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However, we remain ignorant about its basic properties for example the mass.
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What we know about dark matter

• 27% of the energy density of the universe. 
• Dark (transparent): no/weakly electromagnetic interactions. 
• Collisionless: no/weakly self-interaction or interaction with baryons 
• Cold (non-relativistic): moves much slower than c. 
• Pressureless: gravitational attractive, clusters.

The standard cosmological model, ΛCDM           DM is described as a cold DM fluid.
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Because of its ultra-light mass         Large de Broglie wavelength, 𝝀𝒅𝑩~𝟏 /𝒎𝒗

A slice of density field of ψDM simulation on various scales at z=0.1

Schive, Chiueh, and Broadhurst (2014)

• pc — kpc 
• Small scales: wavelike behaviour. 
• Solitons: stable equilibrium configurations          Flat density profile at the center of the halos. 

𝜆𝑑𝐵~ 

Radial density profiles of haloes formed in the ψDM model

4Laboratoire d’Astrophysique de Marseille (LAM)

Scalar Field Dark Matter (SFDM) at small scales
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SFDM at large scale scales

SFDM Recover CDM large scale distribution of filaments and voids

Schive, Chiueh, and Broadhurst (2014)
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Fuzzy DM  (FDM)

m
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SFDM model

DM is represented by a scalar field minimally coupled to gravity given by the Lagrangian:

The scalar field potential  must have a parabolic minimum𝑉 (𝜙)

m,  𝜆4

Quartic model

Repulsive            𝜆4 > 0
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Non-relativistic dynamics for quartic self-interaction

FIELD PICTURE: SCHRÖDINGER—POISSON SYSTEM (SP)

Schrödinger equation 
(Gross—Pitaevskii)

Poisson equation Ultra-light scalar density

Self-interaction potential

Laboratoire d’Astrophysique de Marseille (LAM)

Self-interactions (SI):

strength of the repulsive SI
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Non-relativistic dynamics of scalar field dark matter

Schrodinger equation 
(Gross—Pitaevskii)

Poisson equation Ultra-light scalar density

Self-interaction potential

Madelung form

HYDRODYNAMICAL PICTURE

Poisson equation

Euler equation

Continuity equation Quantum pressure

SCHRÖDINGER—POISSON SYSTEM (SP)

Laboratoire d’Astrophysique de Marseille (LAM)

Self-interactions (SI):

strength of the repulsive SI
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Non-relativistic dynamics of scalar field dark matter

Schrodinger equation 
(Gross—Pitaevskii)

Poisson equation Ultra-light scalar density

Self-interaction potential

Madelung form

HYDRODYNAMICAL PICTURE

Poisson equation

Euler equation

Continuity equation Quantum pressure

SCHRÖDINGER—POISSON SYSTEM (SP)

Soliton: hydrostatic equilibrium

Laboratoire d’Astrophysique de Marseille (LAM)

Self-interactions (SI):

strength of the repulsive SI
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Self-interacting soliton

Soliton: Hydrostatic equilibrium

In this approximation, the soliton density profile : 

Thomas-Fermi regime ≪
Soliton  TF limit

ra  sets Jeans length ! 

We consider the semi-classical limit, where λdB  is smaller than both the core and halo radii. 

Laboratoire d’Astrophysique de Marseille (LAM)

R.Galazo-García et al. (2024) 
acknowledgements to Jean Charles Lambert

Flat halo with ra of the order of the system
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Strong gravitational lensing signatures in galaxy clusters for self-interacting SFDM 

• DM structures (solitons) leave a gravitational imprint on the multiple images of lensed sources.  
• Multiple images provide a key test of different DM models  Independent of the baryonic content.

Self Interaction potential : 

Total halo profile:

Soliton

Halo

Scheme of strong gravitational lensing with SFDM 
Credit 1: NASA, ESA & L. Calçada & Credit 2:

Laboratoire d’Astrophysique de Marseille (LAM)Raquel Galazo-García

R.Galazo-García et al. (2024) 

Bullet Cluster

Field to be classical 
on cosmological scales

Scalar field behaves as dark 
matter 

Soliton is governed by the self-interactions
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General lensing equations

• We assume spherical symmetry and the thin approximation  size of the object is negligible compare to the angular distances.

