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Hard sciences for machine learning

Geometric learning

Statistical learning

Optimisation theory

….
….

….

Mathematical control
- design optimal architecture 
- estimate hyperparameters
- check dataset size
- ….

 Sustainability & Interpretability →
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Statistical-mechanics perspective
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J13 J23

σ ∈ {−1, + 1}N
Firing/quiescent neurons

Excitatory/Inhibitory synapses
J ∈ ℝN×N

 fast degrees of freedom{σi}

 slow degrees of freedom{Jij}

Nodes as neurons with activity  

Links as synapses with efficacy 

σ = {σi}i=1,...,N
J = {Jij}i,j=1,...,N

Neural networks: a biology-inspired introduction
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Neural dynamics

Field acting on i 
at time step n

Firing 
threshold

σi(n + 1) = sgn(φi(n) + hi)

φi(n) =
N

∑
k = 1
k ≠ i

Jikσk(n)

−hi φi(n)

σi(n + 1)
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Neural dynamics

σi(n + 1) = sgn(φi(n))

φi(n)

σi(n + 1)
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Field acting on i 
at time step n

φi(n) =
N

∑
k = 1
k ≠ i

Jikσk(n)
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Neural dynamics

Stochasticity
 i.i.d. r.v.’sζi

σi(n + 1) = sgn(φi(n) + ζiT )

φi(n)

σi(n + 1)

�1

�3

J13 J23

�2�2

�4

�5

�6

Field acting on i 
at time step n

φi(n) =
N

∑
k = 1
k ≠ i

Jikσk(n)
T ≥ 0
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Neural dynamics

Stochasticity
 i.i.d. r.v.’sζi

σi(n + 1) = sgn(φi(n) + ζiT )

φi(n)

σi(n + 1)

�1

�3

J13 J23

�2�2

�4

�5

�6

Field acting on i 
at time step n

φi(n) =
N

∑
k = 1
k ≠ i

Jikσk(n)

If , as long as  symmetric,

  is a Lyapunov function

T = 0 J

ℋN,J(σ) = − 1
2 ∑

i, j
σiJijσj

If , as long as  symmetric and ,  T > 0 J Cum(ζ) = [1 + tanh(ζ)]/2
)N,β,J(σ) ∝ e−βℋN,J(σ), β := T−1

T ≥ 0



If , as long as  symmetric,

  is a Lyapunov function

T = 0 J

ℋN,J(σ) = − 1
2 ∑

i, j
σiJijσj
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+
-

σ* = argmin ℋN,J(σ)
σ0 → σ*(σ0, J)

Fixed point dynamics

{−1, + 1}N

Co
st

steps



If , as long as  symmetric,

  is a Lyapunov function

T = 0 J

ℋN,J(σ) = − 1
2 ∑

i, j
σiJijσj

�1

�3

J13 J23

�2�2

�4

�5

�6

+
-

�2

�2

�2

σ* = argmin ℋN,J(σ)
σ0 → σ*(σ0, J)

Fixed point dynamics

σ = (−1, − 1,..., − 1)

σ = (+1, + 1,..., + 1)



• Noisy limit 
Fully random dynamics  

• Noiseless limit 
Deterministic dynamics  

 delta-peaked at 
Fixed points dynamics

• Intermediate regime 
 peaked at 

Starting at , likely to end up in neighbourhood of 

T → ∞
σi(n + 1) = ± 1

T → 0
σi(n + 1) = sgn(φi(n))

)N,β,J(σ) σ*

σ* = argmin ℋN,J(σ)
σ0 → σ*(σ0, J)

T ∈ ℝ+

)N,T,J(σ) σ*
σ0 σ*(σ0, J)

)
N,

0,
J(σ

)

σ

)
N,

∞
,J

(σ
)

σσ*1 σ*2 σ*3 σ*4

σσ*1 σ*2 σ*3 σ*4

)
N,

β,
J(σ

)

If , as long as  symmetric and ,  T > 0 J Cum(ζ) = [1 + tanh(ζ)]/2
)N,β,J(σ) ∝ e−βℋN,J(σ), β := T−1

