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Wess-Zumino-Witten interactions

What are the Wess-Zumino-Witten (WZW) interactions ?
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Computing the vertex

L ⊂ ω · Z · F + ω · dπ0 · F
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Pion chiral lagrangian and WZW term
Pion chiral lagrangian for the pseudo scalar mesons

Lπ = f2
π

4 Tr
(
DµU†DµU + U†χ + χ†U

)
, U = e2iσ⃗·π⃗/fπ

Gauging the chiral lagrangian:

Dµ = ∂µU − irµU + iUℓµ , rµ(ℓµ) = vµ ± aµ ,

Problems! missing reactions: K+K− → 3π, π0 → γγ. Too many symmetries
Solution: Wess-Zumino-Witten Phys. Lett. B 37 (1971) 95, Nucl. Phys. B 223 (1983) 422.

SWZW = κ

∫
D

d5x ω , ω = − i

240π2 ϵµνρστ Tr (Uµ Uν Uρ Uσ Uτ ) Uµ = U†∂µU
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Gauging the WZW term
Usual gauging procedure:

∂µ → Dµ, does not work

Trial and error method

introduce: Lint ⊂ AµJA
µ variation: δU = iϵ(x) [Q, U ] or δω = ∂µϵ(x)Ĵµ

set δA −→ δω = −e δAµĴµ ,

Induces a conserved current

Ĵµ = 1
48π2 ϵµνρστ ∂ν Tr

[
{Q, U†} ∂ρU U†∂σU U†∂τ U

]
.

Full expression for SWZW (U, Aµ)

κ

∫
D

d5x ω − κe

∫
d4x AµJµ + ie2

24π2

∫
d4x ϵµρσλ Aρ (∂µAν)

[
Tr

(
{Q2, U†}∂σU

)
− QUQ∂σU†]

︸ ︷︷ ︸
= ie2

48π2
π0
fπ

ϵµναβFµν Fαβ We found the anomaly !

.
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Ĵµ = 1
48π2 ϵµνρστ ∂ν Tr

[
{Q, U†} ∂ρU U†∂σU U†∂τ U

]
.

Full expression for SWZW (U, Aµ)

κ

∫
D

d5x ω − κe

∫
d4x AµJµ + ie2

24π2

∫
d4x ϵµρσλ Aρ (∂µAν)

[
Tr

(
{Q2, U†}∂σU

)
− QUQ∂σU†]

︸ ︷︷ ︸
= ie2

48π2
π0
fπ

ϵµναβFµν Fαβ We found the anomaly !

.

Miguel Vanvlasselaer (with Aritra Gupta (IFIC) and Sabyasachi Chakraborty (IIT Kanpur): [2403.12169] and JCAP 10 (2023) 030 [2306.15872] )Photo-production in supernovae and neutron stars September 4, 2024 5 / 32



Gauging the WZW term
Usual gauging procedure:

∂µ → Dµ, does not work
Trial and error method

introduce: Lint ⊂ AµJA
µ variation: δU = iϵ(x) [Q, U ] or δω = ∂µϵ(x)Ĵµ
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Repeat the procedure with non-abelian chiral subgroups
Nucl. Phys. B 223 (1983) 422: Witten, PhysRevD.30.594: Kaymakcalan, Rajeev and Schechter
α ≡ dUU† β ≡ U†dU.

What is the pheno in all those terms ? HHH:0705.0697, 0708.1281, Gardner, He: 1101.1128

Lπ
WZW ⊃ NC

48π2 g2
2 tan θW ϵµνρσ FµνAρZσ − 2 NC

48π2
∂απ0

fπ
ϵµναβFµνAβ
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How to introduce vector mesons ?
L ⊂ ω · F · ... ??

Vector mesons not part of the U matrix ! How to introduce them ?

⇓ HHH: Phys. Rev. D 77 (2008) 085017

Introduce a background field B with QN of ω, ρ : Γ(U, Aµ + Bµ)

Introduce Bµjµ
B ⇒ ∂µjµ ∝ ϵ · FAFB (mixed anomaly in the vector current)

Maintain gauge invariance: HHH: Phys. Rev. D 77 (2008) 085017

Γc = −SBardeen
WZW (U = 1, Aµ + Bµ) (Bardeen counterterms)

ϵ · BA∂A︸ ︷︷ ︸
from WZW terms

− ϵ · BA∂A︸ ︷︷ ︸
from counter terms

= 0 ⇒ three-legs GB term drop out

Non-vectorlike: Recipe is

Sfull = SW ZW (U, AL + BL, AR + BR) − Γc
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How to introduce vector mesons ?

