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Topics
Hierarchical Bayesian Inference

● What is hierarchical Bayesian inference?
● How is it connected to Directed (Acyclic) Graphs?
● How to account for selection effects?

Neutron Star Equation of State

● Problems with phenomenological parametric EoS 
models

● How to 
○ build (flexible) EoS models
○ condition flexible models on physics
○ discover (i.e., deal with) exotic behavior
○ extract physics without parameters
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Parametric EoS Models



consider a toy model:
  → fitting a 1D function (pressure vs. energy density) 
       without constraints
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Inference of the NS EoS: systematics from parametric models PRD (2022)
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only the GP has independent marginal distributions for all pressures 6

Inference of the NS EoS: systematics from parametric models

consider a toy model:
  → fitting a 1D function (pressure vs. energy density) 
       without constraints
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Gaussian Processes
nonparametric

Spectral
parametric

Speed-of-Sound
parametric

Piecewise Polytrope
parametric

Inference of the NS EoS: systematics from parametric models PRD 105 043016 (2022)
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Non-Parametric EoS Models



X-ray
timing

radio
PSRs

GWs
@Mmax
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Inference of the NS EoS: nonparametric results
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Mmax ~ 2.21 ± 0.25 M
☉

R(1.4Mⵙ) ~ 12.5 ± 1 km

Inference of the NS EoS: nonparametric results
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Non-Parametric theory-informed EoS Models



χEFT

χEffective Field Theory (EFT)
up to 0.5ρsat

χEffective Field Theory (EFT)
up to 2.0ρsat
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Inference of the NS EoS: incorporating low-density nuclear theory  PRC (2020)

χEFT

PRC 102 055803 (2020)

https://journals.aps.org/prc/abstract/10.1103/PhysRevC.102.055803
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GWs

NICER

PSRs
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(χEFT) soft stiff
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Inference of the NS EoS: comparing low-density theories
χEffective Field Theory
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(χEFT) soft stiff
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Inference of the NS EoS: comparing low-density theories
χEffective Field Theory

PRC 102 055803 (2020)

χEFT
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Exotic TOV Sequences



Exotic Behavior with Efficient TOV Sequences ApJL (2024) in press
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https://arxiv.org/pdf/2405.05395
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Exotic Behavior with Efficient TOV Sequences ApJL (2024) in press
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Extracting Physics without Parameters

Phase Transitions



Inference of the NS EoS: phase transitions
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onset end

stability
lost

stability
regained

onset
end

stability
lost

stability
regained

end
stability regained

stability
lost

onset

the sudden appearance of new (degenerate) degrees of 
freedom produces a sharp drop in the sound speed (cs)

→ “loss of pressure support”

latent energy

Inference of the NS EoS: phase transitions
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.043013


what about more general phenomenology?
    → rapid (but smooth) changes in cs?
    → cs always positive definite?
    → kinks/wiggles in stellar sequence but no loss of stability?

Inference of the NS EoS: phase transitions
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PRD (2023)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.043013


we search for features based on 
stellar properties and connect these to 
features in cs

Inference of the NS EoS: phase transitions
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.043013


we search for features based on 
stellar properties and connect these to 
features in cs

local minima → end of phase trans

and do so more precisely than where 
stability is regained

Inference of the NS EoS: phase transitions
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https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.043013


we associate a local minimum (end) with 
the most recent preceding 

“running maximum” in cs (onset)

candidate running maxima in cs (onset) 
are accepted only if they are followed by a 

large drop in cs 

Inference of the NS EoS: phase transitions PRD (2023)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.043013


we associate a local minimum (end) with 
the most recent preceding “running 

maximum” in cs (onset)

candidate running maxima in cs (onset) 
are accepted only if they are followed by a 

large drop in cs 

Inference of the NS EoS: phase transitions PRD (2023)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.043013


we iterate until all local minimum (end)
have an associated

“running maximum” in cs (onset)

this EoS has
1 feature

with
multiplicity 3

1 feature
multiplicity 3

Inference of the NS EoS: phase transitions
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Future Prospects: phase transitions
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Extracting Physics without Parameters

Nuclear Symmetry Energy



Connection to “new” experimental probes: Neutron Skin Thickness (Rskin)
Reed+(2021) infer L ≳ 100 MeV based on Rskin = 0.29 ± 0.07 fm. Suggest this implies R1.4 ≳ 14 km.

Viñas+(2014)

we constrain this with 
astrophysical observations
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theoretical uncertainty 
in map: L → Rskin

Hen (2021)
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Inference of the NS EoS: low-density nuclear experiment PRL (2021)
PRC (2021)

PRL 127 192701 (2021)
PRC 104 065804 (2021)

https://arxiv.org/abs/2101.03193
https://link.springer.com/article/10.1140/epja/i2014-14027-8
https://science.sciencemag.org/content/371/6526/232
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Map from nonparametric EoS in β-equilibrium to nuclear params describing the energy per particle near nuclear 
saturation (n0: minimum of ESNM)

constrained by astro observations (input from nonparametric analysis)
measured in the lab (input from terrestrial experiment)
modeled as degenerate Fermi gas (input from theory)
expressed in terms of derivatives of Enuc

proton fraction

nuclear energy per particle

symmetric-nuclear-matter
energy per particle
(local min at n0)

condition for β-equilib

solve these 
self-consistently 
to obtain S0(n) 
and then 
compute
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Inference of the NS EoS: low-density nuclear experiment PRL 127 192701 (2021)
PRC 104 065804 (2021)

