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GWs are standard sirens

[GR predicts waveform] 

[well understood selection effects] 

<latexit sha1_base64="ww1EJy5y/nRL5KS+5fU147rgpAM=">AAAB7XicdVDLSsNAFL2pr1pfVZduBotQNyGR+toV3LhwUcE+oA1lMpm0o5NJmJkINfQf3LhQxK3/486/cdIW8XngwuGce7n3Hj/hTGnHebcKc/MLi0vF5dLK6tr6Rnlzq6XiVBLaJDGPZcfHinImaFMzzWknkRRHPqdt/+Ys99u3VCoWiys9SqgX4YFgISNYG6kV9C+qd/v9csWxT3McItd2JvhNKnWYotEvv/WCmKQRFZpwrFTXdRLtZVhqRjgdl3qpogkmN3hAu4YKHFHlZZNrx2jPKAEKY2lKaDRRv05kOFJqFPmmM8J6qH56ufiX1011eOJlTCSppoJMF4UpRzpG+esoYJISzUeGYCKZuRWRIZaYaBNQyYTw/++fpHVgu0d27bJWqddmcRRhB3ahCi4cQx3OoQFNIHAN9/AIT1ZsPVjP1su0tWDNZrbhG6zXD19pjv8=</latexit>

dL(z)

[GW Hubble diagram] 

<latexit sha1_base64="TwtYQskidY96rjvOCxh4vOtayas=">AAAB/nicdVDLSgMxFM34rPU1Kq7cBItQEcqM1NdCKLhxWcE+oB2GTCbThiaZIckIdSj4K25cKOLW73Dn35hpi/g8EDiccy/35AQJo0o7zrs1Mzs3v7BYWCour6yurdsbm00VpxKTBo5ZLNsBUoRRQRqaakbaiSSIB4y0gsFF7rduiFQ0Ftd6mBCPo56gEcVIG8m3t7nf5Uj3Jc9CokfnZffgdp/7dsmpnOU4gm7FGeM3KdXABHXffuuGMU45ERozpFTHdRLtZUhqihkZFbupIgnCA9QjHUMF4kR52Tj+CO4ZJYRRLM0TGo7VrxsZ4koNeWAm86jqp5eLf3mdVEenXkZFkmoi8ORQlDKoY5h3AUMqCdZsaAjCkpqsEPeRRFibxoqmhP///kmahxX3uFK9qpZq1WkdBbADdkEZuOAE1MAlqIMGwCAD9+ARPFl31oP1bL1MRmes6c4W+Abr9QM0P5Wj</latexit>

mdet = (1 + z)m

[Interplay with astrophysics] 

[cosmo propagation] 
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[Credit: D. Berry]
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Love sirens



6[Chen, Ezquiaga & Gupta (CQG’24)]

https://iopscience.iop.org/article/10.1088/1361-6382/ad424f
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Gravitational ° wave Standard Sirens

BBH (Dark) NSBH (Dark) BNS (Dark) BNS (Bright)

[2025+] [2035+]

H: Hanford (US) 
L: Livingston (US) 
A: Aundha (India) 
ET: Einstein Telescope (EU) 
CE: Cosmic Explorer (US)

H0  (also) with dark sirens

Detector network is 
important! Golden dark sirens

[Chen, Ezquiaga & Gupta (CQG’24)]

2%

https://iopscience.iop.org/article/10.1088/1361-6382/ad424f
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Expansion rate at high redshift H(z)
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[Ezquiaga & Holz (PRL’22)]
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Spectral sirens

Spectral + dark sirens

Combining sirens sub-percent precision across cosmic history!