σi(n + 1) = sgn(φi(n) + ζiT )
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The statistical mechanics setting

Mean-field spin-like model:  σ ∈ {−1, + 1}N, J symm

Hamiltonian  ℋN,J(σ) = − 1
2

N

∑
i, j=1

σiJijσj

Boltzmann-Gibbs  ,  with )N,β,J(σ) = e−βℋN,J(σ)

,N,β,J
,N,β,J = ∑

{σ}
exp [−βℋN,J(σ)], β := T−1



/4614

Curie-Weiss model:  
(ferromagnet)

Jij = J > 0,∀i, j
TTc ≡ J−10

T < Tc T ∼ Tc T > Tc

The statistical mechanics setting

mN(σ) := 1
N

N

∑
i=1

σi

Mean-field spin-like model:  σ ∈ {−1, + 1}N, J symm

⟨m⟩ ≠ 0 ⟨m⟩ = 0

Hamiltonian  ℋN,J(σ) = − 1
2

N

∑
i, j=1

σiJijσj

Boltzmann-Gibbs  ,  with )N,β,J(σ) = e−βℋN,J(σ)

,N,β,J
,N,β,J = ∑

{σ}
exp [−βℋN,J(σ)], β := T−1
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Curie-Weiss model:  
(ferromagnet)

Jij = J > 0,∀i, j
TTc ≡ J−10

T < Tc T ∼ Tc T > Tc

The statistical mechanics setting

mN(σ) := 1
N

N

∑
i=1

σi

Mean-field spin-like model:  σ ∈ {−1, + 1}N, J symm

⟨m⟩ ≠ 0 ⟨m⟩ = 0

Hamiltonian  ℋN,J(σ) = − 1
2

N

∑
i, j=1

σiJijσj

Boltzmann-Gibbs  ,  with )N,β,J(σ) = e−βℋN,J(σ)

,N,β,J
,N,β,J = ∑

{σ}
exp [−βℋN,J(σ)], β := T−1

Find explicit expression for free-energy  

 -th moment of macroscopic observables related to free-energy -th order derivatives 
w.r.t. conjugate parameters

ℱ := − T log ,

→ n n
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Neural networks for retrieval

σ3

Mimics retrieval capabilities


Pattern recognition

Pattern reconstruction

Denoising

Content addressable memory

CAPTCHA

4
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Mimics retrieval capabilities


Pattern recognition

Pattern reconstruction

Denoising

Content addressable memory

CAPTCHA

5

Neural networks for retrieval
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Network asked to reconstruct previously learnt vectors, now inputted noisy or incomplete

Set of definite  patterns of length  binary vectors (archetypes)K N

 ξ1, . . . , ξK

ξμ = (+1, − 1,..., + 1) ∈ {−1, + 1}N

Patterns
…

Noisy

Reconstruction

input 


output 

: σ0

: σ*(σ0)
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Choose   s.t.    for J = J({ξμ
i }μ=1,...,K

i=1,...,N ) ξμ = argmin
σ∈{−1,+1}N

ℋN,J(σ) μ = 1,...,K

σ(n = 0) = σ0 → σ*(σ0) = lim
n→∞

σ(n)
σ0

 ξ1, . . . , ξK

ξμ = (+1, − 1,..., + 1) ∈ {−1, + 1}N

…

Noisy

Reconstruction

input 


output 

: σ0

: σ*(σ0)

Network asked to reconstruct previously learnt vectors, now inputted noisy or incomplete

Set of definite  patterns of length  binary vectors (archetypes)K N

Patterns

σ

ξ1 ξ2 ξ3

ℋ
N,

J(σ
)
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Hebb’s rule  Jij = 1
N

K

∑
μ=1

ξμ
i ξμ

j

(Hopfield model ’82, Pastur&Figotin ’78)The Hopfield model

“Neurons out of sync fail to link”

σ1

σ2

J12>0J13
<0

σ3
J23>0

?Jij = 1
N

K

∑
μ=1

ξμ
i ξμ

j

ℋN,J(σ) = − ∑
i>j

σiJijσj

• Low complexity

• Sub-optimal

• Excitatory vs Inhibitory

σ1

σ2

J12>0J13
<0

σ3
J23>0

• Biological inspiration
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ℋ
N,

J(σ
)

σ

σ1

σ2

J12>0J13
<0

σ3
J23>0

?

