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Spherically Symmetric Hamiltonian
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Spherically Symmetric Hamiltonian

Energy Eigenstates:
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Spherically Symmetric Hamiltonian

Energy Eigenstates:
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Spherically symmetric Hamiltonian. Non-spherically symmetric states
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The Hydrogen Atom

Spherically Symmetric Hamiltonian

Energy Eigenstates:

1s 2s 2p

Spherically symmetric Hamiltonian. Non-spherically symmetric states

Hydrogen Produced by a number of high energy processes in early universe
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H � �e
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r



The Hydrogen Atom

Spherically Symmetric Hamiltonian

Energy Eigenstates:

1s 2s 2p

Spherically symmetric Hamiltonian. Non-spherically symmetric states

Hydrogen Produced by a number of high energy processes in early universe

Pretty much all hydrogen we see is in 1s.

<latexit sha1_base64="129sqOosbHY9bOmxjRe3qVRvVx0=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FiSItVl0U2XFewDmlgm05t26OTBzEQoIW78FTcuFHHrX7jzb5y2WWjrgQuHc+7l3nu8mDOpLOvbKKysrq1vFDdLW9s7u3vm/kFbRomg0KIRj0TXIxI4C6GlmOLQjQWQwOPQ8cY3U7/zAEKyKLxTkxjcgAxD5jNKlJb65lEDOzKJJSh87viC0BTuq1kqsr5ZtirWDHiZ2DkpoxzNvvnlDCKaBBAqyomUPduKlZsSoRjlkJWcREJM6JgMoadpSAKQbjr7IMOnWhlgPxK6QoVn6u+JlARSTgJPdwZEjeSiNxX/83qJ8q/clIVxoiCk80V+wrGK8DQOPGACqOITTQgVTN+K6YjoHJQOraRDsBdfXibtasWuVWq3F+X6dR5HER2jE3SGbHSJ6qiBmqiFKHpEz+gVvRlPxovxbnzMWwtGPnOI/sD4/AEMQZaq</latexit>

H � �e
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r



The Hydrogen Atom

Spherically Symmetric Hamiltonian

Energy Eigenstates:

1s 2s 2p

Spherically symmetric Hamiltonian. Non-spherically symmetric states

Hydrogen Produced by a number of high energy processes in early universe

Pretty much all hydrogen we see is in 1s.
Not a problem - states decay to 1s

<latexit sha1_base64="129sqOosbHY9bOmxjRe3qVRvVx0=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWAR3FiSItVl0U2XFewDmlgm05t26OTBzEQoIW78FTcuFHHrX7jzb5y2WWjrgQuHc+7l3nu8mDOpLOvbKKysrq1vFDdLW9s7u3vm/kFbRomg0KIRj0TXIxI4C6GlmOLQjQWQwOPQ8cY3U7/zAEKyKLxTkxjcgAxD5jNKlJb65lEDOzKJJSh87viC0BTuq1kqsr5ZtirWDHiZ2DkpoxzNvvnlDCKaBBAqyomUPduKlZsSoRjlkJWcREJM6JgMoadpSAKQbjr7IMOnWhlgPxK6QoVn6u+JlARSTgJPdwZEjeSiNxX/83qJ8q/clIVxoiCk80V+wrGK8DQOPGACqOITTQgVTN+K6YjoHJQOraRDsBdfXibtasWuVWq3F+X6dR5HER2jE3SGbHSJ6qiBmqiFKHpEz+gVvRlPxovxbnzMWwtGPnOI/sD4/AEMQZaq</latexit>
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r



Hydrogen with Massive Photon
<latexit sha1_base64="onM3pwYsVUXfDy706BsJIyt5WKw=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFVmSmi4kp041LB2kKnljvpbRuazIQkI5ah/+LGX3HjQhE3LvwX08fCth4InJxzLsk9kRLcWN//9nILi0vLK6tr+fWNza3tws7uvUlSzbDCEpHoWgQGBY+xYrkVWFMaQUYCq1HvauhXH1EbnsR3tq+wIaET8zZnYJ3ULJyHIFQXHspUNpGGAo0BpXTy5O5Z2AEpYTAlj/PDdLNQ9Ev+CHSeBBNSJBPcNAufYSthqcTYMgHG1ANf2UYG2nImcJAPU4MKWA86WHc0BommkY12HNBDp7RoO9HuxJaO1L8TGUhj+jJySQm2a2a9ofifV09t+6yR8VilFmM2fqidCmoTOiyMtrhGZkXfEWCau79S1gUNzLpa866EYHbleXJfLgUnpZPb4+LF5aSOVbJPDsgRCcgpuSDX5IZUCCPP5JW8kw/vxXvzPr2vcTTnTWb2yBS8n1+nVqTt</latexit>

↵2me / m� / ↵me

Bound states still exist - but a number of stable states

<latexit sha1_base64="fubBe3YxqOaxy5sR4Ku77Hwsoc0=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8JGE3SPQY9JJjBPOAbBJmJ73JkJndZWZWCMv+hBd/xYsHRbwK3vwbJ4+DJhY0FFXddHd5EWdK2/a3tba+sbm1ndnJ7u7tHxzmjo6bKowlhQYNeSjbHlHAWQANzTSHdiSBCI9DyxvfTv3WA0jFwuBeTyLoCjIMmM8o0Ubq5wo17Ko4UqBxEXpl7Baw60tCE+glRdFP3CERgqQyTROZ9nN5u2TPgFeJsyB5tEC9n/tyByGNBQSacqJUx7Ej3U2I1IxySLNurCAidEyG0DE0IAJUN5l9leJzowywH0pTgcYz9fdEQoRSE+GZTkH0SC17U/E/rxNr/7qbsCCKNQR0vsiPOdYhnkaEB0wC1XxiCKGSmVsxHRETijZBZk0IzvLLq6RZLjmVUuXuMl+9WcSRQafoDF0gB12hKqqhOmogih7RM3pFb9aT9WK9Wx/z1jVrMXOC/sD6/AHb2Z63</latexit>

