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One-loop effective action

® Euclidean Einstein-Hilbert truncation Cosmological framework: | > M;l

TNee 4 2T 5

3G G

1
Sgrav = R /d4X\/§ (—R + 2/\cc) i Sé:gv =

® Gauge-invariant one-loop Vilkovisky-DeWitt effective action

1/ 1/
rgrav - Sgrav + asgrav

® Measure [Du(h)Dv* Dvg] Fradkin - Vilkovisky
[Du(h)Dv; DVU] = H Oo(x H dhap(x H dv (x ) (H dve(x)
\—,_/ oyt -

ca—10
g(a) 00(x) (g(a)(x)) -t from integration over conjugate momenta
det,[-0)| — 3] deto [0, — 6]

1
551/ — |Og a= 1
Y27 deto[-0?, 2a2/\cc + 8] deto[-0©), — 2227
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One-loop effective action - 2

‘ Dimensionless arguments‘

7

No need to introduce any arbitrary mass scale p, det automatically dimensionless

Eigenvalues )\E,s) and degeneracies D,(,s)

Conclusions

o

2s+1 3\3 (2s+1)3 3
Werteamos o o220 (0 2) - B (04 2)
n=s,s+1,...

® Two methods: direct cut on sum over eigenvalues, proper time ... same result

0ty =— (N log N?) a® + Acc (—N? + 8log N?) 22
Nt 17 1859
_ 7N2 _ | N2 o N—2
12 ' 3 g0 o8N+ (v2)

N > 1 numerical cut on the number of eigenvalues

N N\
Connection to physical cutoff scale Acyt: Acit(~ Mp) = — =N %
a \/

ds
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One-loop effective action - 3

AY A 3GAe . 3A2
cc <€ (1 “ log A ) + finite

11 G [~ 32
G,_G[ +2w<3/\ — 8/ce log - )

™

+ finite

=

cC

® Taking G ~ I\/I;2 -G~ G~ #: No naturalness problem with renorm. of G
P

® Most importantly: only logarithmic corrections to p = 8/;“6

In pure gravity no naturalness problem arises
We may naturally have Ae < M3 — AL~ A

Usual result re-obtained if one connects N and Agy through: Aqye = N
i.e. cut imposed as ~ n?/a® < A?

cut
NOT THE SAME
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Wilsonian RG equations

We again use two methods
® Direct sum over eigenvalues

® Proper time

Conclusions
[e]
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Method 1: Sum over eigenvalues

1 .
SIIE,‘JTZV[gMV] = Snlguw] = 167Gy /dax\/é (=R +2Ap) (N integer)

As before: physical cutoff Aeye (~ Mp) = N/ayg

® Wilsonian action: SL[g;(f)] (L integer, L< N ; LK L)
L
RG equation: S, _s[gfv] = Sclgii]+0S. = Sulg] + > fi(n)
n=L—45L

® Einstein-Hilbert truncation (SL[g;(fg] = g—ét a* — 2" a?)

55 L det,[-0%), — 3] det,[-0(, — 6]
L= —;log
2 deto[—Dg - 232/\L + 8] detp[—0O :)1 —2a2A(]

f, = DY log (AP —2a°A, +8) + D log (A — 2a°A,) — DM log (A = 3) — D log (A - 6)

® Differential form: %SL = - (% Z,sz fL(n))
a AL, GL
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Method 2: Proper time

® Writing the determinants as

Conclusions
[e]

[0 ar g ), f IYNCEN
der(-08, —ay= e i FEO 0 - 3 pp ()
n=s+i

® Deriving w.r.t. L we get the proper-time Wilsonian RG equation

) )
25 =— (=355
L™t (8L P‘)AL,GL

— same result as the one obtained with direct sum +—

Expanding the r.h.s. for L > 1 any of the two

4 2
1
Lo () =5 Loy = S (12 -2)
(S
L (&) =% (11-9) Lo = I (12-9)




Introduction Wilsonian RG equations Fixed points Conclusions
000 000e0000 000000000 [e]

Solutions to the RG equations
(Acc E/\N N G= GN)

AL = Acc AL = Acc
14+ Gl (y2_(2) N pL/2 1+ S (302, —Acel?)
™ - Acut:7§ Nee ™ cut /e
p——
6= —F——— 6L = —————
142262 (N2 —12) 14+ £ (302, —AccL?)
AL Gy
14x10'" 6x 108
12x 10"
5x10°%F
10 10"
4x 107
8.0x107]
3x107%
6.0x10"7
10* 107 L 10" 107 L
A3 Gz
=2 ~o031
AL GL

A =g at this order
cC
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Solutions to the RG equations - 2