Frustration makes the energy landscape rough 
with #local-minima exponentially increasing with N

NP-complete combinatorial optimization problem

Jij = 1
N

K

∑
μ=1

ξμ
i ξμ

j

α := lim
N→∞

K
N

, α > 0Load

K = 0

K ∼ 3(N )

tri
vi

al
si

m
pl

e
co

m
pl

ex

ℋ
N,

J(σ
)

σ

K ∼ 3(1)

ℋ
N,

J(σ
)

σ
−ξ1 −ξ3−ξ2

ℋN,J(σ) = − ∑
i>j

σiJijσj
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Frustration makes the energy landscape rough 
with #local-minima exponentially increasing with N

NP-complete combinatorial optimization problem

Jij = 1
N

K

∑
μ=1

ξμ
i ξμ
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The model works (as a pattern reconstructor) if starting “near” a pattern, say , the 
dynamics eventually converges to that pattern. Here “near” means that the Hamming distance 
between the initial point and the pattern is smaller than , for some .

σ ≈ ξμ

ϵN ϵ > 0

Mattis magnetization mμ := 1
N

N
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The model works (as a pattern reconstructor) if starting “near” a pattern, say , the 
dynamics eventually converges to that pattern. Here “near” means that the Hamming distance 
between the initial point and the pattern is smaller than , for some .

σ ≈ ξμ

ϵN ϵ > 0

Mattis magnetization mμ := 1
N

N

∑
i=1

ξμ
i σi,

assess retrieval of the -th patternμ 196 588 12288 107800.3

1.0

mμ

n
0

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

e.g., ξμ =

a)

b)
n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

0 100 298 694 1485 3062 6208 12486 25011 50000
n

0.50

0.75

m
§ µ

a b

0 100 298 694 1485 3062 6208 12486 25011 50000
n

0.7

0.8

m
§ µ

a b

0 1128 2679 4813 7750 11791 17350 24998 35521 50000
n

0.6

0.8

m
§ µ

a b

MNIST Fashion MNIST Olivetti

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

a)

b)
n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

0 100 298 694 1485 3062 6208 12486 25011 50000
n

0.50

0.75

m
§ µ

a b

0 100 298 694 1485 3062 6208 12486 25011 50000
n

0.7

0.8

m
§ µ

a b

0 1128 2679 4813 7750 11791 17350 24998 35521 50000
n

0.6

0.8

m
§ µ

a b

MNIST Fashion MNIST Olivetti

a)

b)
n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

0 100 298 694 1485 3062 6208 12486 25011 50000
n

0.50

0.75
m

§ µ

a b

0 100 298 694 1485 3062 6208 12486 25011 50000
n

0.7

0.8

m
§ µ

a b

0 1128 2679 4813 7750 11791 17350 24998 35521 50000
n

0.6

0.8

m
§ µ

a b

MNIST Fashion MNIST Olivetti

a)

b)
n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 4096 n = 8192 n = 12288 n = 40960

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

0 100 298 694 1485 3062 6208 12486 25011 50000
n

0.50

0.75

m
§ µ

a b

0 100 298 694 1485 3062 6208 12486 25011 50000
n

0.7

0.8

m
§ µ

a b

0 1128 2679 4813 7750 11791 17350 24998 35521 50000
n

0.6

0.8

m
§ µ

a b

MNIST Fashion MNIST Olivetti

1000 1200 1400 1600 1800 2000 2200 2400
M

0.76

0.77

0.78

0.79

0.80

0.81

m̄

t=1.0e-7
t=1.0
t=50.0
t=500.0
t=5000.0

t = 1.0e ° 7 t = 1.0 t = 50.0 t = 500.0 t = 5000.0 idealt = 10−7 t = 1 t = 50 t = 500 t = 5000 ideal t = 0.0 t = 0.1 t = 5.0 t = 10.0 t = 100.0 idealt = 0 t = 0.1 t = 5 t = 10 t = 100 ideal

