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Main messages

Perturbative Quantum Gravity is NOT just EFT of Einstein’s General
Relativity [Quadratic Gravity]

The criterion of ‘strict’ renormalizability is very predictive also when
applied to gravitational interaction

Don’t be afraid of ghosts! [safely hidden in the second Riemann sheet]
[L.B., arXiv:2410.XXXXX]
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EFT of Einstein’s General Relativity (non-renormalizable):
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Jd‘*x\/_ R+ aR® + bRy R¥Y + 25 R + ot s
p M,

a,b,c,..d,... S 0(1)

Anologue case: Fermi theory of weak interaction
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[Stelle PRD (1977)]
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[ Thanks to S. Silveravalle and A. Held for introducing it! ]



Introduction

Einstein’s General Relativity (non-renormalizable):

MZ
SEH = TPJ d4x\/—gR
Quadratic Gravity (renormalizable in D = 4):
[Stelle PRD (1977)]
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Introduction

Einstein’s General Relativity (non-renormalizable):
2
_ M 4
SEH = TJd x\/—gR

Quadratic Gravity (renormalizable in D = 4):
[Stelle PRD (1977)]

1 4 2 ey 'B Uvpo
S=§ d X\ —9 MpR+gR _ECMVPO'C

e N\

2 _ M3 2 _ Mg
Massive spin-0: mg = - Massive spin-2 ghost: m5 = —-

B

That’s what | mean with Perturbative Quantum Gravity !




Remark: ‘EFT of GR’ vs ‘Quadratic Gravity’

EFT of Einstein’s general relativity (non-renormalizable):

R™ +

4 P 2 _~ =3
]d xX+[—g R + aR* + bR, R* +Mp?2 + - +M2(n_2)
p

Propagator: ~1/p?

L-1

. 1 .

Loop expansion: ~ (W) and positive powers of a,b,c,...d, ...
p

Quadratic Gravity (renormalizable):

1 4 2 - 2 '8 uvpo
=E dX\/—_g MpR+gR _ECHVPO'C

Propagator: ~ 1/p*

n\L-1 \L-1
Loop expansion: ~ (—) , (—)
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Motivations for Quadratic Gravity
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A ‘unique’ strictly renormalizable QFT of gravity in D = 4

New physics in the sub-Planckian regime [unlike EFT of GR]:

mpy = —, my = —— a,ﬁ > 1 = mo, m, < Mp

Inflation for free: a~1010 (my~1013GeV) [Starobinsky 1980+]

Future measurement of tensor-to-scalar ratio can constrain
[lvanov, Tokareva 2016; Salvio 2017+; Anselmi, Bianchi, Piva 2019+]



Quadratic Gravity

1 4 2 a 2 'B uvpo
S=E d X\—g MpR+gR _ECI«WPO'C

What about the spin-2 ghost?

@) ) mj @ |1 1
Guvps P*) = Puvpo 577 oy = Buvpo |27 3 2
p*(p* +m; p° p“+m;



Remarks on the ghost

Scalar toy model: ghost
£=Lon(1-2)p-v B Ve
=5#0(1-52)9-V@®) = C0H =5~
Optical theorem:
StS =1, S=1+IiT,
_ = 2m{@ITIY} = ) clnITI)P
1= ) culn)nl £

{n}

N 7
Tree-level example (V ~ ¢3): >
PN




Remarks on the ghost

oy L 1
(p )_pz—ie p? +m? —ibe
(e >0, £>0) b=+1

StS=1, S=1+il,

1= o mnl

{n}

Optical theorem:

26m{ITIY)} = ) calnlTIp)I?

Tree level example:

Im{{ITP)} ~ 7 [6(p?) — sign(b)6(p? +m?)]



Remarks on the ghost

Causal propagation & positive norms

Gp?) = 1 1 StS=1, S=1+1T,
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Optical theorem:
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Tree level example:

Im{IT|Y)} ~ 7 [6(p?) — 6(p* +m?)]

Unitarity is violated!




Remarks on the ghost

1) Causal propagation & negative norms

[Lee, Wick, Salvio, Strumia, Holdom...]
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Remarks on the ghost

2) Acausal propagation & positive norms

[Donoghue, Menezes,...]

Gp?) = 1 1 StS=1, S=1+1T,

T 2 _ir m2 2 1
p? —ie p?+m? +ic 1 = z ¢, In)n|,  crormal > g
€>0 e>0) b=-1 ) cIhost 5 o

Optical theorem:

20m{@ITIEY = ) cl(nITI)I? = 0
n}

Tree level example:

Im{{ITIY)} ~ 7 [6(p?) + (p* +mD)] = 0

Unitarity is preserved!




