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Motivation

=> Inflation = remains the most attractive theory to explain the
Cosmic Microwave Background observations.

which can lead to a

are in the class of _

One of the

- _ = when an axion-like inflation field is coupled to
an Abelian gauge field through a Chern-Simons interaction.

€® In the presence of this coupling, gauge fields are copiously produced by
the rolling of inflation;

€ \Which in turn, backreacts on the inflaton equation of motion (EOM).
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U(1)-axion inflation model

Let us consider a pseudo-scalar inflaton coupled to U(1)
abelian gauge fields described by the following action

~
S = /d x\/_ ——a L pOP b — V(o ——F,,,,,F“ —%F“”ﬁ‘w]
/ /7
Axion-like field Gauge-fields Interaction term

=~ UV

wherelF" = 1P F,5, F.5=0,A3 — 03A, and A, are the gauge fields.




U(1)-axion inﬂation modelowhat is the standard procedure in the

* literature?

1) Consider a spatially flat one obtains

Friedmann-Lemaitre-Robertson-Wal

ker (FLRW) background metric ¢" +2aH¢ — V2P + a?Vy(¢) = ga®’E-B,  (4)

ds® = —dt* + a*(t)dx> (2) T 2~ R =g =P, [

V-E=—4(V¢) B, (6)

with a(t) the scale factor, and we wiill
evaluate the impact of the gauge fields

production on the background while from the Bianchi identities one

Euler-Lagrange and Einstein equations. obtains
B +2aHB+V xE=0, (7)
Notation:
V-B=0, (8)
/
B ikl (3)



U(1)-axion inﬂatiOn modelowhat is the standard procedure in the

* literature?

To understand the impact of the gauge fields on the Einstein equations one
has to evaluate their energy-momentum tensor

— 14

00 D) ) ( )
E2 2

T = —E;E; — B;B; + 8 ; (15)

Taking into_account only the backreaction of the gauge fields on the
background, we can then rewrite the Friedmann equations in the Hartree

approximation as

1 [42 E? + B?
H? = —3m,7,3l [% + V(o) + <—2>] 5 (17)
¢+3Ho+ Vs =g(E-B). (19)
, 1 |. 2
H= g 84 280+ 87 (18)
Pl Inflation field homogeneous V¢ = 0 6




U(1)-axion inﬂatiOn modelowhat is the standard procedure in the

* literature?

The impact of the gauge fields on the inflationary background is calculated
in the Coulomb gauge (4o =0 andV - A = 0)

2
%T‘z‘—vm—gqs'vXA:o. (9)

Then one promotes A(T, x) to a quantum operator

Arx =Y / PR A R s ]
A=+

(2m)?
(10)
Finally, the equation of motion Fourier modes At reads
d2
E_’Q‘Ai('ra k) = % (k2 T kg¢/>Ai(Ta k) = 0. (12)




U(1)-axion inflation model: homogeneous case

How to obtain the energy density and

helicity contributions? _
-2
1) de Sitter background
2) the analytical solution of EQ.(12) is 4

given in terms of Whittaker W - |

functions

@ A

1 .
A:t (7‘, k) = ﬁeing/QW:tiE’% (—221{:7-) )

Without backreaction

3) Approximation: 7
/ S
................................ AEEEE R R : ¢ _|_ V — O

B RBTEB : 3H? = V(9¢)

Barnaby et al JCAPO4 (2011) 009
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Second order solution in U(1)-axion inflation

Gauge invariant quantum backreaction

The above physical gauge invariant
observable is then defined by

_ {(VIA(to, x)] S(to,x))
(S)a, =

(V[ (to,x)|) mm) the determinant of the
induced 3-dimensional

metric

It is possible to show that the effective
scale factor satisfies the following gauge
independent effective equation

(o 5) -7,
acfr 0Ao 9\ /-0rADA[ 4,

A is homogeneous

" A
With @ - V#n“ ny\’= —mm‘v

settles then the class of observers

The space-time dynamics can be
studied in any gauge, simply _

the matter and Einstein equations in the

chosen gauge.