2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
M

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

m̄

t=0.0
t=0.1
t=5.0
t=10.0
t=100.0

t = 1.0e ° 7 t = 1.0 t = 50.0 t = 500.0 t = 5000.0 idealt = 5 t = 10 t = 100 t = 200 t = 400 ideal

100 200 300 400 500 600
M

0.810

0.815

0.820

0.825

0.830

0.835

0.840

0.845

0.850

m̄

t=5.0
t=10.0
t=100.0
t=200.0
t=400.0

100 200 300 400 500 600 700 800
M

0.40

0.45

0.50

0.55

0.60

0.65

0.70

0.75

m̄

t=0.0
t=0.1
t=5.0
t=10.0
t=100.0

1000 2000 3000 4000 5000 6000
M

0.810

0.815

0.820

0.825

0.830

0.835

0.840

0.845

0.850

m̄

t=5.0
t=10.0
t=100.0
t=200.0
t=400.0

10000 12000 14000 16000 18000 20000 22000 24000
M

0.76

0.77

0.78

0.79

0.80

0.81

m̄

t=1.0e-7
t=1.0
t=50.0
t=500.0
t=5000.0

a)

b)
n=0n=4096n=8192n=12288n=40960

n=0n=4096n=8192n=12288n=40960

n=0n=196n=588n=2940n=10780

n=0n=196n=588n=2940n=10780

n=0n=196n=588n=2940n=10780

n=0n=196n=588n=2940n=10780

0100298694148530626208124862501150000
n

0.50

0.75

m
§µ

ab

0100298694148530626208124862501150000
n

0.7

0.8

m
§µ

ab

011282679481377501179117350249983552150000
n

0.6

0.8

m
§µ

ab

MNISTFashion MNISTOlivetti

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

n = 0 n = 196 n = 588 n = 2940 n = 10780

intrinsic disorder and frustration yield 
glassy behaviours, captured by the 
correlation between configurations of 
two replicas

Overlap qab := 1
N

N

∑
i=1

σ(a)
i σ(b)

i



/4625

α := lim
N→∞

K
NLoad

describes correlation between configurations 
of two replicas, namely two different systems 
endowed with the same couplings J

Overlap qab := 1
N

N

∑
i=1

σ(a)
i σ(b)

i

Mattis magnetization mμ := 1
N

N

∑
i=1

ξμ
i σi,

assess retrieval of the -th patternμ

T := β−1Noise

ℋN,ξ(σ) = − 1
2N
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i ≠ j
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j σiσj

AGS theory
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[Amit, Gutfreund, Sompolinsky - Phys. Rev. A ’87]
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= 

1/
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Phase Diagram

D.J. Amit, H. Gutfreund, H. Sompolinsky, 
Storing infinite numbers of patterns in a 

spin-glass model of neural networks, 
Phys. Rev. Lett. (1985)
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Revise Hebb’s rule by iterative protocols 

[Crick, Mitchinson - Nature ’83; Stickgold - Nature ’05; Diekelmann, Born - Nature Rev. Neurosc. ’10]
consolidation (SW) remotion (REM)
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Revise Hebb’s rule by iterative protocols 

[Crick, Mitchinson - Nature ’83; Stickgold - Nature ’05; Diekelmann, Born - Nature Rev. Neurosc. ’10]
consolidation (SW) remotion (REM)

Jij(t) = 1
N ∑

μ,ν
ξμ

i ( 1 + t
1 + tC )μνξν

j

 
where   pattern correlation matrixCμν := 1

N
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∑
i=1

ξμ
i ξμ

j

J(n)
ij ← J(n−1)

ij + 1
1 + n

[J(n−1) − (J(n−1))2]

(1 + t)
consolidation (SW)

