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O U T L I N E

• hydrodynamics, kinetic theory and thermal spectra 

• holography and reconstruction of spectra 

• pole-skipping and the reconstruction 

• summary and future directions
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[from Peskin and Schroeder]
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[Hartnoll, Kumar, (2005)] holography

?

what is the structure of thermal correlators and what is the  
minimal information necessary to determine them completely? 

• kinetic theory: solving the collision integral 
• perturbative QFT: calculation of Feynman diagrams 
• holography: solving differential equations 
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• low-energy limit of QFTs — a Schwinger-Keldysh effective field theory  
[SG, Polonyi (2013); Crossley, Glorioso, Liu (2015); Haehl, Loganayagam, Rangamani (2015); …] 

• conservation laws (equations of motion) of globally conserved operators 

• tensor structures (symmetries, gradient expansions) and transport coefficients (QFT)
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higher-form currents in MHD 
[SG, Hofman, Iqbal,  
PRD (2017)]
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<latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit><latexit sha1_base64="VkRdS8rX/4pBfnOEggkNhh8YBBY=">AAACE3icjVDLSgMxFM34rPVVdekmWITqosyIoJtC0Y3LCvYBnbbcSTNtaJKZJhmhDP0HN/6KGxeKuHXjzr8xfSxUFDxw4XDOuST3BDFn2rjuh7OwuLS8sppZy65vbG5t53Z2azpKFKFVEvFINQLQlDNJq4YZThuxoiACTuvB4HLi12+p0iySN2YU05aAnmQhI2Cs1Mkd+5GgPSgMj3AJ+zoRnVSWvHHbZzI0I+wDj/vQkXjYtuG8V3SnwH+TPJqj0sm9+92IJIJKQzho3fTc2LRSUIYRTsdZP9E0BjKAHm1aKkFQ3UqnN43xoVW6OIyUHWnwVP26kYLQeiQCmxRg+vqnNxF/85qJCc9bKZNxYqgks4fChGMT4UlBuMsUJYaPLAGimP0rJn1QQIytMfu/EmonRc/y69N8+WJeRwbtowNUQB46Q2V0hSqoigi6Qw/oCT07986j8+K8zqILznxnD32D8/YJrqCdag==</latexit>

• dispersion relations:



• Schwinger-Keldysh effective field theory of diffusion to all loops: long time tails…  
[Chen-Lin, Delacretaz, Hartnoll (2019) ; Delacretaz (2020); SG, Lemut, Soloviev, to appear] 

• tree-level result (classical hydrodynamics) has one diffusive pole at    

• one-loop result has one (renormalised) diffusive pole at    
and one branch point at    

• n-loop result has a branch point at   

ω = − iDq2

ω = − i(D + δD)q2

ω = − iDq2/2

ω = − iDq2/(n + 1)

8
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[plot from Delacretaz (2020)]

dominant one-, two-, three- and four-
loop diagrams responsible for the cut
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kinetic theory 

Boltzmann equation — RTA 
[Romatschke, (2016)]

BBGKY hierarchy — RTA-like  
truncations [SG, Soloviev, to appear]

poles from a cut?

9

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>
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2+1 dimensions

• two-point functions of  and  from RTA kinetic theory at finite  
[Bajec, SG, Soloviev, to appear]

Tμν Jμ T, μ, Γ

3+1 dimensions

<latexit sha1_base64="5OkIu8WpjCjK48NK4HWNTBZPOSQ="></latexit>

[pµ@µ + Fµrpµ ] = C[f ] =
pµuµ

⌧R
(f � f eq)

• analytic expression for all correlators that exhibit hydrodynamics (diffusion and sound),  
quasihydrodynamics, a branch cut running between , thermoelectric effect 

• a ‘periodic system’ of correlators:

ω = − i /τR ± q

<latexit sha1_base64="wze5b+fCMSjU2Hr0xDe4uRfsoa4="></latexit>

rµT
µ0 = 0, rµT

µi = ��T 0i

rµJ
µ = 0



H O L O G R A P H Y  A N D  R E C O N S T R U C T I O N  O F   
H O L O G R A P H I C  S P E C T R A



H O L O G R A P H Y  A N D  H Y D R O DY N A M I C S

• a result of string theory (quantum gravity) [Maldacena (1997)] 

strongly coupled quantum theory                                weakly coupled gravity 
                (extremely hard)                                                       (much easier) 

• perturbations of black holes (quasinormal modes) 
give spectra of QFT operators for  

• large-N QFT calculations —> ODEs 

• invaluable explicit (toy) models:  
the               supersymmetric Yang-Mills theory 
[SG, Kovtun, Starinets, Tadić, JHEP (2019)] 

12

=<latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit><latexit sha1_base64="3lG5vU6nw2NYsS9Aw/sQZ0DKk20=">AAAB6HicjVDLSgNBEOz1GeMr6tHLYBA8hV0R9CIEvXhMwDwgWcLspDcZMzuzzMwKYckXePGgiFc/yZt/4+RxUFGwoKGo6qa7K0oFN9b3P7yl5ZXVtfXCRnFza3tnt7S33zQq0wwbTAml2xE1KLjEhuVWYDvVSJNIYCsaXU/91j1qw5W8teMUw4QOJI85o9ZJ9cteqRxU/BnI36QMC9R6pfduX7EsQWmZoMZ0Aj+1YU615UzgpNjNDKaUjegAO45KmqAJ89mhE3LslD6JlXYlLZmpXydymhgzTiLXmVA7ND+9qfib18lsfBHmXKaZRcnmi+JMEKvI9GvS5xqZFWNHKNPc3UrYkGrKrMum+L8QmqeVwPH6Wbl6tYijAIdwBCcQwDlU4QZq0AAGCA/wBM/enffovXiv89YlbzFzAN/gvX0CkTSMxA==</latexit>

• duality: theory A = theory B

N = 4

! = � i

4⇡T
q2 � i(1� ln 2)

32⇡3T 3
q4 � i(24 ln2 2� ⇡2)

96 (2⇡T )5
q6

�
i
⇥
2⇡2(ln 32� 1)� 21⇣(3)� 24 ln 2(1 + ln 2(ln 32� 3))

⇤

384 (2⇡T )7
q8 + · · ·

<latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit><latexit sha1_base64="eRPEVMCJ/2rHOojtG3FcAntP9Hs="></latexit>

! = ± 1p
3
q � i

6⇡T
q2 ± 3� 2 ln 2

24
p
3⇡2T 2

q3 �
i
�
⇡2 � 24 + 24 ln 2� 12 ln2 2

�

864⇡3T 3
q4 ± · · ·

<latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit><latexit sha1_base64="6f9w+3njL0oo1HC6p8fAXw9vk2k="></latexit>

shear diffusion:

w ⌘ !