A G
A= 5 G = :
V14 E(BAZ, — Accl?) V1+ E(BAZ, — Accl?)
A G
Ag = 36 C; Gr = >
1+ (Acut 3/\‘3‘3) 1 + (Acut 3ACC)

The above equations for A, and G, contain important messages
® Sign of couplings is fixed
® Taking for G the natural value G ~ Mp? !
For ~ any value of A, including Aee ~ A2

cut

G~G,~M;% A, ~ e

Conclusions

No naturalness problem arises: the bare cosmological constant A.. does

not need (!) to be ~ M3. We may naturally have

Nee < M3

I Actually, for any value: A2, — 3Acc must be A2, — 3A¢c >0
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Solutions to the RG equations - 3

Ace
A= G 2
\/1 + ?(3Acut = Acc L2)
A
AIR _ ce

cut

1+ 35(A2, — 3A)

Ar/A = gr/8&

Fixed points
000000000

G

- V1+E6A

V 1+ %(Agut - 3/\00)

A= /\cc//\fut- g=G-

0.95

0.90

0.85

0.80

0.75

— Aecl?2)

Conclusions

[e]

/\2

cut

DA
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RG equations in terms of the physical running scale k

LN _ G.A; (L2 72)

oL o«
9GL  GIAL ¢/,
Lor = ()
Similar to one-loop: L = physical running scale k
L A
k=— =1,/2¢ (ky < K < A kyy = (305)"/2)
a, 3

The RG equations become

(O 3G M (K =30
Ok = 1+ (k2N
06 _3GE K- 3N

Ok ~ w1435 (kA




Introduction Wilsonian RG equations Fixed points Conclusions

000

O000000e 000000000 [e]

Solutions for G, and A,

(same as before in terms of k)

KON — 3G MK =3 o (O _ 3Gk KN
ok ™ :H_SGk (kz Ak) since kT—fz<<1 ok ™ 1+3Gk k2

Gk — 360 eA, kOGk — ﬁ%
ok ™ 1_;'_32_&: (k2_%/\k) ok T 1+3 kkz

1410
12x10'
110"
2

K2A 4 Ty 1
M= —— |14 41+ = (A§Ht+—) — soxi0"

2 e 3G 36/ Kk

3G

60x107

B K26 B N 1
[ — 14+ — —) =
k ) * "3 (C“‘+3c) K4 G

2 sl
2 (Acul * 36




FIXED POINTS
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Fixed points
A
t=1Ing Ae = % gt = k2Gy

O\ 3¢ M (1-30)
- MMt T T

t T+ E (1= 3N)
d 3g2 1-8x

t Tl (13

Fixed points from Fixed points

> =0 (Avg)l = (070)

(/\,g)2 = (0,—7/3)

Conclusions
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RG flows

0.5 b»\
0.0 Lﬁ =
> -0.5 \
—-1.0
_1'—50.05 0.00 0.05 0.10 0.15 0.20 0.25 0.30
A
(A g), =(0,0) axes A = 0, g = 0 UV-repulsive/attractive respectively

()\,g)2 = (0,—m/3) unphysical UV-attractive fixed point

. We do not see any physical UV-attractive fixed point (AS) ...

Conclusions
[e]
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What generates the AS behaviour?

o L* 342 1859
S tarti int: L—=5 =2A?a* + 2\, (1> —8) 2> + — — _—
ame starting poin oL 1 1a +2AL ( ) a< + 3 3 + 25

Identify the running scale k as (rather than k = L/3;)

0 k4 3442 1859
S k—5c= | — +2A, (K> + A 4 16A, | a° + ——
8kk 3+ k(-‘rk)a <3+ k>3+45
J
1) k|4 s 34Kk2 4+ 48 Ny
k— N = —= | k* + 6N, (K2 4+ Ag) = Np—— X
oKk - + k( + k) k 6
4k2 4+ 48 A\
kg Gk:_Giw
Ok (%5

AL = A, G = Gy
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What generates the AS behaviour? - 2

A
t=1Ing Ae = 5% g = k2Gy
oA 34 4 48\
= :_2/\t+g 1+6)‘f(1+)\t)_)\t7t] = B (e, 8¢)
ot T 6
Bgt 234+48At
—— =28t — g ———— = A
ot 8t — & — o Be (Ae, gt)
Fixed points from Fixed points
a1 £ 1+6,\(1+/\)—A34+648’\ =0 (*.g), = (0,0)
s
34 4 48\ 8 — V154 27
0y g2 - g). = (-2 Y227 ZT (53 4./154
g8 —& 0 (X g), ( 0 7 (53 5 ))

e), = (—78 +3\gﬁ, i—g (53+4\/ﬁ))
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What generates the AS behaviour? - 3
3
2/—\
.- %
G—/ =
-1
5 A
10 -08 -06 —04 —02 0.0 0.2 0.4
A
()\,g)1 = (0,0) axes g = 4w\, g = 0 UV-repulsive/attractive respectively
(A, g)2 = (0.147,0.918) UV-attractive fixed point  (AS)

