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Gaia measures at L2 of the Earth-Sun system  
position (direction and distance) and velocity  

of over 1 billion stars in our Galaxy 
with an accuracy of up to 1 microarcsecond  
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ESA mission launched in 2013, nominal lifetime 5 years, extended up to 2025 

0”,000001 = 
micro(µ) arc 

sec



The location of an object in astrometry is 
considered reliable if its relative error is less 10%

parallax π(arcsec) ≈ 1(UA)/d*(pc)

π ≈ σπ ⋅ 10

Gaia

Hipparcos σπ = 1 mas = 10−3arcsec

σπ = 10 μas = 10−5arcsec

π ≈ 10−2arsec π ≈ 10−4arsec
d* = 100 pc

solar neighoborhood

d*= 10 kpc

Galactic scale!
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end-of-mission astrometric 
accuracies better than 5-10μas 

(brighter stars)  
130-600μas (faint targets)

spectral classification

photometric distances


brightness

temperature


mass

age


chemical composition

radial velocity

chemical abundances

positions  
proper motions 
parallaxes

Science with one/two 
billion objects in 3 

dimension,  
from structure and 

evolution of the MW 
to GR tests 

G < 20.7 mag

G_RVS= 16.2  


Astrometry

Spectrometry

Photometry

total brightness and colour of stars observed by ESA's Gaia satellite 

total density of stars observed by ESA's Gaia satellite
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 Gaia Data Release 3 in numbers https://www.cosmos.esa.int/web/gaia/data-release-3

Next Gaia DR4 (based on 66 months of data) 
not before the first quarter of 2026 will be 

consisting of:


Full astrometric, photometric, and radial-velocity 
catalogues

All available variable-star and non-single-star solutions

Source classifications (probabilities) plus multiple 
astrophysical parameters (derived from BP/RP, RVS, 
and astrometry) for stars, unresolved binaries, galaxies, 
and quasars

An exoplanet list

All epoch and transit data for all sources!


Gaia DR5 (based on all mission data) not 
before the end of 2030 will be consisting of 
Complete Gaia Legacy Archive of all data 
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Data Release Scenario  http://www.cosmos.esa.int/web/gaia/release
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theoretical, analytical and/or numerical models, completely 
based on General Relativity and relativistic attitude 
(satellite or ground based observers) 

Stars belong to the architecture of spacetime which is dictated by the Einstein equations  

micro-arcsecond accuracy + Solar System gravitational 
fields => relativistic models for the light-ray propagation, 

from the observer to the star 

 Astrometry 

α,δ,µα,µδ,π,…

increasingly accurate astronomical data
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theoretical, analytical and/or numerical models, completely 
based on General Relativity and relativistic attitude 
(satellite or ground based observers) 

Stars belong to the architecture of spacetime which is dictated by the Einstein equations  

micro-arcsecond accuracy + Solar System gravitational 
fields => relativistic models for the light-ray propagation, 

from the observer to the star 

 Astrometry 
Relativistic Astrometry

α,δ,µα,µδ,π,…

increasingly accurate astronomical data
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Source count maps based on the Gaia DR3 data.
Image credit: ESA/Gaia/DPAC
Image license: CC BY-SA 3.0 IGO

Acknowledgement: Images were created by André Moitinho and Márcia Barros, University of Lisbon, Portugal

M. Crosta et al. “General relativistic observable for gravitational astrometry in the 
context of the Gaia mission and beyond”  PRD 96 (2017)

the trajectories of photons emitted by the stars 
  - null geodesics - 

should be as fundamental as  
the equation of stellar evolution! 

Gaia: the Era of Relativistic Astrometry

Barycentric Celestial Reference System
The BCRS is a particular reference system in the curved space-time  
       of the Solar system

• One can use any 

• but one should fix one : 

ICRF by VLBI
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Ephemeride Astrometry

M.Crosta. “Astrometry in the 21st century. From Hipparchus to Einstein” 
 La Rivista del Nuovo Cimento 42 (2019)
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the Consortium constitued for the Gaia data reduction (DPAC)  
agreed to set up, respectively, two independent global sphere solutions 

and 2 independent GR models: 
GREM (Gaia RElativistic Model) - AGIS

RAMOD (Relativistic Astrometric MODel) -GSR

IAU metric for the definition of the Celestial Coordinate Systems (BCRS)
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The use of Gaia data must be parallel with the 
utilization of the most advanced cosmological 
simulations with baryonic matter (gas and stars)

Gravitational astrometry @ Milky Way scale

Given a relativistic approach for the data analysis and processing, any subsequent exploitations 
should be consistent with the precepts of the theory underlying the astrometric model

➢ Local Cosmology:  Lambda-CDM model 
predictions  at the scale of the Milky Way 

Gaia can provide values (true observables) to estimate 
model parameters 

A fully relativistic model for the Milky Way (MW) should be pursued! 

From Relativistic Astrometry to Gravitational Astrometry:  
data interpretation, the impact of GR models for Fundamental Physics/ 
Local Cosmology

  the position and velocity data, comprising the outputs of the Gaia mission, are fully GR compliant             
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The growth of cosmic structures: 
•  primordial density fluctuations produced during inflation

• dominant mass component is cold dark-matter (CDM)

• fluctuations grow under the action of gravity

• ΛCDM power spectrum: small objects collapse first

• Gas cooling and star formation

• Galaxy evolution and merging 


ΛCDM - Hierarchical scenario

Examples of galactic 
building blocks in 

 protogalaxies 
observed by JWST  

 
”The cosmic rose”  

(0.1 Gyr)
“The big clumpy”  

 (0.3 Gyr)
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Open questions 

• How many mergers in the history of the Milky Way?


• How large were they?


• When did the mergers take place?


• How the mergers have affected the Milky Way?
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Thin/thick disc

Bulge 

Halo streams

Stellar halo 
(in situ, accreted satellites, 

heated disc stars)

Satellites

Accreted/unevolved 
disc star

Galactic components 
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Galactic halo formation -merging contributions

Babusioux et al (2018)

Amina Helmi et al. 2018, “The merger that led to the formation of the Milky Way's 
inner stellar halo and thick disk”, Nature, 563, 85 

Abstract. … We demonstrate that the inner halo is dominated by debris from an 
object which at infall was slightly more massive than the Small Magellanic Cloud ….

Major merger: Gaia – Sausage – Enceladus (GSE) 
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Galactic halo formation - tidal contributions 

Sagittarius dwarf galaxy interaction with the MW

D ≈ 26 kpc    
L ≈ 108 L◉ 

1st
2nd

3rd

Star Formation History in the ~2-kpc-radius bubble around the Sun distinguishing between the thin and thick disks 
(selected on the basis of tangential velocity). 
Green-shaded areas highlight the location of the detected star-forming bursts. 
Three conspicuous and narrow episodes of enhanced star formation that we can precisely date as having occurred 
5.7, 1.9 and 1.0 Gyr ago, which coincide with proposed pericentre passages of the Sagittarius dwarf galaxy.

Ruiz Lara et al 2020
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Galactic halo formation - substructures 
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Toomre diagram.  
The traditional kinematic selection for 
halo stars, |ν − νLSR | > 230 km/s, 
represented by the dashed line. 

Re Fiorentin et al (2021, 2024 in 
preparation)

LXY vs. LZ  distribution of Icarus stars (yellow and red 
dots) 

The red solid lines indicate the GSE locus (Helmi+2018).  
The debris of the simulated 10°-inclination prograde 
satellite with a stellar mass of ~109MSun  analysed in Re 
Fiorentin+2015 are overplotted for comparison (grey 
diamonds). 

Galactic disc - Icarus:  accreted/unevolved stars
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Flat rotation curves in disk galaxies - a longest outstanding 
problem in astronomy - provide the main observational 
support to the hypothesis of surrounding dark matter.
Adding a “dark matter” halo allows a good fit to data 

Stellar kinematics, as tracer of gravitational potential, is the most reliable observable for gauging different matter components 

Rotation curves are distinctive features of spiral galaxies like 
our Milky Way, a sort of a kinematical/dynamical signature, 
like the HR  diagram for the astrophysical content

By routinely scanning individual sources throughout the 
whole sky, Gaia directly measures the (relativistic) kinematics 

of the stellar component

Galactic disc: rotation curves 

->  the rotation curve of the MW used as a first test 
for a GR Galaxy
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In general one assumes that: 

gravitational potential or “relativistic effects” at the MW scale are usually 
“small”, then  

✓negligible..
✓locally Newton approximation is retained valid at each point.. 

weak field regime @Milky Way scale
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In general one assumes that: 

gravitational potential or “relativistic effects” at the MW scale are usually 
“small”, then  

✓negligible..

(vGal/c)2 ∼ 0,69 x10-6 (rad) ∼100 mas 
    (vGal/c)3 ∼ 0,57 x10-9 (rad) ∼

the individual  astrometric error is  
throughout most of its magnitude range

✓locally Newton approximation is retained valid at each point.. 

weak field regime @Milky Way scale

≤ 100μas

120μas
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In general one assumes that: 

gravitational potential or “relativistic effects” at the MW scale are usually 
“small”, then  

✓negligible..