Remarks on the ghost

Im[pD] A

1) Causal propagation & negative norms

Feynman ghost

Im[pn} A

Re[p"]

2) Acausal propagation & positive norms
Anti-Feynman ghost

Rely’]



Remarks on the ghost

Is the spin-2 massive ghost part of the asymptotic states?
If YES: stabilities might still be there...
If NO: stabilities could be avoided!



Remarks on the ghost

Is the spin-2 massive ghost part of the asymptotic states?
If YES: stabilities might still be there...
If NO: stabilities could be avoided!

Spin-2 ghost gets a width through quantum effects:
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Spin-2 ghost gets a width through quantum effects:
[Tomboulis 1977-1986; Salvio, Strumia et al. 2017+, Anselmi, Piva 2018+; Donoghue, Menezes 2018+]

—1
Givps ®) = Puvpo oz 150y 2D = RelZ@A] + i Im[2(p?)]

Narrow width approximation (I' < m,):

—1
~(2,gh) (2) — 2 _ 2
G ~P S = , I'= >0
Hvpo (s) ~ Hvpa S+m§+im21“ P my




Remarks on the ghost

Is the spin-2 massive ghost part of the asymptotic states?
If YES: stabilities might still be there...
If NO: stabilities could be avoided!

Spin-2 ghost gets a width through quantum effects:
[Tomboulis 1977-1986; Salvio, Strumia et al. 2017+, Anselmi, Piva 2018+; Donoghue, Menezes 2018+]

G(z»gh) (pZ) — P(Z)

Uvpo UVpGo p? + m% +2(p?) ) Z(pz) = Re[Z(pz)] + 1 Im[Z(pz)]

Narrow width approximation (I' < m,):

0

_ -1 Im[Z(m3
Ginse” (5) ~ Bl ———7— s=-p?, r= LWl
=S+ m5; +im,l my

Ghost as an unstable resonance? If YES, Veltman projection works!
[Veltman 1963]
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Toy model:

1 2 1 2 2
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Resummed y-propagator:
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Ghost as an unstable resonance?

A recent critique [Kubo & Kugo, arXiv:2402.15956]

a a
—s + mg — aZ(s) —s+m?—iaml

A 4

G)((S) =

2

Pole: s=m*“—iaml
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Ghost as an unstable resonance?

A recent critique [Kubo & Kugo, arXiv:2402.15956]

_ a a
G,(s) = >
Pole: s=m?—iaml
A \i
e Standard case (no ghost): a =1, s=m?—iml VRN
®
The pole appears in the second Riemann sheet
A \i
®
e Case with ghost: a = —1, s=m?+iml ———

Question: does the ghost pole appear in the first or second Riemann sheet?



Ghost as an unstable resonance?

[L.B., arXiv:2410.XXXXX]
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Ghost: stable or unstable?

Standard case (no ghost): G,(s) = lim G,(s+ig), s€ER
e-0t

Im[s] 4

Standard case — 2nd Riemann sheet

QX m?+iml
OGO OGO OGO OG>
44° Rels]
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Analytic structure in the 2nd sheet




Ghost: stable or unstable?

Feynman ghost:
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G,(s) = gllr(r)1+ G,(s+ie), s€ER

Feynman ghost — 1st Riemann sheet

X m?+iml
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Ghost: stable or unstable?

Feynman ghost: G,(s) = gllr51+ G,(s+ie), s€ER

Im[s] 4

Feynman ghost — 1st Riemann sheet

X m?+iml
@GN NGFA NGOG OO OO IONG>
2
4y Rels]
QX m?—iml

Complex poles in the 1st sheet:

NO decay & Unitarity violation!



Ghost: stable or unstable?

Anti-Feynman ghost:
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G,(s) = gllr(r)1+ G,(s—ig), s€ER

Anti-Feynman ghost — 1st Riemann sheet
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Anti-Feynman ghost:
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Ghost: stable or unstable?

Anti-Feynman ghost:

Im|s]

A

G,(s) = gllr(r)1+ G,(s—ig), s€ER

Anti-Feynman ghost — 1st Riemann sheet

4142 /) Rels]

s = m2ell/m



Ghost: stable or unstable?

Anti-Feynman ghost: G,(s) = lim G,(s —ic), s€ER
e-0t

Im[s] 4

Anti-Feynman ghost — 2nd Riemann sheet

R m?+iml
A
]
!
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It’s a pole solution but in the 2nd sheet!




