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Ratio Method

Build ratios at successive masses of an observable Υ(mQ) −−−−−→
mQ→∞

cst

I Υ(mQ) = fh`
√
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A (mQ)

I Υ(mQ) = Mh`/mQ
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Υ(m
(n−1)
Q )

where mQ,pole = ρ(log µ̄h, p) · µ̄h[MS, 2 GeV] and λ = µ̄
(n)
h /µ̄

(n−1)
h

Fit the mass dependence of y :

y(x, λ)
∣∣∣

p
= 1 + η1(log x, λ) x + η2(log x, λ) x2

where x = 1/µ̄h
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Ratio y vs. x = 1/µ̄h

ρ at NLO
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Quark Mass

HQET

MH` = mQ + Λ̄− (λ1+3λ2)
2mQ

+ O
(

ΛQCD

m2
Q

)
where

λ1 =
1

2MH`
〈B(v) | h̄ (iD)2 h | B(v)〉

λ2 =
1

6MH`
〈B(v) | h̄

g

2
σµν Gµν h | B(v)〉

I Renormalisation R. Sommer [Nara, 1996]

I Λ̄ is an effective parameter
I Non-perturbative HQET [ALPHA]

MB = mb + δ̂m + Estat + ωkinEkin + ωspinEspin

Estat = − lim
x0→∞

∂̃0 ln Cstat
AA (x0)

∣∣∣∣
δm=0
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Quark Mass
HQET

MH` = mQ + Λ̄− (λ1+3λ2)
2mQ

+ O
(

ΛQCD

m2
Q

)
Phenomenological estimates :

MB∗ − MB = − 2
mb
λ2 + O

(
ΛQCD

m2
Q

)
 λ2 ≈

M2
B∗−M2

B

4 = 0.12(2) GeV2

[Grem, Kapustin, Ligeti, Wise, 1996] :

I determine Λ̄ and λ1 from CLEO data for B → X`ν̄`
I use pole mass at NLO

Ref. Scheme Λ̄ [GeV] λ1 [GeV2]

Grem et al. (1996) pole 0.39(11) -0.19(10)

Neubert (1994) pole (?) 0.50(20) -0.25(20)

Giménez et al. (1996) pole (NP subt.) 0.18(03) –

Kronfeld & Simone (2000) pole 0.68(12) -0.45(12)

Bali & Pineda (2003) RS 0.46(06) –

McNeile et al. (2004) pole (PT subt.) 0.65(10) –
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Quark Mass

HQET

MH` = mQ + Λ̄− (λ1+3λ2)
2mQ

+ O
(

ΛQCD

m2
Q

)

y(X , λ) =
Mh`(m

(n)
Q )

m
(n)
Q

× m
(n−1)
Q

Mh`(m
(n−1)
Q )

= 1 + Λ̄(1− λ) X +
[
−λ1+3λ2

2 (1− λ2) + Λ̄2(λ− 1)λ
]

X2 + O(X3)

where X = 1/m(n)
Q

ETMC meeting, Rome, 14.10.11 G. Herdoíza Ratio Method and B-physics



mb BB

Ratio y vs. x = 1/µ̄h

ρ at NLO

This work
Grem et al.
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ETMC : η1 = −0.053(12) GeV η2 = 0.068(20) GeV2 Λ̄ ≈ 0.37 GeV λ1 ≈ 0
Grem et al. : η1 = −0.075(20) GeV η2 = 0.070(55) GeV2 Λ̄ ≈ 0.39(11) GeV λ1 ≈ −0.19(10) GeV2
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Bag parameters of ∆B = 2 operators
I B–B̄ mixing in the SM

O1(mb) = b̄γµ(1− γ5)q b̄γµ(1− γ5)q

I After matching to HQET

O1(mb) = M11[mb, µ] Õ1(µ) + M12[mb, µ] Õ2(µ) + O
(

1

mb

)

where Õ1,2 are HQET operators

Õ1 = h̄γµ(1− γ5)q h̄γµ(1− γ5)q

Õ2 = h̄(1− γ5)q h̄(1− γ5)q

I But . . . it is Õ1,2 that fulfil the scaling laws of HQET . . .

 expand the set of operators
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Bag parameters of ∆B = 2 operators

I Extended set of operators

O1 = b̄i
γµ(1− γ5)qi b̄j

γµ(1− γ5)qj

O2 = b̄i (1− γ5)qi b̄j (1− γ5)qj

O3 = b̄i (1− γ5)qj b̄j (1− γ5)qi

I HQET operators

Õ1 = h̄γµ(1− γ5)q h̄γµ(1− γ5)q

Õ2 = h̄(1− γ5)q h̄(1− γ5)q

Õ3 = −(Õ2 − Õ1/2)

I Define vectors ~O = (O1,O2,O3) and ~̃O
I The matching to HQET now involves 3× 3 matrices
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Bag parameters of ∆B = 2 operators

I Connection to HQET [J. Reyes, 2001; D. Becirevic et al., 2002]

WT
QCD[mh, µ]−1 〈~O(µ)〉mh

= C(mh) WT
HQET [mh, µ]−1 〈~̃O(µ)〉 + O

(
1

mh

)

I Scaling laws of HQET apply for

~Θ[mh, µ] ≡
(

W T
QCD[mh, µ] C(mh) W T

HQET [mh, µ]−1
)−1
〈~O(µ)〉mh

= 〈~̃O(µ)〉 + O
(

1

mh

)

I Build the ratio method on these observables

wk (m(n)
h , µ, λ; m`, a) =

Θk [m
(n)
h ,µ]

Θk [m
(n−1)
h ,µ]

where k ∈ {1, 2, 3} and λ = m(n)
h /m(n−1)

h
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