(vGal/c)2 ∼ 0,69 x10-6 (rad) ∼100 mas 
    (vGal/c)3 ∼ 0,57 x10-9 (rad) ∼

the individual  astrometric error is  
throughout most of its magnitude range

“weakly” relativistic effect could be relevant? 

✓locally Newton approximation is retained valid at each point.. 

weak field regime @Milky Way scale

≤ 100μas

120μas

 For the Gaia-like observer the weak gravitational 
regime turns out to be "strong" when one has to 

perform high accurate measurements 
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  Neptune (as “dark” planet in the orbit of Uranus….a new “Newtonian” planet!

Lesson from the past

1846 observed by Johann Galle within a degree of 
the position predicted by Le Verrier 
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  Neptune (as “dark” planet in the orbit of Uranus….a new “Newtonian” planet!

575 “ 
per 
secolo 

1.  pianeta Vulcano? 
(Le Verrier) 

2.  anello di asteroidi 
intermercuriali? 

3.  costante J2? 
7.  deviazione da 1/r2? 

(Newcomb) 

excess of the perihelion shift of Mercury, 43”/100yr

Lesson from the past

1846 observed by Johann Galle within a degree of 
the position predicted by Le Verrier 

advancement of Mercury’s perihelion: instead of correcting the 
dynamics by adding a "dark planet" (Vulcano) following the 
case of Neptune, GR cured the anomalous precession by 
accounting for the weak non-linear gravitational fields 
overlapping nearby the Sun. 

It amounts to only 43"/century, because of the small curvature, however the effect 
was ”strong” enough to justify a modification of the Newtonian theory
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Lense-Thirring effect, the distortion of 
space-time due to rotating masses:  

new (weak) relativistic effect!
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The small curvature limit in General Relativity  may not coincide with the Newtonian regime
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The small curvature limit in General Relativity  may not coincide with the Newtonian regime

 need to compare the GR model and the classical one
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”Classic” Milky Way (MWC) model with NFW dark matter halo

Newtonian limit applied for Galactic 
dynamics -> Poisson’s equation

∇2Φ = 4πG(ρb + ρd + ρh)
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”Classic” Milky Way (MWC) model with NFW dark matter halo

Newtonian limit applied for Galactic 
dynamics -> Poisson’s equation

∇2Φ = 4πG(ρb + ρd + ρh)

ρb =
3b2

b Mb

4π(r2 + b2
b)5/2 ρd(R, z) =

Mdb2
d

4π
[adR2 + (ad + 3 z2 + b2

d )(ad + z2 + b2
d )2]

[R2 + (ad + z2 + b2
d )2]

5/2

(z2 + b2
d)3/2

ρh(r) = ρhalo
0

1
(r/Ah)(1 + r/Ah)2

3. Navarro-Frank-White DM halo2. Miyamoto-Nagai thin and thick discs1. Plummer bulge 

Pouliasis, E., Di Matteo, P.

Bovy, J. 2015, ApJs, 216, 29 

McMillan, P. J. 2017, MNRAS, 465, 76-94

Navarro, J. F., Frenk, C. S. and White, S. D. M. 1996, ApJ, 462, 563 

Korol, Rossi & Barausse (2019) 

Mb, Mtd, MTd, atd, aTd , bb, bd, ρ0halo and Ah correspond to the bulge 
mass, the masses and the scale lengths/heights of the thin and thick 
discs, the halo scale density, and the halo radial scale

  Haywood, M. 2017, A&A, 598, A66
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”Classic” Milky Way (MWC) model with NFW dark matter halo

Newtonian limit applied for Galactic 
dynamics -> Poisson’s equation

∇2Φ = 4πG(ρb + ρd + ρh)

ρb =
3b2
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5/2

(z2 + b2
d)3/2

ρh(r) = ρhalo
0

1
(r/Ah)(1 + r/Ah)2

MWC velocity profile 

3. Navarro-Frank-White DM halo2. Miyamoto-Nagai thin and thick discs1. Plummer bulge 

∇2Φtot = 4πG(ρb + ρtd + ρTd + ρh) V2
c = R (dΦtot /dR)

Pouliasis, E., Di Matteo, P.

Bovy, J. 2015, ApJs, 216, 29 

McMillan, P. J. 2017, MNRAS, 465, 76-94

Navarro, J. F., Frenk, C. S. and White, S. D. M. 1996, ApJ, 462, 563 

Korol, Rossi & Barausse (2019) 

Mb, Mtd, MTd, atd, aTd , bb, bd, ρ0halo and Ah correspond to the bulge 
mass, the masses and the scale lengths/heights of the thin and thick 
discs, the halo scale density, and the halo radial scale

  Haywood, M. 2017, A&A, 598, A66
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MOND 

gMOND = η ( gN

g0 ) g0

η ( gN

g0 ) = (1 − e− gN /g0)−1

g0 = (1 . 20 ± 0 . 02)10−10ms−2

VMOND(R, Vbar) =
Vbar

1 − e−Vbar/ Rg0

gravitational acceleration, gN   
c o n v e n t i o n a l N e w t o n i a n 
acceleration, baryonic matter alone 

interpolation function setting the 
transition between the Newtonian 
and the deep MOND regimes 
through the acceleration scale g0


gravitational acceleration gMOND = centripetal acceleration

acceleration scale, constrained to 
extremely tight values by the 
observed Radial Accelerat ion 
Relation of external galaxies (Lelli et 
al. 2017)


2

the analytical expression proposed by McGaugh (2008),
namely

⌘

✓
gN

g0

◆
=

⇣
1� e

�
p

gN/g0
⌘�1

. (2)

This interpolation function has been shown to provide
an excellent representation of the Radial Acceleration
Relation (RAR) observed for external disc galaxies (Lelli
et al. 2017; McGaugh et al. 2016).
If we equal the gravitational acceleration gMOND to

the centripetal acceleration g = V
2
/R of an object or-

biting in circular motion with velocity V at a distance R
from the center of a disc galaxy, the Mondian rotation
velocity results

VMOND(R, gN) =

s
RgN

1� e
�
p

gN/g0
. (3)

Similarly, the magnitude of the Newtonian acceleration
originated by the distribution of the baryonic matter
alone can be written as gN = V

2

bar
/R; therefore the above

expression becomes

VMOND(R, Vbar) =
Vbarp

1� e�Vbar/
p
Rg0

. (4)

Here, we assume the same density distributions used
in Beordo et al. (2024) for the baryonic components
of the Milky Way (i.e. a Plummer bulge and two
Miyamoto-Nagai discs), so that the MWC and MOND
models do not di↵er where Newtonian gravity domi-
nates. While in the MWC model of Beordo et al. (2024)
the total rotation curve is given by adding in quadra-
ture the dark matter halo component (namely V

2

bar
+V

2

h
,

where V
2

bar
= V

2

b
+ V

2

td
+ V

2

Td
), in the MOND model the

pure Mondian boost is represented by the denominator
of equation (4) and writes explicitly as

V
MOND

boost
(R, Vbar)=

q
V

2

MOND
� V

2

bar
(5)

=Vbar

p
⌘(R, Vbar)� 1 .

The free parameters of the baryonic matter distribution
share the same prior distributions of the MWC model
(for details see Sections 2 and B of Beordo et al. 2024).
As an additional parameter of the model, we have

the acceleration scale g0, which has been constrained
to extremely tight values by the observed RAR of ex-
ternal galaxies (Lelli et al. 2017), namely g0 = (1.20 ±
0.02)⇥ 10�10 m s�2. This scale is supposed to be fixed
in the framework of MOND. However, given the small
uncertainty on the parameter, setting a Gaussian prior
N (µ = 1.20,� = 0.02) ⇥ 10�10 m s�2 does not a↵ect
the results (Li et al. 2018); therefore, strictly following
the Bayesian approach, we prefer to not fix it and to
marginalize over it afterwards.

3. ⇤CDM MODEL WITH EINASTO HALO
PROFILE

We consider the distribution of cold dark matter
within the ⇤CDM scenario to follow the Einasto den-
sity profile (Einasto 1965), namely

⇢Einasto(r) = ⇢s exp

⇢
� 2

↵

✓
r

rs

◆↵

� 1

��
. (6)

Consistently with the prescriptions of Li et al. (2019),
the parameters of the Einasto profile are written in
terms of the halo concentration C200 ⌘ r200/rs, where
the virial radius r200 is defined such that the enclosed
average density is 200 times the critical density of the
Universe, i.e. ⇢200 = 200⇢c = 75H2

0
/(⇡G), withH0 = 67

km s�1 Mpc�1 (Planck Collaboration et al. 2014; Dut-
ton & Macciò 2014); from here, the rotation velocity and
the enclosed halo mass at the virial radius are then

V200 = 10C200rsH0 ; M200 =
V

3
200

10G2H
2
0

. (7)

With this redefinition, the following boundaries are set:
0 < C200 < 100, 10 < V200 [km s�1] < 500, and 0 < ↵ <

2 (Li et al. 2019). Three prior distributions, coming
from N -body simulations within the ⇤CDM cosmology,
are then imposed to constrain the parameters:

• Stellar Halo Mass (SHM) relation (Moster et al.
2013):

M?

M200

= 2N

"✓
M200

M1

◆��

+

✓
M200

M1

◆�
#�1

, (8)

where M? = Mb +Mtd +MTd, log(M1) = 11.59,
N = 0.0351, � = 1.376 and � = 0.608, with scatter
�(logM?) = 0.15 dex.

