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Neutrinos play a pivotal role on CCSN explosion

Multi-physics + Multi-dimensional (3D) problems

Numerical simulation is necessary to study the complex non-linear dynamics
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Binary neutron star merger (BNSM)

Radice et al. 2018

Credit: NASA/AEI/ZIB/M. Koppitz and L. Rezzolla

Lepton number transport by neutrinos is a key 
player to determine r-process nucleosynthesis.
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Optically thick Optically thin

Figure by Janka 2017

Modeling of neutrino radiation field: necessitating a kinetic treatment
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Neutrino oscillation induced by self-interactions

Sea of neutrinos

1. Refractions by self-interactions induce neutrino flavor conversions, which is analogy 
to matter effects (e.g., MSW resonance).

2. The oscillation timescale is much shorter than the global scale of CCSN/BNSM. 

3. Collective neutrino oscillation induced by neutrino-self interactions commonly 
occurs in CCSNe and BNSM environments.

Pantalone 1992



Quantum Kinetics neutrino transport:

Density matrix

Hamiltonian

Vlasenko et al. 2014, Volpe 2015,
Blaschke et al. 2016, Richers et al. 2019 

Advection terms 
(Same as Boltz eq.)

Collision term Oscillation term 

f is not a 
“distribution function”

(See also Christina Volpe’s talk tomorrow)
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Rich flavor-conversion phenomena 
driven by neutrino-neutrino self-interactions

- Slow-mode

- Fast-mode (FFC)

- Collisional instability

- Matter-neutrino resonance

・Energy-dependent flavor conversion occurs. 
・The frequency of the flavor conversion is proportional to  

(Duan et al. 2010) Vacuum:
Matter:
Self-int:

・Collective neutrino oscillation in the limit of ω → 0.
・The frequency of the flavor conversion is proportional to
・Anisotropy of neutrino angular distributions drives the fast flavor-conversion. 

(Sawyer 2005)

(Johns 2021)

・Asymmetries of matter interactions between neutrinos and anti-neutrinos
drive flavor conversion.  
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FIG. 2. The crit ical elect ron fract ion Y cr i t
e below which the

system is predicted to be collisionally unstable, shown as a

funct ion of n⌫x / n⌫̄e and n⌫̄e / n⌫e and assuming n⌫x = n⌫̄x .
Since Ye . 0.2 is typical in the neut rino decoupling region,
the majority of this parameter space is unstable.

support the same solut ions, assuming the init ial state is

seeded with flavor coherence. As a matter of fact , such

a system does enter into the decay mode, but never into

the growing one. From the vantage point of Eq. (5), the

significance of the oscillat ion terms is that they cause the

polarizat ion vectors to wander through di↵erent config-

urat ions in flavor space unt il chancing upon the growing

solut ion. Fast instabilit ies, by way of contrast , really can

arise with ! = 0 as long as coherence is seeded. The µ

terms serve double duty in those cases, prompt ing the

explorat ion of flavor space and driving the instabilit ies

themselves.

Linear stability analysis provides a complementary

perspect ive. For this we return to the density matri-

ces. Linearizing in o↵-diagonal elements and adopt ing a

matter-suppressed mixing angle✓m
⇠= 0,

i@t⇢ex =
⇣
− ! −

p
2GF (n⌫̄e

− n⌫̄x
) − iΓ

⌘
⇢ex

+
p

2GF (n⌫e
− n⌫x

)⇢̄ex

i@t ⇢̄ex =
⇣

+ ! +
p

2GF (n⌫e
− n⌫x

) − i Γ̄
⌘
⇢̄ex

−
p

2GF (n⌫̄e
− n⌫̄x

)⇢ex . (13)

Seeking collect ive modes, we now take⇢ex = Qe− i⌦t and

⇢̄ex = Q̄e− i⌦t . The dispersion relat ion results from plug-

ging these expressions into Eqs. (13) and dispensing with

Q and Q̄. It can be solved analyt ically:

Im ⌦⇠= ±
Γ − Γ̄

2

µS
p

(µD )2 + 4! µS
−

Γ + Γ̄

2
, (14)

where S = |S(0)| = n⌫e
− n⌫x

+ n⌫̄e
− n⌫̄x

and D =

|D (0)| = n⌫e
− n⌫x

− n⌫̄e
+ n⌫̄x

. (S and D are assumed

FFC + col l isional instabi l i ty
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FIG. 3. Collisionally and fast -unstable evolut ion in
an anisot ropic calculat ion: n⌫e (thick black curve), n⌫̄e

(medium), n⌫x (thin), and neut rino coherence density |P T |/ 2
(teal). The very thin curves show the results when Γ and Γ̄

are art ificially set to the average of their actual values (hence
Γ = Γ̄). The rapid oscillatory mot ion is the swinging of the

fast pendulum [21]. No conversion would be visible if the
system were stable to fast flavor conversion (FFC).

to point along z init ially, but the formulas are easily

adapted.) If µD 2
p

! µS, which is usually expected

of the set t ing we have in mind, then the instability crite-

rion coincides with Eq. (6). If µD < 2
p

! µS and ! < 0

(indicat ing the inverted hierarchy), then Eq. (14) is in-

validated by intervent ion of the bipolar instability.