H � �e
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r



Hydrogen with Massive Photon
<latexit sha1_base64="onM3pwYsVUXfDy706BsJIyt5WKw=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFVmSmi4kp041LB2kKnljvpbRuazIQkI5ah/+LGX3HjQhE3LvwX08fCth4InJxzLsk9kRLcWN//9nILi0vLK6tr+fWNza3tws7uvUlSzbDCEpHoWgQGBY+xYrkVWFMaQUYCq1HvauhXH1EbnsR3tq+wIaET8zZnYJ3ULJyHIFQXHspUNpGGAo0BpXTy5O5Z2AEpYTAlj/PDdLNQ9Ev+CHSeBBNSJBPcNAufYSthqcTYMgHG1ANf2UYG2nImcJAPU4MKWA86WHc0BommkY12HNBDp7RoO9HuxJaO1L8TGUhj+jJySQm2a2a9ofifV09t+6yR8VilFmM2fqidCmoTOiyMtrhGZkXfEWCau79S1gUNzLpa866EYHbleXJfLgUnpZPb4+LF5aSOVbJPDsgRCcgpuSDX5IZUCCPP5JW8kw/vxXvzPr2vcTTnTWb2yBS8n1+nVqTt</latexit>

↵2me / m� / ↵me

Bound states still exist - but a number of stable states

Hydrogen Produced by a number of high energy processes in early universe

<latexit sha1_base64="fubBe3YxqOaxy5sR4Ku77Hwsoc0=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8JGE3SPQY9JJjBPOAbBJmJ73JkJndZWZWCMv+hBd/xYsHRbwK3vwbJ4+DJhY0FFXddHd5EWdK2/a3tba+sbm1ndnJ7u7tHxzmjo6bKowlhQYNeSjbHlHAWQANzTSHdiSBCI9DyxvfTv3WA0jFwuBeTyLoCjIMmM8o0Ubq5wo17Ko4UqBxEXpl7Baw60tCE+glRdFP3CERgqQyTROZ9nN5u2TPgFeJsyB5tEC9n/tyByGNBQSacqJUx7Ej3U2I1IxySLNurCAidEyG0DE0IAJUN5l9leJzowywH0pTgcYz9fdEQoRSE+GZTkH0SC17U/E/rxNr/7qbsCCKNQR0vsiPOdYhnkaEB0wC1XxiCKGSmVsxHRETijZBZk0IzvLLq6RZLjmVUuXuMl+9WcSRQafoDF0gB12hKqqhOmogih7RM3pFb9aT9WK9Wx/z1jVrMXOC/sD6/AHb2Z63</latexit>

H � �e
2 e
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r



Hydrogen with Massive Photon
<latexit sha1_base64="onM3pwYsVUXfDy706BsJIyt5WKw=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFVmSmi4kp041LB2kKnljvpbRuazIQkI5ah/+LGX3HjQhE3LvwX08fCth4InJxzLsk9kRLcWN//9nILi0vLK6tr+fWNza3tws7uvUlSzbDCEpHoWgQGBY+xYrkVWFMaQUYCq1HvauhXH1EbnsR3tq+wIaET8zZnYJ3ULJyHIFQXHspUNpGGAo0BpXTy5O5Z2AEpYTAlj/PDdLNQ9Ev+CHSeBBNSJBPcNAufYSthqcTYMgHG1ANf2UYG2nImcJAPU4MKWA86WHc0BommkY12HNBDp7RoO9HuxJaO1L8TGUhj+jJySQm2a2a9ofifV09t+6yR8VilFmM2fqidCmoTOiyMtrhGZkXfEWCau79S1gUNzLpa866EYHbleXJfLgUnpZPb4+LF5aSOVbJPDsgRCcgpuSDX5IZUCCPP5JW8kw/vxXvzPr2vcTTnTWb2yBS8n1+nVqTt</latexit>

↵2me / m� / ↵me

Bound states still exist - but a number of stable states

Hydrogen Produced by a number of high energy processes in early universe

Suppose Only See Hydrogen in 1s state

<latexit sha1_base64="fubBe3YxqOaxy5sR4Ku77Hwsoc0=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8JGE3SPQY9JJjBPOAbBJmJ73JkJndZWZWCMv+hBd/xYsHRbwK3vwbJ4+DJhY0FFXddHd5EWdK2/a3tba+sbm1ndnJ7u7tHxzmjo6bKowlhQYNeSjbHlHAWQANzTSHdiSBCI9DyxvfTv3WA0jFwuBeTyLoCjIMmM8o0Ubq5wo17Ko4UqBxEXpl7Baw60tCE+glRdFP3CERgqQyTROZ9nN5u2TPgFeJsyB5tEC9n/tyByGNBQSacqJUx7Ej3U2I1IxySLNurCAidEyG0DE0IAJUN5l9leJzowywH0pTgcYz9fdEQoRSE+GZTkH0SC17U/E/rxNr/7qbsCCKNQR0vsiPOdYhnkaEB0wC1XxiCKGSmVsxHRETijZBZk0IzvLLq6RZLjmVUuXuMl+9WcSRQafoDF0gB12hKqqhOmogih7RM3pFb9aT9WK9Wx/z1jVrMXOC/sD6/AHb2Z63</latexit>

H � �e
2 e
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r



Hydrogen with Massive Photon
<latexit sha1_base64="onM3pwYsVUXfDy706BsJIyt5WKw=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFVmSmi4kp041LB2kKnljvpbRuazIQkI5ah/+LGX3HjQhE3LvwX08fCth4InJxzLsk9kRLcWN//9nILi0vLK6tr+fWNza3tws7uvUlSzbDCEpHoWgQGBY+xYrkVWFMaQUYCq1HvauhXH1EbnsR3tq+wIaET8zZnYJ3ULJyHIFQXHspUNpGGAo0BpXTy5O5Z2AEpYTAlj/PDdLNQ9Ev+CHSeBBNSJBPcNAufYSthqcTYMgHG1ANf2UYG2nImcJAPU4MKWA86WHc0BommkY12HNBDp7RoO9HuxJaO1L8TGUhj+jJySQm2a2a9ofifV09t+6yR8VilFmM2fqidCmoTOiyMtrhGZkXfEWCau79S1gUNzLpa866EYHbleXJfLgUnpZPb4+LF5aSOVbJPDsgRCcgpuSDX5IZUCCPP5JW8kw/vxXvzPr2vcTTnTWb2yBS8n1+nVqTt</latexit>

↵2me / m� / ↵me

Bound states still exist - but a number of stable states

Hydrogen Produced by a number of high energy processes in early universe

Suppose Only See Hydrogen in 1s state
Solve by imposing spherical symmetry?