()\,g)3 = (—0.680,28.039)  axes g = —65.741), g = 627.551\ UV-repulsive/attractive respectively
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Functional RG

I'«lg, 8] Effective Average Action ; kK = (327TG)_1/2 i uv fixed background
1 _ _ N\ _
kouTlg, g = Tr {(K e &l + Rfm[g]) kakamv[g]]

~ 1 [ (- Mis.2) + RPIE) T kouRE ]

M. Reuter, C. Wetterich
M|g, g] classical kinetic term of the ghosts

M[g7§]MV = ENPEUADA (gpchr +gaqu) - é’pgéﬂAD)\go'qu

Du covariant derivative ; Christoffel symbols from g,
Choice: g, of sphere radius a. Regulators Rf““’[g] and th[g] have the form

Ri[g] = Z,k?RO(-0/K?) , O=g"D,D,
Modes w/ p? > k?: integrated out ; modes w/ p? < k?: suppressed by Ry:
— “Tr" effectively contains only eigenmodes of —O with eigenvalues
2
n
P2~ L K2
a2

Eigenvalues are used as discriminant to introduce sliding scale k
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RG flows from Wetterich /Reuter equation

2

n
2 2
pNaZNk

2
Introduction of running scale k through eigenvalues A\, ~ 7;

= spurious k* terms = “AS flow"

M.Reuter, Phys.Rev.D 57 (1998) 971-985 Our result with the identification k = ';7

M.Reuter and F.Saueressig, Phys.Rev.D 65 (2002) 065016
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Conclusions
Fradkin - Vilkovisky measure in the path integral —

Cutoff / sliding cutoff scale imposed as a cut on the number of
modes

One-loop effective action / Wilsonian RG equations: absence of
quartic and quadratic contributions to p

Solutions to the RG equations are multiplicative: no naturalness
issue arises in pure gravity!

Renormalization pattern considerably different: no physical
UV-attractive fixed point

Quartic dependence & AS fixed point generated if we impose the
cutoff as a cut on ~ n?/a? rather than n ... spurious powers of a

... Is Gravity non-perturbatively renormalizable? ...



OOOOOOOOO

ADDITIONAL SLIDES



The case A =0

L% 34/ 1859

3 3 45

9 _ 2 _4 2 2
LaSL_2/\La +2AL(L 78)3 +

Using our equations with the identification k = L/a

P P 3442 1859

S k=5 = | — +2A, (K> + A — 16A; | a° + ——
el 3 + 2Ak ( + k) a ( 3 + k) a+ 75

o) 34 12

% =2gt — gfa — g = 3—2 UV-attractive fixed point

Match results in the literature
Generation of g*: 2/ L?2? — 2\ k?a*, —34/31% — —34/3k?2°

Change sign of a2 term!

dets[-0, — 3] det,[-0, — 6]

deto[-0P, — 2227, + 8] dety[-0| — 2a27,]

When A; = 0 — no powers of a in fluctuation determinants

Renormalization of G; must be o A;: g* cannot exist

0@0000000

Souma
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The case A = 0 Cont'd

Orgk =Py = [d—2+4n(k)lgx
1
=By = —(@2—n)A+ 5gk(47r)1—d/2 {2d(d + 1)@} 5 (—2)
—d(d + 1)n(k)®} 5(—2\) — 8dY ,(0) } .
Souma

) 34 + 48X\

2 oae+ & 146 (1+Xt) — At#] =B (Ar, &t)

ot T 6

og 34 + 48X\

87: =2gt — g?Tt = Bg (Ar, &t)

Our equations with the identification k = L/a

A is generated ... inconsistent to study g equation alone
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Comparison with Becker-Reuter, PRD 102 (2020) 12 - PRD 104 (2021) 12
and Ferrero-Percacci, e-Print: 2404.12357

Consider the modified Einstein equation at one-loop Becker, Reuter PRD 104 (2021) 12
3G d y 4 2,36 d g a
- aargrav(a) = d\ca” — 122° + 7 aaésgrav(a) =0 (g;w = gﬁl)

* BRST-invariant Fujikawa measure (or measure not fully considered)

[paves; 2] = TT [(#000) (I s ([ i) ([ )]

x o a—16 a<s B P o

- oSy

arav(@) ~ N* log (ap) = solution 3, ~ Nv/Mp AL

* Fradkin-Vilkovisky measure

[Du(h)vv; DVU] = H [g(a) 00,y (g(a)(x)) _1( H dhaﬁ(x)) (H vk (x)) (H dvg(x))jl
—_——

x o« a—10 as< B P 4

= 55&!3\,(3) does not contain N“log (ap) = NO 3, solution

Similar considerations apply to the results found in Becker-Reuter, PRD 102 (2020) 12, and
Ferrero-Percacci, e-Print: 2404.12357
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Why Fradkin-Vilkovisky measure?