Up to this point the analysis has assumed monochro-

mat icity, isot ropy, and homogeneity. The first of these

is just ified by the high neutrino density. Though not

presented here, numerical calculat ions with mult iple en-

ergies confirm that collisional instability a↵ects them col-

lect ively.

Calculat ions also confirm the presence of collisionally

unstable evolut ion in anisot ropic set-ups. An interest -

ing case is one where collisional and fast instabilit ies are

present together. Fig. 3 shows the results of such a cal-

culat ion. The parameters are the same as those used

in making Fig. 1 except that n⌫e
has been decreased to

2.6⇥1033 cm− 3 and the angular dist ribut ions have been

made anisot ropic, so as to make the system unstable to

fast oscillat ions. As with the other parameters, the an-

gular dist ribut ions are chosen to be representat ive of real

condit ions in a supernova. They are specified by the flux

factors (i .e., the rat ios of energy flux to energy density)

f ⌫e
= 0.05, f ⌫̄e

= 0.10, and f ⌫x
= f ⌫̄x

= 0.15. Radiat ive

pressures are prescribed using M1 closure [22].

The onset of fast flavor conversion prompts the growth

of the collisional instability on a much shorter t imescale

than was seen in Fig. 1. Furthermore, significant ly

greater flavor t ransformat ion occurs when Γ 6= Γ̄ than

when Γ = Γ̄, test ifying to the fact that the results

observed in Fig. 3 are not simply caused by decoher-

ence. In a more realist ic set t ing, collisional relaxat ion

Γ: Matter-interaction rate

・The resonance potentially occur in BNSM/Collapsar environment (but not in CCSN).
・Essentially the same mechanism as MSW resonance.

(Malkus et al. 2012)



FFC occurs in both CCSN and BNSM 
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Time

Any type of crossings (PNS convection)

Type II crossings
(neutrino absorption)

Type II crossings [Exp-only] 
(asymmetric ν emission)

Type I crossings [Exp-only] 
(nucleon-scattering + α    1 + cold matter)

Shock wave

Space-time diagram of ELN-angular crossings in CCSNe

1 s

200 km

FIG. 4. Space-t ime diagram for appearance of ELN crossings. The bold red line port rays a t ime
t rajectory for the shock wave in exploding models. The thin and dashed line represents the counterpart
of shock t rajectory for non-exploding models. The color code for enclosed regions dist inguishes types

of ELN crossing. The green, blue, and brown color denote Type I, Type I I , and any type of crossings,
respect ively. In each region, we provide some representat ive characterist ics of ELN-crossings. The

remark ”Exp-only” denotes that the ELN-crossing appears only in exploding models. See text for
more detail.

anism for these is di↵erent . In Sec. I I I B, we conduct an
in-depth analysis of their physical origin.

We provide a schemat ic space-t ime diagram of ELN
crossings in Fig. 4. This figure summarizes the over-
all t rends of crossings observed in our CCSN models.
We note that crossings relevant to PNS convect ion and
the pre-shock region drawn in Fig. 4 are not included in
Fig. 3. There is a technical reason why we do not include
the case with PNS convect ion in Fig. 3. This issue will be
discussed later. To facilitate the readers’ understanding,
the color in Fig. 4 dist inguishes types of ELN-crossings.
Below, we turn our at tent ion to the physical origin of
ELN crossing generat ion.

B . G ener at ion m echanism of EL N cr ossings

1. Type-I I crossings at early post-bounce phase

Let us start by analyzing the Type-I I crossings that
appear at the early post -bounce phase (⇠ 100 ms) in all
CCSN models (see the top left panel in Fig. 3). We first
present the result from the 12 solar mass model as a rep-
resentat ive case. The progenitor-dependence is discussed
later. In Fig. 5, we show Mollweide project ions of the
ELN crossing and some important quant it ies at 130 km
for the 12 solar mass model case. We find that the Type
I I crossing has a rather scat tered dist ribut ion (see the

top left panel). To see the trend more quant itat ively, we
show ∆ Gout in the left middle panel in Fig. 5, which cor-
responds to the ELN at µ = 1. Here ∆ Gout and ∆ Gin

are defined as follows. The energy-integrated number of
neut rinos at µ = 1 and − 1 are writ ten as

Gout =

Z

d(
"3

3
)f out (" ),

Gin =

Z

d(
"3

3
)f in (" ),

(2)

respect ively, where " denotes the neutrino energy in units
of MeV. We st ress that both f out and f in in Eq. 2 are the
basic output of our angular reconst ruct ion computat ion
complemented by the ray-t racing method (see Sec. I I B).
Here ∆ G is the di↵erence of the⌫e and ⌫̄e G values:

∆ G = G⌫e
− G⌫̄e

, (3)

where we omit the subscript ” out ” or ” in” in Eq. 3. As
shown in Fig. 5, we find that ⌫̄e dominates over ⌫e in
some regions (blue-colored area), and these regions are
in one-to-one correspondence to the regions of Type-I I
crossings. The one-to-one correspondence is at t ributed
to the fact that ⌫e always overwhelms ⌫̄e in µ = − 1
(incoming) direct ion.

