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ALP dark matter: The standard paradigm

The cosmology of an ALP field ϕ is determined by the evolution equation:

ϕ̈+ 3Hϕ̇− ∇2

a2
ϕ+ V ′(ϕ) = 0, V (ϕ,T ) = m2

ϕ(T )f 2ϕ

[
1− cos

(
ϕ

fϕ

)]
.

One also needs to specify the initial conditions (ICs) that depends on the time of the symmetry

breaking that has generated the ALP as the pNGB.

• Post-inflationary: Different ICs in each Hubble patch. Inhomogeneous. =⇒ Mini-clusters

• Pre-inflationary: Random initial angle θ ≡ ϕ/fϕ ∈ [−π, π) in observable universe. Homogeneous.

Assuming pre-inflationary scenario and negligible

initial kinetic energyϕ ≈ constant, m(T ) ≪ H(T )

nϕ = ρϕ/mϕ ∝ a−3, m(T ) ≫ H(T )
.

The relic density for ALP dark matter is

determined by 0 ≤ |θi | < π. θ

V (θ)

m2
ϕf

2
ϕ

θ̇i ≈ 0
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ALP dark matter parameter space in the standard paradigm (with gθγ = (αem/2π)(1.92/fϕ))
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Extending the parameter space to lower fϕ values

If the ALP field starts oscillating at Tosc, and the nϕa
3 = ρϕa

3/mϕ is conserved afterwards:

h2Ωϕ,0 ≈ 0.12

√
m0

eV

√
m0

mosc

(
mosc

3Hosc

)3/2

︸ ︷︷ ︸
∼O(1)

θ2i︸︷︷︸
<π2

(
fϕ

1011 GeV

)2

F(Tosc)︸ ︷︷ ︸
0.3÷1.0

.

• Modify the high temperature behavior of the ALP mass Arias+ 1201.5902

mϕ(T ) ≈ m0 ×

(Tc/T )β , T > Tc

1, T < Tc

Tc∼
√

m0fϕ
=======⇒

√
m0

mosc
∼

(
Hosc

mosc

) β/2
β+2

(
Mpl

fϕ

) β/2
β+2

• Modify the initial conditions =⇒ Increase mosc/3Hosc

• Large misalignment: Tune the initial angle, |π − θi | ≪ 1 Zhang,Chiueh 1705.01439; Arvanitaki+ 1909.11665

• Kinetic misalignment: Start with a large initial kinetic energy. Co et al. 1910.14152; Chang et al. 1911.11885

• Modify the potential to a non-periodic one =⇒ No bound on θ2i

V (θ) =
m2

ϕf
2
ϕ

2p

[(
1 + θ2

)p

− 1
]
, p < 1 Ollé+. 1906.06352; Chatrchyan, CE, Koschnitzke, Servant 2305.03756

Cem Eröncel (ITU & MEF), 2nd General Meeting of COSMIC WISPers 3/18

https://arxiv.org/abs/1201.5902
https://arxiv.org/abs/1705.01439
https://arxiv.org/abs/1909.11665
https://arxiv.org/abs/1910.14152
https://arxiv.org/abs/1911.11885
https://inspirehep.net/literature/1740121
https://arxiv.org/abs/2305.03756


Extending the parameter space to lower fϕ values

If the ALP field starts oscillating at Tosc, and the nϕa
3 = ρϕa

3/mϕ is conserved afterwards:

h2Ωϕ,0 ≈ 0.12

√
m0

eV

√
m0

mosc

(
mosc

3Hosc

)3/2

︸ ︷︷ ︸
∼O(1)

θ2i︸︷︷︸
<π2

(
fϕ

1011 GeV

)2

F(Tosc)︸ ︷︷ ︸
0.3÷1.0

.