Ghost: stable or unstable?

Anti-Feynman ghost: G,(s) = lim G,(s —ic), s€ER
e-0t

Im[s] 4

Anti-Feynman ghost — 2nd Riemann sheet

X  m?+iml
@A OGN OGO OGS ONG>
442 Rels]
X m? —iml

Analytic structure in the 2nd sheet




Ghost: stable or unstable?

Feynman ghost:

* no decay

* always an asymptotic state

* ‘physical’ complex masses (1st sheet)
* No unitarity

Anti-Feynman ghost:

* jtcandecay!

* no longer an asymptotic state !

* it can be projected out of the set of intermediate states !
e unitarity is satisfied !
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e (anti-Feynman) ghost in Lee-Wick theories can decay
[Lee & Wick 1969, Coleman 1969, Nakanishi 1970, Boulware & Gross 1984, Donoghue & Menezes 2018+]



Possible implications

e (anti-Feynman) ghost in Lee-Wick theories can decay
[Lee & Wick 1969, Coleman 1969, Nakanishi 1970, Boulware & Gross 1984, Donoghue & Menezes 2018+]

e Spin-2 (anti-Feynman) ghost in Quadratic Gravity can decay
[Tomboulis 1977+; Tomboulis & Antoniadis 1986; Donoghue & Menezes 2018+]

. mg’ 1 Mg
N — T L] PN — N —
M}% ) llfe F mg

If my,>2my & me~103GeV = 1y, S 1073GeV ™1 ~ 107 %8sec
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Conclusions

— 1 4 2 @ 2 '8 uvpo
S—E d X\ —9 MpR+gR _ECMVPO'C
1. Quadratic Gravity is a unique (most conservative) QFT of gravity

2. Future cosmological observation can constrain/falsify the theory

Tensor-to-scalar ratio: [Sasaki et al. 2012; Salvio 2017+; Anselmi, Bianchi, Piva 2020]

24  m5

r=—— If Ne~60,m, >2my = 3x107°<sr<33x107°
Ngmg + 2m;

)

3. Understand (a)causality and classical limit for At < 7j;¢, ~ 107%%sec

4. Planckian/Trans-Planckian regime? Maybe non-perturbative methods?

5. There is still a lot to learn! [E.g. see Roberto Percacci’s talk tomorrow]



...Extra Slides...



Dust collapse in Quadratic Gravity

[L.B., Di Filippo, Kolar, Saueressig, arXiv:2410.XXXXX]

* Apparent horizon forms

e Singularity is reached in a finite comoving time (faster than in GR)

e The exterior solution cannot be horizonless

1.0F

%

0.8F

06
- 3 Quadratic Gravity S
— =
S | e General Relativity — Quadratic Gravity
04r —— General Relativity
| 0
02} \ \
0.0= -

0.0 0.5 1.0 1.5 0.0 0.5 1.0 15



Dust collapse in Quadratic Gravity

[L.B., Di Filippo, Kolar, Saueressig, arXiv:2410.XXXXX]

* Apparent horizon forms

e Singularity is reached in a finite comoving time (faster than in GR)

e The exterior solution cannot be horizonless




Dust collapse in Quadratic Gravity

[L.B., Di Filippo, Kolar, Saueressig, arXiv:2410.XXXXX]

* Apparent horizon forms

e Singularity is reached in a finite comoving time (faster than in GR)

e The exterior solution cannot be horizonless




Remarks on the quantization(s)

May be OK in the case of 2-derivative ghosts

Still don’t understand the case of 4-derivative ghosts:

c B d4p - MZ
(x) = j (2m)4 ¢ (p?—ie)(p? + M? + i¢)

— d4p ip-x
~) @’

1 1
p? —ie p?+M?+ic

2 prescriptions together but only 1 type of Wick rotation

Good behavior of position-space propagator is necessary for a good UV
behavior of loop integrals

d*k 1

1
G T g T | X 66
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2

M
Einstein’s General Relativity: Sey = TPJ d*x/—g(R — 27)

Issues:

1. Theoretical: perturbatively non-renormalizable

2. Observational: cannot explain CMB anisotropies (early times physics)

Simplest model to explain 2. :

S =S8+ Sp+-, S¢ = inflaton action
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Motivations

How to select “fundamental’” Lagrangians?

 Guidance from Nature: experiments!

* Guiding principles: perturbative QFT (renormalizability criterion!)