[Chen, Ezquiaga & Gupta (CQG’24)]

Spectral sirens are competitive 
with cosmic surveys

https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.129.061102
https://iopscience.iop.org/article/10.1088/1361-6382/ad424f
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Gravitational lensing

10

• Solve GW propagation on a curved background
<latexit sha1_base64="tW3SyL14N/Sb+qYSf9FYOeDlWyE="></latexit>

⇤h̄µ⌫ + 2R̄↵µ�⌫ h̄
↵� = 0

[https://ezquiaga.github.io/lectures/Lecture_Notes.pdf]

• We want to make a mapping between the source and the observer 
through the lens

[source] 

[lens] 

[observer] 

https://ezquiaga.github.io/lectures/Lecture_Notes.pdf


Gravitational lensing
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• Solve GW propagation on a curved background
<latexit sha1_base64="tW3SyL14N/Sb+qYSf9FYOeDlWyE="></latexit>

⇤h̄µ⌫ + 2R̄↵µ�⌫ h̄
↵� = 0

[https://ezquiaga.github.io/lectures/Lecture_Notes.pdf]

<latexit sha1_base64="ERgV84q4MMHo97a4txEQyv5S6v4="></latexit>

hL(!) = F (!, ✓S) · h(!)

• Within weak-gravity & thin lens approximations, in Fourier space:

<latexit sha1_base64="mTA/gEXsYmWCBsZKYPd2q4nWh4w="></latexit>

~x ⌘ ~✓/✓⇤ , ~y ⌘ ~✓S/✓⇤ , w ⌘ ⌧D✓2⇤!
<latexit sha1_base64="dHiI6516A4rjcnjaoJiVbP9UtbM="></latexit>

⌧D ⌘ (1 + zL)DLDS/cDLS

<latexit sha1_base64="vw3Uzthtiv+eSuC1MSJINBsIiX0="></latexit>

Td ⌘ td/⌧D✓2⇤

[Dimensionless variables] 

<latexit sha1_base64="pVd6RYLMRBjxhKukWmp3oS1P+NE="></latexit>

F (w, ~y) =
w

2⇡i

Z
d2x exp[iwTd(~x, ~y)]

https://ezquiaga.github.io/lectures/Lecture_Notes.pdf


Stationary Phase Approximation
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• Solve integral in the limit of highly oscillatory integrand
<latexit sha1_base64="xfmXjJ8LdM4xne4oCD3C2FPlfv4="></latexit>

F (w, ~y) =
w

2⇡i

Z
d2x exp[iwTd(~x, ~y)]

• Stationary points define the images:

<latexit sha1_base64="ZuC+hkU8dp7oJbzEuxbpmW5h/O4="></latexit>

Td(~✓) ⇡ Td(~✓j) +
1

2

2X

(a,b)=1

�✓a�✓b
@2Td(~✓j)

@✓a@✓b
+ · · ·

<latexit sha1_base64="F+Z3mEjVFmMBY2/JEkkC2RxEWVo="></latexit>

@td
@✓a

����
~✓=~✓j

= 0

<latexit sha1_base64="F55mAQNCnng2ACahVbDGDpi/fWc=">AAACGXicdVDLSgMxFM34tr6qLt0Eq1A3dUZ8LoSCG5cKVoVOGTLprY1NZobkjlCG/oYbf8WNC0Vc6sq/MdOKbw8EDuecS+49YSKFQdd9dYaGR0bHxicmC1PTM7NzxfmFUxOnmkONxzLW5yEzIEUENRQo4TzRwFQo4SzsHOT+2RVoI+LoBLsJNBS7iERLcIZWCoqur9Kyj21AFlyu0X3qrfuKYVurrAnYK58EGQt7n4m1oFhyK3s5tqhXcfv4TUpVMsBRUHz2mzFPFUTIJTOm7rkJNjKmUXAJvYKfGkgY77ALqFsaMQWmkfUv69FVqzRpK9b2RUj76teJjCljuiq0yXxr89PLxb+8eoqt3UYmoiRFiPjgo1YqKcY0r4k2hQaOsmsJ41rYXSlvM8042jILtoT/b/8gpxsVb7uyebxZqq681zFBlsgyKROP7JAqOSRHpEY4uSa35J48ODfOnfPoPA2iQ877zCL5BuflDX7sn/Y=</latexit>

µ(✓j) = 1/det(Tab(✓j))
<latexit sha1_base64="UhDMVNvow1U18dIy/NGohOWiLE0="></latexit>