• Modify the high temperature behavior of the ALP mass Arias+ 1201.5902

mϕ(T ) ≈ m0 ×

(Tc/T )β , T > Tc

1, T < Tc

Tc∼
√

m0fϕ
=======⇒

√
m0

mosc
∼

(
Hosc

mosc

) β/2
β+2

(
Mpl

fϕ

) β/2
β+2

• Modify the initial conditions =⇒ Increase mosc/3Hosc

• Large misalignment: Tune the initial angle, |π − θi | ≪ 1 Zhang,Chiueh 1705.01439; Arvanitaki+ 1909.11665

• Kinetic misalignment: Start with a large initial kinetic energy. Co et al. 1910.14152; Chang et al. 1911.11885

• Modify the potential to a non-periodic one =⇒ No bound on θ2i

V (θ) =
m2

ϕf
2
ϕ

2p

[(
1 + θ2

)p

− 1
]
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The Large Misalignment mechanism

If the initial angle is very close to ±π, the onset of

oscillations got delayed due to the tiny potential

gradient at the top: Arvanitaki et al. 1909.11665

tLMM
osc

tSMM
osc

∼ ln

[
1

π − |θi |
21/4π1/2

Γ(5/4)

]
This enhances the relic density, albeit logarithmically.

Therefore, large tunings† are required for significant

enhancements.

† : Can also be natural in some models. Co et al. 1812.11192
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The Kinetic Misaligment Mechanism

A large initial kinetic energy for the ALP field can be

motivated in various UV completions:

• Explicit breaking of the PQ symmetry in deep UV.

Co et al. 1910.14152; 2004.00629; 2006.05687

CE, Servant, Sørensen, Sato 2408.08355

• Trapped misalignment Luzio et al. 2102.00012; 2102.01082

Today’s ALP energy density is Co et al. 1910.14152

CE, Servant, Sørensen, Sato 2206.14259

h2Ωϕ,0 ≈ 0.12

(
mϕ

5× 10−3 eV

)(
Y

40

)
, Y =

fϕϕ̇(T )

s(T )

The yield parameter Y is conserved after the kick,

and determines the ALP relic density today.
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ALP dark matter parameter space (with KSVZ-like photon coupling gθγ = (αem/2π)(1.92/fϕ))
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ALP dark matter parameter space (with KSVZ-like photon coupling gθγ = (αem/2π)(1.92/fϕ))
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ALP dark matter parameter space (with KSVZ-like photon coupling gθγ = (αem/2π)(1.92/fϕ))
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ALP dark matter parameter space in a specific Kinetic misalignment UV completion
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ALP fluctuations and the mode functions

• Even in the pre-inflationary scenario ALP field has some fluctuations on top of the homogeneous

background which can be described by the mode functions in the Fourier space.

θ(t, x) = Θ(t) +

∫
d3k

(2π)3
θke

i k⃗·⃗x + h.c.

• These fluctuations are seeded by adiabatic and/or isocurvature perturbations:

Adiabatic perturbations (This work)

• Due to the energy density perturbations of

the dominating component, unavoidable.

• Initial conditions in the super-horizon limit:

δi/(1 + wi ) = δj/(1 + wj)

Isocurvature perturbations

• If ALPs exist during inflation and are light

m ≪ Hinf, they pick up quantum

fluctuations:

δθ ∼ Hinf/(2πfinf)

• Can be avoided/suppressed if ALP has a

large mass during inflation, or finf ≫ ftoday.
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Exponential growth of the mode functions

The equation of motion for the mode functions can be derived from the FRLW metric including the

curvature perturbations:

ds2 = −[1− 2Φ(t, x)]+a2(t)[1 + 2Φ(t, x)]δij dx
i dx j , Φk(t, x) = 3Φk(0)

[
sin tk − tk cos tk

t3k

]
, tk =

k/a√
3H

For small fluctuations δθ ≪ Θ the equation of motion for the mode functions become

ϕ̈k + 3Hϕ̇k +

[
k2

a2
+ V ′′(ϕ)

∣∣∣∣
ϕ̄

]
︸ ︷︷ ︸

eff. frequency

ϕk = 2Φk V ′(ϕ)

∣∣∣∣
ϕ̄

− 4Φ̇k
˙̄ϕ︸ ︷︷ ︸

source term

The EoM is unstable when the effective frequency

• becomes negative ⇒ tachyonic instability

• is oscillating ⇒ parametric resonance

Kofman et al. hep-ph/9704452; Felder, Kofman hep-ph/0606256

Greene et al. hep-ph/9808477; Jaeckel et al. 1605.01367

Cedeno et al. 1703.10180; Berges et al. 1903.03116

Fonseca et al. 1911.08472; Morgante et al. 2109.13823

Instability exists except for a free theory where V ′′(ϕ) = m2.
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Power spectrum at the end of parametric resonance CE, Servant, 2207.10111

After the parametric resonance the power

spectrum can reach to O(1) values

Dense and compact ALP mini-

clusters can also be formed in the

pre-inflationary scenario!