PRL (2021)
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https://journals.aps.org/prl/abstract/10.1103/PhysRevLett.127.192701
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Inference of the NS EoS

We can also extract 
“nuclear parameters” 

directly from
nonparametric EoS
without the need for

parametrized EoS models

large L → large p(nsat)
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astro data can distinguish between 
nuclear theories at high densities nuclear experiments probe lower densities
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100 MeV < L
30 MeV < L < 70 MeV
All L

large L 
suggest a 

local max in 
sound speed

PREX 
uncertainty too

large to require this

possible
1st-order

phase transition 
just above n0
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Inference of the NS EoS

improved precision in nuclear 
experiments is unlikely to affect our 
knowledge of NS radii without 
improved theoretical calculations

current Rskin uncertainty

Rskin uncertainty improved
by a factor of 2 

hypothetical perfect 
Rskin measurement

nonparametric prior
nonparametric astro-only posterior
χEFT+astro posterior
nonparametric astro+Rskin posterior
χEFT+astro+Rskin posterior
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Self-Consistent Hierarchical Bayesian Inference



Construct a hierarchical generative model that relates the differential astrophysical rate of events

to the construction of an observed catalog of discrete i.i.d. events (i.e., detected data)

each of which has several latent (unobserved) parameters

Introduction

42

ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


A

B C

D

We can represent this model as a Directed Acyclic Graph (DAG), which encodes conditional (in)dependencies 
between variables

p(D|B,C) p(C|A,B) p(B|A) p(A)

Directed Acyclic Graphs

43

graph equation

ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


Directed Acyclic Graphs

We use a hierarchical model of the data-generation process

or, equivalently,

single-event parameters

detection

data

population, EoS, General Relativity, …

ApJ (2024)

44priorlikelihood

H

H

H

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


For an astronomical survey, the number of events is uncertain (Poisson distributed)

Generative Model (bottom-up approach)

45

ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


For an astronomical survey, the number of events is uncertain (Poisson distributed)

and the data are i.i.d.
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Generative Model (bottom-up approach) ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


For an astronomical survey, the number of events is uncertain (Poisson distributed)

and the data are i.i.d.

so that we can construct a joint distribution

47

Generative Model (bottom-up approach) ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


For an astronomical survey, the number of events is uncertain (Poisson distributed)

and the data are i.i.d.

so that we can construct a joint distribution

from which we obtain the (hyper)posterior

which is a mess…
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Generative Model (bottom-up approach) ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


Simplifying Assumptions

49

The number of detected events is independent of the shape of the astro population

ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


50

The number of detected events is independent of the shape of the astro population

The inference then factors

where

Simplifying Assumptions ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604
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The number of detected events is independent of the shape of the astro population

The inference then factors

where

We will focus on this in what follows.

Simplifying Assumptions ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


Physical Detection Processes
and the

Inconsistency of Unphysical Model Assumptions
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physical detection processes only have access to the data

Simplifying Assumptions ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604
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term-by-term cancellation

physical detection processes only have access to the data

Simplifying Assumptions ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604
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standard expression

term-by-term cancellation

physical detection processes only have access to the data

Simplifying Assumptions ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604
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standard expression

term-by-term cancellation

physical detection processes only have access to the data

incorrectly models detection as independent of
the data given the event’s true parameters

Simplifying Assumptions ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604
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standard expression

term-by-term cancellation

no cancellation

physical detection processes only have access to the data

incorrectly models detection as independent of
the data given the event’s true parameters

Simplifying Assumptions ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604
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standard expression

term-by-term cancellation

no cancellation

fitting the “detected distribution”

physical detection processes only have access to the data

incorrectly models detection as independent of
the data given the event’s true parameters

Simplifying Assumptions ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


The physical model

is replaced by the unphysical approximation

which will tend to systematically underestimate the 
sensitivity to quiet signals.

Common Mistake 1
Physical DAG but unphysical approximation P(D|Λ) ~ Q(D|Λ)

PRD 108, 043011 (2023)

ApJ (2024)

https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.043011
https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


60

selection is primarily against high-z systems, so 
the bias primarily affects the redshift-evolution

in order to keep

approximately constant

physical
unphysical

truth

arXiv:2310.02017 (2023)

Common Mistake 1
Physical DAG but unphysical approximation P(D|Λ) ~ Q(D|Λ)

ApJ (2024)

https://arxiv.org/abs/2310.02017
https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


Motivated by the observation

Common Mistake 2
Fitting the “detected distribution” and then dividing by P(D|θ)
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ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


Motivated by the observation

It is tempting to fit for the distribution of true-parameters for detected events p(θ|D,Λ) from the observed data via

with a “flexible enough” model for q(θ|D,Λ)

Common Mistake 2
Fitting the “detected distribution” and then dividing by P(D|θ)
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ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


Motivated by the observation

It is tempting to fit for the distribution of true-parameters for detected events p(θ|D,Λ) from the observed data via

with a “flexible enough” model for q(θ|D,Λ) and then estimate the astro distribution

However, this procedure yields q(θ|D,Λ) that are too narrow, and therefore biased estimates of q(θ|Λ).

Common Mistake 2
Fitting the “detected distribution” and then dividing by P(D|θ)
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ApJ (2024)

https://iopscience.iop.org/article/10.3847/1538-4357/ad1604


arXiv:2310.02017 (2023)
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Common Mistake 2
Fitting the “detected distribution” and then dividing by P(D|θ)

ApJ (2024)

https://arxiv.org/abs/2310.02017
https://iopscience.iop.org/article/10.3847/1538-4357/ad1604

