
XIX International Meeting on “Selected Topics in Nuclear and Atomic Physics” 
Fiera di Primiero, October 4-8, 2024

Bayesian inference in  
ab initio nuclear theory

Andreas Ekström 
Chalmers University of Technology

andreas.ekstrom@chalmers.se



Evolving nuclear physics landscape
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Nuclear equation of state

Figure from: Adamian et al EPJA (2020)

neutron star matter

nuclear astrophysics

2

fundamental symmetries



Progress in ab initio predictions (2010)

Slide adapted from T. Duguet (2024)Nuclear chart adapted from B. Bally (2024)3



Progress in ab initio predictions (2024)

Nuclear chart adapted from B. Bally (2024)

208Pb: Hu et al., Nature Physics (2022)

100Sn Morris et al., PRL (2018)
100-170Sn: Tichai et al., PLB (2024)

Miyagi et al., PRC (2022)

He-Fe: ( 700 isotopes) Stroberg et al., PRL (2021)∼

138 Xe: Arthuis et al., PRL (2020)

-34Ne: Sun et al., arXiv (2024)

Breakthroughs in 
- effective field theory 
- many-body methods 
- statistical inference

Constraining neutron star matter 
Huth, Pang, Tews, Le Fèvre, Schwenk, et al Nature (2022)

Interaction uncertainty dominates
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Topics to discuss in four lectures: 
1) What is ab initio in nuclear physics? 
2) Why Bayesian inference? 

3) How to overcome the computational challenge? 

4) Selected applications



There’s a lot of UQ in NP (2024 snapshots)

nuclear DFT: Stetzler arXiv (2024) 
Posterior using GP emulators 

Nuclear Matter: Drischler arXiv (2024) 
Bayesian mixture model

EFT: Somasundaram PRC (2024) 
Bayesian inference and MC

χ

Lattice EFT predictions: Elhatisari Nature (2024) 
History matching, MCMC, emulators

UQ fo  decay: Belley PRL (2024) 
Posteriors, history matching, resampling, GP emulators

0νββ

Nuclear mass models: Saito PRC (2024) 
Bayesian model averaging

Nuclear reactions: Smith PRC (2024) 
posteriors predictive distributions



ISNET
Information and Statistics in Nuclear Experiment and Theory

Topics covered: 
- Uncertainty quantification and statistical analysis 
- Emulators and optimization 
- Model mixing and data mining 
- Machine learning 
- Bayesian inference 
- Statistics techniques in nuclear experiments 
- New frontiers of nuclear physics

https://napp.fudan.edu.cn/indico/event/757/
https://isnet-series.github.io/ for upcoming meetings, email list, resources 

More about ISNET in next issue of NuPECC Nuclear Physics News

A flurry of Bayesian statistics and Machine Learning activity in the nuclear physics community. 
Join ISNET and engage with fellow nuclear physicists and statisticians!

Shanghai 10-15 November

https://napp.fudan.edu.cn/indico/event/757/
https://isnet-series.github.io/


Lecture 1 
What is ab initio in nuclear physics?



G

“All models are wrong” 
i.e., data  where D ∼ G G ∉ M

We should estimate the 
model discrepancy  and 
improve our model(s) to 
(hopefully) make meaningful 
inferences and predictions.

δMδM

G. E. P. Box (1976)

Kennedy and O’Hagan (2001) 
Brynjarsdóttir and O’Hagan (2014)

Remember: models are not reality

We consider a model of some nuclear observable as a function 
, where  is some specified parameter spacey = f(θ), θ ∈ Ω ⊂ ℂd Ω

M = {f(θ) : θ ∈ Ω}
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- we simplify and/or do not know the full story



Ab initio: a label in nuclear theory since the mid 1990’s

What is ab initio in nuclear theory?
A. Ekström1*, C. Forssén1, G. Hagen2,3, G. R. Jansen 2,4, W. Jiang1

and T. Papenbrock2,3

1Department of Physics, Chalmers University of Technology, Göteborg, Sweden, 2Physics Division, Oak
Ridge National Laboratory, Oak Ridge, TN, United States, 3Department of Physics and Astronomy,
University of Tennessee, Knoxville, TN, United States, 4National Center for Computational Sciences, Oak
Ridge National Laboratory, Oak Ridge, TN, United States

Ab initio has been used as a label in nuclear theory for over two decades. Its
meaning has evolved and broadened over the years. We present our
interpretation, briefly review its historical use, and discuss its present-day
relation to theoretical uncertainty quantification.

KEYWORDS

ab initio nuclear theory, effective field theory, Bayesian inference, many-body methods,
uncertainty quantication

1 Introduction

The literal meaning of the latin term ab initio implies that one starts from the beginning.
In computations of atomic nuclei, this means that the relevant degrees of freedom should be
quarks and gluons. However, the history of physics tells us that we do not need to know
everything to describe something and that we have some freedom in choosing the starting
point. As such, we do not necessarily have to employ Standard Model degrees of freedom. In
fact, many nuclear properties were successfully analyzed in terms of hadronic degrees of
freedom before we even knew about the existence of quarks [1–3]. Today, we know how to
explain this using renormalization group (RG) ideas [4, 5]. One may wonder about the exact
meaning of the ab initio method and what should constitute the beginning. However, it is
safe to say that a hallmark of this approach is its promise of precise and accurate predictions,
with quantified uncertainties, across the multiple energy scales relevant to nuclei. Examples
range from low-energy collective phenomena such as deformation and rotation [6–10], to
loosely bound and unbound nuclei [11–16], and to lepton nucleus scattering in the quasi-
elastic energy regime [17–19]. We expect the ab initio method to reliably extrapolate, in a
controlled and systematic way, to regions outside the ones used for inferring the model
parameters. Following the ideas from effective field theory (EFT) [20], we interpret the ab
initio method to be a systematically improvable approach for quantitatively describing nuclei
using the finest resolution scale possible while maximizing its predictive capabilities.A key part
of this interpretation is the possible tension between the two latter aspects. In a nuclear
physics context, we therefore let nucleons, and possibly other relevant hadronic degrees of
freedom, define the beginning. Lattice quantum chromodynamics (QCD) might one day be
the optimal starting point for predicting nuclear phenomena. Presently, Lattice QCD
continues to provide useful input for EFTs based on hadronic degrees of freedom.
However, it currently lacks predictive power for describing atomic nuclei [21–25].

We acknowledge that the ab initio method is interpreted differently by different people;
see, e.g., Refs. [26–33]. In nuclear physics, the evolution of ab initio and its wide application
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Ab initio  ?
not a registered trademark. Different meaning to different people …

®

?



ab initio, adv. & adj. From the beginning (=strings)?

The history of physics tells us that we do not 
need to know everything to describe something 
and that we have some freedom in choosing 

the starting point.

Nucleon

Atom

Molecule

Matter

Strings?

We interpret the ab initio method to be a 
systematically improvable approach for 

quantitatively describing nuclei using the finest 
resolution scale possible while maximizing its 

predictive capabilities.

A. Ekström, C.Forssen, G.Hagen, G. R. Jansen, W. Jiang, and T. Papenbrock, Frontiers (2022)

A key part of this interpretation is the possible 
tension between the two latter aspects. 

In a nuclear physics context, we therefore let 
hadrons (nucleons / pions) define the beginning. 
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Lattice quantum chromodynamics (QCD)
-non-perturbative QCD predictions for few-nucleon systems

•energy-spectra and complex nuclear dynamics 

•electroweak and beyond-Standard-Model currents 

•LQCD data for constraining models of nuclei

😟 Sign-problem yields exponential degradation of signal-to-noise ratio at large 
Euclidean time. This becomes worse as the pion mass is reduced towards the 
physical point and the number of nucleons increase.
Necessary to obtain control over the lattice volume and physical pion mass 
extrapolations to make meaningful comparison between different LQCD results as 
well as with experiments. 

