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Harmonic Weyl
[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]

Consider the following structure:

Groupoid

gµν → g′µν = Ω2gµν , with

Hg(Ω) = □gΩ+
d− 4

2Ω
gµν∂µΩ∂νΩ = 0

Identity eg : g′µν = gµν Hg(1) = 0
Closure {

g′µν = (Ω1)
2gµν

Hg(Ω1) = 0
◦
{
g′′µν = (Ω2)

2g′µν
Hg′(Ω2) = 0

⇒
{
g′′µν = (Ω1 · Ω2)

2gµν
Hg(Ω1 · Ω2) = 0

Associativity (a ◦ b) ◦ c = a ◦ (b ◦ c)
NOT inverse

Hg(Ω) = 0 ⇒ HΩ2g

(
1

Ω

)
= 0 , However Hg

(
1

Ω

)
̸= 0

A solution of Hg(Ω) = 0 is inherently non-linear unless d = 4. Perturbatively we
find
Ω = 1 + εω1 + ε2ω2 + . . .

□gω1 = 0 , □gω2 =
4− d

2
gµν∂µω1∂νω1 . . .

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 2 / 10



Harmonic Weyl
[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]

Consider the following structure:

Groupoid

gµν → g′µν = Ω2gµν , with

Hg(Ω) = □gΩ+
d− 4

2Ω
gµν∂µΩ∂νΩ = 0

Identity eg : g′µν = gµν Hg(1) = 0

Closure {
g′µν = (Ω1)

2gµν
Hg(Ω1) = 0

◦
{
g′′µν = (Ω2)

2g′µν
Hg′(Ω2) = 0

⇒
{
g′′µν = (Ω1 · Ω2)

2gµν
Hg(Ω1 · Ω2) = 0

Associativity (a ◦ b) ◦ c = a ◦ (b ◦ c)
NOT inverse

Hg(Ω) = 0 ⇒ HΩ2g

(
1

Ω

)
= 0 , However Hg

(
1

Ω

)
̸= 0

A solution of Hg(Ω) = 0 is inherently non-linear unless d = 4. Perturbatively we
find
Ω = 1 + εω1 + ε2ω2 + . . .

□gω1 = 0 , □gω2 =
4− d

2
gµν∂µω1∂νω1 . . .

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 2 / 10



Harmonic Weyl
[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]

Consider the following structure:

Groupoid

gµν → g′µν = Ω2gµν , with

Hg(Ω) = □gΩ+
d− 4

2Ω
gµν∂µΩ∂νΩ = 0

Identity eg : g′µν = gµν Hg(1) = 0
Closure {

g′µν = (Ω1)
2gµν

Hg(Ω1) = 0
◦
{
g′′µν = (Ω2)

2g′µν
Hg′(Ω2) = 0

⇒
{
g′′µν = (Ω1 · Ω2)

2gµν
Hg(Ω1 · Ω2) = 0

Associativity (a ◦ b) ◦ c = a ◦ (b ◦ c)
NOT inverse

Hg(Ω) = 0 ⇒ HΩ2g

(
1

Ω

)
= 0 , However Hg

(
1

Ω

)
̸= 0

A solution of Hg(Ω) = 0 is inherently non-linear unless d = 4. Perturbatively we
find
Ω = 1 + εω1 + ε2ω2 + . . .

□gω1 = 0 , □gω2 =
4− d

2
gµν∂µω1∂νω1 . . .

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 2 / 10



Harmonic Weyl
[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]

Consider the following structure:

Groupoid

gµν → g′µν = Ω2gµν , with

Hg(Ω) = □gΩ+
d− 4

2Ω
gµν∂µΩ∂νΩ = 0

Identity eg : g′µν = gµν Hg(1) = 0
Closure {

g′µν = (Ω1)
2gµν

Hg(Ω1) = 0
◦
{
g′′µν = (Ω2)

2g′µν
Hg′(Ω2) = 0

⇒
{
g′′µν = (Ω1 · Ω2)

2gµν
Hg(Ω1 · Ω2) = 0

Associativity (a ◦ b) ◦ c = a ◦ (b ◦ c)

NOT inverse

Hg(Ω) = 0 ⇒ HΩ2g

(
1

Ω

)
= 0 , However Hg

(
1

Ω

)
̸= 0

A solution of Hg(Ω) = 0 is inherently non-linear unless d = 4. Perturbatively we
find
Ω = 1 + εω1 + ε2ω2 + . . .

□gω1 = 0 , □gω2 =
4− d

2
gµν∂µω1∂νω1 . . .

