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(and anti de Sitter) 
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Lemaître’s prophecy

The introduction of such a constant implies a 
considerable renunciation of the logical 
simplicity of the theory [...] 
Since I introduced this term, I had always a 
bad conscience […]
I am unable to believe that such an ugly 
thing should be realized in nature. 

Albert Einstein,  
Contribution to the book  

“Albert Einstein:  Philosopher–Scientist”, 1949

The history of science provides many 
instances of discoveries which have been 
made for reasons which are no longer 
considered satisfactory […]
It may be that the discovery of the 
cosmological constant is such a case. 

George E. Lemaître,  
Contribution to the book  

“Albert Einstein:  Philosopher–Scientist”, 1949



…Einstein’s prophetic outlook

In any case, one thing is clear. The theory of general 
relativity allows adding the term 𝛬𝑔𝜇𝜈 in the 
equations. 

One day, our real knowledge of the composition of the 
sky of fixed stars, the apparent motions of the fixed 
stars and the position of spectral lines as a function 
of distance, will probably be sufficient to decide 
empirically whether or not 𝛬 is equal to zero. 

Conviction is a good motive, but a bad judge
. 

Albert Einstein  
Letter to Willelm de Sitter

April 13, 1917

Λ



The cosmological constant at work
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(A)dS QFT….?



AdS covering does not really help



A SOMETIMES FORGOTTEN KEY PROPERTY OF 
QUANTUM FIELD THEORY

Prelude



The spectral property of QFT
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Normal Analyticity

Spectral condition ←→  Any (general) two-point function is the 
boundary value of a function analytic in the tube of the complex 
Minkowski spacetime
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The cut reflects causality and QM

Normal Analyticity + Complex Lorentz invariance =Maximal Analyticity 
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The permuted extended tube contains the non coincident Euclidean points



Klein-Gordon field : a crash review

Lorentz Invariance
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<latexit sha1_base64="3mVd52JzEh9NMDirkpM4D5fwvzY="></latexit>

�(±)
�S ([) =

exp(±LS[)
�
�

(��)G���
<latexit sha1_base64="DpVyc39ITrxdUqjni1WeasX+I0o="></latexit>

S� = � =
�

|�S|� +P�

<latexit sha1_base64="p3ln4H4G/2vIZHVDUQdVWfMD3yE="></latexit>

6GP([(�, [
(
�) = *GP([(�, [

(
�)

<latexit sha1_base64="Dit3PuiVa2b/NqorBy09q28g0gk="></latexit>

6GP([(�, [
(
�) =

�
(��)

G
�

� U
P

��� G
�
. G
���

(PU)

<latexit sha1_base64="m4RhQyP7oMFokgQV6+s9IlzxNR4="></latexit>

=
�

(��)G

�
H�LS([(��[(�)

S� + P�
GS



An easy exercise: the bubble

<latexit sha1_base64="YOkLLBHqQ3lpujB4lnA8yRTbQ/g="></latexit>x
<latexit sha1_base64="7OEa2orwR4nAie+ogDx7+zjWn8Q="></latexit>y

<latexit sha1_base64="Vh1nlrTKnhuTdFiv2nl9zC01wdg="></latexit>�
Gm1(x � y)Gm2(x � y)dx =

1

(2�)d

�
1

(p2 + m2
1)(p

2 + m2
2)

ddp

<latexit sha1_base64="NbQ/WJk+unnR1hJ9jHI8Znp8Je8="></latexit>�
Gm1(x � y)Gm2(x � y)dx = �

�
�
1 � d

2

�

(4�)
d
2

(m2
1)

d
2 �1 � (m2

2)
d
2 �1

m2
1 � m2

2



The bubble in x-space



The bubble in x-space

<latexit sha1_base64="vCY1azuUkWbBI7cXKxIWfrnBHZU="></latexit>� �

0
I� (ar) K� (br) rdr =

��

n=0

(a/2)2n+�

n! �(n + � + 1)

� �

0
r1+2n+�K� (br) dr

=
��

n=0

2�+2nb���2n�2�
�
n +

�

2
� �

2
+ 1

�
�

�
n +

�

2
+

�

2
+ 1

�

=
a��

� �+�
2 + 1

�
�

� �+�
2 � 1

�
2F1

�
�+�

2 + 1, ���
2 + 1; � + 1; a2

b2

�

b�+2�(� + 1)



