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Perturbative QCD

QCD collinear factorization: y = Y − 1
2
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dσ

dQ2dY dpt...
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proton proton

p2p1 x1p1 x2p2
fi(x1,Q2) fj(x2,Q2)

Cij(z,αs)

parton i parton j

coefficient functions Cij(x, y, pt, ..., αs) (observable-dependent, perturbative)

parton distribution functions (PDFs) fi(x,Q
2) (universal, non-perturbative)

Altarelli-Parisi (DGLAP) evolution:

Q2 d
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j=g,q
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Pij(z, αs(Q

2))fj
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z
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)

splitting functions Pij(x, αs) (universal, perturbative)

PDFs at a given scale Q0 + DGLAP evolution → PDFs at any scale Q
Strategy: fit fi(x,Q

2
0) by comparing theory predictions to many data
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All-order resummation of enhanced logarithms

In general, perturbative coefficients contain logarithms of dimensionless ratios

L =

{
log(1− x), log

1

x
, log

p2t
Q2

, log(something else), ...

}
Sometimes, they are logarithmically enhanced:

Pij(x, αs) or Cij(x, y, pt, ..., αs) = a0

+ αs

[
a1L + b1

]
+ α2

s

[
a2L

2 + b2L + c2
]

+ α3
s

[
a3L

3 + b3L
2 + c3L + d3

]
+ α4

s

[
a4L

4 + b4L
3 + c4L

2 + d4L+ e4
]

+ . . .

If/when αsL ∼ 1 the fixed-order expansion is no longer predictive!

Resum the logs, and convert to a “logarithmic-order” expansion:

gLL(αsL) + αs gNLL(αsL) + α2
s gNNLL(αsL) + α3

s gN3LL(αsL) + . . .

Leading log (LL), next-to-leading log (NLL), next-to-next-to-leading log (NNLL)...
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Small-x resummation
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Future plans for resummation

Phenomenology of small-x resummation

Extension of small-x resummation to NLL (currently available at LL only)

Combination of small-x resummation and threshold (large-x) resummation
(relevant for high rapidity, e.g. for the Forward Physics Facility at CERN)

Interplay of threshold resummation and heavy quark production

...

Marco Bonvini + Barbara Mele ENP meeting 5



Theory uncertainty from missing higher orders

Canonical approach: Scale variation: dependence on unphysical scales of a physical
observable at NnLO is of higher order

σNnLO(µ) =
n∑

k=0

ck(µ)α
k
s (µ) µ

d

dµ
σNnLO(µ) = O(αn+1

s )

Canonical uncertainty: variation by a factor of 2 about a “central” scale µ0

σtrue ≈ σNnLO(µ0)± max
µ0/2≤µ≤2µ0

|σNnLO(µ)− σNnLO(µ0)|

Which central scale µ0?
How much should I vary the scale?
How do I interpret the uncertainty?

Need for a statistically-sound definition of theoretical uncertainties,
which does not depend so much on arbitrary assumptions

Theory uncertainty from missing higher orders should be a probability distribution

First pioneering work in this direction: [Cacciari,Houdeau 1105.5152]
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Higgs in gluon fusion at LHC: probability distributions
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Higgs in gluon fusion at LHC: probability distributions
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PDF determination

Proton’s PDFs are fitted from data

parametrize 
PDFs at initial 

scale Q0

evolve with 
DGLAP to the 
data scale Q

compute the 
cross section

fi(x, Q20) fi(x, Q2data) σtheo

compare with 
actual data

(σtheo − σdata) → χ2

Improve determination of PDFs with improved theoretical description, e.g. with
resummation

Studies of PDF parametrizations

Muon’s PDFs can be computed perturbatively!