• Halo mass-concentration relation (Macciò et al.
2008):

log(C200) = a+ b log(M200/[10
12
h
�1M�]), (9)

where a = 0.977 and b = �0.130 assuming the
Planck cosmology, with a scatter of 0.11 dex.

• Einasto shape parameter as a function of halo
mass (Dutton & Macciò 2014):

↵ = 0.0095�2 + 0.155, (10)

with a scatter of 0.16 dex, where log(�) =
�0.11+0.146m+0.0138m2+0.00123m3 and m =
log(M200/[1012h�1M�]).

Again, the baryonic matter distribution is modeled in
the same way as the MOND and MWC models (see Sec-
tion 2 of Beordo et al. 2024).

EINASTO DENSITY PROFILE 

parameters of the Einasto profile 

2

the analytical expression proposed by McGaugh (2008),
namely

⌘

✓
gN

g0

◆
=

⇣
1� e

�
p

gN/g0
⌘�1

. (2)

This interpolation function has been shown to provide
an excellent representation of the Radial Acceleration
Relation (RAR) observed for external disc galaxies (Lelli
et al. 2017; McGaugh et al. 2016).
If we equal the gravitational acceleration gMOND to

the centripetal acceleration g = V
2
/R of an object or-

biting in circular motion with velocity V at a distance R
from the center of a disc galaxy, the Mondian rotation
velocity results

VMOND(R, gN) =

s
RgN

1� e
�
p

gN/g0
. (3)

Similarly, the magnitude of the Newtonian acceleration
originated by the distribution of the baryonic matter
alone can be written as gN = V

2

bar
/R; therefore the above

expression becomes

VMOND(R, Vbar) =
Vbarp

1� e�Vbar/
p
Rg0

. (4)
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The free parameters of the baryonic matter distribution
share the same prior distributions of the MWC model
(for details see Sections 2 and B of Beordo et al. 2024).
As an additional parameter of the model, we have

the acceleration scale g0, which has been constrained
to extremely tight values by the observed RAR of ex-
ternal galaxies (Lelli et al. 2017), namely g0 = (1.20 ±
0.02)⇥ 10�10 m s�2. This scale is supposed to be fixed
in the framework of MOND. However, given the small
uncertainty on the parameter, setting a Gaussian prior
N (µ = 1.20,� = 0.02) ⇥ 10�10 m s�2 does not a↵ect
the results (Li et al. 2018); therefore, strictly following
the Bayesian approach, we prefer to not fix it and to
marginalize over it afterwards.

3. ⇤CDM MODEL WITH EINASTO HALO
PROFILE
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Consistently with the prescriptions of Li et al. (2019),
the parameters of the Einasto profile are written in
terms of the halo concentration C200 ⌘ r200/rs, where
the virial radius r200 is defined such that the enclosed
average density is 200 times the critical density of the
Universe, i.e. ⇢200 = 200⇢c = 75H2
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With this redefinition, the following boundaries are set:
0 < C200 < 100, 10 < V200 [km s�1] < 500, and 0 < ↵ <

2 (Li et al. 2019). Three prior distributions, coming
from N -body simulations within the ⇤CDM cosmology,
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where M? = Mb +Mtd +MTd, log(M1) = 11.59,
N = 0.0351, � = 1.376 and � = 0.608, with scatter
�(logM?) = 0.15 dex.

• Halo mass-concentration relation (Macciò et al.
2008):

log(C200) = a+ b log(M200/[10
12
h
�1M�]), (9)
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• Einasto shape parameter as a function of halo
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with a scatter of 0.16 dex, where log(�) =
�0.11+0.146m+0.0138m2+0.00123m3 and m =
log(M200/[1012h�1M�]).

Again, the baryonic matter distribution is modeled in
the same way as the MOND and MWC models (see Sec-
tion 2 of Beordo et al. 2024).
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virial radius r200: the enclosed average density is 200 
times the critical density of the Universe (Planck 
Collaboration et al. 2014; Dutton & Maccio` 2014)

rotation velocity 

July 8 2024, Crosta -  L'Aquila (Italy)



GR model for the Milky Way

Einstein equation are very difficult to solve analytically and Galaxy is a multi-structured 
object making it even the more difficult to detail a metric for the whole Galaxy
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1. Stationarity and axisymmetry spacetime 

2. Reflection symmetry (around the galactic plane) 

3. Disc is an equilibrium configuration of a pressure-less rotating perfect fluid (a GR dust) 

4. Masses inside a large portion of the Galaxy interact only gravitationally and reside far from the central bulge region

ds2 = − e2U(dt + Adϕ)2 + e−2U (e2γ(dr2 + dz2) + Wdϕ2)

GR model for the Milky Way

Einstein equation are very difficult to solve analytically and Galaxy is a multi-structured 
object making it even the more difficult to detail a metric for the whole Galaxy

Galactic metric-disc

Lewis-Papapetrou class
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1. Stationarity and axisymmetry spacetime 

2. Reflection symmetry (around the galactic plane) 

3. Disc is an equilibrium configuration of a pressure-less rotating perfect fluid (a GR dust) 

4. Masses inside a large portion of the Galaxy interact only gravitationally and reside far from the central bulge region

ds2 = − e2U(dt + Adϕ)2 + e−2U (e2γ(dr2 + dz2) + Wdϕ2)

GR model for the Milky Way

Einstein field Eq.  r∂zν + ∂rN∂zN = 0

2r2(∂r∂rν + ∂z∂zν) + (∂rN )2 + (∂zN )2 = 0

r(∂r∂rN + ∂z∂zN ) − ∂rN = 0

(∂rN )2 + (∂zN )2 = kr2ρeν

2r∂rν + (∂rN )2 − (∂zN )2 = 0

Einstein equation are very difficult to solve analytically and Galaxy is a multi-structured 
object making it even the more difficult to detail a metric for the whole Galaxy

Galactic metric-disc

ds2 = − (dt − Ndϕ)2 + r2dϕ2 + eν(dr2 + dz2)

For dust (shear free and expansion free)  

Lewis-Papapetrou class

July 8 2024, Crosta -  L'Aquila (Italy)



1. Stationarity and axisymmetry spacetime 

2. Reflection symmetry (around the galactic plane) 

3. Disc is an equilibrium configuration of a pressure-less rotating perfect fluid (a GR dust) 

4. Masses inside a large portion of the Galaxy interact only gravitationally and reside far from the central bulge region

ds2 = − e2U(dt + Adϕ)2 + e−2U (e2γ(dr2 + dz2) + Wdϕ2)

GR model for the Milky Way

Einstein field Eq.  r∂zν + ∂rN∂zN = 0

2r2(∂r∂rν + ∂z∂zν) + (∂rN )2 + (∂zN )2 = 0

r(∂r∂rN + ∂z∂zN ) − ∂rN = 0

(∂rN )2 + (∂zN )2 = kr2ρeν

2r∂rν + (∂rN )2 − (∂zN )2 = 0

N(r, z) = V0(Rout − rin) +
V0

2 ∑
±

( (z ± rin)2 + r2 − (z ± Rout)2 + r2)

rin = bulge size  

Rout =  extension of the MW disk-> Galaxy size 

V0 =   velocity in the flat regime

|z| < rin

the function N(r,z) was solved  by Balasin & Grumiller (BG)

Einstein equation are very difficult to solve analytically and Galaxy is a multi-structured 
object making it even the more difficult to detail a metric for the whole Galaxy

ρ(R, z) = e−ν(R,z) 1
8πR2 [(∂RN(R, z))2 + (∂zN(R, z))2]

Galactic metric-disc

ds2 = − (dt − Ndϕ)2 + r2dϕ2 + eν(dr2 + dz2)

For dust (shear free and expansion free)  

Lewis-Papapetrou class

(Balasin and Grummiler, Int.J. Mod. Phys., 2008)

physical boundaries: for r >> N, far from r = 0, and 

✓Einstein equation allows to treat separately velocities and density
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1. Stationarity and axisymmetry spacetime may include Kerr solution for the bulge as well as different disc solutions
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spatial velocity w.r.t the local non-rotating observer
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On testing CDM and geometry-driven Milky Way rotation curve models with 
Gaia DR2- Crosta M., Giammaria M., Lattanzi M. G., Poggio E.,MNRAS, 
Volume 496, Issue 2, August 2020, Pages 2107–2122
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i. Complete Gaia  astrometric dataset and corresponding covariance matrix

ii. Three Gaia photometric bands (G, BP, RP) all available and RUWE < 1.4 [to discard sources with problematic astrometric 
solutions, astrometric binaries, and other anomalous cases]

iii.  Parallaxes good to 20% (i.e. parallax_over_error ≥ 5) [parallaxes to better than 20% allow to deal with similar (quasi–gaussian) 
statistics when transforming to distances]

iv. Gaia-measured velocity along the line of sight, i.e. radial velocity, with better than 20% uncertainties

i.+ii.+iii.+iv—> proper 6D reconstruction of the phase-space location occupied by each individual star as 
derived by the same observer

1. Full transformation (including complete error propagation) from the ICRS 
equatorial to heliocentric galactic coordinates


2. translation to the galactic center

     -> independency from the local standard of rest. 