<latexit sha1_base64="fubBe3YxqOaxy5sR4Ku77Hwsoc0=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8JGE3SPQY9JJjBPOAbBJmJ73JkJndZWZWCMv+hBd/xYsHRbwK3vwbJ4+DJhY0FFXddHd5EWdK2/a3tba+sbm1ndnJ7u7tHxzmjo6bKowlhQYNeSjbHlHAWQANzTSHdiSBCI9DyxvfTv3WA0jFwuBeTyLoCjIMmM8o0Ubq5wo17Ko4UqBxEXpl7Baw60tCE+glRdFP3CERgqQyTROZ9nN5u2TPgFeJsyB5tEC9n/tyByGNBQSacqJUx7Ej3U2I1IxySLNurCAidEyG0DE0IAJUN5l9leJzowywH0pTgcYz9fdEQoRSE+GZTkH0SC17U/E/rxNr/7qbsCCKNQR0vsiPOdYhnkaEB0wC1XxiCKGSmVsxHRETijZBZk0IzvLLq6RZLjmVUuXuMl+9WcSRQafoDF0gB12hKqqhOmogih7RM3pFb9aT9WK9Wx/z1jVrMXOC/sD6/AHb2Z63</latexit>

H � �e
2 e
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r



Hydrogen with Massive Photon
<latexit sha1_base64="onM3pwYsVUXfDy706BsJIyt5WKw=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFVmSmi4kp041LB2kKnljvpbRuazIQkI5ah/+LGX3HjQhE3LvwX08fCth4InJxzLsk9kRLcWN//9nILi0vLK6tr+fWNza3tws7uvUlSzbDCEpHoWgQGBY+xYrkVWFMaQUYCq1HvauhXH1EbnsR3tq+wIaET8zZnYJ3ULJyHIFQXHspUNpGGAo0BpXTy5O5Z2AEpYTAlj/PDdLNQ9Ev+CHSeBBNSJBPcNAufYSthqcTYMgHG1ANf2UYG2nImcJAPU4MKWA86WHc0BommkY12HNBDp7RoO9HuxJaO1L8TGUhj+jJySQm2a2a9ofifV09t+6yR8VilFmM2fqidCmoTOiyMtrhGZkXfEWCau79S1gUNzLpa866EYHbleXJfLgUnpZPb4+LF5aSOVbJPDsgRCcgpuSDX5IZUCCPP5JW8kw/vxXvzPr2vcTTnTWb2yBS8n1+nVqTt</latexit>

↵2me / m� / ↵me

Bound states still exist - but a number of stable states

Hydrogen Produced by a number of high energy processes in early universe

Suppose Only See Hydrogen in 1s state
Solve by imposing spherical symmetry?

No!

<latexit sha1_base64="fubBe3YxqOaxy5sR4Ku77Hwsoc0=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8JGE3SPQY9JJjBPOAbBJmJ73JkJndZWZWCMv+hBd/xYsHRbwK3vwbJ4+DJhY0FFXddHd5EWdK2/a3tba+sbm1ndnJ7u7tHxzmjo6bKowlhQYNeSjbHlHAWQANzTSHdiSBCI9DyxvfTv3WA0jFwuBeTyLoCjIMmM8o0Ubq5wo17Ko4UqBxEXpl7Baw60tCE+glRdFP3CERgqQyTROZ9nN5u2TPgFeJsyB5tEC9n/tyByGNBQSacqJUx7Ej3U2I1IxySLNurCAidEyG0DE0IAJUN5l9leJzowywH0pTgcYz9fdEQoRSE+GZTkH0SC17U/E/rxNr/7qbsCCKNQR0vsiPOdYhnkaEB0wC1XxiCKGSmVsxHRETijZBZk0IzvLLq6RZLjmVUuXuMl+9WcSRQafoDF0gB12hKqqhOmogih7RM3pFb9aT9WK9Wx/z1jVrMXOC/sD6/AHb2Z63</latexit>

H � �e
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r



Hydrogen with Massive Photon
<latexit sha1_base64="onM3pwYsVUXfDy706BsJIyt5WKw=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFVmSmi4kp041LB2kKnljvpbRuazIQkI5ah/+LGX3HjQhE3LvwX08fCth4InJxzLsk9kRLcWN//9nILi0vLK6tr+fWNza3tws7uvUlSzbDCEpHoWgQGBY+xYrkVWFMaQUYCq1HvauhXH1EbnsR3tq+wIaET8zZnYJ3ULJyHIFQXHspUNpGGAo0BpXTy5O5Z2AEpYTAlj/PDdLNQ9Ev+CHSeBBNSJBPcNAufYSthqcTYMgHG1ANf2UYG2nImcJAPU4MKWA86WHc0BommkY12HNBDp7RoO9HuxJaO1L8TGUhj+jJySQm2a2a9ofifV09t+6yR8VilFmM2fqidCmoTOiyMtrhGZkXfEWCau79S1gUNzLpa866EYHbleXJfLgUnpZPb4+LF5aSOVbJPDsgRCcgpuSDX5IZUCCPP5JW8kw/vxXvzPr2vcTTnTWb2yBS8n1+nVqTt</latexit>

↵2me / m� / ↵me

Bound states still exist - but a number of stable states

Hydrogen Produced by a number of high energy processes in early universe

Suppose Only See Hydrogen in 1s state
Solve by imposing spherical symmetry?

No!

<latexit sha1_base64="fubBe3YxqOaxy5sR4Ku77Hwsoc0=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8JGE3SPQY9JJjBPOAbBJmJ73JkJndZWZWCMv+hBd/xYsHRbwK3vwbJ4+DJhY0FFXddHd5EWdK2/a3tba+sbm1ndnJ7u7tHxzmjo6bKowlhQYNeSjbHlHAWQANzTSHdiSBCI9DyxvfTv3WA0jFwuBeTyLoCjIMmM8o0Ubq5wo17Ko4UqBxEXpl7Baw60tCE+glRdFP3CERgqQyTROZ9nN5u2TPgFeJsyB5tEC9n/tyByGNBQSacqJUx7Ej3U2I1IxySLNurCAidEyG0DE0IAJUN5l9leJzowywH0pTgcYz9fdEQoRSE+GZTkH0SC17U/E/rxNr/7qbsCCKNQR0vsiPOdYhnkaEB0wC1XxiCKGSmVsxHRETijZBZk0IzvLLq6RZLjmVUuXuMl+9WcSRQafoDF0gB12hKqqhOmogih7RM3pFb9aT9WK9Wx/z1jVrMXOC/sD6/AHb2Z63</latexit>
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Hamiltonian already spherically symmetric - still allows 
non-spherically symmetric states (2p etc)