⋅ (I + tC)−1
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 "archetypes”  K {ξμ}μ=1,...,K

Replace archetypes by a sample of examples

 “blurred” examples K × M {ημ,a}a=1,...,M
μ=1,...,K

…
…

…

……

Patterns’ revision
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 "archetypes”  K {ξμ}μ=1,...,K

Replace archetypes by a sample of examples

 “blurred” examples K × M {ημ,a}a=1,...,M
μ=1,...,K

…
…

…

……

Patterns’ revision

Jij(ξ) ∝
K

∑
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ξμ
i ξμ
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J(sup)
ij ∝
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∑
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(
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∑
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i )(

M

∑
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ημ,b
i )

J(unsup)
ij ∝
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T, α, t
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Restricted Boltzmann machines

visible layer

32

output layer

hidden layers
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Restricted Boltzmann machines

visible layer

33
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Restricted Boltzmann machines

Two layers composed of  neuronsN + K

 interaction matrix (symmetric, zero eye)W ∈ ℝN×K

σ ∈ {−1, + 1}N z ∈ ℝK

visible layer hidden layer

Stat-mech: bipartite spin-glass  ℋ(RBM)
N,K,W (σ, z) = −

N,K

∑
i,μ

Wi,μσizμ

, Gaussian prior

34

Boltzmann-Gibbs measure  )W(σ, z) ∝ eβ∑i,μ σiWi,μzμ e− βz2μ
2



σ ∈ {−1, + 1}N, N = #pixels
z ∈ ℝK, K = #classes

encodes for x
encodes for y

9 = {(x(1), y(1)), (x(2), y(2)), . . . , (x(M), y(M))}

(x(i), y(i)) ∼iid :(x, y) unknown, target distr.

…

(x(1),1)

(x(2),3)

(x(3),2)

(x(4),2)

(x(5),1)

Ideally: Look for a configuration  of the matrix  s.t. , namely s.t. Ŵ W )Ŵ(σ, z) = :(σ, z)
Ŵ = min

W∈ℝN×K
DKL(:∥))

Task: classification

̂y ∼ :(y |x)



σ ∈ {−1, + 1}N, N = #pixels
z ∈ ℝK, K = #classes

encodes for x
encodes for y

9 = {(x(1), y(1)), (x(2), y(2)), . . . , (x(M), y(M))}

(x(i), y(i)) ∼iid :(x, y) unknown, target distr.

…

(x(1),1)

(x(2),3)

(x(3),2)

(x(4),2)

(x(5),1)

Ideally: Look for a configuration  of the matrix  s.t. , namely s.t. Ŵ W )Ŵ(σ, z) = :(σ, z)
Ŵ = min

W∈ℝN×K
DKL(:∥))

In practice: Look for a configuration  of the matrix  s.t.  by applying a gradient 

descent 

Ŵ W )Ŵ(σ, z) ≈ :̃(σ, z)
Wn+1

i,μ = Wn
i,μ − ϵ

dDKL(:̃∥))
dWi,μ

Task: classification

̂y ∼ :(y |x)
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,(HN)
β,N,K(ξ) = ∑

σ
e

β
2N ∑i, j,μ ξμ

i ξμ
j σiσj = ∑

σ
∫ ∏

μ
dzμe− βz2μ

2 e
β
N

∑i,μ σiξμ
i zμ = ,(RBM)

β,N,K (ξ)

Gaussian 

integration

Hubbard-Stratonovich 

transformation

σ ∈ {−1, + 1}N

z ∼ =(0, Iβ−1)

W = ξ

σ ∈ {−1, + 1}N

ξ ∈ {−1, + 1}N×K

Hopfield network / Restricted Boltzmann machines equivalence

…ℱ := − T log ,
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σ ∈ {−1, + 1}N

z ∼ =(0, Iβ−1)