Second order solution in U(1)-axion inflation

Considering cosmological perturbation Long wavelength (LW) limit for scalar

theory up to the second order, so we fluctuations produces:

write the general perturbed metric LT g e [
around a FLRW space-time as : ©=3H-3Ha—3y+ §H&2 +3ay — 6y
1
: 8
L — 0, A0"A =1—2a+4a* —2a? |

: TR TN . §
VI =a® (1 — 3+ 51/)2 — 1—6h”hij - 31p(2))

Gauge invariant construction

e _ —3H&® — 3@ — Zhyhi

Egoo =—-1-2a—2a® 4

g0 = (8. +B) - L (8 + B?
g0 =—5(8,:+B)— 5 (89 +B?),

Egz‘j =a’ [%’ (1 — 21— 2w<2>) + D;; <E - E<2>)

1 : | 2 2 2 .
E(Xi,j + X + hz'j) + 5 (Xi,j) i Xg',i) i }L'z(lj))] ',

.
: Neglecting tensor perturbations

At the same time, the inflaton can be

2 — N
written to second order as 9 . 1 Oaesr\™ _ 12 2 e (2)
Hpp = (aeff ac ) =H |1+ () | £®)|.

scalar perturbations of the metric

....................... 10



Second order solution in U(1)-axion inflation

Going up to second order in the field and scalar metric perturbations***

The uniform curvature gauge (UCG)= |¥ = E = 0
e The Einstein tensor terms remain the usual ones, while the
energy-momentum tensor is modified by the presence of the gauge fields.
e We consider the weak backreaction regime and neglect the background
contribution of the gauge fields = we will treat expressions like E?, B>, E -
B as second order perturbations.
e Comoving observer: homogeneous inflaton field for which = |, = ¢® =0

To finally obtain

' g2 = H? 1+ g E
el 3H? \ M2,




Second order solution in U(1)-axion inflation

How to obtain the energy density and
helicity contributions?

1) de Sitter background

2) the analytical solution of Eq.(12) is
given in terms of Whittaker W -
functions

1
Ai(r, k) = ﬁeﬂﬁ/’zwﬂ&% (—2ikT).

3) perform a proper renormalization
procedure by subtracting to the
bare results of the energy density
and of the helicity integral their
adiabatic counterparts as
described in Animali et al. 2022.

(E? + B?)

2H*  H*€? (—1185¢* + (330 + 4v/15)€% + 435 + 4V/15)

2

~ 580 96072 (1 + £2)
_ 3H*¢? (562 — 1) log (15/4) n H*¢ (306% — 11) sinh(27¢)

6472 6473
 3HAE2 (5¢2 — 1) (Y(—1 — i€) + (=1 + i)
3272
3iH*¢? (562 — 1) (M (1 — i) — V(1 + i€)) sinh(2¢)
Gl :
643

(E-B) =

H*¢ (70562 — 330 — v/15) ! 3H*¢ (5¢% — 1) log (15/4)

24072 3272
" 3H*¢ (562 — 1) (v(1 — i€) + (1 + if))
1672
o 3iH*E (562 — 1) (=M (1 — i) + YW (1 + i€)) sinh(27€)

3273
H* (11 — 30£?) sinh(27€)
o 3273




Numerical analysis

'

¢+3Hdp+V, =0,

H H Vo _
—) fl"'(ﬁ"'?’Heff)f %Hﬂtﬁ—(”

/ 2 H
1 1 (E2+B?) g2 =
HE = H? [1+3H2 (Mg,( : >_?<E,B>)] ¢ = S HaS
dNeﬁ‘EHeff dt,
2 E2+B2
pv = V(‘b)’ Pk = %7 PEM = ( 9 >)
2

pEBz—%m B), and pr =3H%. (70)




Results
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Expansion rate
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Number of e-folds

After N ~ 10 — 15 e-folds, considering
the gauge fields contribution as a
perturbative contribution is not valid
anymore!

This difference happens probably
because we did not consider the

coupling between the  scalar
fluctuations of the matter/gravity
sector with the gauge fields

consistently.
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Conclusions

1. The cosmological backreaction became non-perturbative already after N ~ 10 — 15
e-folds. When this happens our assumption of considering the gauge fields
contribution as a perturbative contribution is not valid anymore.

2. Jo go beyond this weak backreaction regime, considering all the possible

contributions, one possibility could be to define an effective background for the gauge
fields’ contribution and write a perturbative theory on top of it,

3. The above approach is necessary to consider, in such a case, not only the backreaction
of the gauge fields on the inflationary dynamics but also

4. The approach performed gives us the possibility to study the weak backreaction
regime_and understand when _this is not valid anymore, without missing part of the
effect coming from scalar induced peturbations.




GEF + axion inhomogeneities
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Figure 1: Evolution of ¢ assuming a homogeneous axion field (dashed black) and perturbatively including axion
gradients (red) for different values of 3. The light (dark) gray region indicates that the gradient energy of the
axion exceeds 1% (50 %) of the kinetic energy, while the gray vertical line corresponds to 5 %. Wherever possible
we compare to the result of the lattice simulation [35].