Essential ingredient for a muon collider.
Ongoing studies on impact of small-x resummation for a ∼ 10 TeV collider.
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trilinear Higgs coupling at Muon Colliders

21A life in Phenomenology,  15  September 2022

The Higgs self-interaction
Measuring the Higgs self-interactions is an essential step to understand the 
structure of the Higgs potential

‣ related to order of EW phase transition  (relevant for cosmology)

‣ distortions expected in many BSM scenarios

‣ limited precision at LHC due to small statistics

L = �1

2
m2

hh2 � �3
m2

h

2v
h3 � �4

m2
h

8v2
h4 � ⌘ �3

�sm
3

2

HH ! 4b
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

2 Analysis strategy

stage also gives the best sensitivity to gHHH. The cross section of WBF double Higgs boson production
grows with the collision energy. Therefore, the 3 TeV stage gives the largest rate of WBF double Higgs
boson production at CLIC. In e+e� collisions at this energy, WBF is the dominant double Higgs boson
production mode. Its total cross section, including effects of the luminosity spectrum, exceeds that of
Higgsstrahlung at 1.5 TeV by a factor of 6. The single most sensitive measurement of Higgs boson pair
production at CLIC is therefore the double Higgs boson production through WBF at 3 TeV, which is the
focus of this work.
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Figure 1: Cross section as a function of centre-of-mass energy for e+e� ! ZHH and e+e� ! HHnene
production for a Higgs mass of mH = 126 GeV. The values shown correspond to unpolarised
beams and do not include the effect of beamstrahlung [6].

Figure 2: Main Feynman diagrams contributing to double Higgs boson production via W-boson fu-
sion. Diagram a) contains the trilinear Higgs self-coupling, b) grows with the quartic coupling
gHHWW, while c) and d) are sensitive to the Higgs coupling to W bosons.

Fig. 2 shows the main Feynman diagrams contributing to the process e+e� ! HHnene . This chan-
nel contains the HHH vertex which depends on the trilinear Higgs self-coupling gHHH, as well as the
HHWW vertex which depends on the quartic Higgs-gauge coupling gHHWW. Deviations from the SM
values are defined as:

kHHH :=
gHHH

gSM
HHH

and kHHWW :=
gHHWW

gSM
HHWW

.

This analysis is focused on the two decay channels HH ! bbbb (branching fraction 34 %) and
HH ! bbWW⇤ ! bbqqqq (branching fraction 8.4 %). Both channels benefit from the relatively clean
environment in electron-positron collisions, the excellent jet energy resolution of the assumed CLIC de-
tector concept using particle flow analysis, as well as from its very good flavour tagging capabilities.
This allows accurate reconstruction of the kinematics of the Higgs boson pair.

3

40.000 HH pairs at 14 TeV !

T. Han et al. arXiv:2008.12204

p
s [TeV] �SM [fb] R1 R2 R3 R4 R5

3 TeV 0.91 �3.5 �0.65 3.1 14 0.49

6 TeV 2.0 �3.9 �0.50 2.8 29 0.35

10 TeV 3.6 �4.3 �0.43 2.7 54 0.29

14 TeV 4.9 �4.4 �0.38 2.6 80 0.25

30 TeV 7.6 �4.4 �0.28 2.3 210 0.19

Table 4: Predicted cross sections of the inclusive µ+µ� ! HH + X, as given in Eq. (4.2) at
different muon collider energies.

where ASM, A2 ⇠ constant, and A1 ⇠ E2 at high energies E � MW . Because of the energy
growing behavior of A1, the cross section has a strong dependence on �W2 over a large
range of phase space. As a result, we expect to be able to constrain W2 better than 3.
This argument also shows, when extracting the trilinear Higgs self-coupling it is important to
consider the impact from the quartic V V HH coupling. In this study, we have assumed the
HHV V vertex is modified only in its strength for simplicity, while in many well-motivated new
physics models the tensor structure of the quartic coupling could also be corrected [37, 38].
It will be interesting to further assess the impact of these additional modifications on the
extraction of 3 [39].

For the Higgs decays, we once again focus on the leading decay channel HH ! bb̄ bb̄,
which has a SM branching fraction BR(4b) ' 34%. We impose basic acceptance cuts

pT (b) > 30 GeV, 10� < ✓b < 170�, �Rbb > 0.4. (4.4)

As before, we further assume the jet energy resolution to be �E/E = 10%.
The Higgs candidates are reconstructed from the four most energetic jets. The four jets

are paired by minimizing
(mj1j2 � mH)2 + (mj3j4 � mH)2. (4.5)

And for each Higgs candidate, we impose

|mjj � mH | < 15 GeV (4.6)

to reject background from Z and W resonances. We also require the recoil mass

Mrecoil =
q

(pµ+ + pµ� � pH1 � pH2)
2 > 200 GeV. (4.7)

The signal selection efficiencies and the corresponding cross sections are listed in Table 2. If
we tighten the angular cut to 20�, the efficiencies would drop by a factor of 3 – 4.