Currently:  MeV systematic uncertainty in the NN binding energy.∼ 20
12 Z. Davoudi et al Phys. Rep. (2021)



Ab initio offers an inferential advantage

Nuclear ab initio: a systematically improvable approach for quantitatively describing 
nuclei using the finest resolution scale possible while maximizing its predictive capabilities.

A. Ekström, C.Forssen, G.Hagen, G. R. Jansen, W. Jiang, and T. Papenbrock, Frontiers (2022)

This systematicity creates an inferential advantage. We can test our assumptions 
about the model (M) and its discrepancy as we increase the fidelity of M.

H( ⃗α ) = T + V(0)( ⃗α (0)) + V(1)( ⃗α (1)) + V(2)( ⃗α (2)) + … |Ψ⟩ = |Φ(0)⟩ + |Φ(1)⟩ + |Φ(2)⟩ + …

 to approximate  
low-energy QCD
χEFT A-body methods with  

controllable approximation

Challenge: estimating errors in ab 
initio many-body predictions

yexp( ⃗x) = yth( ⃗α ; ⃗x) + δyth( ⃗α ; ⃗x) + δyexp( ⃗x)

<latexit sha1_base64="h9PuYauRi1kE1wrOPE5JrCn0HmQ=">AAACDHicbVDLSsNAFJ34rPVVdelmsAiuSiKiboSiCF1WsA9oQphMb9qhk0mYmQgl9gPc+CtuXCji1g9w5984bbOwrQcGDuecy517goQzpW37x1paXlldWy9sFDe3tnd2S3v7TRWnkkKDxjyW7YAo4ExAQzPNoZ1IIFHAoRUMbsZ+6wGkYrG418MEvIj0BAsZJdpIfqlce3TrivnMlUT0OOArfOuzWc2k7Io9AV4kTk7KKEfdL3273ZimEQhNOVGq49iJ9jIiNaMcRkU3VZAQOiA96BgqSATKyybHjPCxUbo4jKV5QuOJ+nciI5FSwygwyYjovpr3xuJ/XifV4aWXMZGkGgSdLgpTjnWMx83gLpNANR8aQqhk5q+Y9okkVJv+iqYEZ/7kRdI8rTjnFefurFy9zusooEN0hE6Qgy5QFdVQHTUQRU/oBb2hd+vZerU+rM9pdMnKZw7QDKyvX0Z3myM=</latexit>

H| ii = Ei| ii

model discrepancy control parametersmodel parameters



this is where 
we learn

inference based on 
accepted premise

inference based on 
observation

Why bother?



•Some interaction parametrizations work better than 
others, but only for selected types of observables and 
in limited regions of the nuclear chart, e.g. NNLOsat, 
1.8/2.0 (EM), ΔNNLOgo. How to improve? 

•What is the predictive power of ab initio nuclear 
theory? 

•Can we reach the same level of accuracy as 
experiment? 

•To what extent can nuclei be described in effective 
field theories (EFTs) of quantum chromodynamics?  

•How to best use computational statistics: 
(experimental design, sensitivity analysis, MCMC, 
Bayesian inference, model mixing, history matching, 
ABC, … )

Several interesting questions



Ab initio many-body methods
- some examples of systematicity: the no-core shell model

We operate in a basis of many-nucleon states, e.g., slater determinants  
Controlled approximation of maximum energy of excitations.

|Φ1⟩, |Φ2⟩, |Φ3⟩, …

H |Ψ⟩ = E |Ψ⟩

16 Barrett, Navratil, Vary (2013)



Ab initio many-body methods

Insert a complete set of states  and left-multiply with  

 

We represent this as a finite matrix diagonalization problem and obtain a variational bound 
on E. A larger basis will approximate the A-nucleon state better. Exponential cost…

1 = ∑
j

|Φj⟩⟨ |Φj | ⟨Φi |

∑
j

⟨Φi |H |Φj⟩⟨Φj |Ψ⟩ = E⟨Φi |Ψ⟩

17 Barrett, Navratil, Vary (2013)

- some examples of systematicity: the no-core shell model



Ab initio many-body methods

caveat: there are methods to systematically project EFT interactions to a limited 
valence-space. Some effective interactions are however of more phenomenological character, 
e.g., USD-B/GXPF1A/..., with matrix elements calibrated reproduce selected nuclear 
structure in a small portion of the nuclear chart. Unclear how to systematically improve 
such approaches.

χ

Goeppert Mayer, Haxel, Jensen, Suess, Wigner, Talmi, de Shalit, Brown, Brown, Wildenthal, Kuo, and many others

- some examples of systematicity: the canonical shell model



Ab initio many-body methods

Few-particle / few-hole excitations systematically generated on top of a reference state as 
, where the cluster operator  with  

 and  

considers all nucleons, yet scales polynomially ( ). Performs very well in the vicinity of 
closed (sub) shells. Recent developments: axially deformed states and collective transitions

|Ψ⟩ = eT |Φ⟩ T = T1 + T2 + … + TA

T1 = ∑
ia

ta
i a†

aai T2 = ∑
ijab

tab
ij a†

aa†
b ajai

A3u5

19

Coester, Kümmel (1950s) 
Dean and Hjorth-Jensen (2003) 

Hagen et al (2013)

- some examples of systematicity: the coupled-cluster method



Progress in ab initio methods

Z. H. Sun et al (2024)



Looking at the universe we see interesting physics at all scales. 
When exploring new energy scales we find new phenomena.

Q

• identify a separation of energy scales; low-energy (‘physics we are 
interested in’) and high-energy (‘underlying physics’)

• write effective Lagrangian of pions & nucleons as allowed by the 
symmetries of the full theory (QCD).

• chiral symmetry requires pion interactions to be proportional to Q, i.e., 
weak at low energies

• power counting facilitates an expansion in a ratio  

• short-distance physics (“quarks and gluons”) beyond hard scale 
represented as contact interactions.

Q/Λχ

M
om

en
tu

m

EFT enables us to isolate some phenomena from all the rest such that 
we can describe something without having to resolve everything.



The nuclear interaction from EFT χ

potential from EFTχ
We typically solve the Schrödinger equation. But let’s 

view the procedure from the (formally) equivalent 
Lippmann-Schwinger equation

<latexit sha1_base64="gTMvNdgUUZGGhGpwEL2dRtGOfZ8=">AAACGnicbVBNSwMxEM36bf2qevQSLEJFKLsi6kUQRfBYwVahu5TZdNqGZrNLkhXK2t/hxb/ixYMi3sSL/8b041BbHwy8vDdDZl6YCK6N6/44M7Nz8wuLS8u5ldW19Y385lZVx6liWGGxiNV9CBoFl1gx3Ai8TxRCFAq8CzuXff/uAZXmsbw13QSDCFqSNzkDY6V63qtd192DatF/QJb5IJI29PaDR7+sua9AtgTSM3o1/q7nC27JHYBOE29ECmSEcj3/5TdilkYoDROgdc1zExNkoAxnAns5P9WYAOtAC2uWSohQB9ngtB7ds0qDNmNlSxo6UMcnMoi07kah7YzAtPWk1xf/82qpaZ4GGZdJalCy4UfNVFAT035OtMEVMiO6lgBT3O5KWRsUMGPTzNkQvMmTp0n1sOQdl7ybo8L5xSiOJbJDdkmReOSEnJNrUiYVwsgTeSFv5N15dl6dD+dz2DrjjGa2yR843783uaBk</latexit>