‘Unique’ (strictly) renormalizable QFT of gravity in D = 4:
[Stelle, PRD (1977)]

S—1 4o A= MZ(R—ZA)+ER2—£C cHvpo
) XV=g |\ Mp 6 > “uvpo
massive spin-0, a~ 1010 Spin-2 massive ghost
Natural explanation for inflation! [Salvio & Strumia 2015+;

Anselmi & Piva 2017+;
Donoghue & Menezes 2018+;
Holdom 2015+, etc...]

[Starobinsky, 1980+]



Quadratic Gravity as Quantum Gravity

Cosmological constant: A~10712 M

1 4 2 ey p uvpo
S =5 | d*xy=g | Mj(R = 20) + = R* == CuypeC

Natural candidate for inflaton: a~ 1019
[Starobinsky, 1980+]

In my opinion, if we accept these facts very important implications follow:

1.

The framework of perturbative QFT and the criterion of renormalizability (as a
tool to select theories) are quite successful also when applied to gravity!

CMB observations have provided for the first time a test of higher-curvature
gravity and an ‘indirect’ proof of quantized gravity (the scalar field is a
gravitational dof)!!

Contrary to some beliefs, Starobinsky inflation is not just a model!



Motivations

Obvious question: What about the spin-2 massive ghost?

1. Throw the entire theory away just because maybe we don’t know
how to deal with the spin-2 ghost?

2. Or, instead, after appreciating the achievements described before,

should we feel very motivated to understand the role of the ghost at a
deeper level?

| opt for the 2nd option!



Question
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Simpler example

1 o R A A -
S=-37 j d*x E&Forv, ES = 0,A% — 0,42 + febe Ab AS

Question:

lim S = ?
g—0



Simpler example

1 o R A A -
S=-37 J d*x E&Forv, ES = 0,A% — 0,42 + febe Ab AS

Question:

lim S = ?
g—0

Canonically normalized field:
1

Al = —
g

A 1
f=-Ai = Ss=-7 j d*x F3,F,

Fg = 0,45 — 0,A% + gf *Pc Al AS



Simpler example

1 o R A A -
S=-37 J d*x E&Forv, ES = 0,A% — 0,42 + febe Ab AS

Question:

lim S = ?
g—0

Canonically normalized field:
1

A% = =
g

A 1
f=-Ai = Ss=-7 J d*x EGFok?,

Fg = 0,45 — 0,A% + gf *Pc Al AS

Limit: 1
gliLnOS = Ej d*x Al(m*Yo — 9#a")A3 (A = fixed)



Question

1 o ﬁ
S = 5] 4x\/—_g<M§(R —20) +R* - ECWPGCWPU>

lIim S=7
p,a— oo

1. Identify the canonically normalized fields
2. ldentify the interaction couplings

3. Determine the structure of the particle spectrum



Additional spin-0 field

Mz
S[g: d)] — 729] d4x \/__g(R _ ZA) _ %f d4x \/__gClWPGCI«WPG + SO [g, ¢];

2 202
Solg, 1 = f d*x\=g [—%V“gbvﬂcp - %3% (1 _ eﬁqs/zwp)z]

_ 4 M?
2 — 2 — p

Shifted Planck Mass when A + 0 Mass of the spin-0 field



Additional spin-2 field

Spin-2 field f,: [Kaku et al. (1977); Hindawi et al. (1996); Tekin (2016); Anselmi & Piva (2018)]

MZ
19,6, 1= 52 | d*xy=g(R — 20) + Solg, 9

2
B j d*x =g [MP(GM/ + Aguv)fﬂv - % Fun fHY — )



Additional spin-2 field

Spin-2 field f,: [Kaku et al. (1977); Hindawi et al. (1996); Tekin (2016); Anselmi & Piva (2018)]

MZ
Slg, ¢.f1 = Jd4x\/ g(R — 2A) + Sylg, ]
2
B j d*x =g [MP(GM/ + Aguv)fﬂv - % Fun fHY — )

: : 2
Diagonalizaton: g,, = gy — M_pf#"

SLg, . f1 = f d*x=G(R — 28) + Solg — 2f /i, ] + S,1g, £,

2 — 2 2
M5 = M3+ (2a + B)A

Shifted Planck Mass when A # 0



Additional spin-2 field

R 1
S.lg.f1 = = Seelg. 1 - [ d*x =g [(fofpv ~ ffu )R + (A - E) (fwf’” - 5f2)]

1m2

i j A4 TGS F = 419 £ fo — ]

