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CONTINUOUS WAV

hij (G9E8) = ) — <

assuming:
® constant or
e plane of the

ht(x) = hg cos(wz



CONTINUOUS WAVE

hij(t,f) = ZhA(t » Q ° f) 6;3((2)

assuming:
e constant orbital frequency, @

e plane of the orbitis 1L to the line of sight

h'(x) = hg cos(wz + @ ™ (z) = ho sin(WE @)
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GW BACKGROUND

polarization tensors

AU Z /df dQ) ﬁA(f, Q) 6%(@) 6—2mf(t—§z.f)
% —

"Fourier” components olane waves

the complex functions FA(f, Q) are treated as random variables
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—
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GWB power spectrum
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timing residual in the a-th pulsar at time ¢,



GW BACKGROUND
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timing residual in the a-th pulsar at time ¢, the signal is time-correlated
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GW BACKGROUND

<5ta(tz)5tb(t])> X Fab /df H(f) 627T7Zf(tz'—tj)

timing residual in the a-th pulsar at time ¢, the signal is time-correlated
the power spectrum
Ot H(f) of the GWB-induced

signal is common
across pulsars
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searching for a GWB means searching for stochastic delays in the TOAs that are
common across pulsars and spatially correlated



NANOGrav 15-year
Agazie et al. [2306.16213]

=== Hellings—Downs spectrum

Power-law posterior
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we find evidence for Hellings & Downs correlation with a p-value of 5 X 107 — 1.9 X 10™* (approx. 3.5 — 40)
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https://arxiv.org/abs/2306.16213

what is the source?



SMBHBs
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SMBHBs
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SMBHBs
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SMBHBs
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SMBHBs
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what are the distinguishing features of astrophysical and cosmological signals?

astrophysical VS cosmological
Q.. o« f?7 at intermediate frequencies \ \ Q.. o f° at low frequencies (?)
turn over at low and high frequencies | ) 7
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https://arxiv.org/abs/2306.16219
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https://arxiv.org/abs/2306.16219

what are the distinguishing features of astrophysical and cosmological signals?

astrophysical

Q.. « f?? at intermediate frequencies
turn over at low and high frequencies

GW signal from individual sources can
be resolved from the background

VS

39

cosmological

Q.. o f° at low frequencies (?)
077

no resolvable sources
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https://arxiv.org/abs/2306.16222

what are the distinguishing features of astrophysical and cosmological signals?
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a deep dive on anisotropies




Pab

isotropic GWB
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anisotropic GWB

<ilj<4(fv Q)}NLA(flv Q/)> X 5(97 Q/)P(Q)
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anisotropic GWB

<hj<4(f7 Q)}NLA(flv Q/)> X 5(527 Q/)P(Q)

2

pab OCZZ kakPk
T

pulsars

correlations
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anisotropic GWB

<ilj<4(fv Q)}NLA(flv Q/)> X 5(97 Q/)P(Q)

2

(Pab) X ZZkaFéélk P
T Ak

pulsars

correlations

geometric
response

P p? A
Fly = — €ij (2 )
’ 2(1 4+ Qp - pa)
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anisotropic GWB

<ilj<4(fv Q)}NLA(flv Q/)> X 5(97 Q/)P(Q)

2

pab X g g kak Pk<— GWB power

T

pulsars

correlations

geometric
response

De D’ A
ka — = 6@'(Qk)
’ 2(1 4+ Qp - pa)
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three ingredients

the data

measured cross correlations

Pab
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three ingredients

the data the noise

cross correlations uncertainties

measured cross correlations
2ab

Pab
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three ingredients

the data the noise the sky map

cross correlations uncertainties measured cross correlations

measured cross correlations

2ab P k

Pab
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measured cross correlations
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Pab

what we have what we want
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three ingredients

the data the noise the sky map

cross correlations uncertainties measured cross correlations

measured cross correlations

2ab P k

Pab

what we have what we want

likelihood to observe a set of p eXP[—%(ﬂ — RP)TE_l(P — RP)]

correlations, p, given a sky map P

55



three ingredients

the data the noise the sky map

measured cross correlations

measured cross correlations cross correlations uncertainties

2ab

Py

Pab

what we have what we want

likelihood to observe a set of p eXP[—%(ﬂ — RP)TE_l(P — RP)]

correlations, p, given a sky map P
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three ingredients

the data the noise the sky map

cross correlations uncertainties measured cross correlations

measured cross correlations

2ab P k

Pab

what we have what we want

likelihood to observe a set of p eXP[—%(ﬂ — RP)TE_l(P — RP)]