2⇡T
2 C
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sound:

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

a(w)| q
T
= 0
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supergravity 
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↵0 ⇠ 1/
p
�

cut from poles

[SG, Starinets …, several papers]

13

H O L O G R A P H Y  A N D  T H E R M A L  S P E C T R U M

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
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<latexit sha1_base64="yxAEJEFkEvQSolRuMNoOZ2bFmtM="></latexit>

=
B(!, q)Q1

i=0 (! � !i(q))



qq-q-q

-i4πT-i4πT

-i8πT-i8πT

-i12πT-i12πT

-i16πT-i16πT

Reω

Imω

Reω

Imω

� ! 0 � ! 1

[SG, Starinets …, several papers]

supergravity 
<latexit sha1_base64="h3EqBHmFmhWifEcVNXUvnKEsWxw=">AAACBnicjVDLSsNAFJ3UV62vqEsRBovoqiZS1GXRjcsK9gFNKDeTSTt0JokzE6GErtz4K25cKOLWb3Dn3zh9LFQUPHDhcM69d+aeIOVMacf5sApz8wuLS8Xl0srq2vqGvbnVVEkmCW2QhCeyHYCinMW0oZnmtJ1KCiLgtBUMLsZ+65ZKxZL4Wg9T6gvoxSxiBLSRuvauBzztwwH2FBPYPfLUjdS5x82GEEZdu+xWnAnw36SMZqh37XcvTEgmaKwJB6U6rpNqPwepGeF0VPIyRVMgA+jRjqExCKr8fHLGCO8bJcRRIk3FGk/UrxM5CKWGIjCdAnRf/fTG4m9eJ9PRmZ+zOM00jcn0oSjjWCd4nAkOmaRE86EhQCQzf8WkDxKINsmV/hdC87jinlSqV9Vy7XwWRxHtoD10iFx0imroEtVRAxF0hx7QE3q27q1H68V6nbYWrNnMNvoG6+0TdQKYgg==</latexit>

↵0 ⇠ 1/
p
�

cut from poles
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hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

<latexit sha1_base64="yxAEJEFkEvQSolRuMNoOZ2bFmtM="></latexit>

=
B(!, q)Q1

i=0 (! � !i(q))

H O L O G R A P H Y  A N D  T H E R M A L  S P E C T R U M



quantum field theory spectra of linear non-
Hermitian operators

a(w)| q
T
= 0

<latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit>

quasinormal mode 
spectrum of black holes zeros of (algebraic)  

equations

meromorphic momentum space correlator

15

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

<latexit sha1_base64="yxAEJEFkEvQSolRuMNoOZ2bFmtM="></latexit>

=
B(!, q)Q1

i=0 (! � !i(q))

H O L O G R A P H Y  A N D  T H E R M A L  S P E C T R U M
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• radius of convergence of                                ,                , is set by the lowest momentum at which 

the hydro pole collides (level-crossing): q⇤ = min [|qcollision|]
<latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit>

w(q) =
1X

i=1

cnq
n

<latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit>

|q| < q⇤
<latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit>

q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>
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q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>

• radius of convergence of                                ,                , is set by the lowest momentum at which 

the hydro pole collides (level-crossing): q⇤ = min [|qcollision|]
<latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit>

w(q) =
1X

i=1

cnq
n

<latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit>

|q| < q⇤
<latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit>

H Y D R O DY N A M I C S  A N D  C O M P L E X  S P E C T R A L  C U R V E S
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q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>

• radius of convergence of                                ,                , is set by the lowest momentum at which 

the hydro pole collides (level-crossing): q⇤ = min [|qcollision|]
<latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit>

w(q) =
1X

i=1

cnq
n

<latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit>

|q| < q⇤
<latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit>
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q2 =
��q2

�� ei✓
<latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit><latexit sha1_base64="ZgXEBVgdpIf98vjn2LOZ7gTofN8=">AAACJXicjZDJSgNBEIZ74hbjFvXopTEInkImCHpQCHrxGMEskElCT6cmadKz2F0jhHFexouv4sWDQQRPvoqd5aBBwR8afr6qoqp/N5JCY6n0YWWWlldW17LruY3Nre2d/O5eXYex4lDjoQxV02UapAighgIlNCMFzHclNNzh1aTeuAelRRjc4iiCts/6gfAEZ2hQN3/u+AwHnmLD5C7tlOkFdSR4+EAXuKNEf2AwdBJBHRwAspR28wW7WJqK/m0KZK5qNz92eiGPfQiQS6Z1yy5F2E6YQsElpDkn1hAxPmR9aBkbMB90O5n+MqVHhvSoFyrzAqRT+n0iYb7WI981nZPb9WJtAn+rtWL0ztqJCKIYIeCzRV4sKYZ0EhntCQUc5cgYxpUwt1I+YIpxNMHm/hdCvVy0jb85KVQu53FkyQE5JMfEJqekQq5JldQIJ4/kmbySsfVkvVhv1vusNWPNZ/bJD1mfX+IUpXg=</latexit>

• radius of convergence of                                ,                , is set by the lowest momentum at which 

the hydro pole collides (level-crossing): q⇤ = min [|qcollision|]
<latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit><latexit sha1_base64="OVTks5JJ8DdMFCpcWtFYdwT81gY="></latexit>

w(q) =
1X

i=1

cnq
n

<latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit><latexit sha1_base64="pxZ8TzyLgYhWUzFv5uyhUiSRp5A=">AAACKnicjVBNS8MwGE79nPNr6tFLcAjzMloR9DKYevE4wX3A2pU0S7ewNK1JqpTS3+PFv+JlB2V49YeYbgOnKPhC4MnzPO+bN48XMSqVaU6MpeWV1bX1wkZxc2t7Z7e0t9+SYSwwaeKQhaLjIUkY5aSpqGKkEwmCAo+Rtje6zvX2AxGShvxOJRFxAjTg1KcYKU25pUs7QGroCzRKH7PK1+U+O4E1aMs4cFNas7KeTbmvEohdDhddPT2jbFXNacG/QRnMq+GWxnY/xHFAuMIMSdm1zEg5KRKKYkayoh1LEiE8QgPS1ZCjgEgnnX41g8ea6UM/FPpwBafsYkeKAimTwNPOfEv5U8vJ37RurPwLJ6U8ihXhePaQHzOoQpjnBvtUEKxYogHCgupdIR4igbDS6Rb/F0LrtGppfHtWrl/N4yiAQ3AEKsAC56AObkADNAEGT+AFvII349kYGxPjfWZdMuY9B+BbGR+fFimoRA==</latexit>