We find some interest ing correlat ions between the
Type-I I crossings and other physical quant it ies. These
correlat ions provide useful insight for studying the phys-
ical origin of the crossings. To quant ify the correlat ions,

Nagakura et al. 2021 Sumiyoshi et al. in prep

Core-collapse supernova Binary neutron star merger

ir503ith76

r= 1.8041E+07 cm
mu( 76) =   8.9018E-01
theta=27.1 deg

run03l.analysis2

t=20 ms

x
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Richers 2022
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FIG. 1. The neut rino number densit ies n⌫e and n⌫̄e (left panels) and their rat io ↵ = n⌫̄e / n⌫e (right panels) in the tpb = 200
ms snapshot of the 2D supernova model. The lengths and orientat ions of the arrows in the left panels indicate the magnitudes

and direct ions of the average neut rino flux densit ies j⌫e and j ⌫̄e in the corresponding spat ial zones. The white crosses in the
right panels mark the zones where the ELN crossing occurs. There is almost no di↵erence between angle averaged propert ies

of the neut rinos solved in the low and high resolut ions (with N✓⌫ = 6 and 36, respect ively) except for the spat ial extent over
which the ELN crossing occurs.

Out of the three snapshots of the 2D model we find
regions with ELN crossings within and above the decou-
pling region in the one at tpb = 200 ms. At this t ime, the
deformed shock has reached over 500 km and is poised to
explode the star with the help of a bipolar growth of the
hydrodynamic instabilit ies. Depending on their flavors
and energies, neutrinos decouple from mat ter at radius
⇠ 50− 70 km which can beviewed as the “ surface” or neu-
t rino sphere of the PNS. In the first two panels of Fig. 1

we show the number densit ies n⌫=
R

d3 p
(2⇡ ) 3 f ⌫(p) and av-

erage flux densit ies j⌫ =
R

d3 p
(2⇡ ) 3 f ⌫(p)v in this snapshot

for⌫= ⌫e and ⌫̄e, respect ively. Both n⌫and j⌫aremost ly
spherically symmetric in this snapshot with j⌫generally
point ing in the radial direct ion with some cases of non-
radial fluxes. Naively, one may think that ELN crossings
may occur below the neut rino sphere where j⌫e

and j ⌫̄e

can point in very di↵erent direct ions. This is not the
case, however, because f ⌫(p) is highly isot ropic in this
region, and we find no ELN crossing here.

In our study, ELN crossings usually begin to appear
in the region where the neut rinos begin to decouple from
mat ter as shown in the right panels of Fig. 1. Further-
more, we find that , at the radii where ELN crossings do
occur, they usually appear in the angular zones with the
⌫̄e-to-⌫e rat io ↵ = n⌫̄e

/ n⌫e
close to 1. The correlat ion

between ↵ and ELN crossings is not really a surprise.
In the neut rino decoupling region, f ⌫(p) becomes more
and more peaked in the forward direct ion. Because the
PNS is rich in neut rons, ⌫̄e’s decouple from mat ter at
smaller radii than ⌫e’s do and thus obtain a more for-
wardly peaked dist ribut ion. However, this di↵erence in
f ⌫e

(p) and f ⌫̄e
(p) is usually not large enough to result in

an ELN crossing unless ⌫̄e has a flux density very close to
that of ⌫e. This is likely the reason why no ELN crossing
was found in a previous study of 1D supernova models
[38]. In the 2D model presented in Fig. 1, however, ↵ can
vary across angular zones at the same radius which leads
to ELN crossings in some regions.

To check the sensit ivity of our results on the angu-
lar resolut ion of the neut rino dist ribut ions, we also solve
the neut rino t ransport for the tpb = 200 ms snapshot of
the 2D model with N✓⌫ = 36. We find that , although
the angle averaged propert ies of the neutrinos such as
n⌫, j⌫ and ↵ are almost ident ical for the two calcula-
t ions, the region with ELN crossings is much wider in
the high-resolut ion calculat ion than in the one with a
lower resolut ion (right panels of Fig. 1). To find out
the reason why some spat ial zones show ELN crossings
in the high-resolut ion calculat ion only, we compare the
ELN dist ribut ions Gv of these zones in the two calcula-
t ions. Because f (p) are approximately axially symmetric
about the radial direct ion in our models, we integrated

them over φ⌫and calculated f ⌫(✓⌫) =
RR E 2

⌫dE⌫dφ⌫
(2⇡ )3 f ⌫(p)

and G(✓⌫) =
R2⇡

0
dφ⌫Gv . We plot f ⌫e

(✓⌫), f ⌫̄e
(✓⌫) and

G(✓⌫) for the spat ial zone centered at r = 65.6 km and
cos⇥ = 0.96 in the first two panels of Fig. 2. From this
figure one sees that the coarse angular resolut ion is suffi-
cient to capture theoverall shapeof f ⌫(✓⌫), and it is more
accurate in the backward direct ions than in the forward
direct ions. However, because the ELN dist ribut ion G(✓⌫)
is sensit ive to the small di↵erence between f ⌫e