Actual unobservable angular 
position to the source

Observable apparent angular 
position to the image

Deflection angle

Deflection angle Surface mass density

Laboratoire d’Astrophysique de Marseille (LAM)Raquel Galazo-García

zs = 1

zl = 0.2

Excess surface mass density
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NFW - Deflection angle and surface mass density
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• We build the NFW from the total mass of 
the system (  r200) and the 
concentration (  rs), and we get   .ρs

Ishiyama et al. (2021)

Mass-concentration relation of halos for the Uchuu simulation
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Total profile
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• We choose the model to study Rsol = πra

• We calculate the value of  and  such that  
 and the total 

mass of the system is conserved.

rt ρ0sol
Msol( < rt) = αMNFW( < rt)

• We have slight flexibility in the choice of  as 
long as we are in the Newtonian regime 
( ) and the mass of the system 
varies minimally.

α

M ∼ 1017M⊙
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Study case: Halo M ∼ 1015M⊙

Laboratoire d’Astrophysique de Marseille (LAM)Raquel Galazo-García

Kinematics Multiple images
Weak lensing

Comparison with Andrew B. Newman, Tommaso Treu, Richard S. Ellis, and David J. 
Sand, 2013

Comparison with Dark Energy Survey Year 1 Results: Weak 
Lensing Mass Calibration of redMaPPer Galaxy Clusters 2018
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Study case: Halo M ∼ 1015M⊙

Difference of deflection angle NFW-Soliton Excess surface mass density
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Summary and outlook
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• SFDM as a Strong Alternative: SFDM presents a promising alternative for describing dark matter. 

• Unique Lensing Patterns: Differences in SI-SFDM density create distinct gravitational lensing signatures 

• Parameter Constraints: Preliminary results suggest we can constrain SI-SFDM parameters. 

• Challenges with Massive Clusters: While the relevant parameter space is more accessible in massive clusters, these clusters pose 
greater modeling challenges. 

• Insights from Less Massive Clusters: Less massive clusters provide less constraining data but still offer valuable insights. 

• Soliton Mass Constraints: We can accurately constrain the soliton mass in SI-SFDM            Core halo relation in this model. 

• Strong Lensing Insights: Strong lensing can help probe SFDM properties, especially in cluster centers 

• Next step: LENSTOOL Implementation: Calculating profiles using LENSTOOL enhances our SFDM analysis.
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Constraining Scalar Field Dark Matter scenarios with Gravitational Lensing
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Non-relativistic dynamics of scalar field dark matter

• At small-scales, expansion of the universe is negligible

FIELD PICTURE: SCHRÖDINGER—POISSON SYSTEM (SP)

Schrödinger equation 
(Gross—Pitaevskii)

Poisson equation Ultra-light scalar density

Self-interaction potential

SP system scaling law for FDM or Quartic model

Laboratoire d’Astrophysique de Marseille (LAM)
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SFDM Motivation: Explanation to CDM small-scales tensions

Density profiles observations and simulations

Missing satellite problem Core/cusp problem

Antonino Popolo, Morgan Le Delliou (2017)

Predicted ΛCDM substructure                                                           Known Milky Way satellites 

Simulation by V. Robles and T. Kelley 
and collaborators.

James S. Bullock, M. Boylan-Kolchin, 
M. Pawlowski

Laboratoire d’Astrophysique de Marseille (LAM)
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SFDM Motivation 2) Alternative to CDM N-Body simulations
FDM comoving Vlasov equation

Using Schrodinger equation to compute 
collisionless cold dark mater  

Kaiser (1993)

Philip Mocz and Lachlan Lancaste 
Anastasia Fialkov and Fernando Becerra 

Pierre-Henri Chavanis (2018).