§ii 41 d%n,]4 58 Sen
| R g OV o @
+O()

Sprlg, f1is a covariantized Fierz-Pauli action for f,,, with mass m35

M2 M? 2( a ) 5 2
2 _"p _Tp S
m; =—=—+3|2-+1]A my; = A
? 15 B 3\ pB 3
A=0,6>0
spin-2 ghost mass depends on A ! ( )




Couplings

n-point interaction couplings:

(1)”2 (1)”2( 1 )2
M, My, 1+2A2a+p)/3M}
n-—2

1 n-—2 B 1 n-—2 1 —
M, -\, 1+4Aa/3M3

Couplings dependenceon A’ = additional dependence on f§ and a !



Degrees of freedom

Linear analysis:

0S -
SRV =0 < Mp(Guv + Agw) = m%(fuv — guvf)

4 Constraints: Vﬂfvﬂ =V,f




Degrees of freedom

Linear analysis:

0S -
5FHv =0 < Mp(Guv + Agw) = m%(fuv — guvf)

4 Constraints: Vﬂfv“ =V,f

g 05 =0 o M m%—zA f =
SgHv p 3

1 trace constraint: f=0 (m3 — 2A/3 # 0)




Degrees of freedom

Linear analysis:

5S
SfH

=0 & MP(GMV + Agw) = m%(fuv - guvf)

4 Constraints: V.fy =V, f

gt ) =0 o M m%—zA f =
SgHv p 3

1 trace constraint: f=0 (m3 — 2A/3 # 0)

# dof f,,: 10—4—-1=5 =  massive spin-2 with 5 helicities



Degrees of freedom: remark

Vi 2 2 2
Mp mz_gA f=0, mz__A=0

In this case the linear trace equation vanishes identically




Degrees of freedom: remark

M mZ—EA f=0 mZ—EA=0 ?
p 2 3 ) 2 3 !

In this case the linear trace equation vanishes identically

Two possibilities:

1. A=0: m3 =0  (massless) These cases need a
separate discussion!

2. A#0: ms = %A (partially massless)



Degrees of freedom: remark

3

(o, 2 2
Mp mz__A f=0, mz__A=0

In this case the linear trace equation vanishes identically

Two possibilities:

1. A=0: m2 =0 (massless)

2. A#0: ms = %A (partially massless)

NB: _
, A _ My

These cases need a
separate discussion!




Case A=0

Stuckelberg formalism:

2
fuv = @y + (VA +V Au)+ =V, Vo x
2

The limit is regularin D = 4

MZ
'Bl,i_r)EOS =7pjd4x\/—gR —ijd‘*xw/—g et +— jd‘*xw/ gF*En, + Spy[ 9, ¢, ]
1
S¢X[gl ¢1X] = f d4x V™9 [Ee_\/Z_/SX/Mp(VHXVMX _ Vﬂ¢vu¢)
2 2
_%—3]2\429 3_2\/2_/3)(/1"129 (1 - e\/2_/3¢/Mp)2]

fuv splits into 5 interacting massless ghost-like dofs (£2, +1, 0)
[Saravani & Hinterbichler (2015)]



Case A >0

It is NOT a massless limit:

B =  mj M’§+2A ‘A
— 00 =—4+-=-A—> =
M2 =738 T3



Case A >0

It is NOT a massless limit:

2 M§+2A ‘A
- 00 = =—+-A—> =
ﬁ m, ﬁ 3 3

NB: In Massive Gravity theories this limit is known as partially massless limit
and in general may lead to strong coupling! [de Rham et al. (2018)]




Case A >0

. 2)r — =2A/3
Jim § = 5;[g,h] - ST g, 0] + Sy

1
—2A/3
S(m /3) — jd‘*x\/ [ Vo0 VP oMY + V0., VF@PY =V, 0V, 0" +2Vp<pr<p

+A (@’ = 39%) =3 (Quo™ — 0?)|

ol 9.9.71 = | d'xy=g Ee‘m’” s (V, VY =V $V¥p)

_A 72 (1 _ e\/2/3¢/Mp)2 _mg3M; o—2v/2/3x/ My ( _ e\/2/3qb/Mp)2
P 2 2
fuv splits into 1 partially massless graviton (4 dof) + 1 scalar dof
* Enhanced symmetry: §¢,,, =V, V,{(x) + %E(x)

* The compatible metric background is Euv = Ag_m,



Case A >0

We can also take the limit @« — oo and kill of the interactions in the spin-0
sector