Data sample: full reconstruction of disc kinematics based on Gaia data only

DR2:  very homogenous sample of 
5277 early type stars and 325 

classical type I Cepheids. 

angular-momentum sustained stellar population  of the Milky Way that better traces its observed RC

DR3: a much larger sample of high-quality astrometric 
and spectro-photometric data of unprecedented 

homogeneity of   
719143 young disc stars within |z| < 1 kpc and up to R = 19 kpc 
 241’918 OBA stars, 475’520 RGB giants, and 1’705 Cepheides  

radial cut at 4.5 kpc to avoid the bar influence
v.         Cross-matched entry in the 2MASS catalogue for the actual 

characterization of the sample in case of DR2 and EDR3

Ref: On testing CDM and geometry-driven Milky Way rotation 
curve models with Gaia DR2- Crosta M., Giammaria M., Lattanzi 
M. G., Poggio E.,MNRAS, Volume 496, Issue 2, August 2020, 
Pages 2107–2122

https://www.cosmos.esa.int/web/gaia/iow_20200716)
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The four velocity profiles are all good 
representations of the observed (binned) 
data. The four models are found to be 

statistically equivalent 

comparisons with the WAIC and LOO tests show almost 
identical values 

-

 MCMC fit to the Gaia DR3 data - Classical (MWC), MOND, EINASTO ,GR  

I.Results: azimuthal velocity profile of the MW

7

Figure 2: The azimuthal velocity profile of the MW as derived from the sample of disc tracers selected from Gaia
DR3. For each dataset, the black starred symbols represent the median azimuthal velocity at the median distance
from the galactic centre of the stellar population within each of the radial bins (see Tables A.1–A.6 of Beordo et al.
2024), where the RSE of the velocity distribution defines the corresponding error bar. The red, blue, green, and yellow
curves show the best-fitting to the BG, MWC, MOND, and ⇤CDM models, respectively. The filled areas represent the
68 per cent reliability intervals of each rotation curve; note that for R . 4.5 kpc both the classical and the relativistic
curves are very uncertain because of the lack of data in that region.

• Black starred symbols represent the median azimuthal velocity at the 
median distance from the galactic centre of the stellar population within 
each of the radial bins


• Robust Scatter Estimate (RSE) adopted as a robust measure of the 
azimuthal velocity dispersion of the population in each radial bin


• The filled areas represent the 68 per cent reliability intervals of each 
rotation curve


• For R ≲ 4.5 kpc both the classical and the relativistic curves are very 
uncertain because of the lack of data in that region

The red, blue, green, and yellow curves show the best-fitting 
to the BG, MWC, MOND, and ΛCDM models, respectively

Geometry-driven and dark-matter-sustained Milky Way rotation curves with Gaia DR3, 
MNRAS, 529, 4681S 

W.Beordo, M.Crosta, MG Lattanzi, P. Re Fiorentin, A. Spagna, 2024 

Exploring Milky Way rotation curves with Gaia DR3: a comparison between ΛCDM, 
MOND, and General Relativistic approaches, submitted
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Geometry-driven and dark-matter-sustained Milky Way rotation curves with Gaia DR3 7

Table 1. Top: estimates of the free parameters of the MWC model; namely, the medians of the posterior distributions of the Bayesian analysis for each dataset;
the upper and lower bounds (estimated with the 15.87th and 84.13th percentiles) enclose their corresponding 1f credible intervals. "b, 1b, "td, 0td, 1td, "Td,
0Td, 1Td, d0,h, and �h are, respectively, the mass and the scale length of the bulge, the masses and the scale lengths of the two discs, the halo scale density and
the halo radial scale. Bottom: estimates of the free parameters of the BG model for each dataset; Ain, 'out and +0 correspond to the lower and upper radial limits,
respectively; i.e., the bulge radial size and the Galaxy radius, and the normalization of the velocity in the flat regime, while 4a0 is the estimated dimensionless
value characterizing the conformal factor function in the line element (4). Log-values of the WAIC and LOO tests for the Bayesian model comparison are also
reported.

MWC model OBA DCEP RGB OBA + DCEP RGB + DCEP ALL

"b [1010 M�] 0.9+0.6
�0.5 1.0+0.6

�0.6 1.3+0.6
�0.6 1.0+0.6

�0.6 1.3+0.6
�0.6 1.2+0.6

�0.6
1b [kpc] 0.9+0.9

�0.6 0.9+0.8
�0.6 0.8+0.8

�0.5 1.0+0.9
�0.6 0.8+0.7

�0.5 0.8+0.8
�0.5

"td [1010 M�] 4.1+0.7
�0.8 4.1+0.8

�0.8 3.9+0.7
�0.7 4.4+0.7

�0.7 3.9+0.7
�0.7 4.0+0.7

�0.7
0td [kpc] 5.0+0.9

�0.8 5.3+0.9
�0.9 5.0+1.0

�0.9 5.2+0.8
�0.8 5.2+1.0

�1.0 5.2+1.0
�1.0

1td [kpc] 0.3+0.4
�0.1 0.3+0.5

�0.1 0.4+0.6
�0.1 0.3+0.4

�0.1 0.4+0.7
�0.1 0.4+0.6

�0.1
"Td [1010 M�] 4.2+0.9

�0.9 4.2+0.9
�0.9 4.1+0.8

�0.8 4.7+0.9
�0.8 4.0+0.8

�0.8 4.1+0.8
�0.8

0Td [kpc] 3.0+0.6
�0.7 3.0+0.7

�0.7 2.6+0.6
�0.6 3.2+0.6

�0.7 2.6+0.6
�0.6 2.7+0.6

�0.6
1Td [kpc] 0.9+0.9

�0.5 0.8+1.0
�0.6 0.5+0.8

�0.3 1.0+0.9
�0.7 0.5+0.8

�0.3 0.5+0.8
�0.3

dh
0 [M� pc�3] 0.010+0.005

�0.003 0.010+0.005
�0.004 0.009+0.005

�0.003 0.013+0.005
�0.004 0.010+0.005

�0.003 0.010+0.005
�0.003

�h [kpc] 17.2+4.9
�3.5 16.4+4.7

�3.2 17.2+5.0
�3.7 13.6+3.1

�2.1 16.5+4.1
�2.9 16.3+4.0

�2.9
WAIC �341 ± 3 �103 ± 3 �346 ± 2 �448 ± 5 �424 ± 5 �426 ± 5

LOO �341 ± 3 �103 ± 3 �346 ± 2 �448 ± 5 �424 ± 6 �427 ± 5

BG model OBA DCEP RGB OBA + DCEP RGB + DCEP ALL

Ain [kpc] 0.65+0.35
�0.27 0.86+0.63

�0.49 0.18+0.20
�0.12 0.81+0.29

�0.28 0.18+0.17
�0.12 0.20+0.18

�0.13
'out [kpc] 60.61+32.83

�19.17 55.21+32.68
�18.93 61.85+14.42

�12.37 45.52+9.38
�6.71 73.14+12.53

�11.31 71.12+12.97
�11.31

+0 [km s�1] 272.58+24.94
�16.70 281.40+40.77

�24.20 257.16+12.17
�7.48 288.23+17.33

�15.68 255.01+8.72
�6.25 256.17+9.52

�6.79
4a0 0.094+0.017

�0.013 0.096+0.019
�0.014 0.085+0.015

�0.011 0.094+0.017
�0.013 0.087+0.016

�0.011 0.087+0.017
�0.012

WAIC �343 ± 4 �103 ± 3 �346 ± 2 �448 ± 6 �422 ± 4 �425 ± 4

LOO �343 ± 4 �103 ± 3 �346 ± 2 �448 ± 5 �423 ± 5 �426 ± 5

analysis (Crosta et al. 2020) and the recent estimates by Pouliasis et al.
(2017, Model I), Eilers et al. (2019) and McMillan (2017). However,
the bulge scale radius 1b is centered at higher values than what was
previously estimated at 0.3 kpc (Crosta et al. 2020; Pouliasis et al.
2017, Model I), suggesting the existence of a more extended structure
and the inadequacy of the classical bulge model, as in the GR case,
given the presence of complex bar. Instead, we find reasonable values
for the scale heights of the thin and thick Miyamoto-Nagai discs,
consistent with those previously found (at 0.25 and 0.8 kpc for thin
and thick disc, respectively).

6 THE MASS DENSITY

According to the metric function adopted for the BG model, the
00-term of Einstein’s field equation is:

d
BG (', I) = (m'# (', I))2 + (mI# (', I))2

8⌧c'
2
4
a (',I) , (12)

where dBG (', I) is the relativistic mass density at (', I) and 4
a (',I)

is the dimensionless conformal metric factor defined in Equation (4).
Similarly to what we did in 2020, with DR3 we adopt a procedure
di�erent from that of Balasin & Grumiller (2008), when comparing
the relativistic mass density (Equation (12)) to the Newtonian regime.
We assume again a functional behaviour for the conformal factor and
use this in the expression of dexp utilized in the likelihood function
(Equation (11)). With just one reliable measured density value at our
disposal, i.e. that at ' = '� , the result of our fitting procedure is
based on the (crude) assumption that the conformal metric factor is
constant with ' and hence we have only one dimensionless estimation

of 4
a (',I=0) ⇡ 4

a0 (see Table 1). The relativistic mass density is
obtained by inserting the estimated values of the model parameters
(Table 1) in Equation (12).