We again perform a simultaneous fit to 3 and W2 using binned maximum likelihood
fit. Given the different energy dependence in the subamplitudes controlled by 3 and W2 , we
decided to bin the mHH distribution into the following intervals2

mHH = [0, 350, 450, 550, 650, 750, 950, 1350, 5000] GeV. (4.8)
2A similar procedure for double Higgs production in hadron colliders can be found in Ref. [40].
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For the Higgs decays, we once again focus on the leading decay channel HH ! bb̄ bb̄,

which has a SM branching fraction BR(4b) ' 34%. We impose basic acceptance cuts

pT (b) > 30 GeV, 10� < ✓b < 170�, �Rbb > 0.4. (20)

As before, we further assume the jet energy resolution to be �E/E = 10%.

The Higgs candidates are reconstructed from the four most energetic jets. The four jets

are paired by minimizing

(mj1j2 � mH)2 + (mj3j4 � mH)2. (21)

And for each Higgs candidate, we impose

|mjj � mH | < 15 GeV (22)

to reject background from Z and W resonances. We also require the recoil mass

Mrecoil =
q

(pµ+ + pµ� � pH1 � pH2)
2 > 200 GeV. (23)

The signal selection efficiencies and the corresponding cross sections are listed in Table II.

If we tighten the angular cut to 20�, the efficiencies would drop by a factor of 3 – 4.

We again perform a simultaneous fit to 3 and W2 using binned maximum likelihood fit.

Given the different energy dependence in the subamplitudes controlled by 3 and W2 , we

decided to bin the mHH distribution into the following intervals2

mHH = [0, 350, 450, 550, 650, 750, 950, 1350, 5000] GeV. (24)

The binned cross section of µ+µ� ! HH + X ! bb̄ bb̄ + X after the selection cuts can be

parametrized, in a similar fashion, as

� = �SM

⇥
1 + r1�W2 + r2�3 + r3�W2�3 + r4 (�W2)

2 + r5 (�3)
2⇤ , (25)

2 A similar procedure for double Higgs production in hadron colliders can be found in Ref. [42].

15

(95% CL, single-parameter fit)

mHH [GeV] �SM [ab] r1 r2 r3 r4 r5

[0, 350) 15 �2.7 �1.7 7.6 6.7 2.6

[350, 450) 24 �3.4 �1.2 5.2 7.8 0.95

[450, 550) 24 �4.0 �0.91 4.6 12 0.52

[550, 650) 21 �4.6 �0.70 4.7 17 0.36

[650, 750) 17 �5.3 �0.60 5.1 26 0.28

[750, 950) 24 �6.9 �0.52 6.3 46 0.23

[950, 1350) 23 �11 �0.47 8.7 120 0.19

[1350, 5000) 15 �18 �0.30 7.2 240 0.075

Table 5: Cross sections of the inclusive µ+µ� ! HH + X ! bb̄ bb̄ + X in different mHH

ranges as the coefficients corresponding to the five terms in Eq. (4.9) with
p

s = 10 TeV.
.

p
s (TeV) 3 6 10 14 30

benchmark lumi (ab�1) 1 4 10 20 90
(�W2)in 5.3% 1.3% 0.62% 0.41% 0.20%
(�3)in 25% 10% 5.6% 3.9% 2.0%

Table 6: The 95% C.L. in �W2 and �3 for the inclusive channel, by varying one coupling
at a time.

The binned cross section of µ+µ� ! HH + X ! bb̄ bb̄ + X after the selection cuts can be
parametrized, in a similar fashion, as

� = �SM

h
1 + r1�W2 + r2�3 + r3�W2�3 + r4 (�W2)

2 + r5 (�3)
2
i
, (4.9)

where the values are given in Table 5 for
p

s = 10 TeV for illustration. It is important to note
again the increasing sensitivity on W2 at higher values of mHH . The resulting contours are
shown in Fig. 7. In Table 6 we also provide the 95% C.L. from the single parameter fit, by
allowing 3 and W2 to vary only one at a time.