correlations, p, given a sky map P
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three ingredients

the data the noise the sky map

cross correlations uncertainties measured cross correlations

measured cross correlations

2ab P k

Pab

what we have what we want

ikelihood to observe a set of (o|P) = eXP[—%(ﬂ —~RP)"X7'(p — RP)]
correlations, p, given a sky map P PAP B \/det(QWE) \
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three ingredients

the data the noise the sky map

cross correlations uncertainties measured cross correlations

measured cross correlations

2ab P k

Pab

what we have what we want

ikelihood to observe a set of p eXP[—%(ﬂ —RP)'YX7'(p — RP)] a given {p, X} maximize p with

correlations, p, given a sky map P respect to P
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given a reconstructed sky map, P, how do we quantify the evidence for anisotropies? we need a detection statistic!

o1



given a reconstructed sky map, P, how do we quantify the evidence for anisotropies? we need a detection statistic!

SNR = |21n pip1P)
\ p(p|1)
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SNR = |21n pip1P)
\ p(p|1)

how do we asses the statistical significance of a measured SNR? we need a null distribution!
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given a reconstructed sky map, P, how do we quantify the evidence for anisotropies? we need a detection statistic!

SNR = |21n pip1P)
\ p(p|1)

how do we asses the statistical significance of a measured SNR? we need a null distribution!

Null distribution
—

10— .
o8l :
ook ' :
0l :

0.2 ‘ -

s T T I T T
0.0 2 3 4

Anisotropic SNR

o4



given a reconstructed sky map, P, how do we quantify the evidence for anisotropies? we need a detection statistic!

SNR = |21n pip1P)
\ p(p|1)

how do we asses the statistical significance of a measured SNR? we need a null distribution!
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given a reconstructed sky map, P, how do we quantify the evidence for anisotropies? we need a detection statistic!

SNR = |21n pip1P)
\ p(p|1)

how do we asses the statistical significance of a measured SNR? we need a null distribution!
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one realization of the null hypothesis

Pab = HDgp + N (0, Xgp)

P

“true value” |
noise
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h.22276e+13 6.12373e+1H
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each of this pixel can be thought as
emitting a GW plane wave

hij(t, &) = Z ha 6;;3- (k) el2mf(t—k-x+9¢)
A

h.22276e+13 6.12373e+1H
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each of this pixel can be thought as
emitting a GW plane wave

hij(t, &) = Z ha 6;;4]- (k) ei2m f(t—k-x+9)
A

random variables

h.22276e+13 6.12373e+1H
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each of this pixel can be thought as
emitting a GW plane wave

hij(t, &) = Z ha 6;;4]- (k) ei2m f(t—k-x+9)
A

random variables

h.22276e+13

75

6.12373e+15

one realization of a GWB can
be thought as a collection of

A
P,

N/

one amplitude and phase for
each, pixel, frequency, and
polarization



each of this pixel can be thought as
emitting a GW plane wave

hij(t, &) = Z ha e,flj (k) ei2m f(t—k-x+9)
A

random variables

[ —————— ]

h.22276e+13

6.12373e+15

one realization of a GWB can
be thought as a collection of

A
P,

N/

one amplitude and phase for
each, pixel, frequency, and
polarization

given a set of {h,éi, gb;éi}, the cross correlation coefficients can be uniquely derived
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each of this pixel can be thought as
emitting a GW plane wave

hij(t, &) = Z ha e,flj (k) ei2m f(t—k-x+9)
A

random variables

[ —————— ]
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each of this pixel can be thought as
emitting a GW plane wave

— Z ha efj(k) o127 f (t—k-x+¢)

random variables

[ —————— ]

h.22276e+13

6.12373e+15

one realization of a GWB can
be thought as a collection of

Bii
\ /

one amplitude and phase for
each, pixel, frequency, and
polarization

given a set of {h,éi, gb;éi}, the cross correlation coefficients can be uniquely derived

pab = AFPADEY N N T R Ry by s exp(iAgg 0 )sine(m(j — 5')) + c.c.

o O/

JJ

kk! AA’
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each of this pixel can be thought as
emitting a GW plane wave

— Z ha e;“j(k) o127 f (t—k-x+¢)

random variables

[ —————— ]

h.22276e+13

6.12373e+15

one realization of a GWB can
be thought as a collection of

Bii
\ /

one amplitude and phase for
each, pixel, frequency, and
polarization

given a set of {h,éi, gb;éi}, the cross correlation coefficients can be uniquely derived