Growth rate of the perturbations depend

exponentially on mϕ/H
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Breakdown of linearity and complete fragmentation

When the power spectrum becomes O(1), the linear perturbation theory breaks down, and the ALP

field becomes completely fragmented. This regime can be studied by

• Semi-analytically via an energy conservation argument. Used for the Kinetic misalignment.

Fonseca et al. 1911.08472; CE, Servant, Sørensen, Sato 2206.14259

• Fully numerically using lattice simulations. Used for the non-periodic potentials.

Morgante et al. 2109.13823; Chatrchyan, CE, Koschnitzke, Servant 2305.03756

The non-linear effects smoothens out the power spectrum, so in the non-linear regime more efficient

parametric resonance yields a power spectrum with smaller peaks.

For a given ALP mass mϕ and a production mechanism such as SMM, KMM, non-periodic etc...,

there is a critical fϕ that yields the most peaked power spectrum, hence most dense structures.
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Halo spectra in Kinetic Misalignment CE, Servant, 2207.10111
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soliton line as a cutoff. Stars denote the local maxima of the Halo mass function.
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Observational prospects Chatrchyan, CE, Koschnitzke, Servant 2305.03756
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Dense halo region in the ALP parameter space Chatrchyan, CE, Koschnitzke, Servant 2305.03756

Shaded regions indicate the parameter

space where parametric resonance might

create halos with ρs ≳ 10M⊙ pc−3 which

are more likely to survive tidal stripping

Arvanitaki et al. 1909.11665.

The “dense halo regions” in different

production mechanisms mostly overlap

with each other. So, it is difficult to infer

the mechanism from observations.

However, observation of dense structures

gives us information about the ALP mass

and the decay constant even when ALP

does not couple to SM!
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Dense halo region in the ALP parameter space Chatrchyan, CE, Koschnitzke, Servant 2305.03756

10-18 10-15 10-12 10-9 10-6 10-3 1 103
10-18

10-17

10-16

10-15

10-14

10-13

10-12

10-11

10-10

10-9

10-8

10-7

10-6

A
D

M
X

R
B

F
+

U
F H
A

Y
S
T

A
C

C
A

P
P

X
-

ra
y
s

EBL

Io
n
iza

tio
n

fra
ctio

n
C

O
B

E
/F

IR
A

S

L
eo

T
h
eatin

g

V
IM

O
S

E
B

L

M
U

S
E

Horizontal branch

Solar-ν

Chandra NGC 1275 and H1821+643

SN1987A

HESS

MWD Pol.
NuStar Super star clusters

Fermi
4C+21.35

Fermi - Extragalactic SN
Mrk421

Neutron stars

CASTSHAFT

ABRA

CADABRA

T
H

E
S
E

U
S eR

O
S
IT

A

A
D

M
X

D
M
-

R
a
d
io

W
ISPLC

ALPHA

MADMAX

F
L

A
S
H

TOORAD

B
R

A
S
S

DANCE

ADBC

aLIGO

F
er

m
i
S
N

A
LP

SI
I

L
A

M
P

O
S
T

BabyIAXO

IAXO
IAXO+

H
eterod

yn
e

S
R

F H
et

er
od

yn
e

SRF

B
R

E
A

D

SuperMAG

Q
C

D
A

xi
on

C
A

SP
E
r-

w
in

d

Comagnetometers

Storage rings

S
u
p
er

ra
d
ia

n
ce

S
te

ll
a
r

B
H

s

Standard misalignment θi~1

Standard misalignment θi~10
-1

Standard misalignment θi~10
-2

Standard misalignment θi~10
-3

L
y
m

a
n
-
α

S
tella

r
H

ea
tin

g Dense Halo Region

post-inflationary scenario

Does not assume ALP is DM

Assumes ALP is DM

Cem Eröncel (ITU & MEF), 2nd General Meeting of COSMIC WISPers 15/18



Open questions

• How does the ALP relic density is affected by complete fragmentation?