5 Discussion and Conclusion

As we have shown in this work, a multi-TeV high energy muon collider will have a tremendous
potential to constrain the electroweak Higgs couplings with unprecedented accuracy. It will
offer a unique probe into the nature of the Higgs boson as well as the scale of possible new
physics beyond the SM. In Table 7, we present a summary of the estimated sensitivities at
different collider energies and luminosities. In the last column of the table, we compare with
the expected precision from other proposed colliders. It is clear that a multi-TeV muon collider
could improve the measurements substantially.

– 13 –
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Xsect [ab]

p
s [TeV]

3 14 30 14 30 14 30 14 30 3 14 30

MHHH < X, X [TeV] 10 10 5 5 3 3 1 1.1 1
SM 0.31 7.02 18.51 6.99 16.48 5.91 11.30 3.98 6.69 0.12 0.60 0.86
3 = 0, 4 = �0.5 0.42 7.63 19.55 7.60 17.49 6.50 12.21 4.52 7.49 0.20 0.93 1.32
3 = 0, 4 = �0.2 0.34 7.13 18.68 7.10 16.65 6.02 11.45 4.09 6.83 0.14 0.69 0.97
3 = 0, 4 = �0.05 X X X X X X X X X X X X
3 = 0, 4 = 0.05 X X X X X X X X X X X X
3 = 0, 4 = 0.2 0.31 7.09 18.68 7.06 16.64 5.97 11.42 4.02 6.76 0.11 0.58 0.83
3 = 0, 4 = 0.5 0.34 7.53 19.54 7.50 17.48 6.39 12.15 4.37 7.33 0.12 0.67 0.96
4 = 63, 3 = �0.5 1.09 5.92 36.79 15.88 33.91 14.17 25.76 10.71 17.50 0.55 2.63 3.74
4 = 63, 3 = �0.2 0.52 9.43 23.51 9.40 21.24 8.14 15.22 5.78 9.59 0.23 1.12 1.59
4 = 63, 3 = �0.05 X X X X X X X X X X X X
4 = 63, 3 = 0.05 0.29 6.69 17.79 6.66 15.80 5.61 10.75 3.75 6.29 0.11 0.55 0.79
4 = 63, 3 = 0.2 0.30 6.40 16.99 6.38 15.07 5.37 10.25 3.62 6.06 0.13 0.65 0.93
4 = 63, 3 = 0.5 0.79 9.48 22.18 9.45 20.18 8.37 15.01x 6.40 10.29 0.51 2.25 3.21

Table 1: Cross section for HHH production.

Process: µ+µ� ! HHH⌫⌫, (⌫ = ⌫e, ⌫µ, ⌫⌧ )
Conventions:

• g3H = gSM
3H , g4H =

⇣
1 + 4

⌘
gSM
4H

• g3H =
⇣
1 + 3

⌘
gSM
3H , g4H =

⇣
1 + 63

⌘
g4H

Luminosities:

• L = 5 ⇥ 20 ab�1 for
p

s = 3 TeV

• L = 20 ab�1 for
p

s = 14 TeV

• L = 100 ab�1 for
p

s = 30 TeV
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Figure 7: Representative tree-level Feynman diagrams for triple Higgs production.

ratio over �00 �10 �20 �30 �40

500 GeV (2.2, �9.0) (1.4, 8.5) (0.3, 34) (0.02, 19)

1 TeV (2.2, �3.7) (1.5, 16) (0.2, 17) (0.01, 6)

1.4 TeV (2.2, �3.4) (1.6, 16) (0.2, 12) (0.01, 3.8)

3 TeV (2.2, �2.1) (1.9, 7.6) (0.2, 3.8) (0.01, 1.0)

ratio over �00 �01 �11 �21 �02

500 GeV (0.1, �4.0) (0.1, �14) (0.01, 16) (0.002, 3.3)

1 TeV (0.1, �1.5) (0.2, 10) (0.02, 7.1) (0.006, 2.3)

1.4 TeV (0.1, �1.0) (0.2, 9.2) (0.02, 5.2) (0.009, 2.0)

3 TeV (0.1, �0.3) (0.3, 4.1) (0.03, 1.6) (0.02, 0.9)

Table 2: �ij/�00 ratios for (ZHHH, WBF HHH). �ij are defined in eq. (3.22).