Cosmological simulation at z=3, evolved either as CDM (VP eq) or as FDM (SP)

Raquel Galazo-García Laboratoire d’Astrophysique de Marseille (LAM)



 Introduction             Self-interacting scalar field dark matter       Strong gravitational lensing in SI-SFDM       Conclusion

25

Summary and outlook

Laboratoire d’Astrophysique de Marseille (LAM)Raquel Galazo-García
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Difference NFW - Soliton deflection angle

Laboratoire d’Astrophysique de Marseille (LAM)Raquel Galazo-García

•  , M = 2 ⋅ 1015M⊙ α = 3

Abell 1709 
Credit: NASA, ESA, and Johan Richard (Caltech, USA)

Difference of deflection angle NFW-Soliton

ra = 5kpc → ρc ∼ 3.72 ⋅ 108M⊙ /kpc3

NFW : rs = 800 kpc, ρs ∼ 5.77 ⋅ 105M⊙ /kpc3

ra = 15kpc → ρc ∼ 1.17 ⋅ 108M⊙ /kpc3
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Soliton - Deflection angle and surface mass density
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α = 3, ra = 5 kpc, rt = 14 kpc

•  , M = 2 ⋅ 1014M⊙ α = 3

ra = 5kpc → ρc ∼ 2.18 ⋅ 108M⊙ /kpc3

ra = 15kpc → ρc ∼ 6.30 ⋅ 107M⊙ /kpc3

Difference of deflection angle NFW-Soliton
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Self-interacting soliton

Soliton: Hydrostatic equilibrium

In this approximation, the soliton density profile : 

Thomas-Fermi regime ≪
Soliton  TF limit

ra  sets Jeans length ! 

We consider the semi-classical limit, where λdB  

is smaller than both the core and halo radii. 

Laboratoire d’Astrophysique de Marseille (LAM)

R.Galazo-García et al. (2024) 
acknowledgements to Jean Charles Lambert

Flat halo with ra of the order of the system

https://www.youtube.com/watch?v=ktuOch_9QMo
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NFW - Deflection angle and surface mass density

Laboratoire d’Astrophysique de Marseille (LAM)Raquel Galazo-García

• We build the NFW from the total mass of 
the system (  r200) and the 
concentration (  rs), and we get   .ρs

Galaxy Groups in the SL2S

Ishiyama et al. (2021)

Mass-concentration relation of halos for the Uchuu simulation
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Initial  and WKB approximation𝝍𝒉𝒂𝒍𝒐

Objective: To build a target radial halo density profile with random initial conditions.

Eigenmodes of the Schrödinger eq. in the presence of the due to the 
halo. (Spherical harmonics – time independent.)

Φ𝑁

The coefficients of the eigenmodes:

Initial halo wavefunction:

Uncorrelated random phases.

Amplitude: deterministic function of the energy. 
Occupation numbers.

Semi-classical regime -> WKB valid

1. We choose the target density profile      and we compute f(E): 

2.    We determine the eigenmode coefficients a(E) with f(E): 

3.    We determine the initial halo wavefunction:

The WKB approximation is only used for the determination of the initial eigenmodes coefficients. 
We solve explicitly the time-independent Schrödinger equation.

Laboratoire d’Astrophysique de Marseille (LAM)
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Numerical method

Integrating Schrödinger eq.

Trapezoidal rule for 𝝫 & splitting the exp.

Rescalings:

Dimensionless Schrödinger-Poisson system

Diagonal in configuration space  
Diagonal in Fourier space

Laboratoire d’Astrophysique de Marseille (LAM)
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I) Flat halo with ra of the order of the system

Potential at t=150𝝆𝒎𝒂𝒙 ,  𝑬𝑲,  𝑬𝑰,  𝑬𝑵 Density slice 2D (x,y) at z=rmax, (𝝆𝒎𝒂𝒙)

• At t 8, the soliton is formed with Rsol = 0.5 and contains about 40% of the total mass. 
• The system reaches a quasi-stationary state. 
• Afterwards, and the energies only show a slow evolution.  

~ 

𝜌𝑚𝑎𝑥 

 = 0.5
x/y/zt

𝝓
=

 𝝓
𝑰

+
𝝓 𝑵

x

y

Soliton

Laboratoire d’Astrophysique de Marseille (LAM)
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II) Flat halo with ra much smaller than  system

Density slice 2D (x,y) at z=rmax, (𝝆𝒎𝒂𝒙)

, EK, EN, EI𝝆𝒎𝒂𝒙 Potential at t=250Potential at t=180

x/y/z x/y/z x/y/z

x/y/z x/y/z

x

y

𝝆

t

𝝆 𝝆

Density at t=0 Density at t=180 Density at t=250 

𝝓
=

 𝝓
𝑰

+
𝝓 𝑵

𝝓
=

 𝝓
𝑰

+
𝝓 𝑵

Transition from a FDM phase to a self-interacting phase.