(✓⌫) and
f ⌫̄e

(✓⌫), and because it is likely to cross 0 near the radial
direct ion, a high angular resolut ion in the forward direc-
t ions is needed to accurately describe the crossing in the

Abbar et al. 2018
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Collisional instability also occurs in both CCSN and BNSM

Core-collapse supernova
Binary neutron star merger

Akaho et al. 2023

4

FIG. 3. The⌫ELN excess parameter D = 1 − n⌫̄e / n⌫e (upper row) and the frequency ⌦= ! P + iγ of the normal mode with
the maximum growth rate γ > 10− 3 µs− 1 (middle and lower rows) at three snapshots (as labeled) in the BH accret ion disk

model M3A8m3a5 of Ref. [15]. The solid and dashed curves are the contours with F⌫e = 1/ 3 and F⌫̄e = 1/ 3, respect ively. [See
Eq. (19)]. The dot -dashed curves are the contours with D = 0.

model can be found in Refs. [15, 25].

For the neut rino gases with discrete energy groups,

Eq. (6) becomes

X

j

{ [⌦a + ! e↵ (E i )]δi j + µgj ∆ E j } Sa
j = 0, (18)

where E j , gj , and ∆ E j are the energy, the⌫ELN weight ,

and the width of the neut rino in the j th energy group, re-

spect ively. (The ant ineutrinos are counted as the neut ri-

nos with negat ive energies.) There are N normal modes

for N discrete neut rino energy groups, and ⌦a and Sa

(a = 1, . . . , N ) are theeigenvaluesand eigenvectorsof the

matrix with the elements⇤i j = − [! e↵ (E i )δi j + µgj ∆ E j ],

respect ively. We solve the frequencies of the normal

modes in M3A8m3a5 with ∆ m2 = 2.5⇥10− 3 eV2, ✓=

8.6°, and the emission and absorpt ion rates of ⌫e and ⌫̄e

in Eq. (1) [26]. In Fig. 3 we show both the real and imag-

inary components of the frequency of the normal mode

that has the largest growth rate in each spat ial grid. One

can see that the growth rates of theflavor instabilit ies are

the largest where the net ⌫ELN is negligible which is ex-

pected from the previous analysis.

St rict ly speaking, Eqs. (6) and (18) are valid only for

a homogeneous and isot ropic neut rino gas. Following

Ref. [25], we plot

F⌫(t, r ) =

R
v f ⌫(t, r , p) d3p
R

f ⌫(t, r , p) d3p
=

1

3
(19)

in Fig. 3 for ⌫= ⌫e and ⌫̄e as the solid and dashed curves,

respect ively. The condit ion of homogeneity and isot ropy

is approximately sat isfied in the inner part of the disk

where F⌫ is small.

Throughout the BH-torus system, one hasΓ/ Γ̄ > 1 be-

cause the collision rates are dominated by the neut rino

absorpt ion rates and there are more neut rons than pro-

tons in this region. Although the ent ire accret ion disk

tends to emit more ⌫̄e than ⌫e, the density of ⌫e in the

inner torus is actually larger where the chemical poten-

t ial of the elect ron is significant . Therefore, we expect

only the CFI of the plus type (with ! P / µ ⇡ 0) can ex-

ist in the inner torus. Earlier in Fig. 1 we have shown

the frequency ⌦of the normal mode with the largest

growth rate in the equatorial plane of the accret ion disk

at t = 20ms. It is clear from Figs. 1 and 3 that the CFI

in the inner torus is indeed of the plus type, while the

instability in the outer region of the torus is of the minus

type [! P / (n⌫e
− n⌫̄e

)] if our analysis can be generalized

to the anisot ropic environment .

Discussion and conclusions We have shown that

there exist two types of CFI in a dense neut rino gas that

preserves the homogeneity and isot ropy. The CFI t ran-

sit ions from one type to the other where the net ⌫ELN is

zero and has a resonance-like instability that grows at a

rate / n
1/ 2
⌫ . But this is only part of the story. There can

exist the CFI that breaks these symmetries or even in

the inhomogeneous and anisot ropic environment as one

maps out the full dispersion relat ion ⌦(K ) of the col-

Xiong et al. 2022



Zaizen and Nagakura 2022

Conservation law of neutrinos

Stability condition 
(disappearance of ELN-XLN crossings)

- Local simulations: Asymptotic state FFC can be 
estimated ”analytically”

But see Zaizen and Nagakura 2023, 204 for 
dependence of boundary conditions

+



12

Fully general relativistic (3+1 formalism) neutrino transport

Multi-Dimension (6-dimensional phase space)

Neutrino matter interactions (emission, absorption, and scatterings)

Neutrino Hamiltonian potential of vacuum, matter, and self-interaction

3 flavors + their anti-neutrinos

Solving the equation with Sn method (explicit evolution: WENO-5th order)

Hybrid OpenMP/MPI parallelization

Nagakura 2022
General-relativistic quantum-kinetic neutrino transport (GRQKNT)

- Global simulations:



- Global Simulations of FFC (in CCSN) Nagakura PRL 2023

Numerical setup:

Collision terms are switched on.