BACK TO DE SITTER
Main Course



The asymptotic cone: causal structure

timelike

<latexit sha1_base64="Rp9DQvIclbtqYE+Ll3GF0N1VzOU="></latexit>

; DQG < DUH VSDFHOLNH VHSDUDWHG LII (; � <)� < �

<latexit sha1_base64="lYCSpn5zrCAW/YGs1Eh2z9ihpxQ="></latexit>��

<latexit sha1_base64="7Sg04PK4RWQu1t5V4lJaGpwrsX4="></latexit>

� = =� · =�

<latexit sha1_base64="gJBv29Q0op11qLXaoGbys0HEWc4="></latexit>

WLPHOLNH (; � <)� = ��� �; · < > �



Forward de Sitter tubes
<latexit sha1_base64="iNqD2Ema9TW1i3Hp5lgNd5XFO08="></latexit>

; · < = �<latexit sha1_base64="aKoNuV9PpbWXGSt1V1Y/waMai5c="></latexit>

;� � <� = �5�
<latexit sha1_base64="QwfYGMkt8maMvgVHSCsDmCq18mY="></latexit>

T ± = {= = ; + L< : <� > �, ±<� > �}

<latexit sha1_base64="hA/VAIdwlS/pXEnDj5Hv/1crugs="></latexit>

;� = �5� + <�
<latexit sha1_base64="/ZT712cJMF/efNBfAR+Hsz1XnLU="></latexit>

� = �5� + <�

<latexit sha1_base64="nvRnvYYgca6tppw8euQBbYWE0u8="></latexit>

++
G = {; = �, <� = 5�, <� > �}

<latexit sha1_base64="ZdHoeiV4PuYdMNNN0Griq2vdU70="></latexit>

=� = �5�



Backward de Sitter tube

<latexit sha1_base64="iNqD2Ema9TW1i3Hp5lgNd5XFO08="></latexit>

; · < = �

<latexit sha1_base64="aKoNuV9PpbWXGSt1V1Y/waMai5c="></latexit>

;� � <� = �5�

<latexit sha1_base64="QwfYGMkt8maMvgVHSCsDmCq18mY="></latexit>

T ± = {= = ; + L< : <� > �, ±<� > �}

<latexit sha1_base64="3Qq+sZJt1rr2cqxVgfOOkbP0GT4="></latexit>

+�
G = {; = �, <� = 5�, <� < �}



dS-QFT :  Normal Analiticity Hypothesis

<latexit sha1_base64="x4V0Kb46jpthu2KHYao7y1+yEKA="></latexit>

T± = {= = ; + L< : <� > �, ±<� > �}

<latexit sha1_base64="cm4+Ohoi7/akK3ubknz10dOFm3Y="></latexit>

:(]�, ]�) KRORPRUSKLF LQ T� � T+�

<latexit sha1_base64="9rTRXGFfevfx6/vksPfD0cupv6w="></latexit>

W([�, [�) = ERXQGDU\ YDOXH RI :(]�, ]�)

<latexit sha1_base64="5q4WtUC8RKD7h0SWHrMhICfe5Ic="></latexit>�



Normal Analyticity +complex de Sitter invariance =Maximal Analyticity 

<latexit sha1_base64="YmSMzIk26kMJ4wbIs61oLpO9m4g="></latexit>

1R FXW �� 1R FRPPXWDWRU
<latexit sha1_base64="lYCSpn5zrCAW/YGs1Eh2z9ihpxQ="></latexit>��

<latexit sha1_base64="yMrQNWoFuvUr1CQJjv8xe0xBJqI="></latexit>

:(=�, =�) = :(�) = W(=�, =�)

<latexit sha1_base64="7Sg04PK4RWQu1t5V4lJaGpwrsX4="></latexit>

� = =� · =�

<latexit sha1_base64="HBXVh1x1xLrPtmyT61J0bFCocnI="></latexit>

6(;(�, ;
(
�) = W(=�, =�)|(G�(G\�

<latexit sha1_base64="PGfi+HjsheizXlafnk26IdPhieY="></latexit>

2Q WKH FXW &(;�, ;�) = W(;�, ;�) � W(;�, ;�) �= �

The cut reflects causality and QM

(Jacques Bros and UM 1994)



Maximally analytic two-point function (aka BD)

<latexit sha1_base64="/sfu9jeBA7cS/aQYRjAd9qbE7Qo="></latexit>

� = ]� · ]�

<latexit sha1_base64="lYCSpn5zrCAW/YGs1Eh2z9ihpxQ="></latexit>��

<latexit sha1_base64="7jD3PjzmdMChCdHRqE74zmOeM6k="></latexit>

*�(� cos V) =
�( G��

� + L�)�( G��
� � L�)

�(��)G/� (sin V)� G��
� H

L�
� (G��)P

� G��
�

� �
�+L�(� cos V)

<latexit sha1_base64="Ov3T8w/I+n3etq6heX3PkZ4JNaA="></latexit>

]� · ]� = � cos(V)
<latexit sha1_base64="JjIwwwvm9uNV9vSJEFHzVf1bOgo="></latexit>