Tab ⌘ ⌧�1
D @2td/@✓a@✓b

• Hessian matrix determines magnifications



Strong lensing
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�td · ! � 1
<latexit sha1_base64="OcmHjIC/pgVwKtDhFvqPEoLzi+k=">AAACBnicdVA9SwNBEN3z2/gVtRRhMQhWx17UaDpRC0sFo0IuhL29ybm4d3vszgkhWNn4V2wsFLH1N9j5b9zECCr6YODx3gwz86JcSYuMvXsjo2PjE5NT06WZ2bn5hfLi0pnVhRHQEFppcxFxC0pm0ECJCi5yAzyNFJxHVwd9//wajJU6O8VuDq2UJ5nsSMHRSe3yangICjnFdkxDEWukoU4h4TRMEhq0yxXm1+tsK6hR5m8zVq3VHWGb1d1ajQY+G6BChjhul9/CWIsihQyF4tY2A5Zjq8cNSqHgphQWFnIurngCTUcznoJt9QZv3NB1p8S0o42rDOlA/T7R46m13TRynSnHS/vb64t/ec0CO7utnszyAiETn4s6haKoaT8TGksDAlXXES6MdLdScckNF+iSK7kQvj6l/5Ozqh9s+tWTrcre/jCOKbJC1sgGCcgO2SNH5Jg0iCC35J48kifvznvwnr2Xz9YRbzizTH7Ae/0AsV+YAA==</latexit>

<latexit sha1_base64="9pLeYJ/wQfD4/h0JNtFRzRymi0o=">AAAB/HicdZBNS8MwGMfT+TbnW3VHL8EheBi1HWNuB2HgxeME9wJbKWmWbXFpWpJUKGV+FS8eFPHqB/HmtzHrxlDRB0L+/P7PQ578/YhRqWz708itrW9sbuW3Czu7e/sH5uFRR4axwKSNQxaKno8kYZSTtqKKkV4kCAp8Rrr+9Grud++JkDTktyqJiBugMacjipHSyDOL3LuDl9AuD8rQOa9kl2eWbKvRaNTrNehYdlZwQar2ipTAslqe+TEYhjgOCFeYISn7jh0pN0VCUczIrDCIJYkQnqIx6WvJUUCkm2bLz+CpJkM4CoU+XMGMfp9IUSBlEvi6M0BqIn97c/iX14/VqO6mlEexIhwvHhrFDKoQzpOAQyoIVizRAmFB9a4QT5BAWOm8CjqE1d//F52K5dQs56ZaalaXceTBMTgBZ8ABF6AJrkELtAEGCXgEz+DFeDCejFfjbdGaM5YzRfCjjPcvdJ2SCQ==</latexit>

nj = 0, 1/2, 1

• Each image type (I, II and III) acquire a different phase shift

<latexit sha1_base64="eLIpDQzsRXdcjQwlCLdWmwTi5/s="></latexit>

F ⇡
X

j

|µj |1/2 exp (i!tj � i⇡nj)
Magnification 
Time delay 
Phase shift

<latexit sha1_base64="ERgV84q4MMHo97a4txEQyv5S6v4="></latexit>

hL(!) = F (!, ✓S) · h(!)

type I

type II
type III
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Repeated, coherent signals
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Precise timing
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Lensed Image 1
Lensed Image 2

Poor sky localization
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<latexit sha1_base64="Wv/EzgETjlkSLd3ajVwo6ZWknhU="></latexit>
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Waveform distortions in type II images

°0.4 °0.2 0.0 0.2 0.4
¢t [s]

°2

°1

0

1

2

S
tr

ai
n

[£
10

22
]

q = 0.1, ∂ = º/3.0

Unlensed Lensed ¢√lm, Alm ¢'c = º/4 ¢√22, A22 Type I (no µ) at t+ Type II (no µ) at t°