Hydrogen with Massive Photon
<latexit sha1_base64="onM3pwYsVUXfDy706BsJIyt5WKw=">AAACI3icbVDLSgMxFM3Ud31VXboJFsFVmSmi4kp041LB2kKnljvpbRuazIQkI5ah/+LGX3HjQhE3LvwX08fCth4InJxzLsk9kRLcWN//9nILi0vLK6tr+fWNza3tws7uvUlSzbDCEpHoWgQGBY+xYrkVWFMaQUYCq1HvauhXH1EbnsR3tq+wIaET8zZnYJ3ULJyHIFQXHspUNpGGAo0BpXTy5O5Z2AEpYTAlj/PDdLNQ9Ev+CHSeBBNSJBPcNAufYSthqcTYMgHG1ANf2UYG2nImcJAPU4MKWA86WHc0BommkY12HNBDp7RoO9HuxJaO1L8TGUhj+jJySQm2a2a9ofifV09t+6yR8VilFmM2fqidCmoTOiyMtrhGZkXfEWCau79S1gUNzLpa866EYHbleXJfLgUnpZPb4+LF5aSOVbJPDsgRCcgpuSDX5IZUCCPP5JW8kw/vxXvzPr2vcTTnTWb2yBS8n1+nVqTt</latexit>

↵2me / m� / ↵me

Bound states still exist - but a number of stable states

Hydrogen Produced by a number of high energy processes in early universe

Suppose Only See Hydrogen in 1s state
Solve by imposing spherical symmetry?

No!

<latexit sha1_base64="fubBe3YxqOaxy5sR4Ku77Hwsoc0=">AAACFXicbVDLSgNBEJz1GeMr6tHLYBA8JGE3SPQY9JJjBPOAbBJmJ73JkJndZWZWCMv+hBd/xYsHRbwK3vwbJ4+DJhY0FFXddHd5EWdK2/a3tba+sbm1ndnJ7u7tHxzmjo6bKowlhQYNeSjbHlHAWQANzTSHdiSBCI9DyxvfTv3WA0jFwuBeTyLoCjIMmM8o0Ubq5wo17Ko4UqBxEXpl7Baw60tCE+glRdFP3CERgqQyTROZ9nN5u2TPgFeJsyB5tEC9n/tyByGNBQSacqJUx7Ej3U2I1IxySLNurCAidEyG0DE0IAJUN5l9leJzowywH0pTgcYz9fdEQoRSE+GZTkH0SC17U/E/rxNr/7qbsCCKNQR0vsiPOdYhnkaEB0wC1XxiCKGSmVsxHRETijZBZk0IzvLLq6RZLjmVUuXuMl+9WcSRQafoDF0gB12hKqqhOmogih7RM3pFb9aT9WK9Wx/z1jVrMXOC/sD6/AHb2Z63</latexit>
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Hamiltonian already spherically symmetric - still allows 
non-spherically symmetric states (2p etc)

Only solutions are dynamical - e.g. massless hidden photon allowing states to decay, 
collisions between atoms



Rigid Pendulum in Gravity

x
<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)



Rigid Pendulum in Gravity

x

What do the energy eigenstates look like?

<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)



Rigid Pendulum in Gravity

x

What do the energy eigenstates look like?

<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)
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Rigid Pendulum in Gravity

x

What do the energy eigenstates look like?

<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)

-10 -5 5 10
x

-1.0

-0.5

0.5

1.0

V(x)



Rigid Pendulum in Gravity

x

What do the energy eigenstates look like?

<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)
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Rigid Pendulum in Gravity

x

What do the energy eigenstates look like?

<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)
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Rigid Pendulum in Gravity

x

What do the energy eigenstates look like?

<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)
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Nearly degenerate 
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Eigenstates of Parity 
(x -> -x)



Rigid Pendulum in Gravity
What do the energy eigenstates look like?
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Band Structure 
(Bloch Waves)

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)



Rigid Pendulum in Gravity
What do the energy eigenstates look like?
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Band Structure 
(Bloch Waves)

Lowest energy band - continuous set of states, labelled by θ

θ State Label (like 
1s, 2s, 2p for H)

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)



Rigid Pendulum in Gravity
What do the energy eigenstates look like?
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Band Structure 
(Bloch Waves)

Lowest energy band - continuous set of states, labelled by θ

θ State Label (like 
1s, 2s, 2p for H)

Find a bunch of such pendulums, all formed at high energy - 
but if we only see state θ = 0?

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)



Rigid Pendulum in Gravity
What do the energy eigenstates look like?
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Band Structure 
(Bloch Waves)

Lowest energy band - continuous set of states, labelled by θ

θ State Label (like 
1s, 2s, 2p for H)

Find a bunch of such pendulums, all formed at high energy - 
but if we only see state θ = 0?

Solve by imposing Parity? 
NO: Hamiltonian already Parity symmetric. States need not be

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)



Rigid Pendulum in Gravity
What do the energy eigenstates look like?
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Band Structure 
(Bloch Waves)

Lowest energy band - continuous set of states, labelled by θ

θ State Label (like 
1s, 2s, 2p for H)

Find a bunch of such pendulums, all formed at high energy - 
but if we only see state θ = 0?

Solve by imposing Parity? 
NO: Hamiltonian already Parity symmetric. States need not be

Only Dynamical Solutions Possible - e.g. couple to photon to allow decay

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)



Hamiltonian To Lagrangian
Given |Ψ(0)>, what is |Ψ(T)>? 



Hamiltonian To Lagrangian
Given |Ψ(0)>, what is |Ψ(T)>? 