7KH 6FKZLQJHU IXQFWLRQ �WKH (XFOLGHDQ SURSDJDWRU� LV WKH UHVWULFWLRQ
RI WKH PD[LPDOO\ DQDO\WLF WZR�SRLQW IXQFWLRQ WR WKH (XFOLGHDQ VSKHUH

<latexit sha1_base64="9KQmE6jmsaRqLkH0ai3MF0cnpk0="></latexit>

=
�

� G��
� + L�

�
�

� G��
� � L�

�

(��)G/��
� G
�

� �)�
�

G � �
�

+ L�,
G � �
�

� L�;
G
�

;
�� �

�

�

<latexit sha1_base64="2NG1dnW4Qjw1Btgv+AKvG2dJxcE="></latexit>

:�(=�, =�) =
�

� G��
� + L�

�
�

� G��
� � L�

�

�(��)G/�
(�� � �)� G��

� 3� G��
�

� �
�+L�(�)



Time translations:

Maximal analyticity ==I> KMS condition

Physical interpretation: temperature

<latexit sha1_base64="M50o/TgGCDqE6AR5uu1/+T+rVAQ="></latexit>

�(V);(W, U) = ;(W + V, U)

<latexit sha1_base64="THxZRbTPbFcd3rQnFsXgIle/dvg="></latexit>

;(W, U) =

<latexit sha1_base64="l+inqTJ/4+HbQJgv/ZGkkPRKduA="></latexit>

{
<latexit sha1_base64="NiiQx0B4kBnOrGARo23CArlCYMc="></latexit>

;� =
�
5� � U� sinh

� W
5

�

;L = UL (U� < 5�)
;G =

�
5� � U� cosh

� W
5

�



KMS condition at inverse temperature 2πR

<latexit sha1_base64="z33wKmNo/gVjCmMPViEHLrNkKMs="></latexit>

� = (]� � ]�)�

<latexit sha1_base64="K+sHLyt1Wmi9PKAcTbrgiA0tzMc="></latexit>

�

<latexit sha1_base64="im4DClfW13sZrgpSbV6KdDgX7Hs="></latexit>

:(;�, ;�(W)) = ���, �(;�)8(W)�(;�)8(�W)���

<latexit sha1_base64="u4S0XxD3y2i3n/W8Cs+bxcSuM3Q="></latexit>

�� :(;�, ;�(W)) LV DQDO\WLF LQ WKH VWULS � < ,P W < ��5
<latexit sha1_base64="aCH3m/ncHq8vB2dMvuwIuQTGeS8="></latexit>

�� )RU W UHDO :(;�, ;�(W + ��L5)) = :(;�(W), ;�)



The asymptotic cone: causal structure

AdS: causal but not strongly causal

spacelike

<latexit sha1_base64="Rp9DQvIclbtqYE+Ll3GF0N1VzOU="></latexit>

; DQG < DUH VSDFHOLNH VHSDUDWHG LII (; � <)� < �
<latexit sha1_base64="JZKLlsBDeAT6xYK6JQBryHwgyb4="></latexit>

(;�<)� = �5���; ·< = �5���(;�<�+;G<G � (;�<�+ . . .+;G��<G��)) < �
<latexit sha1_base64="mX+dUDhKYIe6YqV5Om2OzGkXdtE="></latexit>

; · < > �

<latexit sha1_base64="7Sg04PK4RWQu1t5V4lJaGpwrsX4="></latexit>

� = =� · =�
<latexit sha1_base64="EtpBl5s+QBryYil0zKBeXaIwzOE="></latexit>

�� �



Anti de Sitter chiral tubes
<latexit sha1_base64="7e9Wkxfc3pZR8AqJoqkqeEW1BEY="></latexit>

;� � <� = 5�
<latexit sha1_base64="iNqD2Ema9TW1i3Hp5lgNd5XFO08="></latexit>

; · < = �
<latexit sha1_base64="FmxdDG/9Mysld8Zs7uHoGMa4Frs="></latexit>

=� = 5�
<latexit sha1_base64="SUxcRWVnT0DwQ/qj+AimxN06Rp8="></latexit>

{
<latexit sha1_base64="+M1vhU4AEOFPXSbyrLsi69U9nAA="></latexit>

Z± = {= = ; + L< : <� > �, ±(;�<G � ;G<� > �}



dS-QFT :  Normal Analiticity

<latexit sha1_base64="9rTRXGFfevfx6/vksPfD0cupv6w="></latexit>

W([�, [�) = ERXQGDU\ YDOXH RI :(]�, ]�)

