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MULTIPOLE EXPANSION IN GRAVITY:
FROM NEWTON TO EINSTEIN
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NEW TONIAN GRAVITY
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I, (1) are the multipole moments of the potential

. Monopole, £ = 0

.,3.’ Dipole, 7 = 1
‘e :3 9 :3‘ e Quadrupole, £ = 2




T the source Is stationary and axisymmetric the analysis ssmplifies
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and only the m = 0 harmonics survive
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Since nothing in life is a perfect sphere, everything is a multipole expansion.

Cit. Claudio

With these hypotheses on the source, at every multipole order

there i1s only one degree of freedom



BERIERAL RELATIVITY. .. IN A NU SIS

Matter tells spbace-time how to curve and
space-time tells matter how to move.

Cit. Wheeler

There 1s no more a potential. [ he gravitational field i1s encoded In

the metric tensor g,



[ he space-time rotates within the rotating object, and so the

“gravitational field” does...

| he rotating space-time drags the satellite to rotate with 1t. [ his

introduces new degrees of freedom in the multipole expansion.




We can study the multipole expansion of the metric - [ 500 S
g/w - 80i gij

tensor separating It into three different contributions
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In General Relativity there are €wo degrees of freedom for any
multipole order.

But what happens if we consider gravityin D = d + 1 > 42
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In arbrtrary dimensions there are three degrees of freedom for any
multipole order.

Gravity is richer in higher dimensions.

NOTHING, JUST

The fact that in D = 4 there are two degrees of

freedom Is not a universal property, but just an accident.

AN INCHIDENT



So why our four dimensional space-time is so special?

In physics the angular momentum is defined as an anti-symmetric

rank-2 tensor Sy,

eIn d = 3 we can define a spin tensor §;; = ¢, kSk

oIn d > 3 we cannot define a spin tensor (3;; is an irreducible

representation)

—> M, and K, are independent




Take home message

* [ he multipole expansion Is an iImportant tool in physics.

*Some properties of gravity In four dimensions are not universal.

Well, that's relativity, folks.

Cit. Interstellar