|q| < q⇤
<latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit><latexit sha1_base64="U9Icg2XyZp5o8U4qxBtunzqMo6c=">AAACFHicjVBNS8NAEN34WetX1KOXxSKIQklF0IOHohePFewHNCFstpt26WYTdydCSfsjvPhXvHhQxKsHb/4bN20PVRR8MPB4b4aZeUEiuAbH+bTm5hcWl5YLK8XVtfWNTXtru6HjVFFWp7GIVSsgmgkuWR04CNZKFCNRIFgz6F/mfvOOKc1jeQODhHkR6UoeckrASL595AoWwtCNCPRCRfrZ7Qi7ind7MMTneFb2D327VCk7Y+C/SQlNUfPtD7cT0zRiEqggWrcrTgJeRhRwKtio6KaaJYT2SZe1DZUkYtrLxk+N8L5ROjiMlSkJeKzOTmQk0noQBaYzv1L/9HLxN6+dQnjmZVwmKTBJJ4vCVGCIcZ4Q7nDFKIiBIYQqbm7FtEcUoWByLP4vhMZxuWL49UmpejGNo4B20R46QBV0iqroCtVQHVF0jx7RM3qxHqwn69V6m7TOWdOZHfQN1vsXlg+fIA==</latexit>
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• hydrodynamic series are convergent Puiseux series (shear p=1, sound p=2) 
[SG, Kovtun, Starinets, Tadić, PRL (2019); … ; see also Withers; JHEP (2018); Heller, et.al. (2020, …)]  

• dispersion relations are  
holomorphic in a disk

wshear = �i
1X

n=1

cn
�
q2
�n

= �iDq2 + . . .
<latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit><latexit sha1_base64="1E5f73pNojE683OA17IQhpOQirk="></latexit>

wsound = �i
1X

n=1

ane
± i⇡n

2
�
q2
�n/2

= ±vsq�
i

2
Gq2 + . . .

<latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit>

holomorphic 
disk

!(q2)

<latexit sha1_base64="/uqNQfCPhJnx45rZ/gAf0ZjZXo4=">AAAB9HicjVDJSgNBFOxxjXGLevTSGIR4CTMhoN6CXjxGMAskY+jpvEma9DLp7gmEkO/w4kERr36MN//GznJQUbDgQVH1Hq+oKOHMWN//8FZW19Y3NjNb2e2d3b393MFh3ahUU6hRxZVuRsQAZxJqllkOzUQDERGHRjS4nvmNEWjDlLyz4wRCQXqSxYwS66SwrQT0CC7g4X3prJPLB0V/Dvw3yaMlqp3ce7uraCpAWsqJMa3AT2w4IdoyymGabacGEkIHpActRyURYMLJPPQUnzqli2Ol3UiL5+rXiwkRxoxF5DYFsX3z05uJv3mt1MYX4YTJJLUg6eJRnHJsFZ41gLtMA7V87AihmrmsmPaJJtS6nrL/K6FeKgbl4uVtOV+5WtaRQcfoBBVQgM5RBd2gKqohioboAT2hZ2/kPXov3utidcVb3hyhb/DePgERspEC</latexit>

Rshear(�) = 2.22
⇣
1 + 674.15��3/2 + · · ·

⌘

Rsound(�) = 2
⇣
1 + 481.68��3/2 + · · ·

⌘

<latexit sha1_base64="L/JoI1VQBwn1rncx/xZH7IAJTzo="></latexit>

N=4 SYM radius convergence  
[SG, Starinets, Tadić, JHEP (2021)]
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R E C O N S T R U C T I O N  O F  S P E C T R A

hydrodynamics
a(w)| q

T
= 0

<latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit><latexit sha1_base64="Tpy7r7c/HjxyByUxa3LjUJs4GDE=">AAACC3icbZDLSsNAFIYnXmu9RV26GVqEuimJCLoRim5cVugNmhAm00k7dDKJMxOlxOzd+CpuXCji1hdw59s4abPQ1h8GPv5zDnPO78eMSmVZ38bS8srq2nppo7y5tb2za+7td2SUCEzaOGKR6PlIEkY5aSuqGOnFgqDQZ6Trj6/yeveOCEkj3lKTmLghGnIaUIyUtjyzgmpOiNQoEGic3mfHD17qaMbpbZa2sgxeQMszq1bdmgougl1AFRRqeuaXM4hwEhKuMENS9m0rVm6KhKKYkazsJJLECI/RkPQ1chQS6abTWzJ4pJ0BDCKhH1dw6v6eSFEo5ST0dWe+t5yv5eZ/tX6ignM3pTxOFOF49lGQMKgimAcDB1QQrNhEA8KC6l0hHiEdhdLxlXUI9vzJi9A5qduab06rjcsijhI4BBVQAzY4Aw1wDZqgDTB4BM/gFbwZT8aL8W58zFqXjGLmAPyR8fkD9kia9w==</latexit>

gapped modes with ω(q = 0) ≠ 0

!(q2)

<latexit sha1_base64="/uqNQfCPhJnx45rZ/gAf0ZjZXo4=">AAAB9HicjVDJSgNBFOxxjXGLevTSGIR4CTMhoN6CXjxGMAskY+jpvEma9DLp7gmEkO/w4kERr36MN//GznJQUbDgQVH1Hq+oKOHMWN//8FZW19Y3NjNb2e2d3b393MFh3ahUU6hRxZVuRsQAZxJqllkOzUQDERGHRjS4nvmNEWjDlLyz4wRCQXqSxYwS66SwrQT0CC7g4X3prJPLB0V/Dvw3yaMlqp3ce7uraCpAWsqJMa3AT2w4IdoyymGabacGEkIHpActRyURYMLJPPQUnzqli2Ol3UiL5+rXiwkRxoxF5DYFsX3z05uJv3mt1MYX4YTJJLUg6eJRnHJsFZ41gLtMA7V87AihmrmsmPaJJtS6nrL/K6FeKgbl4uVtOV+5WtaRQcfoBBVQgM5RBd2gKqohioboAT2hZ2/kPXov3utidcVb3hyhb/DePgERspEC</latexit>