<latexit sha1_base64="5q4WtUC8RKD7h0SWHrMhICfe5Ic="></latexit>�

<latexit sha1_base64="U57h1ZL28gRieiehRdK8Eh5ReeY="></latexit>

:(]�, ]�) KRORPRUSKLF LQ Z� � Z+�

<latexit sha1_base64="OCbAjo16J0q3jxYZQQ/QQd/Zhyg="></latexit>

7KH $G6 VSHFWUDO FRQGLWLRQ LPSOLHV WKDW



Normal Analyticity +Anti de Sitter invariance = Maximal Analyticity 

<latexit sha1_base64="yMrQNWoFuvUr1CQJjv8xe0xBJqI="></latexit>

:(=�, =�) = :(�) = W(=�, =�)
<latexit sha1_base64="7Sg04PK4RWQu1t5V4lJaGpwrsX4="></latexit>

� = =� · =�

<latexit sha1_base64="PGfi+HjsheizXlafnk26IdPhieY="></latexit>

2Q WKH FXW &(;�, ;�) = W(;�, ;�) � W(;�, ;�) �= �

The cut reflects causality and QM

(Jacques Bros, Henri Epstein and UM 1999)

<latexit sha1_base64="EtpBl5s+QBryYil0zKBeXaIwzOE="></latexit>

�� �

<latexit sha1_base64="zdzVgiDIVgoQb+RH6dA4tnp8w3E="></latexit>

6(;(�, ;
(
�) = W(=�, =�)|+G�+G\�



KG - Two-point function

<latexit sha1_base64="kV8CyTMbXnZF5rp/7w8jwo936PU="></latexit>

:G
�(]�, ]�) =

�
(��)

G
�
(�� � �)� G��

� H�L� G��
� 4

G��
�

� �
�+�

(�)

<latexit sha1_base64="yP5yyov1CktwjVZIBGYA7bQb/28="></latexit>

P� = �� � (G� �)�

�

<latexit sha1_base64="BF7UIUYHPl7oimw8/H5p2Rb4gkw="></latexit>

=
�

� G��
� + �

�

��
G��
� (��)

G��
� +��(� + �)

�)�
�
G � �
�

+
�

�
,
G + �
�

+
�

�
; � + �;

�
��

�

<latexit sha1_base64="VMH68V8RaQez8btia4AVgbTwGPA="></latexit>

� = =� · =�

<latexit sha1_base64="7Sg04PK4RWQu1t5V4lJaGpwrsX4="></latexit>

� = =� · =�

<latexit sha1_base64="EtpBl5s+QBryYil0zKBeXaIwzOE="></latexit>

�� �



THE BUBBLE

<latexit sha1_base64="SnXl6OR10RsC/kFJnAguQh7lsJc="></latexit>�

(G
*GP�([�, [�)*

G
P�([�, [�)G[�



<latexit sha1_base64="xC6kz0IU0UyEneHJUdnz05NgwO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dV2z632yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AZR1jeM=</latexit>

X0
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>·

<latexit sha1_base64="7QGRWSDfPA46D+Yu15zivfdf+0g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrtcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ab/KNQA==</latexit>

X
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>

·
<latexit sha1_base64="xC6kz0IU0UyEneHJUdnz05NgwO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dV2z632yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AZR1jeM=</latexit>

X0
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>·<latexit sha1_base64="7QGRWSDfPA46D+Yu15zivfdf+0g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrtcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ab/KNQA==</latexit>

X
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>

·
The bubble in dS e AdS

<latexit sha1_base64="hlYdkoW3qN/HsVzH5NEyAP8aYwc="></latexit>

7KH DERYH LQWHJUDOV PD\ EH FRPSXWHG E\ XVLQJ WKH :URQVNLDQ UHODWLRQV
DPRQJ VROXWLRQV RI WKH /HJHQGUH GLIIHUHQWLDO HTXDWLRQ�

<latexit sha1_base64="mlZWGmyH9KfMn883jhpozYV25Jw="></latexit>
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<latexit sha1_base64="/Xnosr8mnNdQAfRdL9osHvGq8WM="></latexit>
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<latexit sha1_base64="kiud+WkIsff2KUzlyqbU2b9NaNk="></latexit>� E

D
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<latexit sha1_base64="JiHrslSyUjpq3j2jkI7DzJB5Kqs="></latexit>
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1-loop - two masses

<latexit sha1_base64="eJ50S3vPGbjeboL07tj5nkKtUsE="></latexit>
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<latexit sha1_base64="WRm0f1L9Al7hVpZTFzQ3pzW1Klo="></latexit>
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<latexit sha1_base64="4UW1yeclerBjkX+YiUFfa/03Edc="></latexit>

,�(�, �, G) = ��G���� G
����

�
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�
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�

