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The conformal anomaly is not a bug

® Knowledge of the trace anomaly (partially) yields g, 7]

) No complicated renorm procedures, mostly inde of the spin of fields integrated

Qre

® Cohomology yields the most general model independent anomaly

) greatly generalize previous results

L) torsion decrees applicability range 4+ mixed anomalies, but ...
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Some terminology

4 Trace anomaly consists of: — L 90 C nontrivial + trivial
VE T T N~
a+b a’

¢ Torsion is just another field
A“Vp = I'“l,p + KMVP(T)
A general linear connection, I is Levi-Civita, and K contortion. Torsion irreps:

1

T =331

(0" pm — Hu1p) + HYup + KH )

Only 7 admits nontrivial Weyl transf:
1. strongly: 7, = 7, + bO,0

2. weakly: 7/, =7,

Gregorio Paci (INFN and University of Pisa) FLAG meeting 2024 Catania, September 9-11, 2024 3/13



Cohomological method in a nutshell

Classically: 6,S = 0. At the quantum level
5, Mg, 7] = wloi g, 7]
if o grassmannian®, 62 = 0 for 1./2. we get CCs

dowlo; g, 7] =0

and 3 analogue of de Rham cohom w.r.t. §,:

¢ wra = 6,F[g, 7] & exact 1-forms

& S,wyt =0 but such F 3 < closed but not ex, they € Hig(M)

Strategy: basis of 1-forms (or cochains) + consistency cond!

IL. Bonora, P. Pasti and M. Bregola, Class. Quant. Grav. 3 (1986), 635
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invariant torsion in 2d: consistency conditions at work

Standard Weyl gen: 6, = 2fd2xo'gw,ﬁ

4 1-cochain basis

w) = /d2x\/§a'J, wy = /dzx\/écr V-7, w3 = /d2x\/§a' (r-71)

where J = R/2. CCs: 6, Y; ciw; = 0 yield no constraints since

dowilo; g, 7] =0, i=1,2,3,
and thus

(JJU:/\/EU{C1J+C2(V'T)+C3(T'T)}

¢ What's trivial? It is simple to see

{1:/d2x\/§J, 52:/d2x\/§(v-‘r), &3:/d2x\/§(7~7) = ds&lg, 7] =0

so, no trivial anomalies.
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invariant torsion in 2d: anomalous actions
Finite conformal transformations
VEV 1) =VE (V7). VECT=VE (), VEI=VEl Do
Nonlocal action
__ [ a . . 1
Fuler] = = [ dxVE{(FI+ (V- +a(rn) 3d) +eler]

Localized action

2
1 1
Tiocle, v, 9] = E /dzx\/§{§¢;A2<p; + aipid + BipiTi — EwiAﬂ/)i - ,B;w,-T,-}
i—1

Ti1=V-T1, To=71-7

c1 2 2
o =ax =4/, L= —c2, Ba =] —cs3
2 c1 c1
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invariant torsion in 2d in a toy model: Wald entropy on Rindler spaces

Wald entropy for nonlocal actions? yields

1 1 1
= {CIKZJJFC?KZV.T—FC?’ET.T}

1 s ( OLioc )
S0 = | 55— ) €aBEpr
27 2 aROtB/J«V X=Xp X=Xp

2
Near horizon ds? = dr? 4 <§—:> r?dn? ~ Rindler. In an out-of-eq approach an using
6 = B~y becomes a cone

ds? = dr® + a?r?de? a= 8
BH
Laplacian’s Green function®
L 2(a—1 L
G(r,A)= ( )In\rfrl\
(03
and we choose
1
Tr o~ 1+e€
2R. C. Myers, Phys. Rev. D 50 (1994)
3S. N. Solodukhin, Phys. Rev. D 51 (1995)
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invariant torsion in 2d in a toy model: Wald entropy on Rindler spaces

Wald's formula yiels

1 o | —2(1 + 2¢l
—TT / / rozd@dr nr =(a— 1)3 e A-recing) (1+2¢cina)
Ao r1:0 2(1+€) 32¢
and
1 2(a—1)%(1+¢€) [2m [ nr s 4me?(14+€)(1+elna)
Lo AW Py e
Notice

® log div for a — 0, but for & = 1 we get, as expected, zero

® o =1 choose the Rindler temperature ~ Minkowski vacuum
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affinely transforming torsion: Weyl variation and anomaly

Weyl generator

6
0 = 68 + 6 :2/ddx0'gm,6

1
+ b/ddxauo' —
Buv o

T
Noether id for classical Weyl inv of S[g, 7] is

TH, = —bV,D*

D* (virial) current coupled to 7,

0
Slg, 7] = D"
VBT,
In flat space limit: scale anomaly.
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affinely transforming torsion in 2d: consistent anomaly

4 1-cochain basis

wy = /d2x\/§0],

wzz/d2x\/§a(v-7), w3:/d2X\/§U(T'T)

J=J+ 3}V 7 transf homogen with weight —2. CCs yield

72b63/d2x\/§o (Vuo) 7" =0 = =0

Thus

wU:/\/EU{C1J+C2(V~T)}

¢ What's trivial? 0-cochains

&= / PxyET,

1
Only wy: |wy = —%(5053

Gregorio Paci (INFN and University of Pisa)
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affinely transforming torsion in 2d: effective actions and mixed anomalies

We have
Ve'J =g, Ve (V- 1') = /g (V-7 + bhso)
V - 7: mixed (a+ a’)-anomaly — integrate simultaneously

. ¢ ¢
Twzlo;g,7] = /dZX\/Ea{clJ +&(V-7)+ b?2A2O'} - 53) /d2x\/§ (r-7)

with € + €3 =

But “p; transforms as p," equivalence rel: Weyl classes.