[H0 + V (~↵)]| i = E| i

<latexit sha1_base64="hgcE7palFFfUhXFh0c/P/l2wKQI=">AAAB/XicbVDLSsNAFJ34rPUVHzs3g0UQpCURUTdCUYQuK7RpIY1hMp20QyeTMDMRaij+ihsXirj1P9z5N07bLLT1wIXDOfdy7z1BwqhUlvVtLCwuLa+sFtaK6xubW9vmzq4j41Rg0sQxi0U7QJIwyklTUcVIOxEERQEjrWBwM/ZbD0RIGvOGGibEi1CP05BipLTkm/sNeAWdE8e9Ldd8y7vPyvao4Zslq2JNAOeJnZMSyFH3za9ON8ZpRLjCDEnp2laivAwJRTEjo2InlSRBeIB6xNWUo4hIL5tcP4JHWunCMBa6uIIT9fdEhiIph1GgOyOk+nLWG4v/eW6qwksvozxJFeF4uihMGVQxHEcBu1QQrNhQE4QF1bdC3EcCYaUDK+oQ7NmX54lzWrHPK/bdWal6ncdRAAfgEBwDG1yAKqiBOmgCDB7BM3gFb8aT8WK8Gx/T1gUjn9kDf2B8/gA7SZMq</latexit>

T = V + V [E �H0]
�1

T

<latexit sha1_base64="mNf4QGCH94b1pGu7iMjodRR87y8=">AAACC3icbVBNS8NAEN34WetX1KOXpUXwVBIR9Vj04rFCv6ApZbOdtEs3m7i7KZS0dy/+FS8eFPHqH/Dmv3HbRtDWBwOP92aYmefHnCntOF/Wyura+sZmbiu/vbO7t28fHNZVlEgKNRrxSDZ9ooAzATXNNIdmLIGEPoeGP7iZ+o0hSMUiUdWjGNoh6QkWMEq0kTp2oTr24j7zJBE9DtiD+4QNcX3sVdSP2LGLTsmZAS8TNyNFlKHSsT+9bkSTEISmnCjVcp1Yt1MiNaMcJnkvURATOiA9aBkqSAiqnc5+meATo3RxEElTQuOZ+nsiJaFSo9A3nSHRfbXoTcX/vFaig6t2ykScaBB0vihIONYRngaDu0wC1XxkCKGSmVsx7RNJqDbx5U0I7uLLy6R+VnIvSu7debF8ncWRQ8eogE6Riy5RGd2iCqohih7QE3pBr9aj9Wy9We/z1hUrmzlCf2B9fANUl5s8</latexit>

T |�i ⌘ V | i
Introducing the (unknown) T-matrix shifts the challenge from 

finding the wavefunction to finding the scattering matrix S=1-T
UV-divergences treated using cutoff regularization . 

Typically, many-body methods converge numerically for 
V(p′ , p) → f(p′ ; Λ)V(p′ , p)f(p; Λ)

Λ ≲ 500 MeV

“V iterated to 
infinite order”

contacts running 
with the cutoff Λ

22



Chiral effective field theory ( EFT)χ
- Weinberg power counting (WPC)

Weinberg, van Kolck, Kaplan, Savage, Wise, Weise, Kaiser, Bernard, Meißner, Epelbaum, Machleidt, Entem, …

y(k)
th = yref

k

∑
ν=0

cν ( Q
Λχ )

ν

and δy(k)
th = yref

∞

∑
ν=k+1

cν ( Q
Λχ )

ν

EFT prediction EFT truncation error

Challenge: which power counting (if any) generates a 
EFT that actually is an EFT of low-energy QCD?χ

po
te

nt
ia

l e
xp

an
de

d 
in

 (
)

Q
/Λ

χ • Symmetries of QCD dictate contents of effective Lagrangian 
• Long-ranged physics governed by pion exchanges 
• Short-ranged physics determined by a set of contact interactions 
• Expansion in  [soft scale ( ) over hard scale ( )] 

• All operators must be regulated  cutoff dependence 
• Power counting organizes contributions (diagrams) at each order 
• Low-energy constants (LECs) must be fit from data once

(Q/Λχ) ∼mπ ∼mN

⇒

That’s many parameters.. 
where did my predictive power go?



Where did my predictive power go?
symmetries for the win!

<latexit sha1_base64="+alvPmjZN6jkXRelbU3/XReFe+I=">AAACBnicbVBNSwMxEM36WevXqkcRgkUQCmVXRD0WvXisYD+gXUs2O21Ds9mQZJVSevLiX/HiQRGv/gZv/hvTdg/a+mDg8d4MM/NCyZk2nvftLCwuLa+s5tby6xubW9vuzm5NJ6miUKUJT1QjJBo4E1A1zHBoSAUkDjnUw/7V2K/fg9IsEbdmICGISVewDqPEWKntHsiibCnW7RmiVPKAI1zEcFfExZZI29B2C17JmwDPEz8jBZSh0na/WlFC0xiEoZxo3fQ9aYIhUYZRDqN8K9UgCe2TLjQtFSQGHQwnb4zwkVUi3EmULWHwRP09MSSx1oM4tJ0xMT09643F/7xmajoXwZAJmRoQdLqok3JsEjzOBEdMATV8YAmhitlbMe0RRaixyeVtCP7sy/OkdlLyz0r+zWmhfJnFkUP76BAdIx+dozK6RhVURRQ9omf0it6cJ+fFeXc+pq0LTjazh/7A+fwBOc2Xrg==</latexit>

p+ p ! d+ e+ + ⌫e
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�
+
d
!

n
+

n
+

⌫ µ

• Two- and three-nucleon forces, as well as electroweak currents, 
emerge in the same theoretical framework and share fundamental 
pion-nucleon couplings and symmetries with QCD. 

• The pion-nucleon sub-process in the nuclear interaction is accessible 
via studies of pion-nucleon scattering 

• Effects of nucleon excitations, e.g., the  resonance, can be 
accounted for via an additional small-scale expansion 

• Integrating out the pion yields a lower-energy (contact) EFT that 
can be matched to EFT 

• EFT can extrapolate LQCD results

Δ(1232)

χ

24



Some interactions work better than others 
- we don’t know why… 

Different regularization schemes, power counting, and calibration choices: 
• Idaho-N3LO(500) 
• NNLOsat(450) 
• NNLOopt(500) 
• ∆-NNLOGO(394/450)  
• 1.8/2.0 (EM) 
• EMN LO-N4LO 
• EKM LO-N4LO 
• Local Norfolk interactions 
• Long-Yang (450,500,550) 
• Non-implausible N2LO sets 
•  ... and many more 

Challenge: to systematically develop and analyze interaction 
models across relevant regions of parameter space?