Domcke et al. JCAP 03 (2024) 019
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U(1)‘aX|On |nﬂat|on mOde|Ziterative approach! [pomcke etal 2020 scap 09 (2020) 009

Iterative approach for a chaotic inflaton potential: V(g) = m?2 ¢2 /2

i 5 Y :
AL (r, k - o @ - iy (T k)= e W_ie 1/2(2ikT) -
:E(Ta )+[k2i2)\€kaH]Ai(T,k):0 With 65ﬁ>0, \/2_k £,1/2 :
dr? 2f : :
E fe e m s s momomomommEoEomomaEEoEomomamEomEaamwsma”
)
> H Ve 1 .o
n < " Loy et R0
go! ¢+—¢+3¢+—2'-—2(EB>=0,
° H H> fH
3
O
Sy =V(¢)+§H2(¢/)2+< 2 >’ (BB = grbr mbe™™ [ e %dz,

: E24 B2 i) H2 :
: (pEB>(0) = < -5 )(O) == 5-1%7}7239-62”6 y -
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U(1)-axion inflation model:

iterative approach! [pomcke et al 2020 JcaP 09 (2020) 009]

Coupled system

Iterative approach for a chaotic inflaton potential: 1/(¢) = m? ¢? /2

dQA:}:(T, E) 9 5t A _ )‘¢
—=r [k* £ 20 ¢kaH | Ax(r, k) =0 with §=ﬁ >0,

1 a =
¢y + B =€) + HZ, (V¢(¢(].)) + X<EB>(J'—1)) =g
J

1 2
: ) = 5%6) * 37 1?2, (Pes)(-1) -
2

12
3_ ¢G)
3

. 2 2 v H4
(Pes)0) = (42 )©0) = 71-%!7?7—53&6

Hy one

: (EB)) = miza ghe™™ [ a"e"dz,

2mE -
.
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iterative approach! [pomcke et al 2020 Jcar 09 (2020) 009

U(1)-axion inflation model:

ok il €Ak + + afl(;), (aH( ) F 25(])(N)) A+ =0 A_(m, \/2_W_z§,1/2(2zkr) -
E ------------------------------------
Q
: %
>
(2]
d
L <
-}
o)
U /i 7 ]. o, = =

i)+ B—€m)d + 2, (Va(ou) + 3(EB)-n) =0,
J
V(@) + (Pes)(-1) 2
Hi = - . 9z, . () d’(]) + 3H(2) (Pes)(-1) -
— 2O 24 B2 il LB

’ (pEB)(O) = < B )(O) 212'7,2 &3 e’ )
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iterative approach! [pomcke et al 2020 JcaP 09 (2020) 009

U(1)-axion inflation model:

]
k k a e :
nt+t (11— 1+ am; (aH(j) F 2€(j)(N)) Ap,+=0. {EB) ) = o Zdl ki kfa—N PO - N,

.
Wa N Wy Wy Ny Ny Ny Wy Ny Ny Wy Ny Ny Ny Wy Ny Ny Ny Ny Ny Ny Ny N Ny Ny Ny Ny Ny Ny N Ny Ny Ny Ny Ny Ny Ny Ny Ny Ny Ny Ny N
.

M .
; 1 , S ;
(peado) = Torm D dinki (Ka2HE) AP + KIALE - k) 6(N = Ny |

= :

Coupled system

V(@) + (Pes)(-1)
o i EB/(J 5 _ 2
Higy= o ’ €G) = 3
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U(1)—aXion |nﬂat|0n mOdeljiterative approach!pomcke et al 2020 JcaP 09 (2020) 009]

10-11 r
10—12 L
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10—14 !

10-—15 L

<pes>,<EB> [Mp?]

10—16 L
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10-11 r
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10—13 |

10—14 |
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10—15 L

10—16
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Gradient Expansion Formalism

In the standard approach we have seen that one works with separate Fourier
modes of the gauge field which evolve in a given inflationary background.

In contrast, in the gradient expansion formalism (GEF), one considers vacuum
expectation values of a truncated set of bilinear functions of the electric and
magnetic fields in coordinate space that include all physically relevant modes at
once.

Important: the number of relevant modes constantly grows during inflation as new
modes cross the horizon and undergo the quantum to classical transition.

To account for the growth of the number of relevant modes outside the
horizon, boundary terms are added to the equations of motion for the
electromagnetic bilinear functions.

Advantage: it does not rely on an iterative procedure that needs to be repeated
over and over again before it converges to a self-consistent result.