In summary, if the cosmological constant is non-zero (and positive), in the
limits 5, @ — oo we get a free theory whose degrees of freedom are

massless graviton (2 dofs) + partially massless graviton (4 dofs) + 2 scalars



Summary

1 a B
S = EJ d4X\/—g (Mg(R — ZA) + ng — ECHVPUC‘LWPG>

There are strong theoretical and experimental motivations to work on
Quadratic Gravity

Some remarks on its quantization(s) [things | still don’t fully understand]

| asked the question: Iim §=7

ﬁ,a—> 0



Summary

1 a B
S = EJ d4X\/—g (Mg(R — ZA) + ng — ECHVPUC‘LWPG>

Renormalizability + ghost-like nature of spin-2 = Ilimit f = o s
regular

The limits 8, @ — oo depend non-trivially on A

When A # 0: structure of degrees of freedom is different (but same
number); the limits kill all the interactions



Physical implications?

1 a B
S = EJ d4X\/—g (Mg(R — ZA) + ng — EqupaCquO)

Can the result of the limits §, @ = oo help understand the high-energy
behavior of the spin-2 ghost?

Does a A # 0 affect current quantization approaches to Quadratic
Gravity?

Role of the cosmological constant in quantum gravity?



Physical implications?

1 a B
S = EJ d4X\/—g (Mg(R — ZA) + ng — ECHVPUC‘LWPG>

* (Can the result of the limits §, @« = oo help understand the high-energy

behavior of the spin-2 ghost?

 Does a A # 0 affect current quantization approaches to Quadratic
Gravity?

* Role of the cosmological constant in quantum gravity?
A nice formula:

, B —M2/m3
°B +2M32/m3

A_3
_Zm



Case A=0

It is @ massless limit:

f — oo = mi=—L2590

NB: typically, the massless limit in theories of Massive Gravity can lead to
strong coupling even below Mp. [Reviews by Hinterbichler (2011) and de Rham (2014)]



Digression on Massive Gravity with A =0

1 1
SMG — j d4x\/__g [_Evpf,uvvpf”v + vpfuvvufpv _ Vufvvf”v + Evpfvpf
2L (= £2)+ 0()

Naively, the limit m5 — 0 seems to give a massless spin-2 with 2 dofs
2
s@) = j d4x\/_[ Vo fuy VP + Vo £ VHFPY — Y, Y, fHY + = vp fVPf

Gauge symmetry gives 2 dofs

6 fuv (1) = Vyu&y () + Vi€ (%),



Digression on Massive Gravity with A =0

1 1
Sme = j d4x\/__g [_Evpf,uvvpf”v + vpfuvvufpv - Vufvvflw + Evpfvpf
2 (= 12) + 03]

Stlickelberg formalism: Gauge symmetries:
2 6,y =V, & +V, ¢,
fuv = Qv + (VA +VAN)+ AAD? wvo Ty YRR
2 SAN - —mzfu + Vuf,
oy = —m, &,

Massless limit (2+2+1 = 5 dofs):
Suclo, A, x] = S(m2 0) fd‘*x\/ <——F”VF —3Vp)(Vp)(> + 0(f3®)

Possible strong coupling from helicity-0 interactions: 0(f3)~mi0()(3) — 0
2

[Reviews by Hinterbichler (2011) and de Rham (2014)]



Limit f — oo with A = 0: massless limit

Does a strong coupling (below M,,) arise in quadratic gravity?
[first asked by Hinterbichler & Saravani (2016)]

A strong coupling in the limit m5 — 0 (i.e., B = ) can be avoided only in D = 4!

Stickelberg decomposition for A = 0 and in D dimensions:

~

3 1 N N 1
fuv = fuv + — (v, 4, +V,4), A, =4, +—

Y,
m, X

2
= S3lg,f1 = v V=GR + | dDw—[ G + S U = fz)]

j ax =gR + | de«—[ G+ T (1 —

1 ) _ _ o
+ 5 FW Ey o+ 2ma f2 (VA = gy VP Ap) - ZR”"AﬂAv],

Possible strong coupling from R¥YA A, ~ # RMVV, XV, x ?2?7?
2



Limit f — oo with A = 0: massless limit

Make a field redefinition:
fuv = fuv + a A,A, + b g, A, AP

In the massless limit m3 = 0 (8 — o, A = 0) we get

2

MD_Z D D Fuv mz z Fuv F2 1 Uy
= Sz[ng] d”x+/[—gR + | d”x+\[—g uvf +7(fm,f —f)+§F Ey

+2my fH(V, 4, — gy VPAP) +m3a f¥A,A, + m5[b(1 — D) — a]fA,AP

((1 - g) RA, AP

2
~ o~ -~ m ~ o~
—m,(2b(1 — D) — 3a)A, A, VFAY — 72 (b®D(1 — D) + 2ab(1 — D))(APAP)Z

D-2

D-2
— (aMpz + 2) RWALA, + M,?