• Implications of complete fragmentation on ALP experiments, such as haloscopes. O’Hare+ 2311.17367

• Effect of the parametric resonance on the Lyman alpha bounds. Winch+ 2311.02052

• Mini-clusters in the post-inflationary scenario vs mini-clusters via parametric resonance
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Conclusions and Outlook

• The Standard Misalignment Mechanism is not sufficient to account for the correct dark matter

abundance in the ALP parameter space where the experiments are most sensitive.

• This parameter space can be opened by considering models where the initial energy budget is

increased, and the onset of oscillations is delayed from the conventional value mosc/Hosc ∼ 3.

• In these models which go beyond the standard paradigm, the fluctuations can grow exponentially,

and dense ALP mini-clusters can be formed even in the pre-inflationary scenario.

• Our semi-analytical study predicts that there is a band on the (mϕ, fϕ)-plane where the dense

structures can be formed, and the location of this band does not depend drastically on the

production mechanism.

• The existence of this band allows us to obtain information about the decay constant, even if ALP

does not couple to the Standard Model.
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Thank you for listening!
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Cosmological evolution of the ALP field

Start with the action for the ALP field (neglect Standard Model interactions):

S =

∫
d4x

√−g [−gµν∂µϕ∂νϕ− V (ϕ)].

Take the background geometry to be the FRWL geometry with the metric

ds2 = − dt2 + a2(t)δij dx
i dx j

Then, the ALP field obeys the following equation of motion:

θ̈ + 3H θ̇ − ∇2

a2
θ +

1

f 2ϕ

dV

dθ
= 0, H =

ȧ

a
:= Hubble parameter.

This is a second order ODE which can be solved after specifying the initial conditions.
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Evolution of the density contrast at late times

Calculating the evolution of the density contrast until today by numerically solving the mode function

equation of motion is very time- and resource-consuming. Luckily, we can use an effective description

using the WKB approximation: Park et al., 1207.3124

Θ(t) = a−3/2[Θ+ cos(mt) + Θ− sin(mt)],

θk(t) = θ+(k, t) cos(mt) + θ−(k, t) sin(mt).

The evolution of the density contrast for sub-horizon modes, k/a ≫ H obeys the differential equation

(valid both in radiation and matter eras):

δ̈k + 2H δ̇k +

(
c2s,eff

k2

a2
− 4πGρ

)
δk = 0,

effective sound speed of the ALP︷ ︸︸ ︷
c2s,eff ≈ 1

4

k2

a2m2

(
1 +

1

4

k2

a2m2

)−1

≈ 1

4

k2

a2m2
.

The evolution for Cold Dark Matter (CDM) is recovered in the limit c2s,eff → 0 or m → ∞.
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Axion Jeans Scale

For sub-horizon k/a ≫ H and non-relativistic k/a ≪ m modes, the density contrast evolution is

δ̈k + 2H δ̇k +

 1

4

(k/a)4

m2︸ ︷︷ ︸
”pressure” term

− 4πGρ︸ ︷︷ ︸
gravitational

instability

δk = 0.

The scale at which the “pressure” term and gravitational instability becomes equal is called the Axion

Jeans scale:

kJ(a) = (16πGaρ)1/4
√
m = 66.5× a1/4

(
h2ΩΘ

h2ΩDM

)√
m

10−22 eV
Mpc−1.

The behavior of the density contrast depends whether it is above or below the Jeans scale:

• Modes above the Jeans scale oscillate with a frequency given by the effective sound speed both in

matter- and radiation-domination.

• Modes below the Jeans scale behaves like CDM. They grow logarithmically during the radiation era,

and linearly during the matter era.
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Gravitational collapse

Once the matter fluctuations become sufficiently dense, they decouple from the ambient Hubble flow,

and form gravitationally bound structures known as halos. This process is called gravitational collapse.

Studying this process precisely is quite difficult, and requires N-body simulations. However, qualitative

results can be derived by exploiting the approximate spherical symmetry.