�

�
G � �
�

+ L�
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�
<latexit sha1_base64="l2r4RG1Mk18cT8oRvdpRC/I3X3w=">AAADYnictVLLbhMxFPUkPEp4NGmXsLBIKiUqeUwkCsuqIGDBokikrRRHkePxZKx47JF9BzWy5kP4DD6HPf8BniRIaVqWXMnS8bnnXtv3eJZJYWEw+BlUqvfuP3i496j2+MnTZ/v1xsGF1blhfMS01OZqRi2XQvERCJD8KjOcpjPJL2eLd2X+8hs3Vmj1FZYZn6R0rkQsGAVPTevfa60WJiBSbklsKHOOSB5DW2DCtE1wm2QCY6Jy3MEEk8yKtov6w25Y9N2w6Ioy1en+W4235cdr+fFaZYVKtgqIEfMEOkXh/LZotab15qA3WAW+DcINaKJNnE8bwQ8SaZanXAGT1NpxOMhg4qgBwSQvaiS3PKNsQed87KGi/tETt5phgY88E+FYG78U4BW7XeFoau0ynXllSiGxu7mSvCs3 ziF+O3FCZTlwxdYHxbnEoHFpCI6E4Qzk0gPKjPB3xSyh3grwtv2fTm51y4yzGzNx17kSTEd8h5VwDYZ60nJIqVDlfNwHQ9XCfzr8UUPiDzrTevFX4nuXmvZ7MRdgX332X0117q7wJoe7lt4GF8NeeNJ7/WXYPD3b2L2HnqOXqI1C9Aadok/oHI0QQ7+Do6AX9Cu/qrVqo3q4llaCTc0huhHVF38AfLISnw==</latexit>

� (L cosh(��) �(G/�� �/�� L�) � L cosh(��) �(G/�� �/�+ L�) + � sinh(��))

�
<latexit sha1_base64="NuhQCJ6mSeGXibWqZVvDtX6jxq8="></latexit>
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+ O(G � �).



<latexit sha1_base64="Ud/HN54bSU0TERlN8wGGYfOAVvg="></latexit>z

A nicer elementary derivation

<latexit sha1_base64="6Jr3hCIenw9atM4MuyVGwNQkoIE="></latexit>�
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G
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<latexit sha1_base64="IE1WqO6eaOJW3aJfRq9pEPfJsFs="></latexit>
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<latexit sha1_base64="uzEyRhEjT1Vpb5iCXXTBpRPsnE4="></latexit>
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<latexit sha1_base64="57vzx9T6eZ0WPEeZ75IlBUC/dV4="></latexit>�
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<latexit sha1_base64="kklSHB/kLNRwfw77Tf/OZXoqAA4="></latexit>�
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G
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�
J(]) G] =
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P�� � P��

<latexit sha1_base64="e38ZHWclb0dYpS+zde1IC3NdGog="></latexit>

EXEEOH = OLP\�[
*G
P�([, \) � *G

P�([, \)
P�� � P��

.
<latexit sha1_base64="ndV9Y6b/3ArWAlqbU1CsVFUbOG0="></latexit>m2

<latexit sha1_base64="7OEa2orwR4nAie+ogDx7+zjWn8Q="></latexit>y
<latexit sha1_base64="Ud/HN54bSU0TERlN8wGGYfOAVvg="></latexit>z

Examples: Minkowski and AdS (same in dS) 

<latexit sha1_base64="pXDldvWpTVqeD2peH7M3khJ+2I0="></latexit>
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<latexit sha1_base64="NIsKhE2L1BUUd661wFhuOdxE1K0="></latexit>
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<latexit sha1_base64="S4/GF9nkWfa7MSMwwmpGMojp4+o="></latexit>

)P�P�([, \) =



Cosmological corrections to the effective potential in 
the O(N) model

<latexit sha1_base64="LRhUqIhe+tM43XmbPIKtSLqcRrk="></latexit>
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<latexit sha1_base64="2zTOC0heqQpO64LcmUTy8xwVPMw="></latexit>
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2-loop banana integrals

<latexit sha1_base64="xC6kz0IU0UyEneHJUdnz05NgwO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dV2z632yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AZR1jeM=</latexit>

X0
<latexit sha1_base64="7QGRWSDfPA46D+Yu15zivfdf+0g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrtcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ab/KNQA==</latexit>

X

<latexit sha1_base64="xC6kz0IU0UyEneHJUdnz05NgwO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dV2z632yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AZR1jeM=</latexit>

X0
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>·

<latexit sha1_base64="7QGRWSDfPA46D+Yu15zivfdf+0g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrtcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ab/KNQA==</latexit>

X
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>

·
<latexit sha1_base64="WkGCE0V54d5iFZ0OePJAWy1Ghfc="></latexit>

,Q(��, . . . , �Q+�, G) =
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*G

��(;� · ;)*G
��(;� · ;) . . .*G

�Q+�
(;� · ;) Gµ(;)

<latexit sha1_base64="xC6kz0IU0UyEneHJUdnz05NgwO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dV2z632yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AZR1jeM=</latexit>