25 Ekström et al Phys. Rev. C (2015)



Renormalization group invariance and EFTχ
- Modified Weinberg power counting (MWPC)

LO

N2LO

N3LO

NLO

non-perturbative one-pion-exchange

pe
rt

ur
ba

ti
ve
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on

tr
iu

ti
on

s

All other partial waves
<latexit sha1_base64="OvvhqZkHTTx1Eaubbx9k3QyDiOs=">AAACFnicbZDLSsNAFIYn9VbrLerSTbAILmrJVFGXRUVcRrQXaNMwmU7aoZMLMxOhhD6FG1/FjQtF3Io738ZJmoW2Hpjh4//PYeb8bsSokKb5rRUWFpeWV4qrpbX1jc0tfXunKcKYY9LAIQt520WCMBqQhqSSkXbECfJdRlru6DL1Ww+ECxoG93IcEdtHg4B6FCOpJEc/6h3fOWYlvaHiKwcqtpzErMBJRjWlXju1Sg9aDnT0slk1szLmAeZQBnlZjv7V7Yc49kkgMUNCdKAZSTtBXFLMyKTUjQWJEB6hAekoDJBPhJ1ka02MA6X0DS/k6gTSyNTfEwnyhRj7rur0kRyKWS8V//M6sfTO7YQGUSxJgKcPeTEzZGikGRl9ygmWbKwAYU7VXw08RBxhqZIsqRDg7Mrz0KxV4WkV3p6U6xd5HEWwB/bBIYDgDNTBDbBAA2DwCJ7BK3jTnrQX7V37mLYWtHxmF/wp7fMH54ua1w==</latexit>

3S0,
3 S1 �3 D1,

3 P0,1,
3 P2 �3 F2,

1 P1
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F1S0

Challenge: analyze RG-invariance for  systemsA ≳ 3

Several other PCs exist: Kolck, Kaplan, Savage, Wise, Long, Valderrama, Griesshammer, Yang, Birse, Arriola, Phillips, …
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Promoting counterterms to absorb cutoff 
dependence due to singular one-pion exchange

Nogga, Timmermans, van Kolck (2005)

LO 3NF? 
Yang et al (2023) 



Deficiencies at leading order in χEFT
Atomic nuclei with A>4 unphysical

Challenge: possible fine tuning effects?  
flawed power counting?

C.-Y. Yang, et al. Phys. Rev. C (2021)

MWPC
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Next lecture

How do we quantify uncertainties in ab initio nuclear nuclear? 

What is the role of effective field theory (EFT) in improving nuclear physics predictions?



Lecture 2 
Why do Bayesian inference?



Quantified uncertainties are useful
One could be arrogant and say: “This is theory, there are no uncertainties” 



uncertainties allows for interesting questions: do we measure again, 
do we need other data, do predictions correlate, are we seeing new physics, 
which theory to use where, should we combine (mix) theories, …?

Quantified uncertainties are useful



A rationale for statistics
• In Physics, we are always1 uncertain about propositions. 

• Statistics is the study of uncertainties. 

• We can use probability to measure and combine uncertainties. 

• Probabilities are personal (subjective) [other people might disagree about this statement]. 

• We are interested in solving a fundamental problem of inference; quantifying the posterior predictive probability (ppd)  
 
in english: we wish to predict future (unseen) data  based on (conditioned on) past (seen) data  and available background knowledge I. 
We are uncertain about , and must describe it in terms of probability . The first step to enable quantitative calculations of this ppd is to 
construct a theory T. 

• Theory T plays a key role since it enables the past data to be “forgotten”, i.e., . 

• In the realm of T, we derive a model M (including a discrepancy term) to make quantitative statements.  

• Models come with parameters , whose values we are uncertain of.  

• We compute the ppd for some unseen nuclear observable  based on seen data  as:  

• We quantify the probabilities that measure our uncertainty in the model parameters: .

p(ℱ |𝒟, I)

ℱ 𝒟
ℱ p

p(ℱ |𝒟, I) = p(ℱ |T, I)

⃗α

yth 𝒟 p(yth |𝒟, M, I) = ∫ p(yth | ⃗α , M, I)p( ⃗α |𝒟, M, I) d ⃗α

p( ⃗α |𝒟, M, I)

1 Cromwells rule: leave a little probability for the moon being made of green cheese; it can be as small as 1 in a million, but have it there since otherwise an army of astronauts 
returning with samples of the said cheese will leave you unmoved 32 D. V. Lindley, The Statistician (2000)



• Collect N data points that we gather in a data vector  

• To explain the data, propose some model , depending on parameters  

• Apply Bayes’ rule

𝒟

M ⃗α

- The prior encodes our knowledge about the parameter values before analyzing the data 

- The likelihood is the probability of the data given a set of parameters 

- The marginal likelihood (or model evidence) provides normalization of the posterior 

- The posterior is the complete inference and resulting probability density for the parameters ⃗α

most likely not Rev. T. Bayes

Bayes’ rule: from likelihood & prior to posterior

Posterior Likelihood Prior

Marginal likelihood

p( ⃗α |𝒟, M, I) =
p(𝒟 | ⃗α , M, I) ⋅ p( ⃗α |M, I)

p(𝒟 |M, I)

Challenge: formulating the prior 
and likelihood. Computational costs
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Probability: a brief taxonomy
Mathematical (Kolmogorov) irrespective of interpretation. A mathematical framework 
that places probability in measure theory [only mathematical] 

Classical (Laplace) based on symmetry and a finite number of equally likely outcomes 
[very limited and idealised scope] 

Frequency (Venn, von Mises, Fisher, Neyman) probability is uniquely determined by the 
relative ratio of occurrence. [restricted to repeatable phenomena and thus of limited scope] 

Bayesian (Bayes, Price, Laplace) applies to an event about which the agent is uncertain 
[prior dependence, not an issue but a virtue if you ask me…] 

objective (Keynes, Carnap, Jeffries, Cox, Jaynes) the probability (rational belief) of a 
proposition X given proposition Y is the “degree to which Y logically entails X”. Given 
the same evidence, all rational human beings will entertain the same degree of belief in a 
hypothesis [how to always find this simultaneous logical connection to evidence] 

subjective (Ramsey, de Finetti, Savage) probability is a subjective expression of 
confidence held by an individual (or team) subject only to coherence requirements. 
Probability is a normative and time indexed measure of anything you don’t know. 
[subjectivity, how to elicit personal probabilities] 

<latexit sha1_base64="p2BK72GLgXeisp9fAdeC+sNvlrM=">AAAB+XicdVBNS8NAEN3Ur1q/oh69LBbBg5RNtbW9Fb14rGBroQlhs920SzebsLsplNB/4sWDIl79J978N27aCir6YODx3gwz84KEM6UR+rAKK6tr6xvFzdLW9s7unr1/0FVxKgntkJjHshdgRTkTtKOZ5rSXSIqjgNP7YHyd+/cTKhWLxZ2eJtSL8FCwkBGsjeTbtsuE9nswhO4ZHLhR6ttlVEH1WhM1IarUkNOYE4Tqjeo5dAzJUQZLtH373R3EJI2o0IRjpfoOSrSXYakZ4XRWclNFE0zGeEj7hgocUeVl88tn8MQoAxjG0pTQcK5+n8hwpNQ0CkxnhPVI/fZy8S+vn+qw4WVMJKmmgiwWhSmHOoZ5DHDAJCWaTw3BRDJzKyQjLDHRJqySCeHrU/g/6VYrTr3i3F6UW1fLOIrgCByDU+CAS9ACN6ANOoCACXgAT+DZyqxH68V6XbQWrOXMIfgB6+0TbtWS5g==</latexit>Z
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Bruno de Finetti
b. Innsbruck, 13 June 1906 – d. Rome, 20 July 1985

An Italian mathematician, probabilist, and actuary (Generali) who made profound contributions to 
the theory of probability. 

During the 1940s he taught mathematical analysis in Padova. 

He independently formulated the subjective analysis of probability, also devised by Frank P. Ramsey 
(Cambridge), and later championed by Savage, Lindley, and others. 

“You should start with the concept of probability and then derive the theory”
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Linear regression: frequentist approach
- a complicated ordeal…

Let’s assume data generated by  with  and , 
and posit a linear model  for explaining 10 data points D. We now ask; what is ?

yexp(x) = θT ⋅ x + 𝒩(0,σ2
T) θT = 0.5 σT = 0.1

yth(x) = θ ⋅ x θ

In a frequentist analysis, we approach this by 
maximizing the data likelihood. The resulting 
ordinary least squares estimator is given by

<latexit sha1_base64="cTEGWM+WFBSFT1B5Elg67O5Ot9k="></latexit>

✓̂ = (�T�)�1(�✓ �D) ⇡ 0.41

Now, we would like to know the uncertainty 
in our estimate of .θ
But in a frequentist approach we are only 
concerned wih data. So, we extract a 90% 
confidence interval. 