Consider a spherical overdensity δ with physical radius r :

M =
4π

3
ρ(1 + δ)r 3

Assume that the mass M in the overdense region is constant during the collapse. The evolution of the

physical radius r obeys the differential equation:

r̈ = −MG

r 2︸︷︷︸
matter

− 8πG

3
ρr r︸ ︷︷ ︸

radiation
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Critical density at collapse

During the evolution, the physical radius r first decouples

from the Hubble flow, then turns around, and finally

collapses. The redshifts at which these events occur depends

on the size of the initial overdensity δi :

a

aeq

∣∣∣∣
turnaround

≈ 0.7

δi
,

a

aeq

∣∣∣∣
collapse

≈ 1.1

δi

Prediction of the linear theory at the time of collapse gives

the critical density at collapse:

Ellis et al. 2006.08637; CE and Servant, 2207.10111

δc(ac) ≈
(

1.1

ac/aeq

)(
1 +

3

2

ac
aeq

)
.

Time

Ph
ys

ica
l r
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iu

s

Tu
rn

ar
ou

nd Co
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e
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w
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c =1.1/(a

c /aeq )
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Press-Schechter Formalism

The formation of the dark matter halos can be studied analytically via the Press-Schechter (PS)

formalism. Let us define the following quantities: Press and Schechter, ’74

• F (> M; a): The fraction of matter which is inside collapsed structures of comoving size larger than

R at any given scale factor a.

• P(δR(a) > δc(a)): The probability of finding an overdensity δR(x, a) > δc(a) where δR(x, a) is the

overdensity smoothed at the scale R, and δc(a) is the critical density for collapse at scale factor a.

The PS postulate states that these quantities are equal:

F (> M; a) = P(δR(a) > δc(a))

The smoothe density contrast is obtained via a window function:

δR(x, a) =

∫
d3x′ WR(

∣∣x− x′
∣∣)δ(x′, a), ∫

d3xWR(x) = 1,

The variance of the smoothed density contrast is

σ2
R(a) =

〈
|δR(x, a)|2

〉
=

∫ ∞

0

dk

k

∣∣∣W̃R(k)
∣∣∣2Pδ(k; a),
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Halo mass function (HMF)

An important observable of a dark matter model is the halo mass function (HMF) which gives the

number density of halos per logarithmic mass bin:

dn(M; a)

d lnM
=

1

2

ρm,0

M
fPS

(
δc(a)

σM(a)

)∣∣∣∣d lnσ2
M(a)

d lnM

∣∣∣∣, fPS(ν) =

√
2

π
ν exp

(
−ν2

2

)
The relation between the mass of the halo M and the comoving radius R depends on the window

function. For a spherical top-hat window function

WSTH(x) =

(
4π

3
R3

)−1

×

1, x ≤ R

0, x > R
.

The relation is

M(R) =
4π

3
ρa3R3 ≈ 4π

3
ρm,0a

3
0R

3,

This HMF is directly related to the luminosity function which quantifies the number of galaxies per

luminosity interval.
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Density profiles of dark matter halos

• Useful parameters to describe the dark matter halos:

∂ ln ρ(r)

∂ ln r

∣∣∣∣
r=rs

= −2︸ ︷︷ ︸
scale radius

, ρs = ρ(r = rs)︸ ︷︷ ︸
scale density

, Ms =

∫ rs

0

d3r⃗ ρ(r) = 16πρs r
3
s

(
ln 2− 1

2

)
︸ ︷︷ ︸

scale mass

.

• In order to determine these parameters, we need to know the density profile.

CDM

On all scales, the profile is well-approximated by

the Navarro-Frenk-White (NFW) profile

Navarro et al. astro-ph/9611107

ρNFW(r) =
4ρs

(r/rs)(1 + r/rs)2
.

ALP

The profile is scale dependent:

• Large scales: NFW

• Small scales: Soliton Schive et al. 1406.6586

ρsol(r) ≈ 2.9ρs(
1 +

(
r/
√
7rs

)2
)8 ⇒ ρs ∝ m6M4

s

• The scale density is closely related to the energy density at collapse:

ρs ∝ ρc(zcol) ⇒ Fluctuations that collapse earlier create denser halos.
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