<latexit sha1_base64="90kJW4DNGU1VXiJXky3MlFMrBWM=">AAACLHicbVDLSgMxFM34tr6qLt0Ei1BByoyIuhGKblxWsLbQKSWT3mlDM5khuSMttR/kxl8RxIUibv0O03YEXwcCh3POJfeeIJHCoOu+OjOzc/MLi0vLuZXVtfWN/ObWjYlTzaHKYxnresAMSKGgigIl1BMNLAok1ILexdiv3YI2IlbXOEigGbGOEqHgDK3Uyl/c+RUjfAkhFl1fi04X96mvmepIoGfUFwppu0+pf0DDaar/lbrrZ7lWvuCW3AnoX+JlpEAyVFr5J78d8zQChVwyYxqem2BzyDQKLmGU81MDCeM91oGGpYpFYJrDybEjumeVNg1jbZ9dbqJ+nxiyyJhBFNhkxLBrfntj8T+vkWJ42hwKlaQIik8/ClNJMabj5mhbaOAoB5YwroXdlfIu04yj7TdnS/B+n/yX3ByWvOPS8dVRoXye1bFEdsguKRKPnJAyuSQVUiWc3JNH8kJenQfn2Xlz3qfRGSeb2SY/4Hx8AhdJpvA=</latexit>

| (0)i =
Z

dx f (x) |xi



Hamiltonian To Lagrangian
Given |Ψ(0)>, what is |Ψ(T)>? 

<latexit sha1_base64="90kJW4DNGU1VXiJXky3MlFMrBWM=">AAACLHicbVDLSgMxFM34tr6qLt0Ei1BByoyIuhGKblxWsLbQKSWT3mlDM5khuSMttR/kxl8RxIUibv0O03YEXwcCh3POJfeeIJHCoOu+OjOzc/MLi0vLuZXVtfWN/ObWjYlTzaHKYxnresAMSKGgigIl1BMNLAok1ILexdiv3YI2IlbXOEigGbGOEqHgDK3Uyl/c+RUjfAkhFl1fi04X96mvmepIoGfUFwppu0+pf0DDaar/lbrrZ7lWvuCW3AnoX+JlpEAyVFr5J78d8zQChVwyYxqem2BzyDQKLmGU81MDCeM91oGGpYpFYJrDybEjumeVNg1jbZ9dbqJ+nxiyyJhBFNhkxLBrfntj8T+vkWJ42hwKlaQIik8/ClNJMabj5mhbaOAoB5YwroXdlfIu04yj7TdnS/B+n/yX3ByWvOPS8dVRoXye1bFEdsguKRKPnJAyuSQVUiWc3JNH8kJenQfn2Xlz3qfRGSeb2SY/4Hx8AhdJpvA=</latexit>

| (0)i =
Z

dx f (x) |xi
<latexit sha1_base64="46otk2wrG2t1VP1vLJt0VPGKE34="></latexit>

|xi !
Z

dy K (y, T ;x, 0) |yi

Initial State Propagator

<latexit sha1_base64="eKeoNm2CrCfcdvBUvkVNIVWA1D4="></latexit>

| (T )i =
Z

dx dy f (x)K (y, T ;x, 0) |yi



Hamiltonian To Lagrangian
Given |Ψ(0)>, what is |Ψ(T)>? 

<latexit sha1_base64="90kJW4DNGU1VXiJXky3MlFMrBWM=">AAACLHicbVDLSgMxFM34tr6qLt0Ei1BByoyIuhGKblxWsLbQKSWT3mlDM5khuSMttR/kxl8RxIUibv0O03YEXwcCh3POJfeeIJHCoOu+OjOzc/MLi0vLuZXVtfWN/ObWjYlTzaHKYxnresAMSKGgigIl1BMNLAok1ILexdiv3YI2IlbXOEigGbGOEqHgDK3Uyl/c+RUjfAkhFl1fi04X96mvmepIoGfUFwppu0+pf0DDaar/lbrrZ7lWvuCW3AnoX+JlpEAyVFr5J78d8zQChVwyYxqem2BzyDQKLmGU81MDCeM91oGGpYpFYJrDybEjumeVNg1jbZ9dbqJ+nxiyyJhBFNhkxLBrfntj8T+vkWJ42hwKlaQIik8/ClNJMabj5mhbaOAoB5YwroXdlfIu04yj7TdnS/B+n/yX3ByWvOPS8dVRoXye1bFEdsguKRKPnJAyuSQVUiWc3JNH8kJenQfn2Xlz3qfRGSeb2SY/4Hx8AhdJpvA=</latexit>

| (0)i =
Z

dx f (x) |xi
<latexit sha1_base64="46otk2wrG2t1VP1vLJt0VPGKE34="></latexit>

|xi !
Z

dy K (y, T ;x, 0) |yi

Initial State Propagator
<latexit sha1_base64="WXu1MIPHGUBflF+iiaI6XZVu7w0="></latexit>

K (y, T ;x, 0) = hy|e�iHT |xi =
Z

�(T )=y

�(0)=x

D� ei
R T
0 dt L(x,ẋ)

<latexit sha1_base64="eKeoNm2CrCfcdvBUvkVNIVWA1D4="></latexit>

| (T )i =
Z

dx dy f (x)K (y, T ;x, 0) |yi



Hamiltonian To Lagrangian
<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)
<latexit sha1_base64="zCfKTEkOT5dGxLCxfsk3vpegC6g="></latexit>

L (x, ẋ) =
1

2
Mẋ2 � V (x)



Hamiltonian To Lagrangian
<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)
<latexit sha1_base64="zCfKTEkOT5dGxLCxfsk3vpegC6g="></latexit>

L (x, ẋ) =
1

2
Mẋ2 � V (x)

There is no θ in the Lagrangian



Hamiltonian To Lagrangian
<latexit sha1_base64="BiqxLHwpRJb9m1bRZ0KDhZTmqVc=">AAACFnicbVDLSgNBEJyNrxhfqx69DAYhHhJ2RaIXIejFYwTzgOwSZiezyZDZBzO9YljyFV78FS8eFPEq3vwbJ8keTGJBQ1HVTXeXFwuuwLJ+jNzK6tr6Rn6zsLW9s7tn7h80VZRIyho0EpFse0QxwUPWAA6CtWPJSOAJ1vKGNxO/9cCk4lF4D6OYuQHph9znlICWuma56QjmQ+nRkbw/gFN8hcvYGZI4JtihkZp3u2bRqlhT4GViZ6SIMtS75rfTi2gSsBCoIEp1bCsGNyUSOBVsXHASxWJCh6TPOpqGJGDKTadvjfGJVnrYj6SuEPBU/TuRkkCpUeDpzoDAQC16E/E/r5OAf+mmPIwTYCGdLfITgSHCk4xwj0tGQYw0IVRyfSumAyIJBZ1kQYdgL768TJpnFbtaqd6dF2vXWRx5dISOUQnZ6ALV0C2qowai6Am9oDf0bjwbr8aH8TlrzRnZzCGag/H1C3RhnlY=</latexit>