[see also Withers, JHEP (2019)]

hTµ⌫(�!,�q), T⇢�(!, q)iR ⇠ b(!, q)

a(!, q)
<latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit><latexit sha1_base64="c6aiyALHVQrhFjFZRydmjg44qv8="></latexit>

<latexit sha1_base64="yxAEJEFkEvQSolRuMNoOZ2bFmtM="></latexit>

=
B(!, q)Q1

i=0 (! � !i(q))

[SG, Lemut, JHEP (2023)]
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P U I S E U X  A N D  D A R B O U X  T H E O R E M S

• Puiseux theorem 
Around a critical point of order p, we expect p branches of solutions 
 
 
 
 
 
 
If some                  , we necessarily have a family of         solutions 

<latexit sha1_base64="JlczegKIulnrQUDH1vmv7FESL7I="></latexit>

f(x⇤ = 0, y⇤ = 0) = 0, @yf(0, 0) = 0, . . . , @p
yf(0, 0) 6= 0

<latexit sha1_base64="KehVCPsWRLJ9Z8ZAQ5455q2NNss="></latexit>

y = Yj(x) =
1X

k�k0

akx
k/mj , j = 1, . . . , p

<latexit sha1_base64="k+MFUMuJAImIEIM3ohWr63HbBp8=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoPgKWQlqCcJevEYwTwgWcLsZDYZMzO7zPQKYclHePGgiFe/x5t/4+RxUFGwoKGo6qa7K0yksFipfHi5peWV1bX8emFjc2t7p7i717RxahhvsFjGph1Sy6XQvIECJW8nhlMVSt4KR1dTv3XPjRWxvsVxwgNFB1pEglF0Ukv17sgF8XvFkl+uzED+JiVYoN4rvnf7MUsV18gktbbjVxIMMmpQMMknhW5qeULZiA54x1FNFbdBNjt3Qo6c0idRbFxpJDP160RGlbVjFbpORXFof3pT8Tevk2J0HmRCJylyzeaLolQSjMn0d9IXhjOUY0coM8LdStiQGsrQJVT4XwjNk7J/Wq7eVEu1y0UceTiAQzgGH86gBtdQhwYwGMEDPMGzl3iP3ov3Om/NeYuZffgG7+0T+3COsQ==</latexit>

mj > 1
<latexit sha1_base64="RvBt6yMXJJ305x9d0Cqwkg1ojdY=">AAAB6nicjVDLSgNBEOyNrxhfUY9eBoPgKWwkqMegF48RzQOSJcxOZpMxM7PLTK8QlnyCFw+KePWLvPk3Th4HFQULGoqqbrq7wkQKi77/4eWWlldW1/LrhY3Nre2d4u5e08apYbzBYhmbdkgtl0LzBgqUvJ0YTlUoeSscXU791j03VsT6FscJDxQdaBEJRtFJN6p31yuWKmV/BvI3KcEC9V7xvduPWaq4RiaptZ2Kn2CQUYOCST4pdFPLE8pGdMA7jmqquA2y2akTcuSUPoli40ojmalfJzKqrB2r0HUqikP705uKv3mdFKPzIBM6SZFrNl8UpZJgTKZ/k74wnKEcO0KZEe5WwobUUIYuncL/QmielCun5ep1tVS7WMSRhwM4hGOowBnU4Arq0AAGA3iAJ3j2pPfovXiv89act5jZh2/w3j4BWKWN2g==</latexit>

mj

<latexit sha1_base64="OZw+v+Ah8eHnbMQhqX92nqbp0Mw="></latexit>

y = Yl(x) =
1X

k�k0

ak
⇣
e

2⇡il
mj

⌘k

xk/mj , l = 0, 1, . . . ,mj � 1

wsound = �i
1X

n=1

ane
± i⇡n

2
�
q2
�n/2

= ±vsq�
i

2
Gq2 + . . .

<latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit><latexit sha1_base64="3mZngI7iHLCM8ALriyxynkmixdI="></latexit>

• recall: sound
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P U I S E U X  A N D  D A R B O U X  T H E O R E M S

• Darboux theorem 
Consider a power series  
 
that converges up to a critical point of order                       , which can be computed 
 
 
 
 
as well as all coefficients in the expansion and subleading (non-singular) terms

<latexit sha1_base64="BybYhj28QxEEl1JwSkkJhexf9ts=">AAACCXicjVDLSgMxFM3UV62vqks3wSLUTZmRom4KRTcuK9gHdKZDJs20oUlmSDLCdOjWjb/ixoUibv0Dd/6N6WOhouCBC4dzziW5J4gZVdq2P6zc0vLK6lp+vbCxubW9U9zda6kokZg0ccQi2QmQIowK0tRUM9KJJUE8YKQdjC6nfvuWSEUjcaPTmHgcDQQNKUbaSH4RhuXxMaxBVyXcz0TNnvRcKkKdQuQLOO6ZSMmp2DPAv0kJLNDwi+9uP8IJJ0JjhpTqOnasvQxJTTEjk4KbKBIjPEID0jVUIE6Ul80umcAjo/RhGEkzQsOZ+nUjQ1yplAcmyZEeqp/eVPzN6yY6PPcyKuJEE4HnD4UJgzqC01pgn0qCNUsNQVhS81eIh0girE15hf+V0DqpOKeV6nW1VL9Y1JEHB+AQlIEDzkAdXIEGaAIM7sADeALP1r31aL1Yr/Nozlrs7INvsN4+Abx8mSA=</latexit>

f(z) =
1X

n=0

anz
n

<latexit sha1_base64="fwksvEyFKjPj9sUFr6QC4kM/MhM="></latexit>

f(z) ⇠ (z � z1)
�⌫ [=1/2] r(z)+ q(z)

