 1) = /1 P (W) P (WP () — 1)~ d

/H /S (y £1)7 7 T (y£) T W (y - £3) 2 T dy dy dSp dS2
d




The formula

oco _d=2 _d—2 d—2 2
/1 P12 (u)P 42 (u)P 2 (u)(u? 1) du =

d—1 iekticv4ie’ \
He e, el'==+1 r < + 2 >

 [Mema1 T (452 +ien) | [Momsr T (552 4 iev)] [Mermar T (952 + e’

(Jacques Bros, Henri Epstein, Michel Gaudin, UM, Vincent Pasquier 2009)

J. Penedones, 2011



WS (21,22) = Wi, (C) =

WS (O Wi (¢) = Z p(k; A, v) Wg+2k+>\+u<o

k=0

(20 + 4k + 22+ 2v)T (1 + 2k + A+ v) y
ATOT(O)[(20 + 2k + A + v)

y FO+KIO+A+KIO0+v+KI0+A+v+k)
F1+KIA+ A+ (L4+v+KT(L+A+v+k)

pa(k; N\, v) =

d—1
(Jacques Bros, Henri Epstein, Michel Gaudin, UM, Vincent Pasquier CMP, éOTIZ 4
[Submitted on 26 Jul 2011])

L. Fitzpatrick and J. Kaplan, “Analyticity and the Holographic S-Matrix,”
JHEP 10 (2012) [Submitted on 29 Nov 2011]




dS two-loop banana

DL +a)D(L —dw) . a4 _d=2
: 2(27T)d/22 (sins)” 2 P_, 2. (—coss).

G%(—coss) =

I(v1,v9,v3,d) = /G,,1 (2o - )Gy (20 - )Gy (x0 - ) =

/Gyl( cos §)G, (— cos 8)G,, (— cos s)(sin s)4 1 ds

Q
2
1 d—2 _d—2 _da—2 _d—2
= Kq(v1,v2,v3) P—§+w1 (U)P_%im (U)P_%i% (w)(1—u ) 1 du V1

3 _ . _ .
[T, T — i) T +ivy))
255 par (9

Ky(v1,v2,v3) =
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Using the KL and the bubble formulae

r(-53)
2075 (A2 — 12)

/2()\, vV, d) =

Ig(Vj_, vy, V3,d> = /GV1 (Xo -X)GV2 <Xo -X)Gy3 (Xo . X)dX =

= /P(VL vo, k)2 (K, v3,d)kdK = /g,l)(m, vo,v3,d) — /é2>(V1, Vo, v3,d).

Ad(X, ¥, W) = aq(X,y, w)x

Fo 25u+ U+1,04+u+1,20+2%x,20 +2y,20 +2U,0 — W+ U, 0 + W+ U 1
9 2x+12y+12u+15+u25+u25+u+15 Wru+1,04+wru+1’

4-20-3,—45=3 I'(4—26) cos(2mnw)T'(25—2w)T(2w+25)T(2x+25)T(2y+26)

aq(X,y,w) = sin(27x) sin(27y) T (2+1)T (2y+1) (W2 — (5+0)2 )T (—2u—26)T (2u+46)



Using the KL and the bubble formulae

i
Ia(\, v, d) = 2 2 - —2
) zdw%w—ua( FE-w)T G T(E-
Ig(Vl, Vo, 3, d) = /Gyl(Xo . X)G,/2 (Xo . X)G,,3 (XO . X)dX =

— /p(ul, Vo, K)la(k, v3,d)kdk = /gl)(l/j_, vo,v3,d) — /g2)(V1, vo,vs,d).
2 iV1 iVQ iV3 d—1
() E Bd €X €y7 ) X:—,y:—,Z:—,éz—

Bd(x7y7 W) — bd(xuy7 W)

« F 20,0 +u+1,0 —w+u, 0 +w+u,20 + 2x,20 + 2y,20 + 2u 1
e\ ox+1.2y+1,2x+2y+ 1.6 +ud—wHu+1,5+wH+u+1"’

2780 AT R 1=40T (2 — 26) csc(2mX) csc(2my) esc(2mu)D(2x + 26)T(2y + 26)

DoY) = (5 w2 — we) T(2x + )Ty + )T (2u + )T(—4u— 40)F (2u+ 25+ 1)




Example : First Divergent case : d=3

1 1 1 1 — v+ log(4n)

I(my,mg,mg,d ~ 3) = — log(my + ma + m3) +

32r2d —3 1672 322
1 ™
I d) =—
(1/171/271/37 ) 32 (d 3)+
w ( i(v1— 1/2 IJ3)) ( 7:(1/1_1;2_’/3))
— sinh(7(v1 — v — v3))+
12872 smh(7r1/1) sinh(7vp) sinh(7vs)
¢ ( z(V1+V2+V3)) <1 . z(V1+V2+V3))
2
inh m
12872 sinh (71 ) sinh(7vy) sinh(7vs) sinh(r(vy + vz + v5))+ ?
w ( z(ul I/2—|—I/3)) ( . ’L(V1—V2+V3))
2
‘1h _
12872 sinh(7vy ) sinh(7vg ) sinh(7vs) sinh(m(vy = vy +v5))+
@b ( 1,(1/1—{—1/2 1/3)) <_ . 1(V1+V2—V3))
2
inh — (1
12872 smh(7rl/1) sinh(7vy) sinh(7vs) sinb(m(vy +vz —vg)). (1)
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