X0
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>·

<latexit sha1_base64="7QGRWSDfPA46D+Yu15zivfdf+0g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrtcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ab/KNQA==</latexit>

X
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>

·

<latexit sha1_base64="xC6kz0IU0UyEneHJUdnz05NgwO0=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LLaCp5IU/DgWvXisYGqhDWWz3bRLN5uwOxFK6W/w4kERr/4gb/4bt20O2vpg4PHeDDPzwlQKg6777RTW1jc2t4rbpZ3dvf2D8uFRyySZZtxniUx0O6SGS6G4jwIlb6ea0ziU/DEc3c78xyeujUjUA45THsR0oEQkGEUr+dV2z632yhW35s5BVomXkwrkaPbKX91+wrKYK2SSGtPx3BSDCdUomOTTUjczPKVsRAe8Y6miMTfBZH7slJxZpU+iRNtSSObq74kJjY0Zx6HtjCkOzbI3E//zOhlG18FEqDRDrthiUZRJggmZfU76QnOGcmwJZVrYWwkbUk0Z2nxKNgRv+eVV0qrXvMvaxX290rjJ4yjCCZzCOXhwBQ24gyb4wEDAM7zCm6OcF+fd+Vi0Fpx85hj+wPn8AZR1jeM=</latexit>

X0
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>·<latexit sha1_base64="7QGRWSDfPA46D+Yu15zivfdf+0g=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIph4IrskPo5ELx4xyiOBDZkdZmHC7OxmpteEED7BiweN8eoXefNvHGAPClbSSaWqO91dQSKFQdf9dnJr6xubW/ntws7u3v5B8fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3c781hPXRsTqEccJ9yM6UCIUjKKVHsrtcq9YcivuHGSVeBkpQYZ6r/jV7ccsjbhCJqkxHc9N0J9QjYJJPi10U8MTykZ0wDuWKhpx40/mp07JmVX6JIy1LYVkrv6emNDImHEU2M6I4tAsezPxP6+TYnjtT4RKUuSKLRaFqSQYk9nfpC80ZyjHllCmhb2VsCHVlKFNp2BD8JZfXiXNasW7rFzcV0u1myyOPJzAKZyDB1dQgzuoQwMYDOAZXuHNkc6L8+58LFpzTjZzDH/gfP4Ab/KNQA==</latexit>

X
<latexit sha1_base64="TsjZjNGOY1M03IBj7UA3qRx1A34=">AAAB73icbVDLSgNBEOyNrxhfUY9eBhPBU9gN+DgGvXiMYB6QLGF2djYZMjuzzswKYclPePGgiFd/x5t/4yTZgyYWNBRV3XR3BQln2rjut1NYW9/Y3Cpul3Z29/YPyodHbS1TRWiLSC5VN8CaciZoyzDDaTdRFMcBp51gfDvzO09UaSbFg5kk1I/xULCIEWys1K32SShNqTooV9yaOwdaJV5OKpCjOSh/9UNJ0pgKQzjWuue5ifEzrAwjnE5L/VTTBJMxHtKepQLHVPvZ/N4pOrNKiCKpbAmD5urviQzHWk/iwHbG2Iz0sjcT//N6qYmu/YyJJDVUkMWiKOXISDR7HoVMUWL4xBJMFLO3IjLCChNjIyrZELzll1dJu17zLmsX9/VK4yaPowgncArn4MEVNOAOmtACAhye4RXenEfnxXl3PhatBSefOYY/cD5/AMvdjyo=</latexit>

·

(Sergio Cacciatori, Henri Epstein and UM 2024)



Two-loop : PDE’s



But in x-space still elementary 
(ourselves, 2023)



dS two-loop banana



de Sitter plane waves

<latexit sha1_base64="a3Sd6P/U4oxiXfjfPj4GxiUIxX8="></latexit>���(;, �) = �(� + G � �)��(;, �)

<latexit sha1_base64="FN5zTZhg/0LuKFDdJp+qfum/pJo="></latexit>

,QYROXWLRQ� � � �̄ = �� � G+ �
&RPSOH[ �VTXDUHG� PDVV P� = �̄�

<latexit sha1_base64="Y932O/25YqPutYyT7A9Ouo2/9nI="></latexit>

��(;, �) = H� log(;·�)
<latexit sha1_base64="64Pf6jznLwQOE3kDQadc7f3K1u8="></latexit>

�P([, Ŝ) = HL S·[ = HL P Ŝ·[

<latexit sha1_base64="05X6dgBnYM/l1nWJF5Fdu+eEB5s="></latexit>

��(;, �) = (; · �)�
<latexit sha1_base64="4s/nlUCxiEYh9otB0BH09aARZLg="></latexit>