Due to the spatially-limited validity of the BG model and the
lack of direct mass density estimations at di�erent radii from the
galactic center, we can only compare the mass density profiles of
the two models on the MW plane (Figure 3). In the radial range
probed by DR3, the relativistic mass density profile is consistent
within 1f of the total mass density profile and that of the baryonic-
only contribution both derived by fitting to the classical model. This
confirms that the assumption of a constant (with ') value for 4

a

holds, at least in this range.

However, di�erently from Crosta et al. (2020), the BG density
profile is slightly above the baryonic mass density profile of the
MWC model up to around 30 ÷ 60 kpc, where it begins to decrease
below that.

For the local baryonic matter density dbar ('�), we obtain the val-
ues listed in Table 2. For both models, i.e. dMWC

bar,� and d
BG
� , these val-

ues are basically the same among all of the six datasets utilized in this
study, and are in agreement with independent current estimates, like
0.098+0.006

�0.014 M�pc�3 of Garbari et al. (2012), 0.077±0.007 M�pc�3

of Bienaymé et al. (2014) and the most recent determination of
0.084 ± 0.012 M�pc�3 by McKee et al. (2015), which is the local
mass density used as the observed datum in the likelihood function
(Equation (11)). Then, the goodness of the “classical” part of our
analysis to provide a baryonic mass density profile via kinematics is
confirmed.

For the MWC model, in Table 2 we report our estimates of the
local dark matter density d

MWC
h,� , together with the total baryonic mass

MNRAS 000, 1–16 (2022)

 MCMC fit to the Gaia DR3 data - Classical (MWC) and GR (BG) RC- velocity profile for each sample
7

Figure 2: The azimuthal velocity profile of the MW as derived from the sample of disc tracers selected from Gaia
DR3. For each dataset, the black starred symbols represent the median azimuthal velocity at the median distance
from the galactic centre of the stellar population within each of the radial bins (see Tables A.1–A.6 of Beordo et al.
2024), where the RSE of the velocity distribution defines the corresponding error bar. The red, blue, green, and yellow
curves show the best-fitting to the BG, MWC, MOND, and ⇤CDM models, respectively. The filled areas represent the
68 per cent reliability intervals of each rotation curve; note that for R . 4.5 kpc both the classical and the relativistic
curves are very uncertain because of the lack of data in that region.

best-fit estimates, the medians 
of the posteriors and their 1σ 

credible intervals 

4

Table 1: Top: estimates of the free parameters of the MOND model, namely, the medians of
the posterior distributions of the Bayesian analysis for each dataset; the upper and lower bounds
(estimated with the 15.87th and 84.13th percentiles) enclose their corresponding 1� credible intervals.
Mb, bb, Mtd, atd, btd, MTd, aTd, bTd, and g0 are, respectively, the mass and the scale length of the
bulge, the masses and the scale lengths of the two discs, and the Mondian acceleration scale. Bottom:
estimates of the free parameters for the ⇤CDM model; besides the parameters of the baryonic matter
distribution, ⇢s, rs, ↵, are the three parameters defining the Einasto profile, while V200, C200, M200

are respectively the rotation velocity, concentration, and halo mass calculated at the virial radius
r200. Log-values of the WAIC and LOO tests for the Bayesian model comparison are also reported.

MOND model OBA DCEP RGB OBA + DCEP RGB + DCEP ALL

Mb [1010 M�] 1.1+0.6
�0.6 1.2+0.6

�0.6 1.3+0.6
�0.6 1.1+0.6

�0.6 1.4+0.6
�0.6 1.3+0.6

�0.6

bb [kpc] 1.0+0.9
�0.6 0.8+0.8

�0.6 0.8+0.8
�0.5 0.9+0.9

�0.6 0.8+0.7
�0.5 0.8+0.8

�0.5

Mtd [1010 M�] 4.3+0.6
�0.7 4.3+0.7

�0.7 3.8+0.6
�0.6 4.1+0.7

�0.7 4.0+0.6
�0.6 4.0+0.6

�0.6

atd [kpc] 5.0+0.9
�0.8 5.2+0.9

�0.8 4.7+0.9
�0.9 4.4+0.7

�0.6 4.9+0.9
�0.8 4.8+0.8

�0.8

btd [kpc] 0.3+0.4
�0.1 0.4+0.5

�0.1 0.4+0.5
�0.1 0.3+0.3

�0.1 0.4+0.5
�0.1 0.3+0.5

�0.1

MTd [1010 M�] 4.7+0.7
�0.7 4.5+0.7

�0.8 4.2+0.7
�0.8 4.4+0.7

�0.7 4.2+0.7
�0.7 4.3+0.7

�0.8

aTd [kpc] 3.0+0.6
�0.6 2.9+0.7

�0.7 2.4+0.6
�0.6 2.8+0.6

�0.6 2.5+0.6
�0.6 2.5+0.6

�0.6

bTd [kpc] 0.9+0.8
�0.5 0.8+0.9

�0.5 0.4+0.7
�0.2 0.7+0.7

�0.4 0.5+0.7
�0.3 0.5+0.7

�0.3

g0 [10�10 m s�2] 1.20+0.02
�0.02 1.20+0.02

�0.02 1.20+0.02
�0.02 1.20+0.02

�0.02 1.20+0.02
�0.02 1.20+0.02

�0.02

WAIC �341± 3 �103± 3 �345± 2 �452± 5 �423± 5 �426± 5

LOO �341± 3 �103± 3 �345± 2 �452± 5 �423± 5 �426± 5

⇤CDM model

Mb [1010 M�] 0.8+0.6
�0.5 0.9+0.6

�0.5 1.1+0.6
�0.6 0.8+0.6

�0.5 1.1+0.6
�0.6 1.0+0.6

�0.6

bb [kpc] 0.9+0.8
�0.6 0.8+0.8

�0.6 0.8+0.8
�0.5 0.9+0.9

�0.6 0.8+0.8
�0.5 0.8+0.8

�0.5

Mtd [1010 M�] 3.8+0.7
�0.7 3.7+0.8

�0.8 3.6+0.7
�0.7 4.1+0.7

�0.7 3.7+0.7
�0.7 3.7+0.7

�0.7

atd [kpc] 4.8+0.9
�0.8 5.1+0.9

�0.9 4.7+1.0
�0.9 5.0+0.8

�0.7 5.0+1.0
�0.9 4.9+0.9

�0.9

btd [kpc] 0.3+0.4
�0.1 0.3+0.5

�0.1 0.3+0.5
�0.1 0.3+0.3

�0.1 0.3+0.6
�0.1 0.3+0.5

�0.1

MTd [1010 M�] 3.9+0.9
�0.9 3.7+0.9

�0.9 3.8+0.9
�0.9 4.2+0.8

�0.8 3.7+0.8
�0.8 3.8+0.8

�0.8

aTd [kpc] 2.9+0.6
�0.7 2.8+0.7

�0.7 2.5+0.6
�0.6 3.1+0.6

�0.7 2.6+0.6
�0.6 2.7+0.6

�0.6

bTd [kpc] 0.8+0.8
�0.5 0.7+0.9

�0.5 0.5+0.7
�0.3 1.0+0.9

�0.6 0.5+0.8
�0.3 0.6+0.8

�0.3

log(⇢s/[M� kpc�3]) 5.8+0.3
�0.3 5.9+0.3

�0.3 5.8+0.3
�0.3 6.0+0.3

�0.3 5.9+0.3
�0.3 5.9+0.3

�0.3

rs [kpc] 38+20

�12
35+16

�10
35+17

�11
25+10

�7
29+11

�8
29+11

�8

↵ 0.15+0.06
�0.04 0.14+0.05

�0.04 0.14+0.05
�0.04 0.11+0.04

�0.03 0.12+0.04
�0.03 0.12+0.04

�0.03

V200 [km s�1] 192+27

�20
186+22

�18
179+20

�16
164+12

�13
174+13

�14
173+13

�14

C200 7.5+2.4
�1.9 8.0+2.5

�2.0 7.7+2.5
�1.9 9.8+3.0

�2.3 8.8+2.5
�2.0 8.8+2.6

�2.0

log(M200/[M�]) 12.39+0.17
�0.14 12.35+0.15

�0.13 12.30+0.14
�0.12 12.19+0.09

�0.10 12.26+0.10
�0.11 12.26+0.09

�0.11

r200 [kpc] 286+40

�30
278+33

�27
267+30

�24
245+17

�19
259+20

�21
258+19

�20

WAIC �341± 4 �103± 3 �345± 2 �450± 5 �425± 6 �427± 6

LOO �341± 4 �103± 3 �345± 2 �450± 5 �425± 7 �428± 7

• The values of Mb , Mtd , MTd are slightly 
smal le r in the ΛCDM parad igm 
compared to those estimated with the 
MOND and MWC models

Leave-one-out cross-validation 
(LOO-CV)

Widely Applicable Information 
Criterion (WAIC)