<latexit sha1_base64="WQL04oD15hy60sEnGG2WKgCyAD8=">AAACG3icjVBNS8NAEN34WetX1KOXxSK0B0tSRL0IRS8eFawKTQyb7aZdursJuxMhDf0fXvwrXjwo4knw4L8xrT2oKPhg4PHeDDPzwkRwA47zbk1Nz8zOzZcWyotLyyur9tr6hYlTTVmLxiLWVyExTHDFWsBBsKtEMyJDwS7D/vHIv7xh2vBYnUOWMF+SruIRpwQKKbAbujqoYXyIPZPKIJeHzvDa4yqCDOtAYk+wCKqDnUHgepp3e1C7loFdcevOGPhvUkETnAb2q9eJaSqZAiqIMW3XScDPiQZOBRuWvdSwhNA+6bJ2QRWRzPj5+Lch3i6UDo5iXZQCPFa/TuREGpPJsOiUBHrmpzcSf/PaKUQHfs5VkgJT9HNRlAoMMR4FhTtcMwoiKwihmhe3YtojmlAo4iz/L4SLRt3dq++e7VaaR5M4SmgTbaEqctE+aqITdIpaiKJbdI8e0ZN1Zz1Yz9bLZ+uUNZnZQN9gvX0A0VegFw==</latexit>

r(z) =
1X

m=0

rm (z � z1)
m

<latexit sha1_base64="geuBe9+2YLqIEeubvFLobnSGoyw="></latexit>

rm = lim
n!1

"
(�1)m�⌫n!zn�m+⌫

1 an
(⌫ �m)n

�
m�1X

k=0

(�1)m�k(⌫ � k)nrk

(⌫ �m)nz
m�k
1

#

<latexit sha1_base64="i56X56nYEgpdam6YNkP8BbR4PhA="></latexit>

⌫ = lim
n!1


z1(n+ 1)

an+1

an
� n

�

<latexit sha1_base64="sgumIfzncWXa/1wUVUaRnWrHMJE=">AAAB9XicjVDLSsNAFL2pr1pfVZduBovgQmsiRd0IRTcuK9gHJLFMppN26GQSZiZKCP0PNy4Uceu/uPNvnD4WKgoeuHA4517u4QQJZ0rb9odVmJtfWFwqLpdWVtfWN8qbWy0Vp5LQJol5LDsBVpQzQZuaaU47iaQ4CjhtB8PLsd++o1KxWNzoLKF+hPuChYxgbaRbT6TIO0Du+aFzlPjdcsWp2hOgv0kFZmh0y+9eLyZpRIUmHCvlOnai/RxLzQino5KXKppgMsR96hoqcESVn09Sj9CeUXoojKUZodFE/XqR40ipLArMZoT1QP30xuJvnpvq8MzPmUhSTQWZPgpTjnSMxhWgHpOUaJ4ZgolkJisiAywx0aao0v9KaB1XnZNq7bpWqV/M6ijCDuzCPjhwCnW4ggY0gYCEB3iCZ+veerRerNfpasGa3WzDN1hvnzi3kQs=</latexit>

⌫ [= �1/p]

• Problem: need the location of the critical point or the exponent… this is resolved by Hunter 
and Guerrieri (1980), which we generalise and apply to finite number of coefficients
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R E C O N S T R U C T I O N  O F  ‘ A L L’  U V  M O D E S

claim: systematic reconstruction of all modes connected via level-crossing is possible by 
exploration (analytic continuations) of the Riemann surface connecting physical modes 

• statement should hold for spectra that are ‘sufficiently complicated’ — Heun function 
• momentum space analogue of resurgence in position space — everything is convergent 

<latexit sha1_base64="Ft8xQS7CNz1CPM6C7wsZ2nWBEZU=">AAACEHicjVDLSgMxFM34rPVVdekmWMS6KTNS1E2h6MZlBfuAznTIpJk2NMkMSUaYDv0EN/6KGxeKuHXpzr8xfSxUFDxw4XDOuST3BDGjStv2h7WwuLS8sppby69vbG5tF3Z2mypKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw8uJ37olUtFI3Og0Jh5HfUFDipE2kl84ciNO+si3S6NjWIWuSrifiao97rpUhDqFyBdw1DXJolO2p4B/kyKYo+4X3t1ehBNOhMYMKdVx7Fh7GZKaYkbGeTdRJEZ4iPqkY6hAnCgvmx40hodG6cEwkmaEhlP160aGuFIpD0ySIz1QP72J+JvXSXR47mVUxIkmAs8eChMGdQQn7cAelQRrlhqCsKTmrxAPkERYmw7z/yuheVJ2TsuV60qxdjGvIwf2wQEoAQecgRq4AnXQABjcgQfwBJ6te+vRerFeZ9EFa76zB77BevsE+0ub9A==</latexit>

!0(z) =
1X

n=0

anz
n

<latexit sha1_base64="a1q/0CDV7cmoBDV1E2Xsn827aMo="></latexit>

!0(z) = �i
1X

n=0

e
i⇡n
2 bn(z � z1)

n/2

<latexit sha1_base64="9qUkg7sl9PR71ffhl4fb8kZRWYU="></latexit>

!1(z) = �i
1X

n=0

e�
i⇡n
2 bn(z � z1)

n/2

all UV modes from one IR mode
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E X A M P L E :  M O M E N T U M  D I F F U S I O N  O F  M 2  B R A N E S

• start from 300 hydrodynamic coefficients

• use algorithm with 2 c.c. critical points, ’recover’ 12 coefficients and compute the gap with 
analytic continuation on the same sheet (Padé approximant, …)

<latexit sha1_base64="IFE8jq38qOsWcBHTZUlThlJnoto="></latexit>

w1(z) =

(N1=12)�1X

n=0

bn(z � z1)
n/2

<latexit sha1_base64="WFBTgWkH6dRB2xyWVlBGPD9f/kw="></latexit>

wcalc
1 (0) = 1.23506� 1.76338i

w(0) = 1.23455� 1.77586i

• (re)compute the first 300 coefficients, use algorithm with 2 general critical points,  
‘recover’ 12 coefficients and compute the gap

<latexit sha1_base64="VJxMvtnZDth+TfjWIiEV6824aEY="></latexit>

w2(z) =

(N2=12)�1X

n=0

cn(z � z2)
n/2

<latexit sha1_base64="ySyqexQQ5dF1L06fSOWyJRkjJqI="></latexit>

wcalc
2 (0) = 2.16275� 3.25341i

w2(0) = 2.12981� 3.28100i

• … exploration continues … 

• conceptually useful and instructive,  
practically not quite (yet)… 

<latexit sha1_base64="Ft8xQS7CNz1CPM6C7wsZ2nWBEZU=">AAACEHicjVDLSgMxFM34rPVVdekmWMS6KTNS1E2h6MZlBfuAznTIpJk2NMkMSUaYDv0EN/6KGxeKuHXpzr8xfSxUFDxw4XDOuST3BDGjStv2h7WwuLS8sppby69vbG5tF3Z2mypKJCYNHLFItgOkCKOCNDTVjLRjSRAPGGkFw8uJ37olUtFI3Og0Jh5HfUFDipE2kl84ciNO+si3S6NjWIWuSrifiao97rpUhDqFyBdw1DXJolO2p4B/kyKYo+4X3t1ehBNOhMYMKdVx7Fh7GZKaYkbGeTdRJEZ4iPqkY6hAnCgvmx40hodG6cEwkmaEhlP160aGuFIpD0ySIz1QP72J+JvXSXR47mVUxIkmAs8eChMGdQQn7cAelQRrlhqCsKTmrxAPkERYmw7z/yuheVJ2TsuV60qxdjGvIwf2wQEoAQecgRq4AnXQABjcgQfwBJ6te+vRerFeZ9EFa76zB77BevsE+0ub9A==</latexit>