<latexit sha1_base64="Mto3r+7GwBn+qCPK8SE+1V9Zxqo=">AAACAHicbVDJSgNBEO1xjXEb9eDBS2MQIsgwE/eDEPSitwhmgckQejqdpEnPQneNEIZc/BUvHhTx6md482/sJHPQxAcFj/eqqKrnx4IrsO1vY25+YXFpObeSX11b39g0t7ZrKkokZVUaiUg2fKKY4CGrAgfBGrFkJPAFq/v9m5Fff2RS8Sh8gEHMvIB0Q97hlICWWubuXbEJPQbkEF9h17ZKl0e2dXrstcyCbdlj4FniZKSAMlRa5lezHdEkYCFQQZRyHTsGLyUSOBVsmG8misWE9kmXuZqGJGDKS8cPDPGBVtq4E0ldIeCx+nsiJYFSg8DXnQGBnpr2RuJ/nptA58JLeRgnwEI6WdRJBIYIj9LAbS4ZBTHQhFDJ9a2Y9ogkFHRmeR2CM/3yLKmVLOfMcu5PCuXrLI4c2kP7qIgcdI7K6BZVUBVRNETP6BW9GU/Gi/FufExa54xsZgf9gfH5AzOkk5M=</latexit>

I(✓) = [0.29, 0.53]

What is the interpretation of this interval?
36
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The p% confidence interval
overlaps with the true  value p% of the time, if the model is rightθ

• It’s a frequentist statement about 
the interval I.  

• It doesn’t apply to the data that 
you have, only the long-term 
frequency of future data sets. 

• It is often misinterpreted to be a 
statement about the parameter. 

• It only applies if the model is 
correct (all models are wrong…).
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p(✓|D,M, I) / p(D|✓,M, I)p(✓|M, I)

Linear regression: Bayesian approach
- conceptually easy (statistics made fun!)

In a Bayesian analysis, we approach this by 
computing the posterior for  given the data D θ

Let’s assume a Gaussian prior with mean 1.0 
and some large variance (10 or so). 

We also assume a Gaussian likelihood for the 
data. For this linear model and particular 
(conjugate) prior we can acutally compute the 
posterior in closed form. 

For a non-informative prior we will recover 
the frequentist result. But with a 
fundamentally different interpretation.
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Let’s assume data generated by  with  and , 
and posit a linear model  for explaining 10 data points D. We now ask; what is ?

yexp(x) = θT ⋅ x + 𝒩(0,σ2
T) θT = 0.5 σT = 0.1

yth(x) = θ ⋅ x θ



Let’s assume data generated by  with  and , 
and posit a linear model  for explaining 10 data points D. We now ask; what is ?

<latexit sha1_base64="MsyzsAXTzG9LZIoDUfqGi4eZOok="></latexit>

⇣(x) = x · ✓T +N (0,�2) θT = 0.5 σ = 0.1
y = x ⋅ θ θ

• The posterior  is a probabilistic 
statement about  given the data D. 

• It applies to the data we have. 

• We can define a Bayesian credible interval 
covering some p% probability mass. Easier 
to interpret. 

• It is conditioned on the model M, i.e., the 
statement hinges on the model being correct 
(still, all models are wrong…)

p(θ |D, M, I)
θ

Linear regression: Bayesian approach
- conceptually easy (statistics made fun!)
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What to do when ‘all models are wrong’
- probabilistic belief specification on the model discrepancy

We should add a model discrepancy term (the difference 
between the model and reality) 

 

We are of course uncertain about the model discrepancy, 
otherwise we’d (typically) ’include’ it in the model. So, we need 
a probabilistic description of the discrepancy term. 

The systematicity of the ab initio method is beneficial in this 
regard.

yexp( ⃗x) = yth( ⃗α ; ⃗x) + δyth( ⃗α ; ⃗x) + δyexp( ⃗x)
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The model discrepancy in EFTχ
- first example: the truncation error in neutron proton scattering

Furnstahl et al Phys Rev C (2015)

Given a potential description Vnp, we compute 
the total elastic scattering cross section trivially. 

How do we quantify the error due to missing 
(unresolved) physics in our potentialVnp? With 
EFTs we have an obvious way forward: 

y(k)
th = yref

k

∑
ν=0

cν ( Q
Λχ )

ν

δy(k)
th = yref

∞

∑
ν=k+1

cν ( Q
Λχ )

ν

<latexit sha1_base64="ib8t04/Gak+Gp/CM1K0sRZ5FFok="></latexit>

ci =
y(i)th � y(i�1)

th

yref(Q/⇤�)i

Clearly, the question is: how do we estimate the 
unseen EFT expansion coefficients  ?<latexit sha1_base64="Yg44u4A7Rogx/xelfy8cWCQPPag=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1JMUvXisYG2hDWWznbRLNpuwuxFK6I/w4kERr/4eb/4bt20O2vpg4PHeDDPzglRwbVz32ymtrK6tb5Q3K1vbO7t71f2DR51kimGLJSJRnYBqFFxiy3AjsJMqpHEgsB1Et1O//YRK80Q+mHGKfkyHkoecUWOlNuvn/Dqa9Ks1t+7OQJaJV5AaFGj2q1+9QcKyGKVhgmrd9dzU+DlVhjOBk0ov05hSFtEhdi2VNEbt57NzJ+TEKgMSJsqWNGSm/p7Iaaz1OA5sZ0zNSC96U/E/r5uZ8MrPuUwzg5LNF4WZICYh09/JgCtkRowtoUxxeythI6ooMzahig3BW3x5mTye1b2Lund/XmvcFHGU4QiO4RQ8uIQG3EETWsAggmd4hTcndV6cd+dj3lpyiplD+APn8wdVfY+S</latexit>ci>k

neglected for now: i) the EFT expansion is asymptotic, ii) the soft and 
hard scales are typically uncertain too, iii) the correlation structure of the 
expansion coefficients is likely non-trivial, and iv) power counting… 
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The model discrepancy in EFTχ
- the truncation error
We are uncertain about the value of , i.e., 
we seek  

A Bayesian argument could go like this: let’s 
treat all  as random variables whose values 
are drawn independently from a normal 
distribution with variance . We further 
assume the possible values of  to follow 
some a priori specified distribution in 
accordance with our beliefs about the EFT 
expansion for y. We then learn about  
from , which in turn yields a 
probabilistic description of .

c4

p(c4 |c0, c2, c3, I)

ci

c̄2

c̄2

c̄2

c0, c2, c3

c4

42 Furnstahl et al Phys Rev C (2015)



Truncation errors: an analogy
We are interested in drawing numbers 
from an urn containing positive numbers. 
We draw numbers with replacement 
(putting the numbers back into the urn 
after each draw).  

We have observed n draws . 
(corresponds to n orders in EFT). For 
example 3,4,2,5,1,5. 

What is the number we draw next? 

In statistical terms, we seek the posterior 
predictive distribution (ppd) for the next 
draw  given 

x1, x2, x3, …, xn
χ

xn+1 x1, …, xn
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- prior distribution for the largest number A in the urn
Truncation errors: an analogy

We don’t know A, i.e., we are uncertain about its value. Let’s therefore assume a scale-
invariant probability density (for which  is independent of k.) called the 
log-uniform distribution 

 

This prior reflects our belief that A could span several orders of magnitude with equal 
probability. We can normalize this prior by defining upper and lower bounds which we 
remove in a limiting procedure at the end of the calculation. Let’s forget about such 
rigor and assume finite limits that always cover the range of  values that we draw

ℙ(A ∈ [ka, kb])

p(A) ∝
1
A

xi
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- likelihood of observed draws x1, x2, …, xn

Truncation errors: an analogy

Given A, we assume each draw  is uniformly distributed between 0 and A 

. 