4 conditions to avoid strong coupling in the massless limit:

D—2 can be simultaneously satisfied
aM_? +2=0, 2b(1-D)—-3a=0, onlyin D = 4 Il

2
(1-2)b-%=0, b2D(1-D)+2ab(1-D)=0 a=-2=-2b,



Digression on Massive Gravity with A > 0

1 1
Sme = j d4x\/__g [_Evpf,uvvpf”v + vpfuvvufpv - Vufvvf”v + Evpfvpf

1 2
A (fuf™ = 217) =L (Fuf* = £2) + 0(F)]
Naively, the limit m5 — %A seems to give a partially massless spin-2 with 4 dofs

S(Z) _ jd4 1 p £UV U £pV Uv 1 p
MG — x\/__g _ivpfuvv f +vpfuvv f _Vufvvf +§fov f
A (funf™ =3 £2) =5 ™ = 9]

Scalar gauge symmetry (10-4-2=4 dofs)
A
5f,uv(x) = Vuvv((x) + §guv6(x)r

[Deser, Nepomechie (1984); Deser, Waldron (2001+); etc]



Digression on Massive Gravity with A > 0

1 1
Sme = j d4x\/__g [_Evpf,uvvpf”v + vpfuvvufpv - Vufvvflw + Evpfvpf

A (fuf™ = 217) =L (Fuf* = £2) + 0(F)]

Stuckelberg trick Gauge symmetries:
A
31 A o) =V, V,( +—= ,
fuv = Puv + \/; Z(vuvv)( + Iuv EX) Puv # V( 3 g/,w(
A
A=m—2A SX__\EM'

Partially massless limit A — 0 (4+1=5 dofs):

Wl

2
Swalo 2] = Sy " lo] + Bjd4x “ (__VPXV’DX _TX ) +OU, my = -

Possible strong coupling from y interactions: 0(f3) ~ %0()(3) — 0

[de Rham, Hinterbichler, Johnson (2018)]



Case A >0

Stuckelberg formalism:

A
fuv = Quv t+ (Vuvv)( + §guv)(>

VAm2 — 2A/3

'[}lm S = jd‘*x\/_(R — 2A0)

4 v Uy A 14 2
+ | d*x\/[—g _Mp(Gﬂv+AgMV)(p +§(QDHV<P —9?) R

Sexl 9, x1 = f d4x\/—_9E3_‘/2_/3X/Mp(VuXV“X - Vucf)V“qb)

—A M2 (1 _ e\/2/3¢>/Mp)2 _ %3’;4 o~ 2273/ My ( _ e\/2/3¢/Mp)2]

fuv splits into 1 partially massless graviton (4 dof) + 1 scalar dof



Case A >0

: : 1 1 : 1 :
Interaction couplings: —~ for spin-2 sector & — for spin-0 sector

Mp  JAB Mp
: _ 2
* Expandin @y, and g,y = gy + M_phﬂ"

* Diagonalize kinetic term for hy,, and ¢,

. 2)r = 2)r = —
Jim § = s@1g, 0 - s, ¢] Img=2a + Sox[9 b ]

Spin-2 sector completely decouples!

The only compatible metric background is

Ruv = Ag—uv



Case A >0

: : 1 1 : 1 :
Interaction couplings: —~ for spin-2 sector & — for spin-0 sector

Mp AR Mp
: _ 2
* Expandin @y, and g,y = gy + M_phﬁ“’

* Diagonalize kinetic term for hy,, and ¢,



Case A >0

1 1 1
Interaction couplings: — ~ for spin-2 sector & — for spin-0 sector
pling M, JAB P ", P

: _ 2
* Expandin @y, and g,y = gy + M_phﬂ"

* Diagonalize kinetic term for hy,, and ¢,

Spin-2 sector completely decouples!



Case A >0

: : 1 1 : 1 :
Interaction couplings: —~ for spin-2 sector & — for spin-0 sector

Mp  JAB Mp
: _ 2
* Expandin @y, and g,y = gy + M_phﬂ"

* Diagonalize kinetic term for hy,, and ¢,

. 2)r = 2)r = —
Jim § = s@1g, 0 - s, ¢] Img=2a + Sox[9 b ]

Spin-2 sector completely decouples!