Gorbar et al. Phys.Rev.D 104 (2021) 12. 123504
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Gradient Expansion Formalism

6+3Ho+V'(¢) =TI'(¢)(E- B),

Everything said translates to:
. 1| ;
E +2HE — arotB +I'(¢) o B+ J =0,

------------------------------------ E
n 1 n '9
5()—E(E-rot E) %< 1
9 B +2HB + ~rotE =0,
g(n) 1 i-(E . tnB> g- e
am™ o ’ 8
divk = 0, divB = 0.
gm = L (B -rot" B)
a™
N Z
.................................... £
>(n) (n) ! b g(n) (n+1) >(n) :
EV +[(n+4)H + 20| EVY —2I'(0)0 G +2G =1&""];, g
T
: : ; a
G™ +[(n+4)H +0]G™ — £ 4 BOHD _T'(9)p B = [V, &
o
3
B™ 4 (n+4)H BM™ _9g(ntl) — [B'(n)]b.

7

Gorbar et al. Phys.Rev.D 104 (2021) 12, 123504
infinite chain that needs to be truncated™*
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Gradient Expansion Formalism

10-11f 8 =20, no SE g | g 10_“3_ A =25, no SE 0
12- Nmax = 80 ‘ ] F Npax = 115 /’ ]
10-12 i :
™= [| — PE+PB e 10-125 = PE+PB Mg
= 1075 — & B)| = L= 1EB :
< : < 107 ;

10—14:_

8F

= 9l

X 4%

2F

0

50 52 54 56 58 60 62 64 66
(a) N, (b) N,

Figure 5. Top plots: the total electromagnetic energy density (red solid lines) and the scalar product |(E - B)| (blue solid lines)
as functions of N, generated in the axial coupling model with (a) g = 20 and (b) 8 = 25 in the absence of the Schwinger effect.
Bottom plots show the absolute value of the parameter ¢£&. The corresponding dashed lines show the same dependences in the
absence of backreaction. The pink vertical lines mark the end of inflation in each case while the gray vertical lines show the
end of inflation in the absence of backreaction. These solutions obtained from the gradient expansion formalism are in good
accordance with the results of the iterative solution of the mode equation (40), presented in Ref. [60], cf. Fig. 6 there.

Gorbar et al. Phys.Rev.D 104 (2021) 12, 123504
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Gradient Expansion Formalism

py +4Hp, = o€,

T JH=T #B . =Ew s

= - {EB _

w 0.5 ; 7y : :

N e el Yt |
"% 4 0 52 54 % % 60 50 52 54 56 58 60 62 64 66

(a) IV,. (b) 1'\"9

As a result, the inflation stage has the same duration as in the unperturbed case.

Gorbar et al. Phys.Rev.D 104 (2021) 12, 123504
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GEF + axion inhomogeneities

Domcke et al. JCAP 03 (2024) 019

Backreaction induced by the gauge fields on the axion
1. Changes in the axion velocity impact gauge field modes withil / \

tachyonic instability window, which contribute to the friction fc \‘/‘
2. As aresult, the friction term reacts with some time delay to the
changes in the axion velocity, leading to a resonantly coupled

system with distinct peaks in the axion velocity.

Previously: the axion field is taken to be homogeneous = breaks down in the
strong backreaction regime!

rapid growth of the axion perturbations = significant departure from the
standard slow-roll regime and the strong non-linearities involved
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GEF + axion inhomogeneities

Domcke et al. JCAP 03 (2024) 019

Backreaction induced by the gauge fields on the axion

Using the GEF to perturbatively include axion gradients requires evolving not
only the 2-point functions but also higher p-point functions:

PP = L (X (I %), P = - (X (F)T).

The main idea of this approach is to self-consistently determine the breakdown
of perturbativity.
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GEF + axion inhomogeneities

Domcke et al. JCAP 03 (2024) 019

r

0=$+3H<;’.5+mé¢—i<ﬁ §> ’

Mp
0=x+3Hx—v—22"+mix—i(E'-B'—<E'-B'> , d—
. a Mp
§<O=§+2Hﬁ—lﬁx§+ﬂgp(¢+x)§ %%%(xﬁ,_
g 0=B+2H ”+%6 E,
0=V.F+ %wg, 0=V 5, (mm—
9 2 Y
—H2 3002 <%(¢ ) ( ) n;¢(¢2+x2)+%(lE|2+lBl2)>,E..
<(2 a’x +2(|E’|2+|B'|2)>, >§