Background field method dictates HHH: Phys. Rev. D 77 (2008)
085017

Sfull = SW ZW (U, AL + BL, AR + BR) − Γc

BR = BL = gωω/2 ⇒ ω → π0γ and Γω→π0γ

vertex γ − ω − Z
NC

48π2 g2
2gω tan θW ϵµνρσ FµνωρZσ

vertex γ − ω − π0

π0

fπ
ϵµναβFµνFαβ = −2∂απ0

fπ
ϵµναβFµνAβ → −2gω

∂απ0

fπ
ϵµναβFµνωβ

Pion-axion mixing: a − π0
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Introduce the axion
The KSVZ or KSVZ-like axion

L = LSM + cg
αs

8π

a

fa
GG̃ + 1

2 (∂µa)2 − 1
2m2

a0
a2

cu = cd = cγ = 0 But generated at loop level

Rotation to eliminate gluon coupling

q̂(a) = e−2iκ⃗qcga/fa q⃗ m̂q(a) = e−2iκ⃗qcga/fam⃗q,

The mixing angle for heavy ALP Aloni, Fanelli, Soreq, Williams 19’ PRL 123, 071801: Traditional
recipe

Mi→fa = θALP
π0−aMi→fπ0

θπ0−a ≃ 1
2

fπ

fa

(
2cGG

(κu − κd)m2
a

m2
π − m2

a

δ − m2
π

m2
π − m2

a

∆κ

)
≡ CALP

A fπ

fa
, ∆κ = 0 (Tr[κ⃗] = 1)
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The mixing angle for heavy ALP

Build axion-pion lagrangian Bauer,Neubert, Renner,Schnubel,Thamm 20’ :
κq unphysical but disappears in the sum!

Caγγ = −1.92cγ − m2
a

m2
π − m2

a

(
cgδ + cu − cd

)

gap = g0(cu + cd + 2cg) + gA
m2

π

m2
π − m2

a

(cu − cd + 2cgδ)

Consistent method: incorporate the axion as a background field Bai, Chen, Liu, Ma, arxiv:[2406.11948]

Canomalous
ωγa = 3

8π2

(
m2

π

m2
π − m2

a

cgδ − m2
a

m2
π − m2

a

cu − cd

2

)
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Computing the full interaction
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Road to our Lagrangian

LWZW ⊃
(

Nc

48π2 g2
2gω tan θW

)
× ϵµνρσ

light︷︸︸︷
Fµν

heavy︷ ︸︸ ︷
ωρZσ +...

LNωN ⊃ N̄
(
i/∂ − gω�ω − MN

)
N,

Integrating out ων and Zµ : vertex γNNνν

Lint =
(

NC

48π2 g2
2

g2
ω

m2
ωM2

Z

tan θW

)
× ϵµνρσ FµνN̄γρNν̄γσν

vertex γNNa

Lint =
(

CA
eNc

24π2
g2

ω

m2
ω

)
× ϵµναβ

∂µa

fa
F ναN̄γβN
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Emission of axions from SN

Photo-production of axions in Supernovae

With Sabyasachi Chakraborty (IIT-Kanpur) and Aritra Gupta (IFIC Valencia): 2403.12169
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The cooling argument in supernovae and SN1987A

Neutrino received during SN1987A:

Raffelt bound:

Qadditional

ρ
≲ 1019 erg s−1g−1

This is a coupling constraint !
We need: Emissivity Q =, energy per unit
of time and cc emitted

Figure: Credit:NirCam JWST
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How to carry energy away from the SN?

Supernovae extreme medium:
ρ ∼ ρ0, T ∼ 30 − 50 MeV

bremsstrahlung and pion conversion

NN → NNa Nπ → Na

What about the photo-production ?

Nγ → Na
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Emissivities of the γN → Na

QNγ→Na ≈
∫

dEγ

π2 E2
γfγ(pγ) nB︸︷︷︸

targets

σγN→Na(Eγ)︸ ︷︷ ︸
x-section

× Eγ︸︷︷︸
energy escaping

WZW Non-degenerate regime

QWZW,ND
Nγ→Na

1034 erg/s/cm3 ≈ 5.6 C2
A g4

40 T 8
40 ρ15

(
109 GeV

fa

)2

WZW Degenerate regime

QWZW,D
Nγ→Na

1034erg/s/cm3 ≈ 1.7 C2
A g4

40T 9
40

(
109 GeV

fa

)2

ND computation holds for T ≳ 30 MeV.
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What is the value of gω ?

Large range of theoretical prediction:
gω ∈ 8 − 60!