3.3 Triple Higgs production

In triple Higgs production cubic and quartic self-couplings are present already at the tree-

level and therefore both the leading dependences on c̄6 and c̄8 are already present at LO

(see diagrams in Fig. 7). Following the same notation used for double Higgs production,

the cross section used for our phenomenological predictions can be written as

�LO(HHH) = �00 +
X

1i+2j4

�ij c̄
i
6c̄

j
8 , (3.22)

where the �00 term corresponds to the LO SM prediction. Similarly to the case of double

Higgs production at one loop, terms up to the eighth power in the (v/⇤) expansion are

present at the cross section level, although in this case only the fourth power is present at

the amplitude level. The upper bounds on c̄6 and c̄8 mentioned in the previous section and

discussed in Appendix C have to be considered also in this case. It is important to note

that although for large values of c̄6 and c̄8 loop corrections may be sizeable, at variance

with double Higgs production, c̄6 and c̄8 are both entering at LO. Thus, when limits on c̄6

and c̄8 are extracted, loop corrections may slightly a↵ect them, but only for large c̄6 and c̄8

values. In Tab. 2 we give all the �ij/�00 ratios, so that the size of all the relative e↵ects from

the di↵erent NP contributions can be easily inferred.10 In Fig. 8, we show �LO at di↵erent

energies for representative values of c̄6 and c̄8, including the SM case (c̄6 = 0, c̄8 = 0) where

�LO = �00. There, we also explicitly show the value of the �02 component, which factorises

10There are large cancellations among the di↵erent contributions; more digits than those shown here have

to be taken into account in order to obtain a reliable result.
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(see diagrams in Fig. 7). Following the same notation used for double Higgs production,

the cross section used for our phenomenological predictions can be written as

�LO(HHH) = �00 +
X

1i+2j4

�ij c̄
i
6c̄

j
8 , (3.22)

where the �00 term corresponds to the LO SM prediction. Similarly to the case of double

Higgs production at one loop, terms up to the eighth power in the (v/⇤) expansion are

present at the cross section level, although in this case only the fourth power is present at

the amplitude level. The upper bounds on c̄6 and c̄8 mentioned in the previous section and

discussed in Appendix C have to be considered also in this case. It is important to note

that although for large values of c̄6 and c̄8 loop corrections may be sizeable, at variance

with double Higgs production, c̄6 and c̄8 are both entering at LO. Thus, when limits on c̄6

and c̄8 are extracted, loop corrections may slightly a↵ect them, but only for large c̄6 and c̄8

values. In Tab. 2 we give all the �ij/�00 ratios, so that the size of all the relative e↵ects from

the di↵erent NP contributions can be easily inferred.10 In Fig. 8, we show �LO at di↵erent

energies for representative values of c̄6 and c̄8, including the SM case (c̄6 = 0, c̄8 = 0) where

�LO = �00. There, we also explicitly show the value of the �02 component, which factorises

10There are large cancellations among the di↵erent contributions; more digits than those shown here have

to be taken into account in order to obtain a reliable result.
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particular the multi-TeV energy and order 1035 cm−2s−1 luminosity options considered in

table 1. Since, for
√

s ! 1.5 TeV, vector-boson-fusion channels (whose cross sections grow

as log s) get the upper-hand on the corresponding s-channel production mediated by the

µ+µ− → HHHZ∗ process, our analysis will be mainly focused on the W-boson-fusion

(WBF) process

µ+µ− → W ∗W ∗νµνµ → HHHνµνµ. (1.2)

Depending on the particular Higgs decay channel involved, the final signature of triple