!0(z) =
1X

n=0

anz
n



P O L E - S K I P P I N G  A N D   
T H E  R E C O N S T R U C T I O N



• precise analytic relation between hydrodynamics and quantum chaos 
[SG, Schalm, Scopelliti, PRL (2017); Blake, Lee, Liu, JHEP (2018); Blake, Davison,  
SG, Liu, JHEP (2018); SG, JHEP (2019)] 

• resumed all-order hydrodynamic series (e.g. sound) 
 
passes through a ‘chaos point’ at where the associated 2-pt function is “0/0”: 
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P O L E - S K I P P I N G

• triviality of Einstein’s equations at the horizon 

• infinite number of such ‘0/0’ points:  
[SG, Kovtun, Starinets, Tadić, JHEP (2019);  
Blake, Davison, Vegh, JHEP (2019)]

!(q = i�L/vB) = i�L = 2⇡Ti

<latexit sha1_base64="jJ50BD0MLIwNZRlYmG8xTf6sF9g=">AAACIHicjVDLSgMxFM34rPVVdenmYhHqpk5LoboolLpx4aJCX9ApQybNtKGZyZhkCqX0U9z4K25cKKI7/RrTx0KLggcuHM65h+QeL+JMadv+sFZW19Y3NhNbye2d3b391MFhQ4lYElonggvZ8rCinIW0rpnmtBVJigOP06Y3uJr6zSGViomwpkcR7QS4FzKfEayN5KaKjghoD2fuoAQMHG6SXezewDkM3crZkliCPDgRgxowN5XOZe0Z4G+SRgtU3dS70xUkDmioCcdKtXN2pDtjLDUjnE6STqxohMkA92jb0BAHVHXGswMncGqULvhCmgk1zNTviTEOlBoFntkMsO6rZW8q/ua1Y+1fdMYsjGJNQzJ/yI85aAHTtqDLJCWajwzBRDLzVyB9LDHRptPk/0po5LO5QvbytpAuVxZ1JNAxOkEZlENFVEbXqIrqiKB79Iie0Yv1YD1Zr9bbfHXFWmSO0A9Yn19rpZ9q</latexit>

!(q) =
1X

n=1

↵n (T, µi, hOji,�) q
n

<latexit sha1_base64="To9yxa+mzYJakn3WRao+JdZjwrM="></latexit>

[from Blake,  
Davison,  

Vegh,  
JHEP (2019)]

<latexit sha1_base64="9MttCSUyPNYt7xKvzgI5jYLWm0I=">AAACB3icjVDLSgMxFM3UV62vUZeCBItQF5aZUtSNUHTjskJf0BmGTJppQzPJmGSEMnTnxl9x40IRt/6CO//G9LFQUfDAhcM593LvPWHCqNKO82HlFhaXllfyq4W19Y3NLXt7p6VEKjFpYsGE7IRIEUY5aWqqGekkkqA4ZKQdDi8nfvuWSEUFb+hRQvwY9TmNKEbaSIG974mY9FHAYekm4EfwHB7DipdQ2IAUchjYRbfsTAH/JkUwRz2w372ewGlMuMYMKdV1nUT7GZKaYkbGBS9VJEF4iPqkayhHMVF+Nv1jDA+N0oORkKa4hlP160SGYqVGcWg6Y6QH6qc3EX/zuqmOzvyM8iTVhOPZoihlUAs4CQX2qCRYs5EhCEtqboV4gCTC2kRX+F8IrUrZPSlXr6vF2sU8jjzYAwegBFxwCmrgCtRBE2BwBx7AE3i27q1H68V6nbXmrPnMLvgG6+0TrIaWoA==</latexit>

!n(qn) = �2⇡Tin

<latexit sha1_base64="52Pp18LmxP6NZ0TAphWDWnGM+Ms=">AAACFXicjVDLSgMxFM34rPU16tJNsAgVpM5IUTdC0YWupIp9QGcYMumdNjTzMMkIZehPuPFX3LhQxK3gzr8xfSxUFDwkcO4593KT4yecSWVZH8bU9Mzs3HxuIb+4tLyyaq6t12WcCgo1GvNYNH0igbMIaoopDs1EAAl9Dg2/dzr0G7cgJIuja9VPwA1JJ2IBo0RpyTN3z7wrfIydQBCaWQN9dHVRdNrAFXHiEDpkb1zgmx3PLNglawT8NymgCaqe+e60Y5qGECnKiZQt20qUmxGhGOUwyDuphITQHulAS9OIhCDdbPSrAd7WShsHsdA3Unikfp3ISChlP/R1Z0hUV/70huJvXitVwZGbsShJFUR0vChIOVYxHkaE20wAVbyvCaGC6bdi2iU6IKWDzP8vhPp+yT4olS/LhcrJJI4c2kRbqIhsdIgq6BxVUQ1RdIce0BN6Nu6NR+PFeB23ThmTmQ30DcbbJ40cnTk=</latexit>

GR =
0

0
= N(�!/�q)

C(t,x) =
⌦
[W (t,x), V (0,0)]†[W (t,x), V (0,0)]

↵
T
⇠ ✏ e�L(t�|x|/vB)

<latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit><latexit sha1_base64="tILdOltX2xSqc1JwBL1YY6VqtCA="></latexit>

‘quantum’ Lyapunov exponent butterfly velocity

• relation to quantum chaos as measured by the out-of-time-ordered correlation functions



• consider diffusion in a neutral 3d CFT dual to AdS4-Schwarzschild
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[plot from Blake,  
Davison, Vegh, JHEP (2019)]

analytic result known for 4d bulk 
[SG, PRL (2021)]
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qn =
4⇡Tp

3
n1/4, n = 0, 1, 2, . . .