Free real, massless scalar field ¢ in grav. background g, = (1 + h(x)) 7.

1
\/—gL = 3 (1+ h(x)) 8.0 0" (Donoghue, PRD 104 (2021) 4)
Of the kind
1 ab ~ab a qu_b
L= 5 [6 + G (Tr)] Oum® ot m (Gerstein, Jackiw, Lee and Weinberg, “Chiral loops”, PRD 3, 2486 (1971))

* Canonical quantization (using GJLW result)

1 PUNE PR I o 9.9,
1. H = —Eh(X)a;M’ 0"+ 5%@ L " h} do¢p @ non-std prop. A, (q) = q2“+ o~ Mwonwo

1 B o
2. H = —5h(x)0,$0"F + %5(“)(0) log (1 + h(x)) @ std Feynman rules
* Functional methods (Honerkamp and Meetz, “Chiral-invariant perturbation theory”, PRD 3, 1996 (1971))

path integral measure from integration over conjugate momenta

Du(¢) = H (1+h(x)?dp(x) < AL= —éa“’(o) log (1 + h(x))

X

same as that in canonical quantization
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Why Fradkin-Vilkovisky measure? Cont'd

For generic metric g,,., (Donoghue, PRD 104 (2021) 4)
_ 1/8
Du(¢) = [ [ (- det i ())/* a0
X

Measure we use (from integration over conjugate momenta) (Fradkin-Vilkovisky, Unz)

Dute) = T [(609) " (- det g ()" a0

x

Fujikawa measure

Du(9) = [ ] [(~ det e (x))/* do(x)]
“ g = (14 G0y = (= det g0 (<)Y = (8%(x)) 7 (= det g ()4 = (1 + h(x)/2
(—det g, (x))* =1+ h(x) DIFFERENT!

1/8 1/2 1/4
* Sphere g, = g7 = (-~ detg()(x)) " and (g9 (x)) ' (—detgl?(x) " both ~ a

m v

(— det g, (x))V/ %~ a2
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Sum over the eigenvalues in closed form

F(a°A) = 9Aa® — %A\/SAaZ + 9logl (% - %\/SAaZ + 9) a® — sAp(™? G (\/BaZA — 15+ 7)) a
—ont (1= 2v/aen—15) o - ni 2 (1 (Vora v 7)) 2
— Ap(=? (% - %\/8/\32 +9) 2+ %/\Iogr (% <\/8A32 +9+7>> \/8Na? + 92°
— 5log(120) + %g(A) -2 11Iogr (% (\/ﬁ+ 7))
- Z (32/\ - 5) 8a2A — 15logl’ (; - %\/832/\ - 15)

- %Mmgr (% - %\/M) + 399 (1) + 399 (6) + ¢ Y (% - ?)
(x/§+7) — 5p(H (% ( 822\ — 15+7)) — 5p(H (g - %\/832A— 15)
Vang o 7)) o0 (Do Ly fonavo) B2 100 20O

(\/ﬁ+7)) - 8a2A — 154~ (; - %\/832/\ — 15)

e (
— w(*“) (

NI~ NI

_ %\/@M—a (

N o

1
2
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3342 (6)

1 7 1 33921 -
-3 8A32+91b(_3)(§ = 8A32+9)+ v 2

2 4
49 (-2 (T _V33) 49 (g1 E _
NETd (2 )+12w 2(\/§+7) LTl Vesh 157

2
175 7 1\/7
il — —4/822A—15

+ «/J (2 SV )

(5 (
_ gw(*) (% (\/m4r7))
(

_ 13 (- (Z_l 8/\a2+9> 1 (7 \/j>\/§+2logr L @>\/1*71
12 22 2 22 22 3
+Z (32/\75) logl (% (\/M+7>) \/m
i gw“” (5 (m+7 ) \/m
%Iogr (E ( 8/\a2+9+7)> \/W
o (5 (Voo 7)) vorswo+ B0 2oy - 2ot
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a? 0 0 0
0 2% sin? 0, 0 0
(a) _
8y =
0 0 a? sin® 0y sin? 0, 0

0 0 0 a? sin® 0y sin? 0, sin” 03
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