Fluid-profiles are taken from a 
CCSN simulation.

General relativistic effects are 
taken into account.

A wide spatial region is covered.

Three-flavor framework

Neutrino-cooling is enhanced by FFCs
Neutrino-heating is suppressed by FFCs

Impacts on the 
explodability of CCSN



Nagakura 2023

Setup:

- Hypermassive neutron star (HMNS) + disk geometry
- Thermal emission on the neutrino sphere
- QKE (FFC) simulations in axisymmetry
- Resolutions: 1152 (r) × 384 (θ) × 98 (θ ) × 48 (φ )ν ν

ELN crossings are ubiquitous in this region 
(Wu & Tamborra 2017)
→ How FFC changes the radiation field? 
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- Global simulations of FFC (in BNSM)



Appearance of flavor swap and EXZS:

Flavor coherency

15

- Global simulations of FFC (in BNSM)

νe

νx

Nagakura 2023

Colliding-beam model
Zaizen and Nagakura 2024

Neutrino flavor swaps are 
inevitable from the 

perspective of stability .
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Radial-angular distributions for survival probability of electron-type neutrinos

- BGK Subgrid model Nagakura et al. 2024.  

: Full QKE

: Relaxation-time approximation

See also John’s talk: 
thermodynamics of neutrino oscillations
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Summary

Radiation-hydrodynamic simulations under classical treatments of neutrino 
kinetics have been matured in CCSN and BNSM community.

Collective neutrino oscillations, one of the quantum kinetics features of neutrinos, 
ubiquitously occur in CCSN and BNSM environments.

Fast neutrino-flavor conversion (FFC) and collisional flavor instabilities potentially 
gives a radical impact on fluid-dynamics, nucleosynthesis, and neutrino signal.

We developed a new GRQKNT code for time-dependent global simulations of 
neutrino quantum kinetics (QKE).

Global simulations are currently available, which shows qualitatively different 
features of flavor conversions from those found in local simulations.
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Backup



Black: Classical transport
Red: QKE 

Average energy Energy flux

- Global Simulations of FFC (in CCSN) Nagakura PRL 2023



Feruglio et al. 2003

Neutrino oscillations

Credit:BBC

Normal Inverted

There are many experimental evidences that neutrinos 
can go through flavor conversion.

Neutrinos have at least three different masses.

Flavor eigenstates are different from mass eigenstates.

U: Pontecorvo–Maki–Nakagawa–
Sakata matrix (PMNS matrix)Flavor state

Mass state



Collisional flavor swap
(associated with resonance-like collisional instability)

Kato, Nagakura, and Johns 2024.
2
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FIG. 1. T ime evolut ion of number densit ies of neut rinos. Red-

and green-solid lines denote νe and νx (nνe and nν x ), respec-

t ively. Solid and dot ted lines denote cases with and without

diagonal components of collision term, respect ively; see text
for more details.

potent ial becomes zero, which corresponds to a necessary

condit ion for occurrences of a resonance-like evolut ion in

CFI (unless number densit ies of νx and their ant ipartner

(ν̄x ) are largely different from each other, whose cases

are not considered in this Letter, though). We employ

a nuclear equat ion-of-state [40] to obtain all necessary

thermodynamical quant it ies for comput ing weak react ion

rates.

As an init ial condit ion, we assume that all neutrinos

are in thermal and chemical equilibrium with matter, but

very small perturbat ions are added in off-diagonal com-

ponents of density mat rix (10− 6 compared to elect ron-

type neutrinos) to t rigger flavor conversions. The chem-

ical potent ial for νx and ν̄x is assumed to be − 2 MeV. It

should be noted that we consider the region outside the

energy sphere, which leads to the negat ive chemical po-

tent ial [41]. We assess the stability of neutrino dist ribu-

t ions by following the prescript ion in [34], and confirmed

that CFI occurs with the growth rate of 5 × 10− 3 cm− 1.

The associated t imescale of CFI (tCF I ) is∼ 10− 5 shorter

than the t ime scale of neutrino-mat ter interact ion (tcol ).

This exhibits that the flavor instability corresponds to a

resonance-like CFI, whose t ime scale can be roughly es-

t imated as tCFI ∼
√

GF nν γ, where nν and γ denote the

number density of neutrinos and energy-averaged reac-

t ion rates of neutrino matter interact ions, respect ively.

We solve the QKE by using MC code [42], in which we

employ a uniform energy grid from 0 MeV to 100 MeV

with 100 grid points.

Solid lines in Fig. 1 draw the dynamics of collisional

swap, while we omit to show those in ant ineutrinos, since

their evolut ion is almost ident ical to neutrinos. νe and

νx substant ially shuffle at t ∼ 2 × 10− 8 s, and then the

flavor swap almost completes by t ∼ 1 × 10− 7 s. One

thing we do not ice that there is no energy dependence in

the collisional swap.