°0.10 °0.08 °0.06 °0.04 °0.02 0.00 0.02
¢t [s]

m1 = 10m2 , ◆ = ⇡/3
<latexit sha1_base64="oRKTQj+GaRNLcPZkn2KtnxV1F0w=">AAACDHicbVDLSgMxFM34rPVVdekmWAQXpc60goIIBTcuK9gHdIYhk8m0oUlmTDJCGfoBbvwVNy4UcesHuPNvTNtZaOuBwOGcc7m5J0gYVdq2v62l5ZXVtfXCRnFza3tnt7S331ZxKjFp4ZjFshsgRRgVpKWpZqSbSIJ4wEgnGF5P/M4DkYrG4k6PEuJx1Bc0ohhpI/mlMvcdeAUd261A7tfcSsW9T1Ho0lgjo7sJPa2blF21p4CLxMlJGeRo+qUvN4xxyonQmCGleo6daC9DUlPMyLjopookCA9Rn/QMFYgT5WXTY8bw2CghjGJpntBwqv6eyBBXasQDk+RID9S8NxH/83qpji68jIok1UTg2aIoZVDHcNIMDKkkWLORIQhLav4K8QBJhLXpr2hKcOZPXiTtWtWpV2u3Z+XGZV5HARyCI3ACHHAOGuAGNEELYPAInsEreLOerBfr3fqYRZesfOYA/IH1+QPr/Zhf</latexit>

Ezquiaga et al.; Phase effects from strong lensing of GWs (PRD, arXiv 2008.12814)

• Lensing imprints small but characteristic modifications in the 
signals that cannot be mapped to other astrophysical parameters

Zoom in the shape 
of each image 

[cf. Wayne’s talk!]

https://arxiv.org/abs/2008.12814


Wave optics
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�td · !
<latexit sha1_base64="x2mZM3prz+rZZc+qGrmn/C/t4uQ=">AAACAHicdVA9SwNBEN3zM8avqIWFzWIQrI69qNF0QS0sFYwKuRD29iZxce/22J0TQkjjX7GxUMTWn2Hnv3ETI6jog4HHezPMzIsyJS0y9u5NTE5Nz8wW5orzC4tLy6WV1QurcyOgIbTS5iriFpRMoYESFVxlBngSKbiMbo6G/uUtGCt1eo69DFoJ76ayIwVHJ7VL6+ExKOQU2zENRayRhjqBLm+Xysyv1dhuUKXM32OsUq05wnYqB9UqDXw2QpmMcdouvYWxFnkCKQrFrW0GLMNWnxuUQsGgGOYWMi5ueBeajqY8Advqjx4Y0C2nxLSjjasU6Uj9PtHnibW9JHKdCcdr+9sbin95zRw7B62+TLMcIRWfizq5oqjpMA0aSwMCVc8RLox0t1JxzQ0X6DIruhC+PqX/k4uKH+z4lbPdcv1wHEeBbJBNsk0Csk/q5ISckgYRZEDuySN58u68B+/Ze/lsnfDGM2vkB7zXDy0rlik=</latexit>

• Time delay scales with the lens mass
<latexit sha1_base64="DzwLhgTDwcdPFGOeTWNkbcNW1fw="></latexit>

�td(y = 1) ' 4

✓
(1 + zL)ML

100M�

◆
ms

[point mass lens]

• GW frequency scales with binary mass (has astrophysical size!)
<latexit sha1_base64="cw2n8/m2R2IW0kYvxG8ROsKPFEQ="></latexit>

f ⇠ 1

2⇡

1

2tSch
⇠ 800Hz

✓
10M�
M

◆

• Wave optics regime:
<latexit sha1_base64="Abtg27EyzmIAVvlaJVwx6j04LPM=">AAACA3icdVDLSitBEO3xdTW+ou500xgEV8OMjjcGNwFduFQwKmRC6OmpxCbd00N3jRCC4MZfceNCEbf3J+7Ov7GTKKjogYLDOVVU1UlyKSwGwas3MTk1PfNndq40v7C4tFxeWT23ujAcGlxLbS4TZkGKDBooUMJlboCpRMJF0jsc+hfXYKzQ2Rn2c2gp1s1ER3CGTmqX1+MjkMgottOYpxpjraDLYitU2C5XAr9WjfarIQ38KIyqu0MSRLW9nRoN/WCESp2McdIu/49TzQsFGXLJrG2GQY6tATMouISbUlxYyBnvsS40Hc2YAtsajH64oVtOSWlHG1cZ0pH6eWLAlLV9lbhOxfDKfveG4k9es8DOfmsgsrxAyPh4UaeQFDUdBkJTYYCj7DvCuBHuVsqvmGEcXWwlF8LHp/R3cr7jh3/96DSq1A/e45glG2STbJOQVEmdHJMT0iCc3JJ78kievDvvwXv2XsatE977zBr5Au/fG4i2mCQ=</latexit>