The only compatible metric background is

Ruv = Ag—uv



Case A >0

Resulting interacting theory:

1 _
Sex[ 9, x] = f d4x\/_—g[§e‘\/2_/3x/Mp (VuxVix — V,pV* )

_ _\2  mi3M? _ _ 2
_A Mz% (1 _ e,/2/3¢/Mp) _70 219 o~ 2\2/3x/Mp (1 _ e,/2/3¢/Mp) ]

M; = M; ! A
p=Mptoa



Case A >0

Resulting interacting theory:

Sex[ 9, x] = f d4x\/—_gE9_\/2_/3X/Mp(vuXV”X ~ V,pV )

_ ~\2 m33M? _ _ 2
—A M2 (1 _ e,/2/3¢/Mp) _ TOTpe_ZJZBX/Mp (1 _ e,/2/3¢/Mp) ]

2 =2 +
Field redefinitions: = 51\711 x+¢ _ W1 X’ - ¢?
B RV T P R

~ 1 o~ ~
qux[g» ¢»)?] = jd“x\/—_g [E (au;za#;z - au‘pa“‘f)) —V(¢, )?)]

m2 _
P+ )
D

ra A 52 _ 72 _ cir2)?
V(9.1) = 3g52 (0 = 8%~ 6M5) + 3537




Spectrum

1 o ﬁ
S = Ef d4x\/—_g<M§(R — ZA) _|_ng _EC,uvpaCMvPa>

S/ \

Massless graviton: Massive spin-0: Massive spin-2 ghost:
Juv (2 dofs) ¢ (1 dof) fuv (5 dofs)
MZ MZ
2 __D 2 __D
mO a m; ﬁ
—y 2 a
My = M, +§A ZE-I_ 1



Spectrum

1 o ﬁ
S = Ef d4x\/—_g<M§(R — ZA) _|_ng _ECﬂvpacuvpa>

/ / \

Massless graviton: Massive spin-0: Massive spin-2 ghost:
Juv (2 dofs) ¢ (1 dof) fuv (5 dofs)
MZ MZ
2 __D 2 __D
mO a m; ﬁ
—y 2 a
My = M; +§A ZE-I_ 1

A=0: m5— 0 (massless limit)

A+0: mi;— %A (partially massless limit)



Action in canonical form

\7 2

M
19,611 == [ d*xy=g(R - 2) + Sy19, 8] + 5,19, 1]

2202

Solg, #] = j d*x\=g [—%Wqﬁvﬂcp - %3%(1 _ er_/sw,,)Z]

g_zf/Mp

R 1
S2l9.f1 = = Seelo. 11~ | d*xv=g [(qu”fpv ~ ffur)R™ + (A - E) (fm - EfZ)]

— o2 [ @ty S AP S f — 1)

+§ii d4xd4yd4z 5(3)SEH fuv ) fos V) fup(2) + 0(f4)
1 591 )8y (N0gag(2) 1 N ps O] ap

2 = M2 2 2y 2
p =My +7ah M = Mj + 5 2a + B)A




Couplings

spin-2 sector coupling:

p—
N[

1 1
M, M, (1 + 2AQa + /3)/3M,§>

spin-0 sector coupling:

(WY
| =

M,  M,\1+4Aa/3M2

Couplings dependence on A’ = additional dependence on o, 3 !



Features of the Iimit f — «

1 o ﬁ
S = gf 4x\/—_g<M§(R —20) +R* - ECWPGCWP”>
lim S =7
ﬁ—>oo

The limit distinguishes A = 0& A # 0
(couplings, particle spectrum, enhanced gauge symmetry)

Limit is regularonly in D = 4

When A # 0 the resulting theory is much simpler



Result of the limit f — « (A > 0)

* Massless spin-2 and +2, +1 helicities of massive spin-2 ghost decouple

« Massive spin-0 (¢) & helicity-0 (¥) of spin-2 ghost survive



Result of the limit f — o (A > 0)

* Massless spin-2 and +2, +1 helicities of massive spin-2 ghost decouple

«  Massive spin-0 (¢p) & helicity-0 (¥) of spin-2 ghost survive

~ 1 -~ ~
Soxl9.®.7] = f d*x=g [; (0,70"7 = 9,$0"$) =V ($, 1)

2
0 T2( ~ ~\ 2
121\71,3(’5 (7+¢)