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 2 / 10



Harmonic Weyl
[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]

Consider the following structure:

Groupoid

gµν → g′µν = Ω2gµν , with

Hg(Ω) = □gΩ+
d− 4

2Ω
gµν∂µΩ∂νΩ = 0

Identity eg : g′µν = gµν Hg(1) = 0
Closure {

g′µν = (Ω1)
2gµν

Hg(Ω1) = 0
◦
{
g′′µν = (Ω2)

2g′µν
Hg′(Ω2) = 0

⇒
{
g′′µν = (Ω1 · Ω2)

2gµν
Hg(Ω1 · Ω2) = 0

Associativity (a ◦ b) ◦ c = a ◦ (b ◦ c)
NOT inverse

Hg(Ω) = 0 ⇒ HΩ2g

(
1

Ω

)
= 0 , However Hg

(
1

Ω

)
̸= 0

A solution of Hg(Ω) = 0 is inherently non-linear unless d = 4. Perturbatively we
find
Ω = 1 + εω1 + ε2ω2 + . . .

□gω1 = 0 , □gω2 =
4− d

2
gµν∂µω1∂νω1 . . .

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 2 / 10



Harmonic Weyl
[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]

Consider the following structure: Groupoid

gµν → g′µν = Ω2gµν , with

Hg(Ω) = □gΩ+
d− 4

2Ω
gµν∂µΩ∂νΩ = 0

Identity eg : g′µν = gµν Hg(1) = 0
Closure {

g′µν = (Ω1)
2gµν

Hg(Ω1) = 0
◦
{
g′′µν = (Ω2)

2g′µν
Hg′(Ω2) = 0

⇒
{
g′′µν = (Ω1 · Ω2)

2gµν
Hg(Ω1 · Ω2) = 0

Associativity (a ◦ b) ◦ c = a ◦ (b ◦ c)
NOT inverse

Hg(Ω) = 0 ⇒ HΩ2g

(
1

Ω

)
= 0 , However Hg

(
1

Ω

)
̸= 0

A solution of Hg(Ω) = 0 is inherently non-linear unless d = 4. Perturbatively we
find
Ω = 1 + εω1 + ε2ω2 + . . .

□gω1 = 0 , □gω2 =
4− d

2
gµν∂µω1∂νω1 . . .

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 2 / 10



Harmonic Weyl
[O’Raifeartaigh, Sachs and Wiesendanger, ‘96; Edery and Nakayama, 2014]

Consider the following structure: Groupoid

gµν → g′µν = Ω2gµν , with

Hg(Ω) = □gΩ+
d− 4

2Ω
gµν∂µΩ∂νΩ = 0

Identity eg : g′µν = gµν Hg(1) = 0
Closure {

g′µν = (Ω1)
2gµν

Hg(Ω1) = 0
◦
{
g′′µν = (Ω2)

2g′µν
Hg′(Ω2) = 0

⇒
{
g′′µν = (Ω1 · Ω2)

2gµν
Hg(Ω1 · Ω2) = 0

Associativity (a ◦ b) ◦ c = a ◦ (b ◦ c)
NOT inverse

Hg(Ω) = 0 ⇒ HΩ2g

(
1

Ω

)
= 0 , However Hg

(
1

Ω

)
̸= 0

A solution of Hg(Ω) = 0 is inherently non-linear unless d = 4. Perturbatively we
find
Ω = 1 + εω1 + ε2ω2 + . . .

□gω1 = 0 , □gω2 =
4− d

2
gµν∂µω1∂νω1 . . .

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 2 / 10



Harmonic Weyl

• Ricci scalar transforms homogeneously under h.W. [Kühnel and Rademacher, ‘95]

R → R′ = Ω−2
(
R− 2(d− 1)Ω−1Hg(Ω)

)
In d = 4 we have that

√
g
(
αR2 + βW 2

)
is an invariant density.

• We can think about R as a partial gauge fixing [Oda, 2020; Edery, 2023]

Consider the BRST action

δBgµν = 2cgµν , δBc = 0 , δBc = b , δBb = 0 ,

Then, we can find a gauge fixing action can be find in the standard way

Sgf + Sgh = δB

∫
d4x

√
g c

(
R− α

2
b
)

!
=

1

2α

∫
d4x

√
gR2 + 6

∫
d4x

√
g c□gc

We can see h.d. gravity [Stelle, ‘77] as gauge fixed agravity [Salvio and Strumia, 2014]

S = Swg + Sgf + Sgh =

∫
d4x

√
g
{ 1

2λ
W 2 +

1

2η
E4 +

1

2α
R2

}
+ 6

∫
d4x

√
gc□gc
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Invariant matter

• If we are give an invariant action of matter fields coupled to gravity

∆S[g, ψ] = S[Ω2g,Ωwψψ]− S[g, ψ] =

∫
ddx

√
gΦHg(Ω)