�td · ! ⇠ 1

• Low-frequency limit has small lensing
<latexit sha1_base64="E4ZNv3X1GewQqHVcrJVC7AN+a/M="></latexit>

! ! 0 ) F ! 1
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Wave optics: point lens
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Wave optics: point lens

°0.5 °0.4 °0.3 °0.2 °0.1 0.0 0.1

¢t [s]

°4

°2

0

2

4

St
ra

in
[£

10
22

]

Not-lensed

Lensed, ¢td = 45 ms

°0.5 °0.4 °0.3 °0.2 °0.1 0.0 0.1

¢t [s]

°4

°2

0

2

4

St
ra

in
[£

10
22

]

Not-lensed

Lensed, ¢td = 9 ms

InterferenceDiffraction

Many recent works: probing compact objects (Dai et al.’18, Diego’19, Tambalo et al.’22, …), strong 
lensing + microlensing (Seo et al.’21, Mena et al.’22, …), breaking mass-sheet degeneracy (Cremonese, 
Ezquiaga, Salzano’21), solving diffraction integral (Feldbrugge&Turok’20, Tambalo et al.’22) … +++  

<latexit sha1_base64="DzwLhgTDwcdPFGOeTWNkbcNW1fw="></latexit>

�td(y = 1) ' 4

✓
(1 + zL)ML

100M�

◆
ms

New public codes: https://github.com/miguelzuma/GLoW_public

https://arxiv.org/abs/1810.00003
https://arxiv.org/abs/1911.05736
https://arxiv.org/abs/2212.11960
https://arxiv.org/abs/2110.03308
https://arxiv.org/abs/2205.05409
https://arxiv.org/abs/2104.07055
https://arxiv.org/abs/2104.07055
https://arxiv.org/abs/2008.01154
https://arxiv.org/abs/2210.05658
https://github.com/miguelzuma/GLoW_public
https://arxiv.org/pdf/2407.17547


Caustics
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• For point sources, there are singular points in the lens mapping
<latexit sha1_base64="iUvWA+uOj7PXXgfjO6qq0MjAVXE="></latexit>

det

✓
@2Td(✓j)

@✓a@✓b

◆
! 0 ) µ(✓j) ! 1

• Caustics exhibit universal behaviors (described by catastrophe 
theory)

<latexit sha1_base64="Fr4usc3N6T65hGtoP0ul9dKKRk8="></latexit>

µ± ⇠ 1/
p
�✓S ⇠ �t�1/3

• SPA is broken when approaching to a caustic

• Maximum magnification set by diffraction



22[Lo, Vujeva, Ezquiaga, Chan, arXiv 2407.17547 ]

Rico Lo Luka Vujeva 

https://arxiv.org/pdf/2407.17547
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Fold caustics around galaxies
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[galaxy lens with a cored singular 
isothermal ellipsoid density profile]

[source plane] [image plane]
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Overlapping signals
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Diffraction around fold caustics
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Waveform distortions
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Observing GW diffraction
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*stellar mass  
binary black holes
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Wave effects: LISA
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https://arxiv.org/pdf/2204.05434.pdf
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Increased optical depth in wave optics

Çalışkan et al. (incl. Ezquiaga)  (PRD, arXiv 2307.06990)
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https://arxiv.org/abs/2307.06990
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Probing low-mass dark matter halos

Mesut Çalışkan 
(JHU)

Çalışkan et al. (incl. Ezquiaga)  (PRD, arXiv 2307.06990)
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• Probability of wave optics lensing:                     
few percent and larger than strong lensing

https://arxiv.org/abs/2307.06990
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Binary black holes are precious cosmological probes: 
1. H0 (also) with dark sirens 
2. Expansion rate at high redshift H(z) with 

spectral sirens  
3. Probing inhomogeneous Universe via lensing 
4. Highly magnified GWs have unique observational 

signature 
5. Probing low-mass halos with LISA binaries

jose.ezquiaga@nbi.ku.dk

Conclusions

mailto:jose.ezquiaga@nbi.ku.dk
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