• BG: larger value of 𝑅out due to wider radial 
coverage of DR3 over DR2

 prior distributions from N-body simulations 
within the ΛCDM cosmology
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A new kinematic model of the Galaxy: analysis of the stellar velocity field from Gaia D3,  
Akhmetov et al. 2024, MNRAS, 530,1

evidence of warps and non-
axisymmetric bar features of the 

Galaxy Distribution of 18 million high luminosity 
stars (i.e., young OB, giants and 

subgiants) from Gaia DR3

radial gradient of the Galactic: 
dynamical perturbations 
generated by the substructures as 
Galactic bar, spiral arms and warp 
-> within 10 km/ s kpc!
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evidence of warps and non-
axisymmetric bar features of the 

Galaxy Distribution of 18 million high luminosity 
stars (i.e., young OB, giants and 
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A new kinematic model of the Galaxy: analysis of the stellar velocity field from Gaia D3,  
Akhmetov et al. 2024, MNRAS, 530,1

evidence of warps and non-
axisymmetric bar features of the 

Galaxy Distribution of 18 million high luminosity 
stars (i.e., young OB, giants and 

subgiants) from Gaia DR3

second order derivatives of the stellar 
velocity field in the radial direction: 
wave-like dependence and ring-like 
signatures  on Galactic distance R 
related to kinematic substructures 
(spiral arms and bulge, and/or by the 
propagation of density, bending and 
breathing waves)
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• MWC and ΛCDM total matter density 
profiles (dashed lines ) are almost 
coincident while departing from each other 
only at very large radii  

• Einasto profile of the ΛCDM model results 
larger than the NFW one both in the inner 
and outer parts of the Galaxy (dash-dotted 
lines)- >  more dark matter in the ΛCDM 
scenario compared to the case of an 
NFW halo without cosmological constraints

• BG and MOND density profiles are 
consistent with both the baryonic and 
total density profiles of MWC

MCMC fit to the Gaia DR3 data - II. Results: radial density profile of the MW at z=0  

baryonic matter density observed at the Sun 

ρbar(R⊙) = 0.084 ± 0.012 M⊙pc−3

 estimates of the local baryonic density ρΛCDM and 
ρMOND  around 0.080M⊙pc

Crosta et. al, 2020, Beordo et al. 2024, Garbari et al. 
2012; Bienaymé et al. 2014; McKee et al. 2015

8

Figure 3: Density profiles of the MW at z = 0 for the four models, with their corresponding 68 per cent confidence
intervals; in each panel, the red, blue, green, and orange solid lines represent the baryonic matter contributions for the
BG, MWC, MOND, and ⇤CDM models respectively. The blue and orange dashed lines show the total matter for the
MWC and ⇤CDM models, while the dash-dotted lines are the corresponding dark matter contributions. The vertical
grey dashed lines represent the values of rin and Rout of the BG model, while the vertical grey band spans the radial
range covered by the sample. Finally, the black dot represents the local mass density inferred at the Sun position, i.e.
⇢bar(R�) = 0.084± 0.012 M�pc�3 from McKee et al. (2015).

solid lines baryonic matter contributions

rin 

Rout

radial range covered by the 
sample

 local mass density inferred 
at the Sun position

July 8 2024, Crosta -  L'Aquila (Italy)

ρ(R, z) = e−ν(R,z) 1
8πR2 [(∂RN(R, z))2 + (∂zN(R, z))2]
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Table 2: Estimates of the local baryonic mass density ⇢bar(R�) for each dataset and both models (respectively
⇢
⇤CDM

bar,� and ⇢
MOND
� ) and of the local dark matter density ⇢

⇤CDM

h,� ; the upper and lower bounds (estimated with

the 15.87th and 84.13th percentiles) enclose their corresponding 1� credible intervals. M
⇤CDM

bar
and M

MOND

are, respectively, the baryonic mass for the ⇤CDM model and the total mass for the MOND model; while
M

⇤CDM
200

is the estimated virial mass of the Milky Way in the ⇤CDM scenario. For a direct comparison with
the BG and MWC models, similar estimates can be found in Tab. 2 of Beordo et al. (2024).

Quantity OBA DCEP RGB OBA + DCEP RGB + DCEP ALL

⇢⇤CDM

bar,� [M�pc
�3] 0.080+0.012

�0.012 0.080+0.012
�0.012 0.080+0.012

�0.012 0.080+0.012
�0.012 0.080+0.012

�0.012 0.080+0.012
�0.012

⇢⇤CDM

h,� [M�pc
�3] 0.0099+0.0008

�0.0008 0.0098+0.0008
�0.0008 0.0088+0.0078

�0.0007 0.0085+0.0006
�0.0006 0.0091+0.0006

�0.0006 0.0090+0.0006
�0.0006

⇢MOND

� [M�pc
�3] 0.080+0.012

�0.012 0.080+0.012
�0.012 0.081+0.012

�0.012 0.081+0.012
�0.012 0.081+0.012

�0.012 0.081+0.012
�0.012

M⇤CDM

bar [1010 M�] 8.49+1.10
�1.03 8.31+1.11

�1.04 8.51+1.06
�0.95 9.23+0.95

�0.93 8.43+0.96
�0.91 8.49+0.96

�0.89

MMOND [1010 M�] 10.12+0.33
�0.30 10.05+0.48

�0.45 9.32+0.27
�0.24 9.59+0.19

�0.18 9.59+0.21
�0.19 9.56+0.21

�0.19

M⇤CDM

200 [1012 M�] 2.45+1.16
�0.68 2.24+0.88

�0.59 1.99+0.74
�0.49 1.53+0.35

�0.33 1.82+0.44
�0.40 1.80+0.43

�0.39
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Table 2. Estimates of the local baryonic mass density dbar ('�) for each dataset and both models (respectively dMWC
bar,� and dBG

� ) and of the local dark matter

density dMWC
h,� ; the upper and lower bounds (estimated with the 15.87th and 84.13th percentiles) enclose their corresponding 1f credible intervals. "MWC

bar and

"BG are, respectively, the baryonic mass for the MWC model and the relativistic mass for the BG model (through Equation (13)), both enclosed within the
radial region covered by each of our datasets, i.e. 4.6 kpc . ' . 15 � 19 kpc (the yellow intervals in Figure 3), and within the corresponding e�ective vertical
width Ie� of the relativistic disc, i.e. |I |  Ie� (see Section 7 for its definition); while "MWC

¢ and "MWC
vir are respectively the total stellar mass and the virial

mass (i.e., the total mass at the virial radius 'MWC
vir ) of the Milky Way for the classical model.

Quantity OBA DCEP RGB OBA + DCEP RGB + DCEP ALL

dMWC
bar,� [M�pc�3] 0.075+0.017

�0.007 0.074+0.018
�0.006 0.076+0.017

�0.007 0.075+0.017
�0.007 0.075+0.017

�0.007 0.075+0.017
�0.007

dMWC
h,� [M�pc�3] 0.0093+0.0009

�0.0009 0.0092+0.0009
�0.0009 0.0084+0.0007

�0.0007 0.0083+0.0006
�0.0007 0.0088+0.0006

�0.0007 0.0088+0.0006
�0.0007

dBG
� [M�pc�3] 0.080+0.012

�0.012 0.080+0.013
�0.012 0.080+0.013

�0.012 0.081+0.012
�0.012 0.080+0.012

�0.012 0.080+0.012
�0.012

"MWC
bar [1010 M�] ⇠ 1.62 ⇠ 1.83 ⇠ 1.25 ⇠ 1.96 ⇠ 1.36 ⇠ 1.48

"BG [1010 M�] ⇠ 1.81 ⇠ 2.39 ⇠ 1.11 ⇠ 2.37 ⇠ 1.39 ⇠ 1.54

"MWC
¢ [1010 M�] ⇠ 9.2 ⇠ 9.3 ⇠ 9.3 ⇠ 10.1 ⇠ 9.2 ⇠ 9.3

"MWC
vir [1010 M�] ⇠ 113 ⇠ 107 ⇠ 102 ⇠ 84 ⇠ 104 ⇠ 102

'MWC
vir [kpc] ⇠ 215 ⇠ 211 ⇠ 207 ⇠ 195 ⇠ 209 ⇠ 208

density profile in the plane, assumed of baryonic nature, demands
more mass than what provided by the classical components, dark
halo included, of the MWC model. However, this is largely compen-
sated by the steeper slope of the BG mass density profile far from the
Galactic centre.

Now, given the quality of the data at our disposal, the question
arises if the predictions for the actual amount of baryonic mass in the
Galactic plane derived from the two models are actually compatible,
or not, with each other. To that purpose, as our metric is stationary
and axisymmetric, we compute the relativistic mass by applying the
Komar integral (Wald 1984), which in our case reduces to

" = �2
π

()0
0 � 1

2
))p�6 3

3
G, (13)

being ) the trace of )UV and 6 the determinant of the metric. The
integral has been evaluated within the radial region covered by each
of our datasets, i.e. 4.6 kpc . ' . 15 ÷ 19 kpc (the yellow intervals
in Figure 3), and within the corresponding e�ective vertical half-
width Ie� of the relativistic disc, i.e. |I |  Ie� (see Section 7 for
its definition). The integration from Equation (13) yields relativistic
masses of⇠ (1.1÷2.4) ·1010 M� , that compares quite favorably with
the values derived from integrating in the same region the baryonic
mass density provided by the MWC model ("BG and "

MWC
bar in

Table 2, respectively).