Assuming independent draws, the probability of observing the entire dataset 
 given A is 

. 

Here, .

xi

p(xi |A) =
1
A

for 0 ≤ xi ≤ A

x1, x2, …, xn

p(x1, x2, …, xn |A) =
n

∏
i=1

p(xi |A) =
1

An
for A ≥ xmax

xmax = max(x1, x2, …, xn)



- using Bayes’ theorem to evaluate the posterior
Truncation errors: an analogy

According to Bayes’ theorem we have 

. 

Substituting for our prior and likelihood (of parameter A) we obtain 

. 

This expression represents the posterior distribution for A given the observed data. We 
are learning more about A as we draw more numbers.

p(A |x1, x2, …, xn) ∝ p(x1, x2, …, xn |A) ⋅ p(A)

p(A |x1, x2, …, xn) ∝
1

An
⋅

1
A

for A ≥ xmax



- using Bayes’ theorem to evaluate the posterior
Truncation errors: an analogy

. 

This expression represents the posterior distribution for A given the observed data. We 
are learning more about A as we draw more numbers. 

We normalize the posterior by integrating over all values of A 

p(A |x1, x2, …, xn) ∝
1

An
⋅

1
A

for A ≥ xmax

∫
∞

xmax

1
An+1

dA =
1

nxn
max

⇒ p(A |x1, x2, …, xn) =
nxn

max

An+1
for A ≥ xmax



- computing the posterior predictive distribution 
Truncation errors: an analogy

We seek 

. 

where we ‘marginalized in’ the A dependence and in the second step utilized that the 
draws are independent of each other. As for the previous draws we have 

. 

Substituting the expressions for  and , we obtain 

.

p(xn+1 |x1, x2, …, xn) = ∫ dA p(xn+1, A |x1, x2, …, xn) = ∫ dA p(xn+1 |A)p(A |x1, x2, …, xn)

p(xn+1 |A) =
1
A

for A ≥ xn+1

p(xn+1 |A) p(A |x1, x2, …, xn)

p(xn+1 |x1, x2, …, xn) = nxn
max ∫

∞

t
dA

1
An+2



- computing the posterior predictive distribution 
Truncation errors: an analogy

• The likelihood  is only non-zero for  

• The posterior  is only non-zero for  

• So, we have two cases depending on whether  or , i.e., two 
possible lower bounds  and , corresponding to drawing a number 
greater than any previous number or not. 

The ppd for  is: 

 

Uniform for  and power-law decay for 

p(xn+1 |A) A ≥ xn+1

p(A |x1, x2, …, xn) A ≥ xmax

xn+1 ≤ xmax xn+1 > xmax
t = xn+1 t = xmax

xn+1
<latexit sha1_base64="OxLF8kJTbXqCF340tQ8NzgYc4m8="></latexit>

p(xn+1|x1, x2, . . . , xn) =
n

n+ 1

1

xmax

8
<

:
1 if xn+1  xmax⇣

xmax
xn+1

⌘n+1
if xn+1 > xmax

xn+1 ≤ xmax xn+1 > xmax Furnstahl et al Phys Rev C (2015)



n=1 [3]



n=2 [3,4]



n=3 [3,4,2]



n=4 [3,4,2,5]



n=5 [3,4,2,5,1]



n=6 [3,4,2,5,1,5]



n=50 [3,4,2,5,1,5,1,3,0,0,1,2,3,5,..]



Estimating the EFT truncation-error

y(k)
th = yref

k

∑
ν=0

cν ( Q
Λχ )

ν

δy(k)
th = yref

∞

∑
ν=k+1

cν ( Q
Λχ )

ν
<latexit sha1_base64="ib8t04/Gak+Gp/CM1K0sRZ5FFok="></latexit>

ci =
y(i)th � y(i�1)

th

yref(Q/⇤�)i

δy(NjLO)
th = yrefQj+2max(c0, c1, c2, …, cj+1)

Ekström et al Phys Rev C (2018)

is an degree of belief interval about the NjLO prediction (
nc

nc + 1
) × 100 %

Challenge: estimating the soft scale 
relevant to many-body states

ab initio coupled cluster calculations of A=4,16,40 nuclei

Challenge: estimating the uncertainty 
due to missing many-body correlations

Epelbaum et al Phys Rev Lett (2014)
Furnstahl et al Phys Rev C (2015)

One can show that placing a Gaussian prior  
on the expansion coefficients leads to a Gaussian posterior for 
the truncation error  where the 
variance of the EFT truncation error is given by 

 
 

one can further show that placing a (conjugate) inverse gamma prior on the 
variance  yields a student t distribution for the EFT truncation error 

p(ci | I) = 𝒩(0,c̄2)

p(δy(k)
th | c̄2, Q, Λχ, I) = 𝒩(0,σ2

th)

σ2
th = c̄2y2

ref

[Q/Λχ]2(k+1)

1 − [Q/Λχ]

c̄2

Melendez et al Phys Rev C (2019)

What one typically see in papers



The BUQEYE Cheatsheet for Pointwise Truncation Errors (arXiv:1904.10581)

From observable y , extract coe�cients

~yk ⌘ {y0, y1, · · · , yk}
) ~ck ⌘ {c0, c1, · · · , ck}

(A1)

Choose ⌫0 and ⌧0. Update hyperparameters

⌫ = ⌫0 + nc (A7)

⌫⌧2 = ⌫0⌧
2
0 + ~c 2

k (A8)

Compute posterior

pr(y | ~yk ,Q) ⇠ t⌫

"
yk , y

2
ref

Q2(k+1)

1� Q2
⌧2
#
(A13)

import numpy as np

y_ref = 20.0; Q = 0.3; k = 3

y_k = [21.7, 27.3, 25.4, 26.2]

c_k = np.array([y_k[0] / y_ref] + [

(y_k[n] - y_k[n-1]) / (y_ref * Q**n)

for n in range(1, k+1)])

nu_0 = 1; tau_0 = 1 # ⇠Uninformative

nu = nu_0 + len(c_k)

tau_sq = \

(nu_0 * tau_0**2 + c_k @ c_k) / nu

from scipy.stats import t

scale = y_ref * Q**(k+1) * \

( tau_sq / (1 - Q**2) )**0.5

y = t(nu, y_k[-1], scale)

dob = y.interval(0.95) # (25.7, 26.7)



Next lecture

What are the computational statistics challenges in ab initio methods? 

How can we emulate many-body calculations based on no-core shell model 
and coupled-cluster theory?