At linear level

δ

δω1

∫
ddx

√
gΦ□ω1 = 2ω1gµν

δS

δgµν
+ wψψ

δS

δψ

!
= −√

g ω1T
µ
µ

Tµµ = −□Φ on-shell

• e.g. scalar φ with wφ = −1

S[g, φ] =

∫
d4x

√
g
{1

2
∂µφ∂

µφ+
ξ

2
Rφ2 +

1

4!
λφ4

}
,

2gφ = ξRφ+
λ

6
φ3 , Tµµ = 2g

{
3
(
ξ − 1

6

)
φ2

}
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General formalism

Generalize the framework. Consider a generic tensor T with the following
transformation

T (g)
Ω−→ T (Ω2g) = Ω−∆ (T (g) +Og(Ω)) ,

• Impose Og(1) = 0
• Impose closure for two consecutive transformations Ω1 and Ω2

Og(Ω1Ω2) = Og(Ω1) + Ω∆
1 OΩ2

1g
(Ω2) = Og(Ω2) + Ω∆

2 OΩ2
2g
(Ω1) .

• Constrain the form of the trace of the EMT

δ

δω1

∫
ddx

√
gΦOlin(ω1)

!
= −√

g ω1T
µ
µ ⇒ Tµµ = −O†

lin(Φ)

• Deduce the anomaly

⟨Tµµ ⟩ = −⟨O†
lin(Φ)⟩+A+ β-terms
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Non-local nature of restricted symmetries
Consider a 1-dimensional toy-model with scale invariance [Glavan, Noris and Zlosnik, 2024]

S[σ]

, ψ]

=

∫ tb

ta

dt

(
σ̈

σ
− σ̇2

2σ2

)2

+
σψ̇2

2

,


σ(t) → Σ(t) = ω−2(t)σ(t) ,

ψ(t) → Ψ(t) = ω(t)ψ(t) ,

Dω =
(

d
dt

+ Σ̇
Σ

)
d
dt
ω = 0

Note that even if the action is invariant, equations of motion do transform

δS =

∫ tb

ta

dt
d

dt

(
Σ
ω̇

ω
Ψ2

)
,

0 = E(σ

), ψ)

−→ E(Σ

),Ψ)

= 2ω̇Σ
d

dt
A (Σ, ω)

+ . . .

ω(t) = ω0 + c0

∫ t

ta

dt′

Σ(t′)

The non-locality of ω changes the boundary value problem

{
δσ(ta) = δσ̇(ta) = 0 ,
δσ(tb) = δσ̇(tb) = 0 ,

−→


δΣ(ta) = δΣ̇(ta) = 0 ,

δΣ(tb) = 2Σ2
b
ω̇b
ωb

∫ tb
ta

dt δΣ(t)

Σ2(t)
,

δΣ̇(tb) = 2Σ2
b
ω̇b
ωb

(
Σ̇b
Σb

+ ω̇b
ωb

) ∫ tb
ta

dt δΣ(t)

Σ2(t)

Add an interaction with a matter field

d

dt

(
σψ̇

)
= 0 → d

dt

(
ΣΨ̇

)
= 0 ;

{
δψ(ta) = 0 ,
δψ(tb) = 0 ,

→

{
δΨ(ta) = 0 ,

δΨ(tb) = −Ψb
ωb

∫ tb
ta

dt ω̇(t)
Σ(t)

δΣ(t) ,
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ω(t) = ω0 + c0

∫ t

ta

dt′

Σ(t′)

The non-locality of ω changes the boundary value problem

{
δσ(ta) = δσ̇(ta) = 0 ,
δσ(tb) = δσ̇(tb) = 0 ,

−→


δΣ(ta) = δΣ̇(ta) = 0 ,

δΣ(tb) = 2Σ2
b
ω̇b
ωb

∫ tb
ta

dt δΣ(t)

Σ2(t)
,

δΣ̇(tb) = 2Σ2
b
ω̇b
ωb

(
Σ̇b
Σb

+ ω̇b
ωb

) ∫ tb
ta

dt δΣ(t)

Σ2(t)

Add an interaction with a matter field

d

dt

(
σψ̇

)
= 0 → d

dt

(
ΣΨ̇

)
= 0 ;

{
δψ(ta) = 0 ,
δψ(tb) = 0 ,

→

{
δΨ(ta) = 0 ,

δΨ(tb) = −Ψb
ωb

∫ tb
ta

dt ω̇(t)
Σ(t)