� � C, �� = �

<latexit sha1_base64="IKQoA52GnBQwSOixZz/WvocJLw8="></latexit>

� = � G��
� + L�, � � R

<latexit sha1_base64="zwRUbOhPuR3e3Byc/3DQo9MFIMk="></latexit>

� = � G��
� + �, � � R, |�| < G��

� �



A sewing is necessary around
<latexit sha1_base64="eaBqorKDh2XEhqbi2nyGIFNTJ00="></latexit>

(; · �) = �

<latexit sha1_base64="fDjGtWPNkDBdFUz7yBKRGYR0tew="></latexit>

(; · �)� � �(; · �)(; · �)� + D(�)�(�; · �)(�; · �)�



<latexit sha1_base64="HhCssj91WbYz1EOv0kISMChUCJQ="></latexit>

(< · �) > � IRU = � T +

<latexit sha1_base64="ar5TL5lyINeR8wNVmzioXLjIRSw="></latexit>

(< · �) < � IRU = � T �

Plane waves are holomorphic in the tubes

<latexit sha1_base64="tsPgrfrV434J9uyJrDhI9uCwwsE="></latexit>

�±
� (=, �) = (; ± L< · �)� = ((; · �) + H± L�

� (< · �))�

<latexit sha1_base64="FFFIqVUIhHtLvtgIOVqUC1vY9+I="></latexit>

(; · �)�
± � �(; · �)(; · �)� + H±L���(�; · �)(�; · �)�



Fourier - type representation of the two-point 
functions

<latexit sha1_base64="CiWJxXC9dXw+WLDQggyEqwajRQQ="></latexit>

:(]�, ]�) =

�
�(�)

�S (]�)�
(+)
�S (]�)G�S

<latexit sha1_base64="DuG7eSLaLYy3yJQqNS6JtFxV93k="></latexit>

:�(=�, =�) = &(�)

�

�
(� · =�)� G��

� �L�(� · =�)� G��
� +L� Gµ�(�)

<latexit sha1_base64="/Df/URKa1L5+UDYJeLgGStb+0SU="></latexit>

� LV DQ\ FRPSOH[ QXPEHU



Kallen Lehmann expansions - Linearization

<latexit sha1_base64="4apsp082Mh4RtAgQB4THjKpg3UQ="></latexit>

:�P(]�, ]�) =

� �

�
�(µ,P):µ(]�, ]�)Gµ�

<latexit sha1_base64="OhB6AVpQ6SWujvB44ZNPwsBPCH8="></latexit>

:P�(]�, ]�) . . .:P�(]�, ]�) =

� �

�
�(µ,P�, . . . ,PQ):µ(]�, ]�)Gµ�



dS: Mehler –Fock transform

Evaluate the Mehler-Fock transform 

<latexit sha1_base64="mLNYRoayJs6kwgXn6/5I6V1NhFg="></latexit>

3� �
�

� �
�+L�(cosh X) =

�
�

� sinh X
sin �X

�
.

<latexit sha1_base64="/X3RQ7Cx1JT1dVtj/X97I8dajMk="></latexit>

K�(�, �, �) =
��
�����

sinh(��) sinh(��) sinh(��)

cosh �(�����)
� cosh �(�+���)

� cosh �(���+�)
� cosh �(�+�+�)

�

.

<latexit sha1_base64="5q/1CEDvtO8To4pRMedlEQGtGs8="></latexit>

7ULYLDO FDVH � G = �

<latexit sha1_base64="wCIEHkL2lMkJV0isfLy/5pMmvMo="></latexit>

KG(�, �, �) =

� �

�
3� G��

�
� �
�+L�(X) 3� G��

�
� �
�+L�(X)3� G��

�
� �
�+L�(X)(X� � �)� G��

� GX
<latexit sha1_base64="y2DYgImh+veMMXoLFLr/WWY7E2k="></latexit>

�(�, �, �) =
�

� G��
� + L�

�
�

� G��
� � L�

�
�

� G��
� + L�

�
�

� G��
� � L�

�
sinh(��) KG(�, �, �)

�(��)�+
G
�

.