Higgs events can be quite diverse [19], although a few kinematical common features (like

the presence of three systems resonating at the Higgs masses) will be universal. Thanks to

these features, even dijet final states, such as the b-jets from high-rate H → bb̄ decays, are

expected to be efficiently reconstructed.3

In this study, we work under two main hypotheses. First, we assume that a number

of potential machine and detector issues will be solved after detailed studies, possibly in-

volving innovative technologies, and discuss the potential consequences of just having at

disposal signal event statistics for triple Higgs bosons corresponding to such high c.m. en-

ergies and luminosities as envisaged in the MAP project. Second, we assume that the bulk

of the different HHH final states corresponding to the dominant Higgs decay channels can

be reconstructed with high efficiency. Correspondingly, we estimate the muon collider sen-

sitivity to detect a deviation in the Higgs λ3 and λ4 self-couplings through the full statistics

of the triple Higgs production. On the other hand, as far as the Higgs trilinear self-coupling

λ3 is concerned, we do not consider here the stronger direct constraints that presumably

can be obtained through the scrutiny of the higher-rate double Higgs production.

The plan of the paper is as follows. In section 2 we present the results of our Monte

Carlo simulations for the signal cross sections and distributions in the standard model,

including a study of the acceptance of 6 b-jet final state.

In section 3, we parametrise the cross sections dependence in new physics scenarios as

a quartic polynomial of the deviations δ3 and δ4 of the self-couplings with respect to the SM

predictions and study the sensitivity of representative distributions to them. Finally, we

determine the constraining potential (considering different energy and luminosity setups)

of a future muon collider. In the last section, we present our conclusions and the outlook.

2 Triple Higgs production in the standard model

In this section, we present the cross sections and a few kinematical distributions for the

process

µ+µ− → HHH νν, (2.1)

in the SM and in scenarios where the Higgs self-couplings are modified, at muon collider

energies in the range [1.5, 30] TeV.

3In fact, the final detection efficiency could be strongly affected by the machine-induced background and

the machine detector interface that could seriously impact the final detector acceptance [27, 28]. In any

case, it is clear that further research and development of accelerator, detector, and analysis technologies

for a multi-TeV muon collider will be needed to reach robust conclusions on the physics potential of such

a machine.
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Figure 1. Representative Feynman diagrams contributing to the process µ+µ− → HHHνν that do

not involve self-couplings (top-left and bottom-right), involve the trilinear twice (top-right) and once

(central), and the quartic (bottom-left) couplings. s-channel diagrams (bottom-right) contribute

but become negligible at high energy (note that in this case ν = νe, νµ, ντ ).

In figure 1, we show a few representative Feynman diagrams of the process. By in-

spection, one can quickly conclude that at the tree level, each diagram can be at most

linearly dependent on the quartic self-coupling λ4, and linearly or quadratically dependent

on λ3. In fact, the majority of diagrams are independent from Higgs self-couplings. This

observation leads to the expectation that on the one hand, the cross section sensitivity to

self-couplings in general and to the quartic coupling in particular, will be quite mild and

on the other hand, a very precise knowledge of the WWH and WWHH couplings will be

needed in order to pin down the Higgs potential.
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Figure 6: Higgs rapidity (left) and Higgs-pair �R (right) distributions in µ+µ� ! HHH⌫⌫, in
the SM, at

p
s '14 TeV, for M⌫̄⌫ & 150 GeV. The index 1 refers to the highest-pT Higgs, while

the index 3 refers to the lowest-pT Higgs. The solid lines stand for the inclusive distributions,
the dashed (dotdashed) lines correspond to applying a further cut MHHH < (>)1 TeV.

3 Triple Higgs production with anomalous self-couplings
We can now pass to consider in detail how modifications of the trilinear and quartic couplings
can modify cross sections and distributions. As already mentioned, the Feynman diagrams
contributing to the process µ+µ� ! HHH⌫⌫ can involve one quartic Higgs vertex or up to
two Higgs trilinear vertices, see figure 1.

As a result, the most general expression for the cross section as a function of the deviations
from the SM cubic and quartic Higgs couplings can be expressed in terms of a polynomial which
is quartic in �3 and quadratic in �4:

� = c1 + c2�3 + c3�4 + c4�3�4 + c5�
2
3 + c6�

2
4 + c7�

3
3 + c8�

2
3�4 + c9�

4
3 , (9)

where the coefficients ci can be obtained once for all from a MC simulation and they are collected
in table 4, for the total cross sections with and without an upper cut on the HHH invariant
mass of 1 TeV. This parametrization is useful for at least two reasons. The first is that it can
be used to extract sensitivities to different scenarios without the need to rerun MC simulations
for each benchmark point. The second advantage is that it is possible to directly gauge the
sensitivity to new physics effects by comparing the value of the SM coefficient (c1), with the
linear terms c2, c3, which are dominant for �3,4 ⌧ 1, and the quadratic (mixed or diagonal)
terms (c4,5,6), the cubic (c7,8) and finally the quartic terms (c9). First, the SM coefficient, as we
had already seen in figure 2, grows faster than linearly, yet tends to flatten at high energy. As
also seen before, the increase of the cross section is clearly provided by configurations which are
far from threshold, and where at least one Higgs boson is soft and can be very forward. In fact,
once an upper cut on the HHH invariant mass of 1 TeV is set, the increase on the cross sections
is less than linear and very mild. Second, at the linear level and for total cross sections, the
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FIG. 1: Representative leading-order Feynman diagrams for
triple Higgs production in proton-proton collisions.

sensitivity [14]. However, with the e↵ort of exploiting
previously overlooked advantages of the ditau system and
a boosted configuration, we show in this work that the
bb̄bb̄⌧⌧ channel can be promoted to a leading discovery
channel for triple-Higgs production.

This paper is organized as follows. In Sec. 2, we in-
troduce the adopted simplified model parameterizing in
a model-independent way any new physics e↵ect on the
Higgs self-interactions, and we present technical details
related to our simulation setup. Sec. 3 is dedicated to
our event selection strategy and exhibits details on its
specificity. Our results are given in Sec. 4, together with
prospects for a future 100 TeV proton-proton colliders.

2. THEORETICAL FRAMEWORK AND
TECHNICAL DETAILS

In order to probe for possible new physics e↵ects
in multiple-Higgs interactions, we modify in a model-
independent fashion the SM Higgs potential,

Vh =
m2

h

2
h2 + (1 + 3)�

SM
hhhvh3 +

1

4
(1 + 4)�

SM
hhhhh4 ,

by introducing two i parameters that vanish in the SM.
In our notation, h denotes the physical Higgs-boson field,
mh its mass and v its vacuum expectation value. The SM
self-interaction strengths moreover read

�SM
hhh = �SM

hhhh =
m2

h

2v2
.

We simulate our triple Higgs signal and the associ-
ated backgrounds by implementing the above Lagrangian
in the FeynRules package [18] that we use along
with the NloCT program [19] to generate a UFO li-
brary [20]. The latter allows for event generation for both
tree-level and loop-induced processes within the Mad-
Graph5 aMC@NLO [21, 22] framework, that we use
to convolute hard scattering matrix elements with the
next-to-leading (NLO) set of NNPDF 2.3 parton densi-
ties [23] for a center-of-mass energy of

p
s = 100 TeV.

FIG. 2: Triple-Higgs production cross-section for a center-
of-mass energy of

p
s = 100 TeV presented as a function of

the 3 and 4 parameters depicting the possible deviations
from the SM (indicated by a black star). The results include
a conservative NLO K-factor of 2.

The hard-scattering events are then decayed, showered
and hadronized within the Pythia 6 environment [24]
and reconstructed by using the anti-kT algorithm [25] as
implemented in FastJet [26], with a radius of R = 1
and 0.4 for a fat jet and slim jet definition, respectively.

Hadronic taus are defined as specific slim jets for which
there is no hadronic object of pT > 1 GeV and no photon
with a pT > 1.5 GeV at an angular distance of the jet
axis greater than rin = 0.1 and smaller than rout = 0.4.
The resulting tau-tagging e�ciency is of about 50%, for
a fake rate of mistagging a light-flavor jet as a tau of
roughly 5%. Those performances can be compared to
what could be expected from the high-luminosity phase of
the LHC, for which an e�ciency of 55% can be expected
for a mistagging rate of 0.5% [7].

Our analysis relies on the reconstruction of boosted
Higgs bosons. To this aim, we employ the template over-
lap method [27, 28] as embedded in the TemplateTag-
ger program [29], and we use a new template observable
derived from the ty quantity proposed in Ref. [30], which
we here maximize over the di↵erent three-body Higgs
templates. We make use of various two-body and three-
body (NLO) Higgs templates featuring a sub-cone size
of 0.1 to compute the discriminating overlaps Ovh

2 and
Ovh

3 , respectively, that allow for a boosted Higgs boson
identification. The performance of the method yields a
tagging e�ciency of 40% for a mistagging rate of 2%.