Lecture 3 
Overcoming the computational challenge



Several good books out there

https://www.inference.org.uk/mackay/itila/



reminder: some interactions work better than others 
- we don’t know why… 

62 Ekström et al Phys. Rev. C (2015)Jiang et al Phys. Rev. C 102, 054301 (2020)

T. D. Morris et al. PRL (2018) 

[T + V( ⃗α )] |Ψ⟩ = E |Ψ⟩



Bayesian parameter estimation
- inferring the low-energy constants in EFTχ

Posterior Likelihood Prior

Marginal likelihood

p( ⃗α |𝒟, M, I) =
p(𝒟 | ⃗α , M, I) ⋅ p( ⃗α |M, I)

p(𝒟 |M, I)

We need to: 

• Define our prior 

• Evaluate the likelihood 

• Sample the posterior using MCMC

yexp( ⃗x) = yth( ⃗α ; ⃗x) + δyth( ⃗α ; ⃗x) + δyexp( ⃗x)

parameters
discrepancy

the whole thing should 
be included in predictions

low-energy constants (LECs)



The EFT error estimate is critical in calibration

With Bayes: 
regularisation via 
the truncation error 
and the priors in general

Maximizing the likelihood, 
i.e., minimizing a  could 
lead to overfitting. This 
approach would also inherit 
all the complications of a 
frequentist intepretation of 
probability… 

χ2

Truncation errors 
indicated as bands

Svensson, Ekström, Forssen Phys Rev C (2022)



Formulating the likelihood
- the traditional calibration data is NN scattering cross sections

‘Granada database’

Assuming truncation error at 
different scattering energies and 
angles are uncorrelated leads to a 
diagonal covariance matrix Σth

p(𝒟 | ⃗α , M, I) ∝ exp (−
1
2

⃗rT(Σexp + Σth)−1 ⃗r) where ⃗r = yk
th( ⃗α ) − 𝒟

Svensson, Ekström, Forssen Phys Rev C (2022)

[T + V( ⃗α )] |Ψ⟩ = E |Ψ⟩

requires solving S.E. 
for all values of ⃗α

Not a computational 
problem for A=2



The model discrepancy in EFTχ
- Correlated truncation errors

Melendez et al Phys Rev C (2019)

y(k)
th = yref

k

∑
ν=0

cν ( Q
Λχ )

ν

δy(k)
th = yref

∞

∑
ν=k+1

cν ( Q
Λχ )

ν

<latexit sha1_base64="ib8t04/Gak+Gp/CM1K0sRZ5FFok="></latexit>

ci =
y(i)th � y(i�1)

th

yref(Q/⇤�)i



The model discrepancy in EFTχ
- Correlated truncation errors

p(x, y | I)

p(x | I)

p(y | I)

Bivariate normal distribution 
 with  

mean vector  and  
covariance matrix

x, y ∼ 𝒩( ⃗μ , Σ)
⃗μ = [0,0]T

Σ = (
σ2

x ρσxσy

ρσxσy σ2
y )

ρ = 0.9ρ = 0.0

For two random variables, x and y, 
we have . For more 
than two variables, all pairs have a 
correlation structure .

−1 ≤ ρ ≤ + 1

ρij = ρji

A Gaussian process: a collection of random variables, any finite number of which have a joint 
Gaussian distribution. A kernel function k(x’,x) defines the covariance (‘smoothness’/‘correlation’) 
between points  and : . Gaussians are closed under addition 
which enables closed form conditionals of Gaussian processes.

x′ x ( f(x1), f(x2), f(x3), …, f(xN)) ∼ 𝒩(μ, k)



https://gaussianprocess.org/gpml/



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.5,σf = 0.5



We can learn (MLE or MCMC inference) the hyperparameters (length 
scale and variance) of the GP conditioned on theory predictions

k(x′ , x) = σ2
f exp (−

(x′ − x)2

2ℓ2 ), ℓ = 0.993,σf = 1.14



















Learning correlations

Svensson, Ekström, Forssen Phys Rev C (2024)



Low-energy NN scattering: correlated UQ

TLab = 315 MeV

correlated 
EFT error

uncorrelated 
EFT error

Model correlations across kinematics

Accounting for correlations: 
➡ reduces the effective number of independentNN data 

with factors 8 and 4 at NLO and NNLO. 
➡ leaves LEC posterior mode location more or less 

unchanged, but doubles the posterior width.  
➡ yields a smoother and more realistic uncertainty 

estimate.

GP-model

Correlation lengths for np scattering: 45–83 MeV & 24–39 deg

I. Svensson, et al. Phys. Rev. C (2024)
J. A. Melendez, et al. Phys. Rev. C (2019)

Learning correlations



Defining priors
- encoding your domain knowledge

We have two types of LECs: ‘short-range’ and ‘long-range’. 

Assuming no prior dependence between these sectors, we write 

p( ⃗α | I) = p( ⃗α NN | I) ⋅ p( ⃗α πN | I)

Svensson, Ekström, Forssen Phys Rev C (2022)

Roy-Steiner analysis of 
 scattering amplitudesπN



https://github.com/svisak/montepython.gitmontepython HMC sampler

The LEC posterior is often multivariate (30 np/pp 
LECs at N3LO). Naive “guess and check” (random 
walk metropolis) will fail exponentially. We use 
Hamiltonian Monte Carlo (HMC) to take long jumps 
in parameter space while staying in regions with 
high probability mass.

credit: M. Betancourt arXiv:1701.02434

With  posterior samples per chain, and 10 chains, at each 
order the HMC sampling passes all convergence tests. 

Although we have to compute derivatives and integrate 
Hamilton’s equations at  (time) steps for each HMC 
step, each posterior sample is very informative. This leads to 
an overall advantage of using HMC.

104

∼ 20

I. Svensson, et al  Phys. Rev. C 105, 014004(2022)
91 S. Duane, et al. Phys. Lett B 195, 216 (1986)

Sampling the posterior
- Markov chain Monte Carlo p( ⃗α |𝒟, M, I) =

p(𝒟 | ⃗α , M, I) ⋅ p( ⃗α |M, I)
p(𝒟 |M, I)



low acceptance 
more exploration

high acceptance 
little exploration

high acceptance 
more exploration
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Posterior predictive distribution
Low-energy nd scattering cross sections (NN-only)

https://github.com/seanbsm/Tic-tac.gitTic-tac solve Faddeev equations

94

At N3LO, our estimates of the EFT 
truncation error is comparable to the 
LEC PPD. Both smaller than experiment 
(gray).

Draw 100 samples from the LEC posteriors at 
LO, …,N3LO and compute nd cross sections.  

Does not help resolve the Ay puzzle.

S. B. S. Miller et al, PRC (2022)

S. B. S. Miller et al, Phys. Rev. C 106, 024001 (2022)



A bigger perspective

We would like to test our ab initio model across the nuclear chart. 

Can we find regions in the parameter space that reproduce seen data?

😰
- computational cost of likelihood 
- multimodality and MCMC 
- formulating model discrepancy

- Emulators 
- History matching 
- Needs more work

😀

p( ⃗α |𝒟, M, I) =
p(𝒟 | ⃗α , M, I) ⋅ p( ⃗α |M, I)

p(𝒟 |M, I)

We can use A>3 to calibrate 
chiral NN+3N interactions



Computing nuclei: an HPC problem
Solving the Schrödinger equation for a large collection of strongly interacting 
nucleons typically requires substantial high-performance computing resources. 
Naively, the computational cost to solve the Schrödinger equation grows 
exponentially with nucleon number and basis size. Polynomially scaling methods 
exist but are still computationally expensive.



The likelihood is computationally expensive and the parameter space is huge



98

The key insight is that while an eigenvector resides in a linear space with enormous 
dimensions, the eigenvector trajectory generated by smooth changes of the Hamiltonian 
matrix is well approximated by a very low-dimensional manifold in many applications. 