algebraically special points  
4d odd-even duality: Darboux transform 

[Chandrasekhar (1983); SG, Vrbica (2023)] 

for increasing real q
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claim: in holographic theories of the type discussed here (N=4 SYM, M2, M5, …),  
the entire spectrum can be computed from only a discrete set of pole-skipping points

• how much information is required to reconstruct a QFT spectrum? 
so far in the talk: the knowledge of one dispersion relation

[SG, Lemut, Pedraza, PRD (2023)]
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[plot from Blake,  
Davison, Vegh, JHEP (2019)]



• interpolation problem:
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• unique solutions to interpolation problems are extremely hard in the absence of special 
known properties of the function (e.g. Weierstrass, Hadamard, Nevanlinna-Pick, …) 

• trick: ‘analytic continuation’ to d spacetime dimensions and expansion around infinite d 

• general relativity in large d drastically simplifies [review by Emparan, Herzog, 2003.11394] 

• recall: large-d limit of quantum mechanics allows a solution of the Helium problem 

• convergence of such series depends on the details
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• interpolation:
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• ‘analytic continuation’ to d spacetime dimensions and expansion around infinite d

hydrodynamics pole-skipping
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n 2 Z ! x 2 R
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<latexit sha1_base64="Y97GYW5JMfRHl7azEKihkFV3JAU="></latexit>

!0(q) = �i

✓
qp
d

◆2

� i
1X

m=2

1

dm

mX

j=2

cm,n

✓
qp
d

◆2j
<latexit sha1_base64="d7F9GHcHUdH4kAOrcVIIEm0Aq5M="></latexit>

qnp
d
=

r
nd

2

 
1 +

1X

m=1

bn,m
dm

!

<latexit sha1_base64="DDboPTC9K1eMoiydDbFDZX+e3ps=">AAACFXicjZBNS8MwGMdTX+d8q3r0EhzCBttox1AvwtCLxwnuBbZa0izdwpK2JKkwy76EF7+KFw+KeBW8+W1Mux1UFHwg4cf//zw8yd+LGJXKsj6MhcWl5ZXV3Fp+fWNza9vc2W3LMBaYtHDIQtH1kCSMBqSlqGKkGwmCuMdIxxufp37nhghJw+BKTSLicDQMqE8xUlpyzTJ2E16uTeEpzIinVKzYpetEY03fFXvavyUKFXnJNQt21coK/g0FMK+ma773ByGOOQkUZkjKnm1FykmQUBQzMs33Y0kihMdoSHoaA8SJdJLsV1N4qJUB9EOhT6Bgpn6dSBCXcsI93cmRGsmfXir+5vVi5Z84CQ2iWJEAzxb5MYMqhGlEcEAFwYpNNCAsqH4rxCMkEFY6yPz/QmjXqvZRtX5ZLzTO5nHkwD44AEVgg2PQABegCVoAgzvwAJ7As3FvPBovxuusdcGYz+yBb2W8fQI5Kpxh</latexit>

cm,2 = cm,m = (�1)m2m�1⇣(m)

• first level:
<latexit sha1_base64="+97s8H86mnfrQ8v7NRb/XCTEqV4=">AAACLXicjZDLSgMxGIUz9VbrbdSlm2ARXGjplKJuCkVddFnBXqAzDpk004bJZIYkI5RhXsiNryKCi4q49TVML+AdPBA4nPP/JPm8mFGpyuWxkVtYXFpeya8W1tY3NrfM7Z22jBKBSQtHLBJdD0nCKCctRRUj3VgQFHqMdLzgYtJ3bomQNOLXahQTJ0QDTn2KkdKRa156bsqPrAzW4DG0fYFwamVpJYMNl//IbJmEbhrUrOyGfxRB5ppFq1SeCv5timCupms+2v0IJyHhCjMkZc8qx8pJkVAUM5IV7ESSGOEADUhPW45CIp10+tsMHuikD/1I6MMVnKafN1IUSjkKPT0ZIjWU37tJ+FvXS5R/5qSUx4kiHM8u8hMGVQQn6GCfCoIVG2mDsKD6rRAPkaagNODC/yC0KyXrpFS9qhbr53McebAH9sEhsMApqIMGaIIWwOAOPIAxeDbujSfjxXidjeaM+c4u+CLj7R2xBqaz</latexit>

bn,1 = �1

2
Hn = �1

2

nX

k=1

1

k

<latexit sha1_base64="IrXrR8q3dmpJhIxVPmBRJXxnlKg=">AAACGnicjZBNS8MwHMbT+Tbn29Sjl+AQNoTRylAvg6GXHSe4F1hrSbN0C03TkqSyUfo5vPhVvHhQxJt48duYvRxUFHwg8PA8/z9Jfl7MqFSm+WHklpZXVtfy64WNza3tneLuXkdGicCkjSMWiZ6HJGGUk7aiipFeLAgKPUa6XnA57bu3REga8Ws1iYkToiGnPsVI6cgtWk2XQ1tFsFkeV2Ad2jIJ3TSoW9mNTbmvJtD2BcLpOEuD8vg4qGRusWRVzZng36YEFmq5xTd7EOEkJFxhhqTsW2asnBQJRTEjWcFOJIkRDtCQ9LXlKCTSSWdfy+CRTgbQj4Q+XMFZ+nUjRaGUk9DTkyFSI/mzm4a/df1E+edOSnmcKMLx/CI/YVCjmHKCAyoIVmyiDcKC6rdCPEIahdI0C/+D0DmpWqfV2lWt1LhY4MiDA3AIysACZ6ABmqAF2gCDO/AAnsCzcW88Gi/G63w0Zyx29sE3Ge+fP7mf0g==</latexit>

Hn ! H(x) =
1X

k=1

x

k(x+ k)

<latexit sha1_base64="nkrriuplekChIvAXtRwzvMRFHlQ="></latexit>

!0(q) = �iq̄
2 � i

q̄
2

d
H2q̄2/d + . . .

partial (convergent) resummation

• second level benefits from numerical approach (Padé interpolation):
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• results:
<latexit sha1_base64="bN2O+7R+NNAfiRILIjpnGmFPxbg="></latexit>

c2,2 = 2⇣(2),

c3,2 = �4⇣(3), c3,3 = �4⇣(3),

c4,2 = 8⇣(4), c4,3 = 7⇥ 8⇣(4), c4,4 = 8⇣(4)