V (x) = � cos (x)
<latexit sha1_base64="zCfKTEkOT5dGxLCxfsk3vpegC6g="></latexit>

L (x, ẋ) =
1

2
Mẋ2 � V (x)

There is no θ in the Lagrangian

But - this is the same quantum problem and thus the same band structure

Got to pick initial state - states labelled by θ

<latexit sha1_base64="eKeoNm2CrCfcdvBUvkVNIVWA1D4="></latexit>

| (T )i =
Z

dx dy f (x)K (y, T ;x, 0) |yi



Hamiltonian To Lagrangian
Band Structure 
(Bloch Waves)

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)

Want to understand quantum mechanics of state θ (e.g. calculate energy) 



Hamiltonian To Lagrangian
Band Structure 
(Bloch Waves)

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)

Want to understand quantum mechanics of state θ (e.g. calculate energy) 
<latexit sha1_base64="FCjCpZhuy47zPsLcMECie0VCsQA=">AAACJXicbVDLSgMxFM34tr6qLt0Ei6AgZUakulAQ3bhUsFXoDCWT3pkGM5khuSMtbX/Gjb/ixoUigit/xfSx0OqBwOGce8i9J8ykMOi6n87U9Mzs3PzCYmFpeWV1rbi+UTNprjlUeSpTfRcyA1IoqKJACXeZBpaEEm7D+4uBf/sA2ohU3WAngyBhsRKR4Ayt1Cie9NrU10zFEugp9YVC2qy3A0r9fRr7EiLcbe9Tq/haxC3co70hHwUaxZJbdoegf4k3JiUyxlWj+OY3U54noJBLZkzdczMMukyj4BL6BT83kDF+z2KoW6pYAiboDq/s0x2rNGmUavvsmkP1Z6LLEmM6SWgnE4YtM+kNxP+8eo7RcdAVKssRFB99FOWSYkoHldGm0MBRdixhXAu7K+UtphlHW2zBluBNnvyX1A7KXqVcuT4snZ2P61ggW2Sb7BKPHJEzckmuSJVw8kieySt5c56cF+fd+RiNTjnjzCb5BefrG84Eo6U=</latexit>

|xi =
Z

d[x] g (x, [x]) |[x]i
<latexit sha1_base64="GGVHvZHbBjpJxPh9/wyf0ivcHuE="></latexit>

T (x ! x+ 1) |[x]i ! ei✓|[x]i



Hamiltonian To Lagrangian
Band Structure 
(Bloch Waves)

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)

Want to understand quantum mechanics of state θ (e.g. calculate energy) 
<latexit sha1_base64="FCjCpZhuy47zPsLcMECie0VCsQA=">AAACJXicbVDLSgMxFM34tr6qLt0Ei6AgZUakulAQ3bhUsFXoDCWT3pkGM5khuSMtbX/Gjb/ixoUigit/xfSx0OqBwOGce8i9J8ykMOi6n87U9Mzs3PzCYmFpeWV1rbi+UTNprjlUeSpTfRcyA1IoqKJACXeZBpaEEm7D+4uBf/sA2ohU3WAngyBhsRKR4Ayt1Cie9NrU10zFEugp9YVC2qy3A0r9fRr7EiLcbe9Tq/haxC3co70hHwUaxZJbdoegf4k3JiUyxlWj+OY3U54noJBLZkzdczMMukyj4BL6BT83kDF+z2KoW6pYAiboDq/s0x2rNGmUavvsmkP1Z6LLEmM6SWgnE4YtM+kNxP+8eo7RcdAVKssRFB99FOWSYkoHldGm0MBRdixhXAu7K+UtphlHW2zBluBNnvyX1A7KXqVcuT4snZ2P61ggW2Sb7BKPHJEzckmuSJVw8kieySt5c56cF+fd+RiNTjnjzCb5BefrG84Eo6U=</latexit>

|xi =
Z

d[x] g (x, [x]) |[x]i
<latexit sha1_base64="GGVHvZHbBjpJxPh9/wyf0ivcHuE="></latexit>

T (x ! x+ 1) |[x]i ! ei✓|[x]i
<latexit sha1_base64="MINX690ZS87UeNwKHkFsOFJBJ/0="></latexit>

K✓ (y, T ;x, 0) = P✓

�
hy|e�iHT |xi

�
=

Z
�(T )=y

�(0)=x

D� ei
R T
0 dt L✓(x,ẋ)

<latexit sha1_base64="2M6tcNgiZf9FAX809NEmDkh5U44="></latexit>

L✓ =
1

2
Mẋ2 + ✓ẋ� V (x)



Hamiltonian To Lagrangian
Band Structure 
(Bloch Waves)

<latexit sha1_base64="UuC0mG1JM2GUdqqXhHMrzUaYxOU=">AAACHHicbVC7SgNBFJ31GeMramkzGARtwq5KtBGCNpYRTCJk1zA7uZsMzj6YuSsJSz7Exl+xsVDExkLwb5wkW/g6MHA451zu3OMnUmi07U9rZnZufmGxsFRcXlldWy9tbDZ1nCoODR7LWF37TIMUETRQoITrRAELfQkt//Z87LfuQGkRR1c4TMALWS8SgeAMjdQpHbp1LVwJAe4NXCV6fdynpxRuMkFd7AMyOhjR9GegUyrbFXsC+pc4OSmTHPVO6d3txjwNIUIumdZtx07Qy5hCwSWMim6qIWH8lvWgbWjEQtBeNjluRHeN0qVBrMyLkE7U7xMZC7Uehr5Jhgz7+rc3Fv/z2ikGJ14moiRFiPh0UZBKijEdN0W7QgFHOTSEcSXMXynvM8U4mj6LpgTn98l/SfOg4lQr1cujcu0sr6NAtskO2SMOOSY1ckHqpEE4uSeP5Jm8WA/Wk/VqvU2jM1Y+s0V+wPr4AsGjoTA=</latexit>

 (x) = ei✓xu (x)