δΣ(t) ,
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Classification: Two derivatives
• Scalar constraints
Most general constraint of degree two homogeneous in Ω and shift invariant

Cg(Ω) = s1Ω2gΩ+ s2g
αβ∂αΩ∂βΩ ,

Closure and associativity enforce

s1 ̸= 0: Cg(Ω) proportional to ΩHg(Ω)

s1 = 0: Cg(Ω) = s2g
αβ∂αΩ∂βΩ = 0 light cone

Adding non derivative terms projects on Ricci-scalar-flat spacetimes

• Tensor constraints
Most general tensorial structure

Cg,µν(Ω) = c1Ω∇µ∂νΩ+ c2gµνΩ2gΩ+ c3∂µΩ∂νΩ+ c4gµνg
αβ∂αΩ∂βΩ ,

Closure and associativity enforce

c1 = 0 implies c3 = 0 ⇒ scalar case

c1 ̸= 0 ⇒ c2 = 0,− 1
d
and the constraint can be written as

Cg,µν(Ω) = −Ω3Lg,µν(Ω) + gµνΩ

(
1

d
+ c2

)
Hg(Ω) ,

Lg,µν(Ω) =
(
∇µ∇ν −

1

d
gµν2g

)
Ω−1 = 0

c2 = 0: tensor harmonic, c2 = − 1
d
Liouville-Weyl: K̃µν → K̃′

µν = K̃µν +ΩLg,µν(Ω)

[Kühnel and Rademacher, ‘95; Shaposhnikov and A. Tokareva, 2023]

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 7 / 10



Classification: Two derivatives
• Scalar constraints
Most general constraint of degree two homogeneous in Ω and shift invariant

Cg(Ω) = s1Ω2gΩ+ s2g
αβ∂αΩ∂βΩ ,

Closure and associativity enforce

s1 ̸= 0: Cg(Ω) proportional to ΩHg(Ω)

s1 = 0: Cg(Ω) = s2g
αβ∂αΩ∂βΩ = 0 light cone

Adding non derivative terms projects on Ricci-scalar-flat spacetimes

• Tensor constraints
Most general tensorial structure

Cg,µν(Ω) = c1Ω∇µ∂νΩ+ c2gµνΩ2gΩ+ c3∂µΩ∂νΩ+ c4gµνg
αβ∂αΩ∂βΩ ,

Closure and associativity enforce

c1 = 0 implies c3 = 0 ⇒ scalar case

c1 ̸= 0 ⇒ c2 = 0,− 1
d
and the constraint can be written as

Cg,µν(Ω) = −Ω3Lg,µν(Ω) + gµνΩ

(
1

d
+ c2

)
Hg(Ω) ,

Lg,µν(Ω) =
(
∇µ∇ν −

1

d
gµν2g

)
Ω−1 = 0

c2 = 0: tensor harmonic, c2 = − 1
d
Liouville-Weyl: K̃µν → K̃′

µν = K̃µν +ΩLg,µν(Ω)

[Kühnel and Rademacher, ‘95; Shaposhnikov and A. Tokareva, 2023]

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 7 / 10



Classification: Two derivatives
• Scalar constraints
Most general constraint of degree two homogeneous in Ω and shift invariant

Cg(Ω) = s1Ω2gΩ+ s2g
αβ∂αΩ∂βΩ ,

Closure and associativity enforce

s1 ̸= 0: Cg(Ω) proportional to ΩHg(Ω)

s1 = 0: Cg(Ω) = s2g
αβ∂αΩ∂βΩ = 0 light cone

Adding non derivative terms projects on Ricci-scalar-flat spacetimes

• Tensor constraints
Most general tensorial structure

Cg,µν(Ω) = c1Ω∇µ∂νΩ+ c2gµνΩ2gΩ+ c3∂µΩ∂νΩ+ c4gµνg
αβ∂αΩ∂βΩ ,

Closure and associativity enforce

c1 = 0 implies c3 = 0 ⇒ scalar case

c1 ̸= 0 ⇒ c2 = 0,− 1
d
and the constraint can be written as

Cg,µν(Ω) = −Ω3Lg,µν(Ω) + gµνΩ

(
1

d
+ c2

)
Hg(Ω) ,

Lg,µν(Ω) =
(
∇µ∇ν −

1

d
gµν2g

)
Ω−1 = 0

c2 = 0: tensor harmonic, c2 = − 1
d
Liouville-Weyl: K̃µν → K̃′

µν = K̃µν +ΩLg,µν(Ω)

[Kühnel and Rademacher, ‘95; Shaposhnikov and A. Tokareva, 2023]