Ex1: J € [J]ar but different Weyl class.

Ex2: a' € [0]ar: # representative may belong to # Weyl classes, integ accordingly!
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affinely transforming torsion in 2d: localized action and physical quantities

Localized action also displays a seemgly unphysical dependence

Cele, ¢, ¢ /dzxx/E{;soAszrwpﬁr Be(V-7)— ;wAzw—wJ}

— Q- /d2X\/§(T~T)

2

with
€1 2_ 9

=€, = , — 1
p 2 “ V& 7 ()

However, it does not appear in the Wald entropy

1
=a— (V-1
lAz( )x:xh

1 S ( oL )
—S i i=— | = ) €aplur
o [-NEXIN] 8R0¢[3/,u/ aBtp

X=X,

Catania, September 9-11, 2024

Gregorio Paci (INFN and University of Pisa) FLAG meeting 2024

12/13



Conclusions and outlook

We got
® most general and 7-dependent anomaly, mixed anomalies

® even if it is less powerful some observables are well-defined in 2d

Some future directions
® Including torsion irreps straightforward but involved
® Feynman propagator on Rindler e.g. from Lorentz-boost eigenfunctions

® Full-fledged application to bh thermo

In Z(8) ~ —Sulg, 7] — Tioclg, vis ¥il
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Thanks for listening!

Thank you for your attention, questions are welcome!
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d = 2 and Polyakov action, a simple but paradigmatic example

No b- and a’-anomaly
(TH,) =aE = aR.

1

A conf scalar with 2 derivatives has a = 5,—.

From g/, = €*° gy, and the chain rule
28] gy 81 = T 8] = V&' (T") = aV/&'R
Ind=2
Ve'R' = g(R—20o) = To,guw]= a/dzx\/E(RU — o0o)

by using ¢ = %ER we get the celebrated Polyakov non-local action

a 1
Tnlg] = Z/d2X\/§RER-
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Localizing Polyakov action

Polyakov non-local action
a 1
r => [ d>x/ER=R
nelgl 4/ xR

It is easy to localize. The local action

a

I—/oc[g: 90] = 72

/d2X\/§{%¢D¢ - Ry}

yields ['n.[g] one we go on-shell using

Op=R

Thus the strategy is to write our non local action “completing the square” so to write
them in a form that resemble Polyakov.
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Conformal tensors

Schouten and its trace are defined as

1
- R = g" K = R,
2(d —1) ) T ="K

Weyl
pr)\@ = Ruuk& - gp,)\KUG + 8ux KHG - guHKuA + Buo Kux

Cotton and Bach
C;uz)\ = VAKWJ - VVKMA
Buv = V*Cuur + KM Wi 0,
Properties Cotton

C,u,u)x = 7C/_LAV CMV)\ + CuA,u, + C)\,uu =0 CH/_LA =0 vH C;_LV)\ =0
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Modified conformal tensors

Consider

J=J+cV-r+ar-T.

To ensure it transforms homogeneously, i.e., J = J' — 20J, the coefficients must satisfy

1 d—2
c=— cq=—-——
b’ ! 262
So \/EJ isinvin d =2 and \/Efz in d = 4. Using conformal tensors
d—2 2 1 (d —2)? d—2
2 _ 2 2 2
J=J fTJ(T-T)+BJ(V-T)+E(V-T) +T(T-T) 7T(V-T)(T-T),

Similarly, requiring

KM = KM + by (Vuty + Votu) + oyt + b3 g'¥7 -7+ ba gh?'V - 1

transforms Krv = K/ — 4cKHv, we get
1 1 1
by = —, -, -
' 2p 2=
Naturally
R, =],
and, for the same choice of constants, that K’,,, = K.
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Modified conformal tensors

\/Ekﬁu invin d = 4. In terms of conf tensor

. 1 2 2

K;2u/ = KELV - EJ (T 'T) + EKHU (7'“ TU) + EKW/ (VH TU) + m (’7’ . 7')2
2 1

+ » (TETY) Vit — »

Homothetic curvature

1 1
(V-r)(r 1)+ 5 (Ve V) + 55 (Vur)?.