M Ax

sum over frequencies,

pixels, and polarizations

Rbk, . hi hk, . exp(zA@;k/,jJ )sinc(w(j — 7)) + c.c.
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each of this pixel can be thought as one realization of a GWB can

emitting a GW plane wave .
be thought as a collection of

— Z ha e;“j(k) o127 f (t—k-x+¢)

Bii
\ /

one amplitude and phase for

random variables |
each, pixel, frequency, and

e — ] polarization
5.22276e+13 6.12373e+15

given a set of {h,éi, gb;éi}, the cross correlation coefficients can be uniquely derived

pay = AFPAQ7 Yy

ji’ kk! AA’

Rak]Rbk’ -/ h hk’ . / eXp(ZA¢k,k,/’jJ )SIHC( (] — ],)) -+ C.cC.

response functions for

pulsars a and b \' Rf(f, Q)

. pLpl A
FA Q) = — zg(Q)
2(1 4+ Q- py)

F;l(ﬂ) {1 B emeLa(Hﬁ“'Q)}
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each of this pixel can be thought as
emitting a GW plane wave

— Z ha efj(k) o127 f (t—k-x+¢)

random variables

[ —————— ]

h.22276e+13

6.12373e+15

one realization of a GWB can
be thought as a collection of

Bii
\ /

one amplitude and phase for
each, pixel, frequency, and
polarization

given a set of {h,éi, gb;éi}, the cross correlation coefficients can be uniquely derived

Pab — Af AQZ L L L Rakj 1134.1;’

o O/

JJ

kk! AA’

pixel amplitudes

81
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each of this pixel can be thought as
emitting a GW plane wave

— Z ha e;“j(k) o127 f (t—k-x+¢)

random variables

[ —————— ]

h.22276e+13

6.12373e+15

one realization of a GWB can
be thought as a collection of

Bii
\ /

one amplitude and phase for
each, pixel, frequency, and
polarization

given a set of {h,éi, gb;éi}, the cross correlation coefficients can be uniquely derived

Pab = Af AQQLLLRM@ bk’ /h hk”

o O/

JJ

kk! AA’

82

exp(iAGps i )

interference between

different pixels




each of this pixel can be thought as one realization of a GWB can

emitting a GW plane wave .
be thought as a collection of

— Z ha e;“j(k) o127 f (t—k-x+¢)

Bii
\ /

random variables one amplitude and phase for

each, pixel, frequency, and

e — ] polarization
5.22276e+13 6.12373e+15

given a set of {h,éi, gb;éi}, the cross correlation coefficients can be uniquely derived

Pab — Af AQZ L L L Rak] bk’ 1 h hk’ 1 eXp(ZA¢k,k,/’jJ ) .

ji’ kk! AA’

interference between

different frequencies
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each of this pixel can be thought as
emitting a GW plane wave

hij(t, &) = Z ha e,flj (k) ei2m f(t—k-x+9)
A

random variables

S ———— ]
h.22276e+13 6.12373e+1H

one realization of a GWB can
be thought as a collection of

A
P,

N/

one amplitude and phase for
each, pixel, frequency, and
polarization

given a set of {h,éi, gb;éi}, the cross correlation coefficients can be uniquely derived

(Pab) X ZZkaFéélk Py
Ak

if we average over many realizations of the GWB this reduces to the usual expression

34



each of this pixel can be thought as
emitting a GW plane wave

hij(t, &) = Z ha e,flj (k) ei2m f(t—k-x+9)
A

random variables

Pab

1.0

0.5

h.22276e+13

6.12373e+15
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one realization of a GWB can
be thought as a collection of

A A
hk,i ¢k,i

\ /]

one amplitude and phase for
each, pixel, frequency, and
polarization

each realization of an isotropic GWB
will produce cross correlation that
fluctuate around the HD value



each of this pixel can be thought as
emitting a GW plane wave

hij(t,@) = haed (k) e/ (tkxt)
A

Konstandin, Lemke, AM, Perboni ”

one realization of a GWB can
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random variables
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each of this pixel can be thought as
emitting a GW plane wave

hij(t, &) = Z ha e,flj (k) ei2m f(t—k-x+9)
A

Konstandin, Lemke, AM, Perboni ”

one realization of a GWB can
be thought as a collection of

A A
i ; P i

\ /]

one amplitude and phase for
each, pixel, frequency, and
polarization

random variables

h.22276e+13 6.12373e+1H
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given an isotropic GWB as null hypothesis