<latexit sha1_base64="oTncDrNVnafmIP0ikMV3KC8WxRs="></latexit>

:�(=�, =�) =
�

� G��
� + L�

�
�

� G��
� � L�

�

�(��)G/�
(�� � �)� G��

� 3� G��
�

� �
�+L�(�)

<latexit sha1_base64="Q1/0aJg3HTsI6+G3vN91ULNgCa8="></latexit>

:�(=�, =�):�(=�, =�) =

� �

��
�(�, �, �):�(=�, =�)G��



Using the Fourier-like representation

<latexit sha1_base64="wCIEHkL2lMkJV0isfLy/5pMmvMo="></latexit>

KG(�, �, �) =

� �

�
3� G��

�
� �
�+L�(X) 3� G��

�
� �
�+L�(X)3� G��

�
� �
�+L�(X)(X� � �)� G��

� GX



The formula 

(Jacques Bros, Henri Epstein, Michel Gaudin,  UM,  Vincent Pasquier 2009)

J. Penedones, 2011



KL AdS

<latexit sha1_base64="MS3jk8BHmZ5hGvhTQdkXYRQBJ6M="></latexit>

:G
�(]�, ]�) = ZG

�(�) =
�

(��)
G
�
(�� � �)� G��

� H�L� G��
� 4

G��
�

� �
�+�

(�)

<latexit sha1_base64="Vm3Lo8vRByGw6MqtEQnVAiZi6bI="></latexit>

ZG
�(�)ZG

�(�) =
��

N=�

�(N; �, �)ZG
�+�N+�+�(�)

<latexit sha1_base64="zxbyAIHJe6/7yQZ2lC4IZeZcfMo="></latexit>

�G(N; �, �) =
(�� + �N + �� + ��)�(�+ �N + � + �)

����(�)�(�� + �N + � + �)
�

� �(� + N)�(� + � + N)�(� + � + N)�(� + � + � + N)
�(�+ N)�(�+ � + N)�(�+ � + N)�(�+ � + � + N)

.

<latexit sha1_base64="WVJ9mVDhUoy2Gd2DCRO880Px+uA="></latexit>

� =
G � �
�(Jacques Bros, Henri Epstein, Michel Gaudin,  UM,  Vincent Pasquier CMP, 2012 

[Submitted on 26 Jul 2011])

L. Fitzpatrick and J. Kaplan, “Analyticity and the Holographic S-Matrix,”
JHEP 10 (2012) [Submitted on 29 Nov 2011]



dS two-loop banana



Using the KL and the bubble formulae
<latexit sha1_base64="eJ50S3vPGbjeboL07tj5nkKtUsE="></latexit>

,�(�, �, G) =
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�
�� G

�

�

�G�
G
� (�� � ��)
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�

� G��
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�
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��
� + L�
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�

� G��
� + L�

�

�
��
� � L�

�
�

��
� + L�
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<latexit sha1_base64="f7pfUHbectbSilknVSlPPX1oM5s="></latexit>

,�(��, ��, ��, G) =

�
*��([� · [)*��([� · [)*��([� · [)G[ =

=

�
�(��, ��, �),�(�, ��, G)�G� = ,(�)� (��, ��, ��, G) � ,(�)� (��, ��, ��, G).

<latexit sha1_base64="mNtN0KAN6svjAaBBrVbqrj7aDoQ="></latexit>

[ =
L��
�

, \ =
L��
�

, ] =
L��
�

, � =
G � �
�

<latexit sha1_base64="XZt2zy2oxLxL1Du9o6cGak0Vht4="></latexit>

$G([, \,Z) = DG([, \,Z)�

�)�
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��, X + �

� , X + �, � + X + �,�� + �[,�� + �\,�� + �X, � � Z + X, � + Z + X
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sin(��[) sin(��\)�(�[+�)�(�\+�)(Z��(�+X)�)�(��X���)�(�X+��)

<latexit sha1_base64="sJrXSuG2sPTL0+15lYgNPWJHk0g="></latexit>

,(�)� =
�

�,��=±�
$G(�[, ��\,Z)



Using the KL and the bubble formulae

<latexit sha1_base64="eJ50S3vPGbjeboL07tj5nkKtUsE="></latexit>
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�� G
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�G�
G
� (�� � ��)
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� G��
� � L�
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� + L�
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.

<latexit sha1_base64="f7pfUHbectbSilknVSlPPX1oM5s="></latexit>

,�(��, ��, ��, G) =

�
*��([� · [)*��([� · [)*��([� · [)G[ =

=

�
�(��, ��, �),�(�, ��, G)�G� = ,(�)� (��, ��, ��, G) � ,(�)� (��, ��, ��, G).

<latexit sha1_base64="mNtN0KAN6svjAaBBrVbqrj7aDoQ="></latexit>

[ =
L��
�

, \ =
L��
�

, ] =
L��
�

, � =
G � �
�

<latexit sha1_base64="jSkj2eYXn+8kIQAFsi+WfcbHwbI="></latexit>

%G([, \,Z) = EG([, \,Z)
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<latexit sha1_base64="/+8T/mYiK6xjLvCt01ORz/s6fvs="></latexit>

,(�)� =
�

�,��=±�
%G(�[, ��\,Z)



Example : First Divergent case : d=3



S.L. Cacciatori, H. Epstein and U. Moschella, “Loops in de 
Sitter space,” JHEP 07 (2024), 182 [arXiv:2403.13145 [hep-th]]
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