Before discussing the physical process of collisional

swap in detail, we make an interest ing comparison to

the case with no collision term in diagonal elements; the

results are shown as dot ted lines in Fig. 1. In the early

phase, the t ime evolut ion of flavor conversions is almost

ident ical to the case with diagonal collision terms, which

is consistent with linear analysis. However, they devi-

ate each other from t ∼ 2 × 10− 8 s, corresponding to

the t ime when the number of neutrinos of two flavors be-

come nearly equal. In the case without diagonal collision

terms, the system convergesto a flavor equipart it ion with

oscillat ions. This exhibits that the diagonal elements in

collision terms are key elements to understand collisional

swap, which can also be shown analyt ically (see below).

Analytic arguments.— We discuss the collisional swap

in terms of polarizat ion vectors in flavor spaces, which

are defined by ρ ≡ P0I / 2 + P ·σ / 2 with

P = (2Reρex ,− 2Imρex , ρee − ρx x ), (4)

P̄ = (2Reρ̄ex , 2Imρ̄ex , ρ̄ee − ρ̄x x ), (5)

P0 = ρee + ρx x , the unit mat rix I and the Pauli-matrix

vector σ . We ignore the energy dependence in flavor

conversions throughout this discussion, which is in line

with the result of our dynamical simulat ion. For more

convenience, we use S = P + P̄ , and D = P − P̄ instead

of P and P̄ . The QKE can be rewrit ten in terms of S

and D as

Ṡ = µD × S

+
Γ + Γ̄

2
(Seq − S + (S0,eq − S0) z)

+
Γ − Γ̄

2
(D eq − D + (D0,eq − D0) z) , (6)

Ḋ =
Γ − Γ̄

2
(Seq − S + (S0,eq − S0) z)

+
Γ + Γ̄

2
(D eq − D + (D0,eq − D0) z) , (7)

with µ =
√

2GF , Γ = Γe/ 2 and Γ̄ = Γ̄e/ 2; Γe (Γ̄e) de-

notes the react ion rate for νe (electron ant ineutrinos, ν̄e),

while we consider the situat ion with Γ > Γ̄ due to neu-

t ron rich environment ; z is the unit vector of z-axis in

flavor space; the index of ” eq” indicates the quant it ies

in the thermal equilibrium. In the init ial condit ion, S is

headed in the posit ive direct ion along z-axis (but slight ly

t ilt ed from the z-axis due to perturbat ions), while D is

embedded in x − y plane (i.e., D z = 0), and its x− and

y components represent init ial perturbat ions.

Here we consider reasonable approximat ions in

Eqs. 6 and 7 so as to make the problem analyt ically

t ractable. We assume that neutrino self-interact ions are

much stronger than neutrino-matter interact ions, which

guarantees tCFI tcol . Since the collisional swap oc-

curs in nonlinear phases of CFI, its dynamical t imescale

νe

νx

21
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Time-dependent global simulations of FFC

- Strategy:

Attenuation parameter (0 ≦ ξ≦ 1)

Nagakura and Zaizen PRL 2022, PRD 2023

Attenuating Hamiltonian makes global QKE simulations tractable.

Realistic features can be extracted by a convergence study of ξ (→ 1).

Oscillation wavelength is an order of sub-centimeter.

Too short !!!!

How can we make FFC simulations tractable???

- Issue:
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6

FIG. 2. Volume rendering of contours of constant phase of neµ for the Fiducial 1D (top row), Fiducial 2D (center row), and
Fiducial 3D (bot tom row) simulat ions. Phases of − 2⇡ / 3, 0, and 2⇡ / 3 are shown in blue, white, and red, respect ively. The left

column shows the result s at t = 0.29ns during the linear growth phase of the fast flavor instability, the center column shows
the result s at t = 0.77ns after the instability saturates, and the right column shows the results at t = 2.2ns as the dist ribut ion

is building power on small scales. The phase of neµ demonst rates wavefronts of the fastest growing unstable mode. The
Fiducial 1D data is copied into the x and y dimensions and the Fiducial 2D data is copied into the x direct ion for visualizat ion

purposes. Although there is significant mult idimensional st ructure, the 3D result s are qualitat ively and quant itat ively similar
to the 1D and 2D result s.

wavelength due to the smaller magnitude of the self-
interact ion potent ial resultant from neut rino and an-
t ineut rino dist ribut ions with a smaller angle between
them. In the 1D and 2D simulat ions, the x̂ direct ion
is assumed to be homogeneous, so the fastest growing

is instead one with a wavevector in the ẑ direct ion. The
TwoThirdssimulat ion instead hasa fastest growing mode
with nonzero real frequency. The phase pat tern (also
with a wavevector parallel to ẑ) of neµ and ne⌧ drift
along ẑ with t ime. The e↵ects of the vacuum poten-

Richers et al. 2021

Advection terms (flat + cartesian-coordinate)

- Local simulations:

Wu et al. 2021
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- Need of global simulations in the study of flavor conversions in CCSN/BNSM

A

B

Θ
B

Θ
A

Cos Θ

f

Neutrino 
number density

A B

1

Optically thick region

0

Self-interaction potential 
depends on neutrino angular 
distributions in momentum space



25

- Neutron star kick powered by neutrino flavor conversions
Nagakura and Sumiyoshi: arXiv:2401.15180

PNS core

Low Ye

High Ye

α〜1
FFC enhances 

neutrino flux

Flavor –integrated 
neutrino flux

Linear momentum 
of neutrinos

PNS recoil 
by neutrinos

High Ye region

Low Ye region
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Attenuating Hamiltonian potential does not change 
the degree of flavor conversion in asymptotic states.