(5 OhA(f Q) = 8aa6(f — f)6(QL YVH(f)

take one realization of the
null hypothesis
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given an isotropic GWB as null hypothesis

(5 OhA(f Q) = 8aa6(f — f)6(QL YVH(f)

take one realization of the compute induced cross
null hypothesis i correlations
(hit oA pab = ugly_equation(hy;, ¢i;)
ki) Pk,i v
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given an isotropic GWB as null hypothesis

~r

(5 OhA(f Q) = 8aa6(f — f)6(QL YVH(f)

take one realization of the compute induced cross

add noise

null hypothesis E correlations

A pa Hap = ugly_equation(hs .. df
{hk,l7¢k72} Pab ugly_equa lOIl( k,z’qbk,z)

Pab = laab + N(O, Zab)
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take one realization of the
null hypothesis

E correlations

given an isotropic GWB as null hypothesis

~r

(5 OhA(f Q) = 8aa6(f — f)6(QL YVH(f)

compute induced cross

Pab = ugly_equation(h;iz-, Cb?,i)

91

add noise

Pab = laab + N(O, Zab)

run anisotropy search on
these mock correlations and
get an reconstructed sky




take one realization of the
null hypothesis

given an isotropic GWB as null hypothesis

~r

(5 OhA(f Q) = 8aa6(f — f)6(QL YVH(f)

compute induced cross

E correlations

Pab = ugly_equation(hjiz-, Cb?,i)

compute anisotropic SNR
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add noise

Pab = laab + N(O, Zab)

run anisotropy search on
these mock correlations and
get an reconstructed sky




1.0

0.8

0.6

0.4

0.2

take one realization of the
null hypothesis

0.0%

Anisotropic SNR

(5 OhA(f Q) = 8aa6(f — f)6(QL YVH(f)

o 4

repeat
many times

given an isotropic GWB as null hypothesis

compute induced cross
correlations

Pab = ugly_equation(h;?’i, ¢7<4,z')

compute anisotropic SNR
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o 4

&~

add noise

Pab = ﬁab + N(O, Zab)

%

run anisotropy search on

these mock correlations and
get an reconstructed sky



Null distributions

56% false detections

0 2 A 6 3 10 12
Anisotropic SNR

Konstandin, Lemke, AM, Perboni “The impact of cosmic variance on PTAs anisotropy searches”, [2498.07741]
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Null distributions p-value

w/ cosmic variance

w /0 cosmic variance

) p-value =0.695

56% false detections
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Square-root spherical harmonic basis | |
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for the reconstructed GWB map in the NG15 data

SNR~4 = p ~ 0.05
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for the reconstructed GWB map in the NG15 data

SNR~4 = p ~ (9§ 0.7
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what does these null detections teach us?

L» is there a tension between these null detections and the SMBHB intepretation of the GWB?
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what does these null detections teach us?

is there a tension between these null detections and the SMBHB intepretation of the GWB? No

Lemke, AM, Gersbach, “Detecting Gravitational Wave Anisotropies from Supermassive Balck Hole Binaries”, [2407.04464]
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what does these null detections teach us?

is there a tension between these null detections and the SMBHB intepretation of the GWB? No...yet

Lemke, AM, Gersbach, “Detecting Gravitational Wave Anisotropies from Supermassive Balck Hole Binaries”, [2407.04464]
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what does these null detections teach us?

is there a tension between these null detections and the SMBHB intepretation of the GWB? No...yet

Lemke, AM, Gersbach, “Detecting Gravitational Wave Anisotropies from Supermassive Balck Hole Binaries”, [2407.04464]

can we learn something about the properties of the SMBHB population?
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what does these null detections teach us?

is there a tension between these null detections and the SMBHB intepretation of the GWB? No...yet

Lemke, AM, Gersbach, “Detecting Gravitational Wave Anisotropies from Supermassive Balck Hole Binaries”, [2407.04464]

can we learn something about the properties of the SMBHB population? Yes
Gardiner, Kelley, Lemke, AM, “Beyond the Background: Gravitational-wave Anisotropy and Continuous Waves from Supermassive Black Hole Binaries”, Apd 965, 2, 264 (2024)
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strong evidence for a GWB in the nHz band

cosmology or astrophysics?

CW and anisotropies will help us discriminating

o N



strong evidence for a GWB in the nHz/band

cosmology or astrophysics?