As suggested by the representative Feynman diagrams
of Fig. 1, triple-Higgs production depends on both i

parameters as well as on the top Yukawa coupling.
While in either an e↵ective field theory framework or
an ultraviolet-complete model building approach, the i

parameters are not independent, they will be varied in-

δ3 δ4
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(N-NSM)/√NSM ~1  vs  (δ3,δ4)   
VBF→HHH

[ δ3=0 ]    -0.3 < δ4 <0.4   (68%CL) !!!
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Figure 11: Left: 1-� exclusion plots for the anomalous Higgs self-couplings in terms of the
standard deviations |N � NSM|/pNSM from the SM (green dot), where the event numbers N
refer either to �(µ+µ� ! HHH⌫⌫), for M⌫̄⌫ >⇠ 150GeV (blue area), or to the same cross section
with an upper cut of 1 TeV on the HHH invariant mass (red area). Right: same plots zoomed
around the SM configuration.
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µ+µ≠ æHHH‹‹̄, with b-tagging, H reconstruction (2)
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only 1/5 of the signal survives after selecting
H æ bb

Higgs reconstruction needed (at least with
20 GeV resolution, better with 10 GeV res)
full simulation for 6b quarks (no Higgses)
computed with a modified version of ALPGEN

Mauro Chiesa 4j(6j) background to µ+µ≠ æHH(H)‹‹
Barbara Mele

with  mH reconstruction (10GeV)
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outlook
testing Higgs potential via Higgs self-coupling measurement 
of paramount importance ! 
triple Higgs production only direct access  
to quartic self-coupling 

projections at FCC-hh  can give few-% accuracy on λ3  
but only mild bounds on λ4 (δλ4/λ4~10) at present 

first indications that µ colliders @10+TeV with  
L~ 1035cm-2s-1 might provide a λ4 determination  
with  few-10% accuracy (δλ4/λ4~1) 
➜ ➜  significantly better that other future projects ! 
physics  bckgds  expected mild  (also for hadronic final 
states)     ➜ preliminary detailed simulations confirm ! 
optimal bckgd suppression requires good resolution in  
M(jj)  reconstruction !  

39A life in Phenomenology,  15  September 2022
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Outlook

ever since its discovery,  the  top  quark  has never been 
produced  and  studied  in  such a clean environment  

as the one expected in e+e- collisions

 e+e- collisions will  almost allow to trace back   
top-quark final states on an event-by-event basis

this will open the opportunity to look at details of 
top production and kinematics that is unthinkable 

in hadron collisions   
(relevant strategies mostly still to be developed …)

rare top decays is one of the (many) top physics 
chapters that would widely benefit from such 

spectacularly clean environment !

BM,talk at 7th FCC-ee Phys. WS June 2014

example ➜ 
Marco Bonvini + Barbara Mele ENP meeting 15
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inclusive searches for exotic t decays via recoil system

b)  look for events containing  
a top-system with  
a veto on a 2nd tag  
(i.e. recoil system does not  pass 
the SM top-system criteria)

a) define criteria to tag  
a  Wb/Wj system  
as a (SM) top quark 

Frank&Simon&(fsimon@mpp.mpg.de)
Top$Mass$at$e+e+$Colliders$
AWLC2014,&Fermilab,&May&2014

Identifying & Reconstructing Top Quarks

• Strategy depends on targeted ttbar final state

5

Semi-leptonic:

• isolated lepton ID, momentum measurement

• missing energy measurement 

Universal

• Flavor tagging:

• b - identification

• b/c separation


• b-Jet energy measurement

• light Jet reconstruction & 

energy measurement  X
top-veto

large variety 
 of exotic final states  

(unexpected signatures “hard” at LHC !)  
➜	global analysis of a top   

recoil system with a top-veto

c) full simulation needed to 
assess sensitivity ( <% σ ?)

d) get model-independent  
bounds on BR(top)exotica !Ecm(e+e-) ≥ 350 GeV
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