Want to understand quantum mechanics of state θ (e.g. calculate energy) 
<latexit sha1_base64="FCjCpZhuy47zPsLcMECie0VCsQA=">AAACJXicbVDLSgMxFM34tr6qLt0Ei6AgZUakulAQ3bhUsFXoDCWT3pkGM5khuSMtbX/Gjb/ixoUigit/xfSx0OqBwOGce8i9J8ykMOi6n87U9Mzs3PzCYmFpeWV1rbi+UTNprjlUeSpTfRcyA1IoqKJACXeZBpaEEm7D+4uBf/sA2ohU3WAngyBhsRKR4Ayt1Cie9NrU10zFEugp9YVC2qy3A0r9fRr7EiLcbe9Tq/haxC3co70hHwUaxZJbdoegf4k3JiUyxlWj+OY3U54noJBLZkzdczMMukyj4BL6BT83kDF+z2KoW6pYAiboDq/s0x2rNGmUavvsmkP1Z6LLEmM6SWgnE4YtM+kNxP+8eo7RcdAVKssRFB99FOWSYkoHldGm0MBRdixhXAu7K+UtphlHW2zBluBNnvyX1A7KXqVcuT4snZ2P61ggW2Sb7BKPHJEzckmuSJVw8kieySt5c56cF+fd+RiNTjnjzCb5BefrG84Eo6U=</latexit>

|xi =
Z

d[x] g (x, [x]) |[x]i
<latexit sha1_base64="GGVHvZHbBjpJxPh9/wyf0ivcHuE="></latexit>

T (x ! x+ 1) |[x]i ! ei✓|[x]i
<latexit sha1_base64="MINX690ZS87UeNwKHkFsOFJBJ/0="></latexit>

K✓ (y, T ;x, 0) = P✓

�
hy|e�iHT |xi

�
=

Z
�(T )=y

�(0)=x

D� ei
R T
0 dt L✓(x,ẋ)

<latexit sha1_base64="2M6tcNgiZf9FAX809NEmDkh5U44="></latexit>

L✓ =
1

2
Mẋ2 + ✓ẋ� V (x)

θ enters Lagrangian - looks like a parameter, but actually reflects 
restriction to specific quantum state θ



Rigid Pendulum in Gravity
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θ State Label (like 
1s, 2s, 2p for H)

Find a bunch of such pendulums, all formed at high energy - 
but if we only see state θ = 0?



Rigid Pendulum in Gravity

-10 -5 5 10
x

-1.0

-0.5

0.5

1.0

V(x)

θ State Label (like 
1s, 2s, 2p for H)

<latexit sha1_base64="2M6tcNgiZf9FAX809NEmDkh5U44="></latexit>

L✓ =
1

2
Mẋ2 + ✓ẋ� V (x)

Find a bunch of such pendulums, all formed at high energy - 
but if we only see state θ = 0?



Rigid Pendulum in Gravity

-10 -5 5 10
x

-1.0

-0.5

0.5

1.0

V(x)

θ State Label (like 
1s, 2s, 2p for H)

<latexit sha1_base64="2M6tcNgiZf9FAX809NEmDkh5U44="></latexit>

L✓ =
1

2
Mẋ2 + ✓ẋ� V (x)

Find a bunch of such pendulums, all formed at high energy - 
but if we only see state θ = 0?

Solve problem by imposing parity x-> -x

X



Rigid Pendulum in Gravity

-10 -5 5 10
x

-1.0

-0.5

0.5

1.0

V(x)

θ State Label (like 
1s, 2s, 2p for H)

<latexit sha1_base64="2M6tcNgiZf9FAX809NEmDkh5U44="></latexit>

L✓ =
1

2
Mẋ2 + ✓ẋ� V (x)

Find a bunch of such pendulums, all formed at high energy - 
but if we only see state θ = 0?

Solve problem by imposing parity x-> -x

X
X



Rigid Pendulum in Gravity

-10 -5 5 10
x

-1.0

-0.5

0.5

1.0

V(x)

θ State Label (like 
1s, 2s, 2p for H)

<latexit sha1_base64="2M6tcNgiZf9FAX809NEmDkh5U44="></latexit>

L✓ =
1

2
Mẋ2 + ✓ẋ� V (x)

Find a bunch of such pendulums, all formed at high energy - 
but if we only see state θ = 0?

Solve problem by imposing parity x-> -x

X
X

V(x) still periodic - band structure persists. Choice of quantum state
Need dynamical solution



QCD
<latexit sha1_base64="ztLXddHxa0i8ulAWtDvAqRyvpV0=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQIkiYEYkeoyLkGMEskJmEnk5P0qRnobtGCEO8+CtePCji1b/w5t/YWQ6a+KDg8V4VVfW8WHAFlvVtZJaWV1bXsuu5jc2t7R1zd6+uokRSVqORiGTTI4oJHrIacBCsGUtGAk+whje4GfuNByYVj8J7GMbMDUgv5D6nBLTUMQ8qjmA+FK7aKRmd4ts2cSTv9eGkY+atojUBXiT2jOTRDNWO+eV0I5oELAQqiFIt24rBTYkETgUb5ZxEsZjQAemxlqYhCZhy08kHI3yslS72I6krBDxRf0+kJFBqGHi6MyDQV/PeWPzPayXgX7opD+MEWEini/xEYIjwOA7c5ZJREENNCJVc34ppn0hCQYeW0yHY8y8vkvpZ0S4VS3fn+fL1LI4sOkRHqIBsdIHKqIKqqIYoekTP6BW9GU/Gi/FufExbM8ZsZh/9gfH5AxTylgg=</latexit>

H (Aa
, E

a) CP invariant, no θ 



QCD

What are the θ vacua? 

<latexit sha1_base64="ztLXddHxa0i8ulAWtDvAqRyvpV0=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQIkiYEYkeoyLkGMEskJmEnk5P0qRnobtGCEO8+CtePCji1b/w5t/YWQ6a+KDg8V4VVfW8WHAFlvVtZJaWV1bXsuu5jc2t7R1zd6+uokRSVqORiGTTI4oJHrIacBCsGUtGAk+whje4GfuNByYVj8J7GMbMDUgv5D6nBLTUMQ8qjmA+FK7aKRmd4ts2cSTv9eGkY+atojUBXiT2jOTRDNWO+eV0I5oELAQqiFIt24rBTYkETgUb5ZxEsZjQAemxlqYhCZhy08kHI3yslS72I6krBDxRf0+kJFBqGHi6MyDQV/PeWPzPayXgX7opD+MEWEini/xEYIjwOA7c5ZJREENNCJVc34ppn0hCQYeW0yHY8y8vkvpZ0S4VS3fn+fL1LI4sOkRHqIBsdIHKqIKqqIYoekTP6BW9GU/Gi/FufExbM8ZsZh/9gfH5AxTylgg=</latexit>

H (Aa
, E

a) CP invariant, no θ 



QCD

What are the θ vacua? 