3
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FIG. 2. Radial profi les of t ime-averaged neut rino number density in a quasi-steady state. In the left panel, we show nνe

normalized by that at 50km. For comparison, the result without FFC is also shown as a black solid line. In the right panel, we
display nν x / (nνe + nνx ), which corresponds to a useful met ric to see the degree of flavor conversion.

energy, respect ively. We note that the vacuum oscillat ion
is only important to t rigger FFC, and it does not affect
non-linear regimes of FFC in our models. We confirm by
linear analysis that Γ = 10− 4 is large enough so that the
fast mode dominates over the slow one.

Results.— Figure1 showscolor mapsof f x x normalized
by f ee + f x x as funct ions of radius and neutrino angle.
The black solid line in each panel port rays the radial t ra-
jectory of neutrinos emit ted perpendicular to radial di-
rect ion (cosθν = 0) at the inner boundary. This exhibits
a t ransit ion to forward-peaked angular dist ribut ions of
neut rinos.

As shown in Fig. 1, FFC commonly occurs in our mod-
els (appearance of νx is a sign of flavor conversion). In
the vicinity of inner boundary, however, no strong flavor
conversions occur (see, e.g., 50km < r <

∼ 65km in the
top left panel of Fig. 1), whereas the region becomes nar-
rower with increasing nν (see the bot tom panels). This
is at t ributed to the fact that the growth of FFC becomes
more rapid with increasing nν

1.

Once neut rinos, init ially emit ted in the radial direc-
t ion from the inner boundary, arrive at a certain ra-
dius, flavor st ructures in all neutrino angles are disor-
ganized (see, e.g., bot tom left panel of Fig. 1), despite
the fact that neutrinos traveling in non-radial direct ions
havenot reached yet (since the propagat ion speed of neu-
t rinos with respect to radial direct ion is proport ional to
cosθν ). This indicates that the flavor conversion in non-
radial direct ions is not a consequenceof spat ial advect ion

1 In the case without reduct ion of nν , t he width of corresponding

region is only ∼ 20cm; see the left panel of Fig. 11 in [26].

from the inner region (where FFC has already been well
developed), but rather local angular-couplings of FFC.
This also exhibits that neutrinos emit ted from the outer
boundary can experience strong flavor conversion. Since
the incoming neut rinos are very dilute, their contribu-
t ion to neut rino self-interact ion potent ial is very minor,
suggest ing that the flavor conversion is passively induced
by outgoing ones. These incoming neut rinos, possessing
finite flavor off-diagonal components of the density ma-
t rix, advect inward, which facilit ates the growth of FFC
in the linear regime.

Strong flavor conversion occurs even in the case of low
nν models at late t imes (see the top middle panel of
Fig. 1), and we find that the system eventually achieves
a quasi-steady state. One of the striking results in this
study is that the degree of flavor conversion does not
hinge on nν in the quasi-steady phase. This t rend is
more visible in t ime-averaged dist ribut ions. We com-
pute the t ime-averaged f by integrat ing over the t ime
of 0.3ms≤ t ≤ 0.5ms; the results are shown in right pan-
els of Fig. 1. Fig. 2 also displays the radial profiles of
t ime-averaged number density of νe and the rat io of nνx

to nνe
+ nνx

in the left and right panel, respect ively, for all
models (for Model-Γ8, we compute the t ime-averaged f
in the t ime range of 0.06ms≤ t ≤ 0.12ms). Both figures
illust rate that the degree of flavor mixing is universal. It
should also be ment ioned that the angular resolut ions in
our simulat ions does not compromise the t ime-averaged
profile (see the red dashed-line in Fig. 2 displaying the
result of Model-Γ1h). The result of Model-Γ8, that cor-
responds to the model with the highest spat ial resolut ion
and the modest Γ, also strengthens our conclusion. As
shown in Fig. 2, the results of other models clearly ap-
proach to Model-Γ8 with increasing nν . This lends con-



T=100ms  R=60km

- Global Simulations of FFC (in CCSN)
Neutrino angular distributions



Boltzmann neutrino transport

4 Nagakura et al.

Fig. 2.— Left : Discret ized momentum space of neut rinos in the laboratory frame. Spherical coordinates are employed. T he radial
direct ion corresponds to neut rino energy and the azimuthal dimension is omit ted. The grid in each dimension may not be uniform. Right :
The Lorentz-t ransformed mesh in the fluid-rest frame. The blue lines correspond to the radial l ines whereas the black lines are t ransformed
from the concent ric circles in the left panel. T he brown dots show an isoenergy circle in the fluid-rest frame for comparison. Mat ter is
assumed to move upward in this figure.

ings.
After giving the SR Boltzmann equat ions in the next

sect ion, we present our idea to overcome these difficul-
t ies. We then demonstrate our successful handling of the
isoenerget ic scat terings in the realist ic supernova simu-
lat ions (see Sect ion 7).