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 7 / 10



Classification: Two derivatives
• Scalar constraints
Most general constraint of degree two homogeneous in Ω and shift invariant

Cg(Ω) = s1Ω2gΩ+ s2g
αβ∂αΩ∂βΩ ,

Closure and associativity enforce

s1 ̸= 0: Cg(Ω) proportional to ΩHg(Ω)

s1 = 0: Cg(Ω) = s2g
αβ∂αΩ∂βΩ = 0 light cone

Adding non derivative terms projects on Ricci-scalar-flat spacetimes

• Tensor constraints
Most general tensorial structure

Cg,µν(Ω) = c1Ω∇µ∂νΩ+ c2gµνΩ2gΩ+ c3∂µΩ∂νΩ+ c4gµνg
αβ∂αΩ∂βΩ ,

Closure and associativity enforce

c1 = 0 implies c3 = 0 ⇒ scalar case

c1 ̸= 0 ⇒ c2 = 0,− 1
d
and the constraint can be written as

Cg,µν(Ω) = −Ω3Lg,µν(Ω) + gµνΩ

(
1

d
+ c2

)
Hg(Ω) ,

Lg,µν(Ω) =
(
∇µ∇ν −

1

d
gµν2g

)
Ω−1 = 0

c2 = 0: tensor harmonic, c2 = − 1
d
Liouville-Weyl: K̃µν → K̃′

µν = K̃µν +ΩLg,µν(Ω)

[Kühnel and Rademacher, ‘95; Shaposhnikov and A. Tokareva, 2023]

Riccardo Martini (UniBo, INFN) Restricted Weyl September 11th, 2024 7 / 10



Invariant scalar theories in d = 4
Harmonic Weyl invariant theories

• scalar with wφ = −1

(4π)2A =
1

120
W 2
αβµν −

1

360
E4 +

1

2

(
ξ − 1

6

)2

R2 ,

• higher derivatives scalar with wφ = 0

S[φ, g] =

∫
d4x

√
g
{1

2
2gφ2gφ−Rµν∂µφ∂νφ+ ξR∂µφ∂

µφ+ λ∂µφ∂
µφ∂νφ∂

νφ
}

Tµµ
!
= 6

(
ξ − 1

3

)
□ (∂µφ∂µφ) ⇒ (4π)2A = − 1

30
W 2
αβµν +

7

180
E4 +

(
ξ̃ − 1

3

)2

R2

Liouville-Weyl invariant theories: Tµµ
!
= ∇µ∇νX

µν , Xµ
µ = 0

• scalar with wφ = 0

S[φ, g] =

∫
d4x

√
g
{1

2
2gφ2gφ− 1

6
R∂µφ∂

µφ+ ζ̃R̃µν∂µφ∂νφ+ λ̃∂µφ∂
µφ∂νφ∂

νφ
}

Xµν = 2(ζ̃ + 2)
{
∂µφ∂νφ− 1

4
gµν∂ρφ∂

ρφ
}
,

(4π)2A = − 1

30
W 2
αβµν +

7

180
E4 +

1

12
(2 + ζ̃)2R̃2

µν
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Higher derivatives, higher dimensions (d ≥ 4)
Use the properties of Q-curvatures to construct constraints and invariant actions

Q4,g =
d

2
K2 − 2KµνKµν −□gK , Q4,Ω2g = Ω−4 [Q4,g +OQ4,g(Ω)]

with OQ4,g(Ω) = . . . a very long expression . . .

Od=6
Q4,g(Ω) =

1

Ω

[
□2
g +Rµν∇µ∇ν − 1

2
R□g

]
Ω

Olin,g(ω1) =

[
□2
g −

d2 − 4d+ 8

2(d− 2)(d− 1)
R□g +

4

d− 2
Rµν∇µ∇ν −

d− 6

2(d− 1)
∇µR∇µ

]
ω1

Construct a quadratic invariant action for a scalar with wφ = 4−d
2

S[φ, g] =
1

2

∫
ddx

√
g φ (∆4 + ξQ4)φ ,

∆4 = □2
g +∇µ [4K

µν − (d− 2)gµνJ ]∇ν +
d− 4

2
Q4

for which

Tµµ =
ξ

2
Olin,g(φ

2) +
d− 4

2
φ (∆4 + ξQ4)φ
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Conclusions and outlook

Summary

• We classified groupoids with two derivatives

• Gave examples of higher derivative constraints

• Found the expression for the classical trace of the EMT and its 1-loop anomaly

Outlook

• Understand the geometry the metric space constrained by the restricted symmetries

• Clarify the role of such symmetries for gravitational theories

• Clarify the issues due to non-localities
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