7 GRAVITATIONAL DRAGGING AND DARK HALO
CONTRIBUTIONS TO THE MILKY WAY ROTATION
CURVE

In order to define a method to compare non-Newtonian gravity mod-
els with or without some dark matter, de Almeida et al. (2018) con-
verted the observational rotation curve for some external galaxies
into a dataset of an e�ective analogue called the ‘e�ective Newto-
nian’ velocity profile+eN. Following our previous work (Crosta et al.
2020), we use the relativistic density d

BG (Equation (12)), for cal-
culating the e�ective Newtonian circular velocity profile +BG

eN at any
given point along ' from the relation of Binney & Tremaine (2008,
see Eq. 16 in Sec. 3.2 of de Almeida et al. 2018).

By subtracting +
BG
eN to the total velocity +

BG we are able to eval-

uate the amount of rotational velocity at I = 0,+BG
drag, due to grav-

itational dragging, which has no Newtonian counterpart, and then
compare it with the DM halo contribution to +

MWC
tot .

Nonetheless, in the formula for calculating (+BG
eN )2 the extension

of the integration along the I-axis is problematic since the BG model
is valid only in a very small region above and below the Galactic
plane. As well known, the model exhibits divergence problems near
the rotation axis, where the validity region must be restricted to
|I |  Ain. In light of these problems, it becomes di�cult to assess the
behavior of the BG model outside the Galactic plane. Therefore, to
compute+BG

eN we adopt the method described in Crosta et al. (2020),
and it is briefly summarised below.

In the radial domain of our experimental velocity data (i.e.,
from 4.5 kpc up to 20 kpc), we minimize the quadratic form
j

2 = ⌃8 (+BG
eN ('8 ; I:) � +

MWC
bar ('8))2 over I: , which represents

the e�ective relativistic half-thickness of the MW disc in the
BG model; this scale sets the limit of the vertical integration
of the relativistic density to compute numerically the e�ective
Newtonian circular velocity +

BG
eN at each value '8 of the ra-

dial coordinate. The pure Newtonian analogue, +MWC
bar ('8) is sim-

ply +
MWC
bar =

q
(+MWC

b )2 + (+MWC
td )2 + (+MWC

Td )2, where +
MWC
b ,

+
MWC
td and +

MWC
Td are the circular velocities due to the MW bulge,

thin and thick discs, respectively (the broken line curves depicted in
Figure 2).

The minimization process yields Ie� = 0.28, 0.30, 0.18, 0.30,
0.18, 0.20 kpc, respectively for OBA, DCEP, RGB, OBA+DCEP,
RGB+DCEP and all the stars together.

The red solid curve in Figure 4 illustrates the+BG
eN ('; Ie�) that the

minimization finds closest to +
MWC
bar ('), which is represented as a

blue solid line in the picture.
After these steps, we are finally able to calculate the amount

of rotational velocity across the MW plane due to gravitational
dragging: this is simply done by taking the square root of the
quadratic di�erence between +

⌫⌧ (') (Equation (8)) and the e�ec-
tive Newtonian circular velocity, as computed above, for the disc half-

thickness Ie� , i.e. +BG
drag ('; Ie�) =

q
(+BG ('))2 � (+BG

eN ('; Ie�))2.

The +BG
drag ('; Ie�) profile is shown in Figure 4 by the red dashed line

and it is compared to the blue dashed curve +MWC
h , the contribution

of the DM halo to+MWC
tot (') (this is the same as the grey solid line in

Figure 2). The gravitational dragging curve nears zero at ' ⇠ 5 kpc,
where +

BG
eN ('; Ie�) ⇠ +

BG ('), then grows sharply within 2.5 kpc
outwards overlapping the DM curve for most of the range displayed.
In particular, at the Sun’s position, for the classical framework the
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Komar mass for the GR model
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The total baryonic mass 
predicted by the ΛCDM scenario 
is around 8 × 1010 M⊙, smaller 
than the values of 9.2–10.2 × 
1010 M⊙ expected for the MWC 
and MOND models

Density profile in agreement 
between all four models within the 
region of validity of BG

The virial mass in the ΛCDM 
framework ranges from 1.5–2.5 × 
1012 M⊙

ΛCDM paradigm tends to assign 
less mass to the baryonic 
component and up to a factor of 
2 more dark matter compared to 
the MWC model



Dragging effect vs. halo effect

(VBG
drag(Ri; |z |eff | ) = (VBG(R))2 − (VBG

eN (R; |z |eff ))2

amount of rotational velocity 
across the MW plane due to 
gravitational dragging

The relativistic dragging effect has no newtonian counterpart, 
thus we compared: 


(i) the MWC baryonic-only contribution  with the effective 
Newtonian profile (Binney & Tremaine 1988) calculated by 
using the BG density:


(ii) the MWC dark matter-only contribution (halo) with the 
"dragging curve" traced by subtracting  effective Newtonian 
profile  to VBG . 

Non-Newtonian contributions to the rotation curve are consistent with that 
of the dark matter halo: they become predominant over the classical baryonic 

counterpart from 10-15 kpc outwards and, at the Sun distance, they are 
responsible for the 30-37% of the velocity profile.
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Figure 6: Red, blue, green and yellow lines refer to the BG, MWC, MOND, and ⇤CDM models, respectively. Solid
lines represent the Newtonian/baryonic counterparts to the rotation curves: V BG

eN
is the relativistic e↵ective Newtonian

velocity for the BG model, V MWC

bar
and V

⇤CDM

bar
are the velocities contributed by the baryonic matter for the MWC and

⇤CDM models, and V
MOND

bar
is the Newtonian velocity contributed by the baryonic matter for the MOND model. The

dashed lines shows the MWC and ⇤CDM halo components alone, respectively V
MWC

h
and V

⇤CDM

h
, the gravitational

dragging contribution for the BG model, i.e. V
BG

drag
, and the Mondian boost V

MOND
acc

. In the bottom right corner of
each panel, ze↵ represents the e↵ective vertical width of validity for the relativistic disc in the BG framework.

MCMC fit to the Gaia DR3 data - IV.Results: Non-Newtonian contributions vs  dark matter halo 

Solid lines represent the 
Newtonian/baryonic counterparts 

to the rotation curves



V. Results: the non-baryonic / non-Newtonian contributions

Red, blue, green and yellow lines refer to the BG, MWC, MOND, and ΛCDM models, respectively. Solid lines represent the Newtonian/baryonic counterparts to the rotation curves: VeN
BG is the relativistic effective Newtonian velocity for the BG model, Vbar

MWC and Vbar
ΛCDM are the velocities contributed by the baryonic

matter for the MWC and ΛCDM models, and Vbar
MOND is the Newtonian velocity contributed by the baryonic matter for the MOND model. The bar dashed lines show the MWC and ΛCDM halo components alone, respectively Vh

MWC and Vh
ΛCDM, the gravitational dragging contribution for the BG model, i.e. Vdrag

BG , and

the Mondian boost Vboost
MOND. In the bottom right corner of each panel, zeff represents the effective vertical width of validity for the relativistic disc in the BG framework.
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Figure 4: Zoom-in of the bottom right panel in Fig. 2,
compared with rotation curves from the recent literature
(Jiao et al. 2023; Wang et al. 2023; Ou et al. 2024; Labini
et al. 2023; Zhou et al. 2023).

an eccentricity selection for the orbits of RGB stars.
This adjustment was aimed at removing the e↵ects of
the asymmetric drift, to match the OBA and DCEP
rotation curves. By conducting the Jeans analysis on
our selected sample (as detailed in Appendix A), i.e.,
considering the derived circular velocity profile instead
of the azimuthal one, the rotation curve shows a further
slight increase within error bars (see Fig. 7), as expected.
This suggests that the lack of the Jeans analysis in our
procedure is unlikely to be the cause of the discrepancy
observed at around 15 kpc.
Thirdly, our sample selection criteria di↵ered signifi-

cantly, as we imposed a stringent requirement of errors
on parallaxes smaller than 20%. In contrast, the refer-
enced literature employed various techniques to extend
the measured rotation curve to 30 kpc, a topic we ab-
stain from delving into here — one of our rigorous re-
quirement in Beordo et al. (2024) was to create the most
homogeneous sample ever —, acknowledging the relia-
bility of the methods as asserted by the authors (see the
discussion in the related works).
Furthermore, we delineated our study by confining our

analysis to stars within |z| < 1 kpc, deviating from the
convention of considering a thicker disc encompassing
|z| < 3 kpc (Ou et al. 2024); for instance, a thinner
disc selection reflects into higher velocities, especially
between 5–15 kpc from the Galactic Centre (Jiao et al.
2023; Wang et al. 2023).
Additionally, our depiction of error bars on the ro-

tation curves incorporates the significant dispersion of
azimuthal velocity among the stars. As shown in Fig. 5,
the density plot highlights the azimuthal velocity distri-
bution of our selected sample. This stands in contrast

Figure 5: Same as Fig. 4 but with a 2D histogram of
the full stellar sample in the (R, V�)-space (see Section
3 of Beordo et al. 2024, for more details about the data
selection).

to the rotation curves presented by the cited authors,
whose error bars are derived by bootstrapping tech-
niques and typically encompass only systematic sources
of uncertainty, remaining relatively small compared to
the velocity dispersion observed within each radial bin.
Lastly, we adopted quite small radial bins of 0.1 kpc

width (except for the DCEP sample for which we chose
larger bins of 0.5 kpc) compared to typical values of
0.5 and 1 kpc used in the literature. As discussed in
Appendix B, this of course plays an important role in
the derived rotation curve, as the outer data points are
distributed di↵erently (see Fig. 8). However, perfectly
consistent results of the model parameters are obtained
with either 0.5 or 1 kpc radial bins, indicating the ro-
bustness of the rotation curve defined in Beordo et al.
(2024).
These di↵erences in methodology and analysis are po-

tential contributors to the observed discrepancy in the
estimation of the virial mass compared to recent litera-
ture. As a result, our findings suggest that the dynami-
cal mass of the Galaxy, in the classical context with dark
matter, is expected to remain on the order of 1012 M�.