4. SR BOLT ZMANN EQUAT IONS FOR NEUT RINOS

We start with the covariant form of Boltzmann equa-
t ion:

pµ ∂ f

∂xµ
+

dpi

dτ

∂ f

∂pi
=

δf

δτ col
, (1)

which is valid even in curved space-t ime. In the above
expression, f (= f (xµ , pi )) denotes the neutrino distri-
but ion funct ion in phase space; xµ and pµ are space-
t ime coordinates and four-momentum of neutrino, re-
spect ively; sincethe lat ter sat isfiestheon-shell condit ion:
pµ pµ = −m2

ν , in which mν is a neutrino mass, only three
of four components are independent and this is why only
spat ial components appear in the second term on the
left hand side; τ stands for the affine parameter of neu-
trino trajectory. The left hand side of Eq. (1) expresses a
geodesic motion in the phase space, while the right hand
side denotes symbolically the so-called collision terms,
i.e., the terms that give the rate of changes in f due to
neutrino-matter interact ions.

On the spherical coordinates in flat space-t ime, which
arethecoordinatesweemploy for the laboratory framein
our Eulerian approach, Eq. (1) is cast into the following

conservat ion form:

∂ f

∂ t
+

µν

r 2

∂

∂r
(r 2f ) +

1− µ2
ν cos φν

r sin θ

∂

∂θ
(sin θf )

+
1− µ2

ν sin φν

r sin θ

∂ f

∂φ
+

1

r

∂

∂µν

[(1− µ2
ν )f ]

−
1− µ2

ν

r

cos θ

sin θ

∂

∂φν

(sin φν f ) =
δf

δt

lb

col
, (2)

where r , θ, φ denote the spat ial variables; as three in-
dependent components of neutrino four-momentum, we
do not use its spacial components but adopt energy and
two angles, θν and φν (see Figure 3); µν is defined as
µν ≡ cosθν . In Eq. (2) and the rest of this paper, we as-
sume that neutrinos are massless, which is well just ified
as long as neutrino oscillat ions are ignored.

The collision term in Eq. (2), which is expressed with
the laboratory t imet, is related with theoriginal collision
term in equat ion (1) as

δf

δτ col
= εlb δf

δt

lb

col
, (3)

where εlb(≡ pt ) denotes the neutrino energy measured in
the laboratory frame. Similarly, the collision term in the
fluid-rest frame can be expressed with the proper t ime of
each fluid element (t̃) as

δf

δτ col
= εfr δf

δt̃

fr

col
, (4)

where εfr (≡ pt̃ ≡ − uµpµ ) denotes the neutrino energy
in the fluid-rest frame. Here uµ is the four-velocity of
matter.

x

p
Neutrino

dp

dx

3

3

(Real Space)

6 dimensional phase space

(Time evolution + Advection Term) (Collision Term)

Conservative form of GR Boltzmann eq.

Shibata, Nagakura, Sekiguchi, and Yamada (2014)
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t = 0.7s

Nagakura et al. 2019

Time [s]



- Core-collapse supernova (CCSN)

Massive stars (larger than 〜8 times solar masses) end up 
their life as core collapse supernovae (CCSNe)

High energy transient/astrophysical phenomena

Disseminate heavy elements into ISM 

Birth places for neutron stars and black holes

Astrophysical laboratories for high energy physics

Amusement parks for physicists
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Linear stability analysis of flavor instabilities

Dispersion relation approach

(Izaguirre et al. 2017) 1. Decomposing traceless part

2. Linearizing QKE equation

3. Plane-wave ansatz

4. Computing Dispersion relation 

1.

2.

3.

4.
(                          )

Momentum-space 
integration

Example: FFC 
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Neutrino oscillation with a plane-wave picture

Time

29

Time

~

~

~

Vacuum High matter density

*

*

*

Boltzmann transport becomes a 
reasonable approximation.
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Global Simulations of FFC in a BNSM environment
Nagakura 2023

Temporal evolution of FFCs in global scale:

Off-diagonal component of the density matrix (coherency of flavor states):

FFC occurs vividly in a narrow region.

The converted neutrinos spread in space by 
advections, leading to a radical change of 
neutrino radiation field.

Take-home messages:

●

●



Appearance of flavor swap and EXZS (ELN-XLN Zero Surface):

ELN - XLN Flavor coherency

35

- Global simulations of FFC (in BNSM)

νe

νx

Nagakura 2023
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Fast flavor swap would be ubiquitous in BNSM
Zaizen and Nagakura 2024

Colliding-beam model

Neutrino flavor swaps are inevitable from the perspective of stability .

P  =  1  : electron-type

P  =  0  : equipartition

P  = -1 : heavy-lepton type

3

3

3

Unstable
Non-steady 
Stable
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