<latexit sha1_base64="PrdTuMRLXQpKhssbZoWvRza7SEw="></latexit>

c3,2 ⇡ �1.000⇥ 4⇣(3),

c4,3 ⇡ 7.001⇥ 8⇣(4),

c5,4 ⇡ �15.548⇥ 16⇣(5),

c6,5 ⇡ 27.546⇥ 32⇣(6)

<latexit sha1_base64="vAjLjHZo8w0u6Xhy74T9l8SFQ9k="></latexit>

c4,2 ⇡ 1.000⇥ 8⇣(4),

c5,3 ⇡ �15.502⇥ 16⇣(5)

• symmetries 

• ‘polylogs’ 
[see e.g. Aminov et.al. 
2307.10141]

<latexit sha1_base64="DDboPTC9K1eMoiydDbFDZX+e3ps=">AAACFXicjZBNS8MwGMdTX+d8q3r0EhzCBttox1AvwtCLxwnuBbZa0izdwpK2JKkwy76EF7+KFw+KeBW8+W1Mux1UFHwg4cf//zw8yd+LGJXKsj6MhcWl5ZXV3Fp+fWNza9vc2W3LMBaYtHDIQtH1kCSMBqSlqGKkGwmCuMdIxxufp37nhghJw+BKTSLicDQMqE8xUlpyzTJ2E16uTeEpzIinVKzYpetEY03fFXvavyUKFXnJNQt21coK/g0FMK+ma773ByGOOQkUZkjKnm1FykmQUBQzMs33Y0kihMdoSHoaA8SJdJLsV1N4qJUB9EOhT6Bgpn6dSBCXcsI93cmRGsmfXir+5vVi5Z84CQ2iWJEAzxb5MYMqhGlEcEAFwYpNNCAsqH4rxCMkEFY6yPz/QmjXqvZRtX5ZLzTO5nHkwD44AEVgg2PQABegCVoAgzvwAJ7As3FvPBovxuusdcGYz+yBb2W8fQI5Kpxh</latexit>

cm,2 = cm,m = (�1)m2m�1⇣(m)
<latexit sha1_base64="1/qASGAIirQuME3XbMcr81BxDtc=">AAAB7nicjVDLSgNBEOz1GeMr6tHLYBA8SNiVoB6DXjxGMA9IljA7mU2GzM4OM71CWPIRXjwo4tXv8ebfOHkcVBQsaCiquunuirQUFn3/w1taXlldWy9sFDe3tnd2S3v7TZtmhvEGS2Vq2hG1XArFGyhQ8rY2nCaR5K1odD31W/fcWJGqOxxrHiZ0oEQsGEUntaJerk6DSa9UDir+DORvUoYF6r3Se7efsizhCpmk1nYCX2OYU4OCST4pdjPLNWUjOuAdRxVNuA3z2bkTcuyUPolT40ohmalfJ3KaWDtOIteZUBzan95U/M3rZBhfhrlQOkOu2HxRnEmCKZn+TvrCcIZy7AhlRrhbCRtSQxm6hIr/C6F5VgnOK9Xbarl2tYijAIdwBCcQwAXU4Abq0AAGI3iAJ3j2tPfovXiv89YlbzFzAN/gvX0C7VSPUA==</latexit>

bn,1

<latexit sha1_base64="Bx6XfatlbadCGq/qRUJYyf0LlFE=">AAAB7nicjVBNS8NAEJ3Ur1q/qh69LBbBg5SkFPVY9OKxgv2ANpTNdtMu3WzC7kQooT/CiwdFvPp7vPlv3LQ9qCj4YODx3gwz84JECoOu++EUVlbX1jeKm6Wt7Z3dvfL+QdvEqWa8xWIZ625ADZdC8RYKlLybaE6jQPJOMLnO/c4910bE6g6nCfcjOlIiFIyilTrBIFNntdmgXPGq7hzkb1KBJZqD8nt/GLM04gqZpMb0PDdBP6MaBZN8VuqnhieUTeiI9yxVNOLGz+bnzsiJVYYkjLUthWSufp3IaGTMNApsZ0RxbH56ufib10sxvPQzoZIUuWKLRWEqCcYk/50MheYM5dQSyrSwtxI2ppoytAmV/hdCu1b1zqv123qlcbWMowhHcAyn4MEFNOAGmtACBhN4gCd4dhLn0XlxXhetBWc5cwjf4Lx9Au7Zj1E=</latexit>

bn,2

<latexit sha1_base64="bgzJJ9lkfLhmQ9V6shsFugu72U4=">AAAB7nicjVDLSgNBEOyNrxhfUY9eBoPgQcKuBvUY9OIxgnlAsoTZSW8yZHZ2mZkVwrIf4cWDIl79Hm/+jZPHQUXBgoaiqpvuriARXBvX/XAKS8srq2vF9dLG5tb2Tnl3r6XjVDFssljEqhNQjYJLbBpuBHYShTQKBLaD8fXUb9+j0jyWd2aSoB/RoeQhZ9RYqR30M3lylvfLFa/qzkD+JhVYoNEvv/cGMUsjlIYJqnXXcxPjZ1QZzgTmpV6qMaFsTIfYtVTSCLWfzc7NyZFVBiSMlS1pyEz9OpHRSOtJFNjOiJqR/ulNxd+8bmrCSz/jMkkNSjZfFKaCmJhMfycDrpAZMbGEMsXtrYSNqKLM2IRK/wuhdVr1zqu121qlfrWIowgHcAjH4MEF1OEGGtAEBmN4gCd4dhLn0XlxXuetBWcxsw/f4Lx9AvBej1I=</latexit>

bn,3
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• the rest of the spectrum follows from a reconstruction discussed before

• complete reconstruction of the spectrum using only algebraic near-horizon manipulations 
(local instead of global (ODE/PDE) analysis) 

• ‘full’ correlator follows from poles — product formula by Dodelson, et.al., 2304.12339



S U M M A R Y  A N D   
F U T U R E  D I R E C T I O N S
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• complex analytic structures of transport are a powerful tool for exploring physics  

• new results about the nature of thermal QFTs 

• in momentum space we can deal with convergent series, but, ‘morally’, this is equivalent  
to resurgence in position space 

• useful not only in QFTs, also for QNMs and general linearised operator spectra 

• improve practical aspects of reconstructions given a limited number of known coefficient 

• can these techniques be used in realistic QFTs (Euler-Heisenberg, chiral Lagrangian)? 

• claim: reconstruction from IR to UV is possible from a discrete set of pole-skipping points 

• large-N QFT calculation             differential equations             algebraic manipulations

S U M M A R Y  A N D  F U T U R E  D I R E C T I O N S
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