σγN→Nπ0 (MAMI) and Γω→π0γ (MAMI and
NA60) measured

Consistent with gω ∼ 8 − 12
Data driven method available: GlueX Aloni,
Fanelli, Soreq, Williams: PRL 123, 071801

MAMI and NA60 collabs
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Data-driven photo production

σγN→Na ≈ fπCA

fa
σγN→Nπ0 , E > 145 MeV

σγN→Nπ0 is measured for E > 145 MeV
Axion emissivities:

QγN→Na
data

1.6 × 1033 cm−3s−1erg ≈
(

CA109

fa/GeV

)2
×ρ15T 6.73

40
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( er
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1
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−

3
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10
3
2

χ2 ∼ 0.6

QγN→Na
data

QγN→Na
fit

The data-driven piece dominates if gω < 20:

gω ∼ 12 : Qdata,ND
Nγ→Na ∼ 10QWZW

Nγ→Na
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Emissivities of the γN → Na: further subtleties

Absorption via aN → γN or NNa → NN :

La ≈ 1
ΓaN→γN

+ 1
ΓNNa→NN

Lapn→pn
a

10 Km ≈ 102

XpC2
ap

(
fa

109GeV

)2
Ea

1 GeV

We cut if La < RSM ∼ 10 km

Lapse effects: Caputo,Janka, Raffelt, Vitagliano:
2201.09890

E∞ = Eemission × α n∞
a = nemission × α

=⇒ Q∞ = α2Qemission

α(M, r) ≈
√

1 − 2M/r
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Emissivities of the γN → Na: further subtleties when axions are massive

Massive axions regime
Redshift effect: Caputo,Janka, Raffelt,
Vitagliano: 2201.09890

Q ≈
∫

ma/α

dE...

Decay of the heavy axions:

La→γγ ≈ 4 × 104 km
(Gaγγ/10−9GeV−1)2

Ea/100 MeV
(ma/100 MeV)4

Cooling if La→γγ > RSN
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Impact of the photo-production on axion constraints for KSVZ model

Contribution from photo-production to the emissivity for QCD axion
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Impact of the photo-production on axion constraints for KSVZ model

Contribution from photo-production to the emissivity for massive ALPs
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Figure: Lella, Carenza, Co’, Lucente, Giannotti, Mirizzi, Rauscher
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Emission of neutrino from NS

Photo-production of neutrino in NS

With Sabyasachi Chakraborty and Aritra Gupta: 2306.15872
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WZW could contribution to NS cooling !

First computation of Nγ → Nνν̄ in [Harvey, Hill and Hill, arXiv:0708.1281 ]

But neglect the degeneracy effect ...
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How do we compute the emissivity from a star ?

Emissivity computation for γN → NX

QNγ→NX
cooling ≡

∫
d3pγgγfγ(pγ)

(2π)32Eγ

∫
gN d3pN1d3pN2

(2π)32EN1(2π)32EN2

∏
Xi

∫ (2π)4d3pXi

(2π)32EXi

⟨|M|2 ⟩
( ∑

i

EXi

)
fN (EN1) (1 − fN (EN2))δ(E1 − E2 − Q0) δ3(p⃗1 − p⃗2 − q⃗) . (1)

How to compute: ∫
gN d3pN1d3pN2

(2π)32EN1(2π)32EN2

fN (EN1) (1 − fN (EN2))

Degenerate case: (1 − fN (EN2)) ≪ 1: ξ ≡ p2
F

2πmN T ≫ 1
Non-degenerate case: (1 − fN (EN2)) → 1: ξ ≪ 1
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How to compute: ∫
gN d3pN1d3pN2

(2π)32EN1(2π)32EN2

fN (EN1) (1 − fN (EN2))

Degenerate case: (1 − fN (EN2)) ≪ 1: ξ ≡ p2
F

2πmN T ≫ 1

Non-degenerate case: (1 − fN (EN2)) → 1: ξ ≪ 1
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How do we compute the emissivity from a star ?

Emissivity computation for γN → NX
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Degenerate computation
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2Eγ
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∫
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(2π)62E1 2E2
E1 E2 (E1 + E2) S(qµ) ,

S(Q0, q) = M2
N T

πq

z

1 − e−z
Θ(µ − E−) .
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Standard cooling NS paradigm
mURCA: n n −→ n p e ν̄e , n p e −→ n n νe .:

QmURCA ≃ 1026−29
(

T

1 MeV

)8
erg s−1 cm−3

Bremsstrahlung

Q ν−Brem ≃ 1024−28
(

T

1 MeV

)8
erg s−1 cm−3
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Conclusions and outlook

Several new photo-production from anomaly: γN → Nνν, γN → Na, ...ect.

In SN, γN → Na subdominant: but what about large ma ?
In SN, Nγ → γνν, likely always subdominant wtr to traditional channels.
pheno of WZW: "Circulez, Y’a rien à voir"?
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Better keep exploring: Harvey Hill Hill arxiv:0712.1230
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Back up

Back up
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In medium effects

Figure: Credit: Raffelt

ρSN ∼ few ρ0

The Brown-Rho scaling Brown, Rho 91’
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Can we observe the axions emitted from the supernovae

Bremsstrahlung peak: Ea ∼ 1.25T ∼ 50 − 60 MeV
Photo-production peak: Ea ∼ 6T ∼ 250 − 300 MeV

d2Na

dEadt
≈ Cf ρ15

(
CA109
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)2
g4
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