W = ξ

σ ∈ {−1, + 1}N

ξ ∈ {−1, + 1}N×K

Hopfield network / Restricted Boltzmann machines equivalence

Published as a conference paper at ICLR 2021

(c) Normal initialization, 15 epochs

(d) Hopfield initialization, 15 epochs(a) 10 hidden units (b) 50 hidden units

Figure 4: Generative performance of binary-gaussian RBMs trained with (a) p = 10 and (b) p = 50
hidden units. Curves are colored according to the choice of weight initialization (see legend in (b),
and further detail in the preceding text). Each curve shows the mean and standard deviation over
5 runs. The inset in (a) details the first two epochs. We compute ln p✓ as in Fig. 2, but with 100
AIS chains. The learning rate is ⌘0 = 10�4 except the first 25 epochs of the randomly initialized
weights in (b), where we used ⌘ = 5⌘0 due to slow training. The mini-batch size is B = 100 for all
curves in (b) and the purple curve in (a), and B = 1000 otherwise. (c), (d) Samples from two RBMs
from (b) (projection HN and random) after 15 epochs, generated by initializing the visible state to
an example image from the desired class and performing 20 RBM updates with � = 2. Training
parameters: � = 2, and CD-20.

Despite being a common choice, the random initialization trains surprisingly slowly, taking roughly
40 epochs in Fig. 4(a), and in Fig. 4(b) we had to increase the basal learning rate ⌘0 = 10�4

by a factor of 5 for the first 25 epochs due to slow training. The non-random initializations, by
comparison, arrive at the same maximum value much sooner. The relatively small change over
training for the Hopfield initialized weights supports the idea that they may be near a local optimum
of the objective, and that conventional training may simply be mildly tuning them (Fig. 3).

That the HN initialization performs well at 0 epochs suggests that the p Hopfield patterns concisely
summarize the dataset. This is intuitive, as the projection rule encodes the patterns (and nearby
states) as high probability basins in the free energy landscape of Eq. (1). As the data itself is
clustered near the patterns, these basins should model the true data distribution well. Overall, our
results suggest that the HN correspondence provides a useful initialization for generative modelling
with binary-gaussian RBMs, displaying excellent performance with minimal training.

3.2 CLASSIFICATION OBJECTIVE

As with the generative objective, we find that the Hopfield initialization provides an advantage for
classification tasks. Here we consider the closely related MNIST classification problem. The goal
is to train a model on the MNIST Training dataset which accurately predicts the class of presented
images. The key statistic is the number of misclassified images on the MNIST Testing dataset.

We found relatively poor classification results with the single (large) RBM architecture from the
preceding Section 3.1. Instead, we use a minimal product-of-experts (PoE) architecture as described
in Hinton (2002): the input data is first passed to 10 RBMs, one for each class µ. This “layer of
RBMs” functions as a pre-processing layer which maps the high dimensional sample s to a feature
vector f(s) 2 R10. This feature vector is then passed to a logistic regression layer in order to predict
the class of s. The RBM layer and the classification layer are trained separately.

The first step is to train the RBM layer to produce useful features for classification. As in Hinton
(2002), each small RBM is trained to model the distribution of samples from a specific digit class µ.
We use CD-20 generative training as in Section 3.1, with the caveat that each expert is trained solely
on examples from their respective class. Each RBM connects N binary visible units to k gaussian
hidden units, and becomes an “expert” at generating samples from one class. To focus on the effect
of interlayer weight initialization, we set the layer biases to 0.

After generative training, each expert should have relatively high probability p(µ)✓ (sa) for sample
digits sa of the corresponding class µ, and lower probability for digits from other classes. This idea
is used to define 10 features, one from each expert, based on the log-probability of a given sample

7

[F.E. Leonelli, EA, A. Barra - Neur. Net. ’21]

[EA, F. Alemanno, A. Barra, G. De Marzo - Neur. Net. ’22] [Smart, Zilman - ICLR ’21]
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[F. Alemanno, M. Aquaro, I. Kanter, A. Barra, EA - Europhys. Lett. ’23]
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MNIST and Fashion-MNIST 
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MNIST and Fashion-MNIST 
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MNIST and Fashion-MNIST 
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MNIST and Fashion-MNIST 
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