• By t ∼ 100, the halo relaxes to a quasi-stationary state. 
• At t 180, FDM peak. 
• At t  200, self-interacting soliton forms, Rsol = 0.1 .

~
~

Soliton

Laboratoire d’Astrophysique de Marseille (LAM)
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Kinetic theory

• Simple kinetic equations: the interplay between smooth background and stochastic fluctuations. 

• Focuses on occupation numbers of central soliton and halo eigenstates. 

• Effects of self-interactions and non-homogeneous background ->decompose into eigenmodes of reference potential, 
similar to halo description. 

• Importance of distinguishing smooth background from stochastic fluctuations: Fluctuations introduce randomness and are 
crucial in system’s evolution. 

If the.      is fixed,                  can be decomposed as usual in energy 
eigenmodes with the simple time dependence.

Dimensionless Schrödinger-Poisson system

Laboratoire d’Astrophysique de Marseille (LAM)
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We focus on an effective model of scalar dark matter that remains valid below a specific cut-off energy 
scale, denoted as Λ
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Field picture

• Relativistic regime + FLRW background:

• The Einstein-Klein Gordon system.

• The non-relativistic regime relevant for structure formation, it is useful to 
introduce a complex scalar 𝜓

𝜓̈ ≪ 𝑚 𝜓̇ Factor-out the fast time oscillation of 𝝓 
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Field picture: Schrodinger—Poisson system (SP)

The equations of motion of the action yield the Nonlinear Schrödinger—Poisson system:

At small-scales, expansion of the universe is negligible:
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Mass limits

Highlighted regions are the forbidden regions for the mass each 
of those comes from a different observation
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Cosmological evolution

Slide: Elisa M Ferreira 
Cosmology from home 
2022
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Slide: Lam Hui 
Les Houches Summer School 
2021
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Soliton growth rate for a cuspy halo
Growth with time of the soliton Msol(t) Growth rate as a function of Msol

• The soliton always grows, with a growth rate 
that decreases with time.  

• The numerical simulations suggest that the 
central soliton can slowly grow until it makes a 
large fraction of the total mass of the system, of 
the order of 40%. 

• There is no clear sign of a scaling regime, as the 
growth rate still depends on the initial conditions 
at late times. 

• Our ansatz underestimate Γsol, which remains 
positive but steadily decreasing in the numerical 
simulations. 

Laboratoire d’Astrophysique de Marseille (LAM)
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I) Cuspy halo with ra of the order of the system

Density slice 2D (x,y) at z=rmax, (𝝆𝒎𝒂𝒙)

• At t  4, the soliton forms and contains about 33% of the total mass. 
• The relaxation depletes and diffuses the halo. 
• Central region: self-interacting soliton & high-density spikes far from hydrostatic eq. 

~

x/y/z x/y/z

𝝆

t

𝝆

𝝓
=

 𝝓
𝑰

+
𝝓 𝑵

x/y/z

, EK, EN, EI𝝆𝒎𝒂𝒙 Potential at t=130

Density at t=0 Density at t=130 

x

y

Soliton
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I) Cuspy halo with ra  much smaller than the system

Density slice 2D (x,y) at z=rmax, (𝝆𝒎𝒂𝒙)

• At t 2, formation of the central soliton 
• No narrow density spikes, supported by the quantum pressure, inside this soliton.  
• The hierarchy of scales: ra = 50 λdB

~

x/y/z x/y/z

𝝆𝝆

Density at t=0 Density at t=130 

t x/y/z

, EK, EN, EI𝝆𝒎𝒂𝒙 Potential at t=130

𝝓
=

 𝝓
𝑰

+
𝝓 𝑵

x

y

Soliton
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WKB 



 Introduction        Self-similar solutions for FDM        Solitons and halos for quartic self-interaction        Soliton and halos for truncated self-interaction        Conclusion

Institut de Physique Théorique - CEARaquel Galazo-García 55