5.2. Contributions to the rotation curve

We can compare the models by making the contri-
butions to the rotation curves explicit, recalling what
was done in Section 7 of Beordo et al. (2024), since
di↵erent models and samples contribute to the rota-
tion curve di↵erently. Fig. 6, drawn on top of Fig. 4
in Beordo et al. (2024), shows the Newtonian/baryonic
counterpart for each model, alongside the corresponding
non-Newtonian/non-baryonic contributions. The rota-

our rotation curves exhibit slightly declining profiles, aligning with recent 
findings that indicate a pronounced decline only beyond 18–19 kpc


we imposed a stringent requirement of errors on parallaxes smaller than 20% 
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where ⌫ is the radial volume density of the Galaxy, �
is the gravitational potential, VR, V�, Vz are the radial,
azimuthal, and vertical velocities respectively, and the
brackets hi represent quantities averaged over the veloc-
ity space. Being the circular rotation velocity defined
as

V
2

c = R
@�

@R

����
z⇡0

, (A2)

the Jeans equation for z ⇡ 0 becomes

"
@(⌫hV 2

Ri)
@R

+
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@z
+ (A3)
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hV 2

Ri � hV 2

� i+ V
2
c

R

!#

z⇡0

= 0 .

Considering the vertical gradient of the cross term
hVRVzi negligible, the equation can be written as

V
2
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
hV 2

� i � hV 2

Ri
✓
1 +

@ ln ⌫

@ lnR
+

@ lnhV 2

Ri
@ lnR

◆�

z⇡0

,

(A4)
where the radial volume density is usually assumed to
be ⌫ / e

�R/hR . Widely used values for the radial scale
length hR range from 2 to 5 kpc, therefore we adopt a
value of 2.5 kpc (Jurić et al. 2008; Jiao et al. 2023). The
radial gradient of the averaged squared radial velocity
hV 2

Ri, i.e., the last term in equation (A4), can instead be
derived directly from the data set. Fitting

p
hV 2

Ri with
an exponential function, we estimate a scale length of
⇡ 26 kpc, in line with other studies (Ou et al. 2024; Zhou
et al. 2023; Eilers et al. 2019). The resulting circular
velocities for the full sample are plotted in Fig. 7. These
values typically exceed the azimuthal velocities by less
than 5 per cent and fall well within the error bars, as
expected, given that the orbital eccentricity selection
performed in Beordo et al. (2024) has already cleared
out most of the asymmetric drift.

B. DEPENDENCE ON THE WIDTH OF RADIAL
BINS

The choice of the radial bin size strongly a↵ects the
derived rotation curve, the more the size of the bin is
large. This is because some information is lost and some
features of the rotation curve are smoothed out by av-
eraging the velocities of stars with di↵erent true radial
coordinates, especially in less populated bins (i.e., at
large radii where data points are crucial in the dynamical
mass determination). For the optimal choice of the bin
size, in Beordo et al. (2024) we adopted Knuth’s Rule, a

data-based Bayesian algorithm, yielding to 0.1 kpc bins
(0.5 kpc for the DCEP sample). However, in the liter-
ature, observed data are usually grouped in 0.5–1 kpc
radial bins.

Figure 7: The top panel shows the circular velocity
profile Vc derived from the Jeans equation (A4) along
with the azimuthal velocity V� for the full sample of
stars. Here, Vc and V� share the same error bars. The
bottom panel highlights the relative di↵erence between
the two quantities.

Imposing radial bins of 1 kpc, we find the rotation
curve shown in the top panel of Fig. 8. The flatten-
ing around 15 kpc, although less clear, is still present;
a similar but softer behavior seem to be found by Ou
et al. (2024) and Zhou et al. (2023) at slightly larger
distances and lower velocities. The bottom panel of the
same figure shows the rotation curve obtained with 0.5
kpc radial bins instead, highlighting how data points are
di↵erently distributed with respect to the 1 kpc case.
However, if error bars are appropriately selected, one
should obtain consistent results. In fact, when repeat-
ing the fitting process using the rotation curve derived
with either 0.5 or 1 kpc bin width for the four models,
we obtain estimates of the model parameters that are
perfectly consistent with previous ones. This underlines
the robustness of the rotation curve defined in Beordo
et al. (2024) and used in the present work. On the con-
trary, it remains unclear to what extent the results are
influenced by the radial bin size when error bars are
derived via bootstrapping instead, necessitating further
verification.
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Our interpretation with Gaia DR2/DR3 depends only on the background geometry 

“space tells mass how to move”

 For our likelihood analysis the three models appear almost identically consistent with the data
Data are independent from the theoretical models that we use for the predictions

 GR model has only 4 parameters, the classical model needs at least 10 parameters +1 for MOND , +3  for Lambda CDM

DM: does not absorb or emit light but it exerts and responds only to the gravity force; it enters the calculation as extra mass 
(halo) required to justify the flat galactic rotational curves. 

MOND requires an adjustment ad hoc in the low acceleration regime


Einasto ΛCDM model results larger than the NFW one, dynamical mass supplied by more dark matter in the ΛCDM 
scenario compared to the case of an NFW halo without cosmological constraints

GR could imply a gravitational dragging "DM-like" effect driving the Galaxy velocity rotation curve, i.e. the geometry - 
unseen but perceived as manifestation of gravity according to Einstein’s equation - is responsible of the flatness at large 
Galactic radii. 
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Wrap-up



By setting a coherent GR framework, we are pursuing to:

✓Treat separately velocities and density with Einstein’s equations [contrary to what is done in classical 
models]


✓Establish to what extent the MW structure is dictated by the standard theory of gravity [avoiding replica 
of the common assumption that invalidate GR, i.e the GR effects are small in the linear approximation, 
and the star velocity as source of gravitomagnetism]


✓Use new mathematical solutions & new observables [i.e. metric solutions to describe the structure and 
evolution of a multistructured Galaxy] 

‣ At Galactic scale MW dynamics can be dominated, e.g., by Weyl, Lewis-Papapetrou spacetimes, 
whereas the Newtonian approximation is valid locally (e.g in the Solar System, binaries, …) 

‣ Fix boundary matching conditions between internal/external Einstein’s solutions 

‣ Set comparisons at the scale of the Milky Way disc with the Lambda-CDM model predictions
‣ Explore more “geometrical” effects
‣…….
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GR is the standard theory of gravity over 60 order of magnitudes

Hypotehsis non fingo&occam’s razor



 MCMC fit to external Galaxies

Velocity profiles (SPARC data) 
Classical (MWC)                         GR (BG) 

Best fit estimates as the median of the posteriors and their 1σ level credible interval

✓Extend the MW “geometries” to other galaxies:, the “geometries" of the Galaxy can play a reference role for 
other galaxies,  just like the Sun for stellar models
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The mandatory use of GR for astrometry in space has opened new possibilities and strategies to apply Einstein’s Theory in classical 
astronomy domain, providing new coherent methods and “laboratories” to exploit at best the standard theory of gravity and the LDCM 
scnario

Any GR tests performed by using Gaia @SS or @MW scale can play a reference role for other tests, much like the Sun for the stars, our 
Galaxy for other galaxies and so on.. 

For the first time, there was quantitative evidence of the differences between the Newtonian and GR approaches to MW dynamics pushing 
towards more mathematical solutions of Einstein’s equations, i.e. any modification of GR is done with GR as background theory

Conclusions
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the “ether” was cured by a new kinematics (i.e. special relativity) instead of “new” dynamic as inspired by the FitzGerald-Lorentz contraction 
phenomena (“extra molecular force”)  

“We know that electric forces are affected by the motion of the electrified bodies relative to the ether and it seems a not improbable supposition that the molecular forces 
are affected by the motion and that the size of the body alters consequently.”   FitzGerald, Science, 1889
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What do we really know about the dark matter in the Universe? 
How can we indirectly infer its existence and its nature from cosmology and astrophysics? 

How can we advance further with theory, phenomenology, and experiments from the current standpoint?
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How can we directly detect its presence in experimental apparatus on Earth?

What is the status of indirect dark matter experiments and searches at accelerators?

Is it possible to build a consistent and comprehensive theoretical framework for the dark matter, as emerging from physics 

beyond the Standard Model?
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How can we directly detect its presence in experimental apparatus on Earth?

What is the status of indirect dark matter experiments and searches at accelerators?

Is it possible to build a consistent and comprehensive theoretical framework for the dark matter, as emerging from physics 

beyond the Standard Model?