/

/ ° o o o . o .
CW and anisotropies will help us-discriminating |

we need to develop tools to characterize the GWB



packup



<7vl?j*ilﬁ/ ) = 0440k 05 <h hi > <h *hil >—O

AQAF
hit = it etk
h 2 /o 2
p(h) = 5 ge_h /293 p(¢) = Uniform|0, 27]
TO; '\

(7 — J/(QAQAf)

100
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Intensity

Tobs time
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Intensity

T time
0DS
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Intensity
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obs time
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reconstructed

oulse profile

Intensity

Tobs time
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template reconstructed

pulse profile oulse profile

Intensity

Tobs time

-----------------------------------------
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template reconstructed

pulse profile oulse profile

Intensity

Tobs time
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tPST = 1oP% A — Arg — Ag

the goal is to relate the arrival time in Terrestrial Time (TT) to the emission time in the pulsar reference frame
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psr __ jobs
te - ta

uEEEN)

U EEEEN)

Ao

4EEEEEBR

Ars — Ap

first step transtform from the from the TT time to the SSB time

|
>
>

atmospheric delay: group velocity of radio waves in the
atmosphere differs from the vacuum speed of light

Roemer delay: difference in the arrival time of the pulse
at the observatory and at the SSB

Parallax term: delay due to the curvature of spherical
wavefront

dispersion term: due to radio waves propagation in
interplanetary medium

Shapiro delay: due to propagation of radio pulses
through potential wells of solar systems bodies

Einstein delay: difference in the arrival time due to
acceleration and potential of the Earth



U EEEEN)
d
=

Ajsi— Ap

4EEEEEBR

uEEEN)

tgsr _ t(;bs B A@

second step transform from the from SSB to the BB time

AIS — AVP vacuum propagation delay: vacuum light travel time
A dispersion term: due to propagation through the
ISD interstellar medium

AES Einstein delay: due to the secular motion of the SSB
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UEEEEN)y

Ap

4EEEEEBR

tgsr _ t(;bs B A@ B AIS

[ ]
[ ]
L 4

last step transform from the from BB to the pulsar time

A . A Roemer delay: delay due to the orbital motion of the
B — RB oulsar
A__‘ Einstein delay: difference in the emission time from the
LB

pulsar inertial reference frame and the binary barycenter

AS Shapiro delay: effect of the gravitational potential of the

B binary companion
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tPST = toP% _ A — A — Ap

arXiv: 0603381
Correction Typical value/range
Observatory clock to TT 1 us
Hydrostatic tropospheric delay 10 ns
Zenith wet delay 1.5ns
IAU precession/nutation ~5 ns
Polar motion 60 ns
AUT1 lus
Einstein delay 1.6 ms
Roemer delay 500 s
Shapiro delay due to Sun 112 us
Shapiro delay due to Venus 0.5ns
Shapiro delay due to Jupiter 180 ns
Shapiro delay due to Saturn 58 ns
Shapiro delay due to Uranus 10 ns
Shapiro delay due to Neptune 12 ns
Second order Solar Shapiro delay O9ns
Interplanetary medium dispersion delay 100 ns®
Interstellar medium dispersion delay ~1sP
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https://arxiv.org/pdf/astro-ph/0603381.pdf

P(t™)

1 . ST
¢(tpsr) _ ¢O 4 Vo(tpsr o tO) i §V()(tp L tO)Q

rt 1

unknown quantities
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P(t")

1. .
¢(tpsr) _ ¢O 4 Vo(tpsr o tO) i §V0(tps . tO)Q

rt 1

unknown quantities

unknown timing models parameters are fitted to the TOAs

2

2 Z ¢(t£,s7jr) — IV

. o
1
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P(t")

1. .
¢(tpsr) _ ¢O 4 Vo(tpsr o tO) i §V0(tps . tO)Q

rt 1

unknown quantities

unknown timing models parameters are fitted to the TOAs

2

2 Z ¢(t£,s7jr) — IV

. o
1

closest integer
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P(t")

1.
¢(tpsr) _ ¢O 4 Vo(tpsr o tO) i §V0(tps . tO)Q

rt 1

unknown quantities

unknown timing models parameters are fitted to the TOAs

tpsr

/ K closest integer

121

time of emission in the
pulsar reference frame



free parameters free parameters

\4

h*Qaw(f; ©)
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z = /d@ P(D|©.H) x P(O[X)
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z = /d@ P(D|©.H) x P(O[X)

|

likelihood function
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z = /d@ P(D|©.H) x P(O[X)

|

likelihood function

prior distributions
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/ 10 P(D|O.H) x P(OH)

likelihood function

prior distributions


https://arxiv.org/abs/2306.16219