) -
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GEF + axion inhomogeneities

(n) (n) _ 6¢ (n) (n+1) _ (n)
PE) + (n+ HHPL — T2 PE) + 2P [P ]b,

,P(n) ( 4 4)}I,P(n) » 2,P(n+l) [P(rz)] ’
b Matter sector

: --------------------------------------------------- 1 (7l+1) B¢ (,l) (,l)
S 3 206 1 B 0 PO+ (n+ 4)HPD, — pIrth) 4 pl P
Py +4HPR +2Pgh — = N BX es = [P5], ( ) /Ip
PO 4 amp® _ 2pl) [p(())]b (2.14) -
50) © _pm 4 pd _ 5¢ B © _ 5 10 _ go 50) :
and
: 28 2 : :
PO 4 5HPY 4 2pR) - ¢P,‘;}; i 3 Bns = 78], - (2.16) -
Py +5HPY —2P0) = [P(l)] : PO 2P0 o, Gravity sector
b
, © © © B 50 50 _
PO 4+ 5HPY, —p@ 4 p@ _ ﬁ¢ Pu) " 13;1}; o [sz);]b P +3HP,,, + miPY + Vr 2B pn— Py =04
: (0) (0) © 28 o
- where we have defined P +6HP, " +2m ¢P ]u i Bes =0,

=5 (1 ((5)'9) ) 8= (1(94)'5) 5). Sh=-(72 5)
B}1§g=—%<f(6xﬁ) B, B}?}%:-%QE. v x B

*%

Boundary terms and truncation

Domcke et al. JCAP 03 (2024) 019
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GEF + axion inhomogeneities
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Figure 1: Evolution of ¢ assuming a homogeneous axion field (dashed black) and perturbatively including axion
gradients (red) for different values of 3. The light (dark) gray region indicates that the gradient energy of the
axion exceeds 1% (50 %) of the kinetic energy, while the gray vertical line corresponds to 5 %. Wherever possible
we compare to the result of the lattice simulation [35].

Domcke et al. JCAP 03 (2024) 019
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GEF + axion inhomogeneities
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Figure 2: Evolution of the energy densities for different values of 5. Gray bands as in Fig. 1. Results from lattice
simulations for § = 15,18 and 20 from Ref. [35] are shown in dashed.

Domcke et al. JCAP 03 (2024) 019
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Cosm(iattice e [

A modern code for lattice simulations of scalar and gauge
field dynamics in an expanding universe

¢ @ sites
Ap, @ links 2006.15122, 2102.01031

A,
dx
T3 Two ways of formulating a SFOGEB in the lattice:
it » Lattice EOM approach
n,=4 Figueroa et al. Phys.Rev.Lett. 131 (2023) 15, 151003
» Lattice action approach
n,=3
Different numerical algorithms to solve the EOM Lattice simulations = Captures the
G ny=4 > I f . X
2=2 =3 AR strong backreaction regime!
o "3122 » Position- and velocity-Verlet
2= ny =

m=1 m=2 n=3 n=4

» Runge-Kutta

» Yoshida methods


https://arxiv.org/pdf/2006.15122
https://arxiv.org/pdf/2102.01031
https://inspirehep.net/literature/2647294

Lattice Simulations Figueroa et al. Phys.Rev.l ett.
131 (2023) 15, 151003

1071

The effect of the inhomogeneity
is highly non-trivial and requires
a dedicated study for each
coupling.

p/ Prot

102}

¥ In general, the excitation and
10-31 : x5 )| 1l backreaction of the gauge field

: is no longer controlled by a
homogeneous § parameter, and

features reported
by previous homogeneous
analyses are

—— (£ Inhomogeneous

) | CL£ Homogeneous

Gradient Exp.

= = = Iterative

==+ Linear

-4 -3 -2 -1
N

t]

as no spectral oscillatory
features are developed.

0

FIG. 1. Top Row: Evolution of the electromagnetic (purple) and inflaton potential (black), kinetic (red) and gradient (blue)
energy densities, all normalized to the total energy density of the system, for ca = 15, 18, 20. Solid (dashed) lines correspond
to lattice simulations with inhomogeneous (homogeneous) backreaction. Bottom Row: Evolution of £ for the same coupling
constants, corresponding to simulations with inhomogeneous (black solid) and homogeneous (black dashed) backreaction, and
to gradient expansion [58,[59] (green solid) and iterative method [19] (magenta dashed). Solid and dashed vertical lines signal
the end of inflation in each case. Evolution in the linear regime (black dash-dotted) is also shown for completeness.
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