Qv = (Vuro = Vo) = (0ut — 0uy) -
so /82, invin d =4
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Modified conformal tensors

“Boundary” term BJ (in d = 4). Ansatz for O

O=0+4+a7"Vu+& (Vur) + g3 (T"7) -

By imposing 0J = (8J) — 40(8J), we get

_d—6 2 . 2(d-4)
gl—ib ) 82 = 5’ 83 = 2
In terms of the conf tensors
~ 1 d—2 d—2 d—6 2
DJ:DJ+BDV~T— = T”D'ru—7(VuTy)2—7T'(V—/)+EJ(V‘T)
d—=6 d—6)(d—2 v 10 — 3d
-y T“VM(V-T)—Fi( l))g )T“T (Vur) + 3 7-7(V-1)
2(d — 4 2 d—4)(d -2
_7( = )J(T'T)+§(V.T)2+7( ZE )(T )2,

V&BJ Weyl-inv BT in d4.
The combinations are very useful the cohomological analysis.
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Diff invariance is not broken

Néther id Diff:

V,u T, = DMQ;/,V + TI/V‘L'DI’L

as expected it holds also for (T#,) and (D") (therefore when computed using our
anomalous actions).
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2-cochains basis for CCs

For d = 4, d,wi[o; g, T] can be expressed using
/d4x\/§(avua) v, /d4x\/§(VH0Da) wi,

where v/ and WJ-“ counts, respectively, as 3 and 1 derivatives, and are constructed from
the curvatures, 7 and covariant derivatives.

Ex: using this basis we get (affine case)

Z/d“x\/g{hj(ﬁ,ck)(vuaua) wh + In(f, ei) (Vo) v#} =0 = h;=0,/,=0

J:n
leading to
fo fo fio  fo
fi= 0 fy = © f,=0 fo=— -2
1= 5150 5= 7 s 8= ~ 2
fs bfs
fQZ%_fll, fio=fi1, fis = —fi1, Q@=-—7—a,

with f, f5, fa , f14 arbitrary.
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1-cochains basis: affinely transf torsion

torsion dep basis
ws = /d4x\/§(7 (r-7)?, we = /d4X\/§0'J~2 , wy = /d4x\/§0R§V7
wg = /d4x\/§onw , wg = /d4x\/§a](7 ST) w10 = /d4x\/§a (Vj) T,
wit = / A5 /B RM Ty, wn = / d*xy/Eor (Y 7), wis= / d*xy/Eo (V- 7)? ,
w14 = /d4x\/§a (THTY)Vut, wis = /d4x\/§UTHDT“, wie = /d4x\/§0' (Vur)?,
wi7 = /d4x\/§07—”VuV~T, wig = /d4><\/§”ﬁ]’
Plus usual metric dep basis

wy = / d*x\/BoWBPY Wop 0y s wy = / d*x/goK2,

w3 = /d4x\/§aJ2, wy = /d4x\/§aDJ.

since £, = 8(J2 — K2,) + W2, _ — only E4 and W2,
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affinely transforming torsion in 4d: the action

Similar (but much involved) analysis

" - . f
we = /\/Ea{fgjz + BRE, + 6, + BT+ 6V, (Jr) + DV (7 7)

1
+fu (5077 = V(" V- T))}
8J: (b+ a’)-anomaly.

Local action

5
1 1
Cintlg, i, ¥i] = E /d4x\/§{§‘PIA480i — ajpiQs — BipiTi — EMAML',‘ - ﬁﬂ/ﬂiﬂ}
im1

2 72 2
71 =w ’ 75 =J ’ 73 = Ky,l/
but with
ai 5
Qj=1,...5 =4/ ——, B1=—biy/——
5 ai
Gregorio Paci (INFN and University of Pisa) FLAG meeting 2024
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1-cochains basis: inv torsion

torsion dep basis

ws = /d4x\/§0 (r-7)%, we = /d4X\/§O'J (V-7), wy = /d4x\/§UK’“' (Vum)
wg = / d*xEoR2, wo = / d*xy/god (r-7) | wio = / d*xyEo (V) -,
wit = / - L / d*xy/Eor (Y 7), wis= / d*x/Eo (V- 7)? ,
wia = /d4x\/§0 (THT")Vury  wis = /d4x\/§‘7‘ﬁt‘:‘7#7 ; wis = /d4X\/§U (Vur)?,

wi7 = /d4X\/§UTHVMV ‘T, wig = /d4x\/§aDV T

Plus usual metric dep basis.
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invariant torsion in 4d: the W-anomaly

Now
v
f'
wo :/\/E‘T{ﬁ(T'T)2+f4Qiu+f12 (T VoV + (Var)) + O
fio " " 1 B
+ S Vi (T T T) + A3V (V- T) + B(SOV T+ Vi (r J))}
where

Ve'V' = VgV + O(g, 7))
Weyl inv F can be integrated as

1 1
/d4x\/§F(g,T)6\Il, /d4X\/§F(g,T)*A Q4
4
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invariant torsion in 4d: anomalous actions
Wess-Zumino action

Mz = /d4x\/g70{f1 (-7 + A2, + h¥(g,7) — §O(g’,r)a}
Nonlocal action

M= [ @xV/E{(R (7 + i, + W2 + QD) A= QE} T

4
where
QG =aQ+fV(g 1), VEQI =(/&'Q7+A)
and
A5 =a1Ay — £0(g,7)

is self adjoint and conformally cov by construction.
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