Need to define vacuum - i.e. state of lowest energy
One choice |A> = 0 - has zero color electromagnetic field

<latexit sha1_base64="ztLXddHxa0i8ulAWtDvAqRyvpV0=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQIkiYEYkeoyLkGMEskJmEnk5P0qRnobtGCEO8+CtePCji1b/w5t/YWQ6a+KDg8V4VVfW8WHAFlvVtZJaWV1bXsuu5jc2t7R1zd6+uokRSVqORiGTTI4oJHrIacBCsGUtGAk+whje4GfuNByYVj8J7GMbMDUgv5D6nBLTUMQ8qjmA+FK7aKRmd4ts2cSTv9eGkY+atojUBXiT2jOTRDNWO+eV0I5oELAQqiFIt24rBTYkETgUb5ZxEsZjQAemxlqYhCZhy08kHI3yslS72I6krBDxRf0+kJFBqGHi6MyDQV/PeWPzPayXgX7opD+MEWEini/xEYIjwOA7c5ZJREENNCJVc34ppn0hCQYeW0yHY8y8vkvpZ0S4VS3fn+fL1LI4sOkRHqIBsdIHKqIKqqIYoekTP6BW9GU/Gi/FufExbM8ZsZh/9gfH5AxTylgg=</latexit>

H (Aa
, E

a) CP invariant, no θ 



QCD

What are the θ vacua? 

Need to define vacuum - i.e. state of lowest energy
One choice |A> = 0 - has zero color electromagnetic field

<latexit sha1_base64="ztLXddHxa0i8ulAWtDvAqRyvpV0=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQIkiYEYkeoyLkGMEskJmEnk5P0qRnobtGCEO8+CtePCji1b/w5t/YWQ6a+KDg8V4VVfW8WHAFlvVtZJaWV1bXsuu5jc2t7R1zd6+uokRSVqORiGTTI4oJHrIacBCsGUtGAk+whje4GfuNByYVj8J7GMbMDUgv5D6nBLTUMQ8qjmA+FK7aKRmd4ts2cSTv9eGkY+atojUBXiT2jOTRDNWO+eV0I5oELAQqiFIt24rBTYkETgUb5ZxEsZjQAemxlqYhCZhy08kHI3yslS72I6krBDxRf0+kJFBqGHi6MyDQV/PeWPzPayXgX7opD+MEWEini/xEYIjwOA7c5ZJREENNCJVc34ppn0hCQYeW0yHY8y8vkvpZ0S4VS3fn+fL1LI4sOkRHqIBsdIHKqIKqqIYoekTP6BW9GU/Gi/FufExbM8ZsZh/9gfH5AxTylgg=</latexit>

H (Aa
, E

a) CP invariant, no θ 

But, other choices also possible: |A> = U, where U is pure gauge
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QCD

What are the θ vacua? 

Need to define vacuum - i.e. state of lowest energy
One choice |A> = 0 - has zero color electromagnetic field

<latexit sha1_base64="ztLXddHxa0i8ulAWtDvAqRyvpV0=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQIkiYEYkeoyLkGMEskJmEnk5P0qRnobtGCEO8+CtePCji1b/w5t/YWQ6a+KDg8V4VVfW8WHAFlvVtZJaWV1bXsuu5jc2t7R1zd6+uokRSVqORiGTTI4oJHrIacBCsGUtGAk+whje4GfuNByYVj8J7GMbMDUgv5D6nBLTUMQ8qjmA+FK7aKRmd4ts2cSTv9eGkY+atojUBXiT2jOTRDNWO+eV0I5oELAQqiFIt24rBTYkETgUb5ZxEsZjQAemxlqYhCZhy08kHI3yslS72I6krBDxRf0+kJFBqGHi6MyDQV/PeWPzPayXgX7opD+MEWEini/xEYIjwOA7c5ZJREENNCJVc34ppn0hCQYeW0yHY8y8vkvpZ0S4VS3fn+fL1LI4sOkRHqIBsdIHKqIKqqIYoekTP6BW9GU/Gi/FufExbM8ZsZh/9gfH5AxTylgg=</latexit>

H (Aa
, E

a) CP invariant, no θ 

But, other choices also possible: |A> = U, where U is pure gauge
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E(A)

0 U



QCD

What are the θ vacua? 

Need to define vacuum - i.e. state of lowest energy
One choice |A> = 0 - has zero color electromagnetic field

<latexit sha1_base64="ztLXddHxa0i8ulAWtDvAqRyvpV0=">AAACAXicbVDJSgNBEO2JW4zbqBfBS2MQIkiYEYkeoyLkGMEskJmEnk5P0qRnobtGCEO8+CtePCji1b/w5t/YWQ6a+KDg8V4VVfW8WHAFlvVtZJaWV1bXsuu5jc2t7R1zd6+uokRSVqORiGTTI4oJHrIacBCsGUtGAk+whje4GfuNByYVj8J7GMbMDUgv5D6nBLTUMQ8qjmA+FK7aKRmd4ts2cSTv9eGkY+atojUBXiT2jOTRDNWO+eV0I5oELAQqiFIt24rBTYkETgUb5ZxEsZjQAemxlqYhCZhy08kHI3yslS72I6krBDxRf0+kJFBqGHi6MyDQV/PeWPzPayXgX7opD+MEWEini/xEYIjwOA7c5ZJREENNCJVc34ppn0hCQYeW0yHY8y8vkvpZ0S4VS3fn+fL1LI4sOkRHqIBsdIHKqIKqqIYoekTP6BW9GU/Gi/FufExbM8ZsZh/9gfH5AxTylgg=</latexit>

H (Aa
, E

a) CP invariant, no θ 

But, other choices also possible: |A> = U, where U is pure gauge
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Quantum Tunneling



QCD

What are the θ vacua? 
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θ enters Lagrangian - looks like a parameter, but actually reflects 
restriction to specific quantum state θ

From state perspective, pure gauge states separated by large gauge 
transformations still exist - band structure persists. 

θ : choice of quantum state, not a parameter controlled by 
symmetry 
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measures time varying electric field

Lowest frequency set by absorption length of light (~km)
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Conclusions

1. Strong CP Problem requires 
dynamical solution, strongly boosts 

searches for QCD Axion 

2. Exciting opportunities with nonlinear 
optical elements