D. Frame, et al.  Phys. Rev. Lett. 121, 032501 (2018)

continuous parameter
H(α) = H0 + αH1

Eigenvector continuation (EC)



EC for emulation (“supervised learning”)

99
S. König, et al. Phys. Lett. B 810, 135814 (2020)

We have a Hamiltonian that depends smoothly on 
parameters. For chiral potentials we can often write this 
parameter dependence as

Ĥ(~↵) = Ĥ0 +
PN

i=1 ↵iĤi
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

Pick  (training) points in the parameter space where we  
solve for “exact” solutions (using e.g. NCSM or CC)

NEC

Project onto a basis of  “exact ”wave functions  
and diagonalize the generalized eigenvalue problem  

NEC

<latexit sha1_base64="Lm9bBmlKzqP2/xboABu2JuIDiNo="></latexit>

eH(~↵�)|e 0i = eE0(~↵�)N|e 0i

A. Ekström and G. Hagen Phys. Rev. Lett. 123, 252501 (2019)

FASTSLOW

yth( ⃗α ; ⃗x) = ỹth( ⃗α ; ⃗x) + δỹth( ⃗α ; ⃗x)
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S. König, et al. Phys. Lett. B 810, 135814 (2020)
A. Ekström and G. Hagen Phys. Rev. Lett. 123, 252501 (2019)

EC for fast and accurate many-body emulation

T. Duguet, A. Ekström, R. J. Furnstahl, S. König, D. Lee, Rev. Mod Phys 96, 031002 (2024)

High-fidelity system
Constructing a reduced-order model for bound states

O✏ine stage Online stage

H(↵) | i = E | i Snapshots  (↵i) Projection (after orthonormalizing snapshots) Emulation (E ⇡ eE)
2
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CPU time scales with the length of

Ĥ(~↵) = Ĥ0 +
PN

i=1 ↵iĤi
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+ ∑
i

gi(α)∑
i

hi(α) +V(α) =

The Hamiltonian up to NNLO is trivially 
linear in the relevant EFT coupling 
constants.

Starting at N3LO, there are quadratic 
dependencies of the       due to higher 
order loop diagrams. Still, it can be  
factored out of the potential terms

αiαj

Linear structures in Weinberg power counting

101

Speedup: for chiral potentials we can often 
write the parameter dependence as
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Vary only

A. Ekström and G. Hagen Phys. Rev. Lett. 123, 252501 (2019)
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Exact coupled cluster 
calculations at the singles and 
doubles level

A. Ekström and G. Hagen Phys. Rev. Lett. 123, 252501 (2019)
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Exact coupled cluster 
calculations at the singles and 
doubles level
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The EC emulators are accurate
yexp( ⃗x) = ỹth( ⃗α ; ⃗x) + δỹth( ⃗α ; ⃗x) + δyth( ⃗α ; ⃗x) + δyexp( ⃗x)

emulator emulator-error



This animation demonstrates the 
real-time speed and accuracy of 
emulated predictions for the 
radius & energy of the ground-
state in oxygen-16 for different 
values of the interaction 
parameters (the LECs).  

Accuracy: roughly the pixel size. 

Speedup: 20-years of single node 
computation can be replaced by 
a 1 hour run on a laptop.

114

The EC emulators are fast

A. Ekström and G. Hagen Phys. Rev. Lett. 123, 252501 (2019)



Model order reduction
- EC; a reduced basis method (RBM)

T. Duguet, A. Ekström, R. J. Furnstahl, S. König, D. Lee, Rev. Mod Phys 96, 031002 (2024)

Scattering states can 
be emulated too!
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Benchmarking the NN scattering emulator
Deltafull NNLO np sector, 8 training points
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It takes 0.4 seconds to evaluate 
the entire likelihood. 

Python implementation accelerated 
by Google       jit-compilation. 
Provides derivatives via AD as well. 
(overhead x2) 

Svensson, Ekström, Forssen Phys Rev C (2024)



Next lecture

What insights can we gain from uncertainty quantification in ab initio nuclear physics? 

How can we analyze the gap between theory predictions and experimental results?



Lecture 4 
Selected applications



Inferring the breakdown scale of pionless EFT

A. Ekström and L. Platter arXiv (2024)

0 50 100138 200 300 400

Mhi (MeV)

N2LO

NLO

p(Mhi|æ, I)

y(k)
th = yref

∞

∑
ν=k+1

cν ( Q
Mhi )

ν

0 50 138 200 300 400 800

Mhi (MeV)

p(Mhi|I)

Melendez et al Phys Rev C (2019)

The breakdown scale is due to 
excluded massive degrees of freedom

log-uniform prior



A computational statistics laboratory
- using fast and accurate emulators 

CCSDT-3



EC for emulating no-core shell model predictions

S. König, et al. Phys. Lett. B 810, 135814 (2020)

104 different -values drawn randomly from 
a 10%-hypercube of the NNLOsat interaction 

Less than 1 minute on a standard laptop 

⃗α



Analyzing the few-nucleon sector

A consistent solution for the 3H binding energy, the 4He 
binding energy and radius, and the 3H β-decay rate can only be 
obtained if χEFT truncation errors are included in the analysis.

S. Wesolowski et al Phys Rev C (2021)

p( ⃗α , c̄2, Q |𝒟, I) ∝ p(𝒟 | ⃗α , Σth, Σexp, Σmeth, I)p(c̄2 |Q, ⃗α , I)p(Q | ⃗α , I)p( ⃗α | I)



Posterior predictive distribution
https://github.com/thundermoose/JupiterNCSMJupiterNCSM no-core shell model with NN+3N

Low-sample representations can be useful

T. Djärv et al Phys. Rev. C 105, 014005 (2022)129S. Wesolowski, et al. PRC (2021)

http://fy.chalmers.se/subatom/fastwigxj/fastwigxj fast Wigner symbol computation



History matching
- removing parts of parameter space that do not reproduce data

Easier to claim implausibility than to quantify posterior probability 

 vs.  where Θ( ⃗α ) p( ⃗α |𝒟, M, I) Θ( ⃗α ) = {1 implausible
0 non − implausible

History matching is a Bayes linear method operating only at the level 
of means and variances. We define an implausibility measure 

 

and iteratively rule out  for which , where we often use 
 appealing to Pukelheim’s 3-sigma rule

I2( ⃗α ) = max
y(i)

exp∈𝒟

|𝔼[ỹ(i)
th ( ⃗α )] − y(i)

exp |2

Var[ỹ(i)
th ( ⃗α ) − y(i)

exp]

⃗α I( ⃗α ) > c
c = 3

 (Vysochanskii - Petunin inequality)P( |X − μ | > kσ) ≤
4

9k2
=

k=3

4
81

= 0.049
Ian Vernon et al, Bayesian Analysis (2010)



history matching

Bayesian posterior pdf • History matching identifies the parameter 
region where we expect the LEC posterior 
distribution to reside.  

• MCMC + emulators to draw  samples of 
the LEC posterior at ΔNNLO with NN+3N 
interaction. 

• We assume uniform prior + uncorrelated 
normal likelihood. Effects of heavier-tail 
(Student’s t) correlations ( ) not great.

108

ρ ≈ 0.6
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~↵ ⇠ p(~↵|A = 2� 25)

Ab initio analysis of 28-O

Y. Kondo et al. Nature (2023)

• Very informative to update the parameter 
posterior with ΔE(25O,24O). Subsequently draw 
121 parameter samples that we employ in our 
prediction of oxygen-27/28. 
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We can state with 98% certainty that 28-O is 
unbound  
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�E(
28,24

O) ⌘ E(
28
O)� E(

24
O) = 2.1+1.2

�1.3 MeV

Y. Kondo et al. Nature (2023)

Ab initio analysis of 28-O
The experimental data point (red star) is away from 
the posterior maximum. Only a few finely-tuned 
chiral interactions are able to reproduce low-energy 
and exotic oxygen structure



Linking the neutron skin of 208Pb to nuclear forces

The neutron skin-thickness depends 
on the pressure (P) of neutron-rich 
matter: the greater the pressure, the 
thicker the skin as neutrons are 
pushed out against surface tension. 
For finite nuclei, Symmetry energy  
(S) is lower at surface region. 
Energy to be gained by moving 
some excess neutrons outwards. But 
this increases surface tension (the 
surface grows)

The same pressure supports a neutron 
star against gravity. Thus models with 
thicker neutron skins often produce 
neutron stars with larger radii. 

(1) Challenging to find a “terrestrial 
slab” of pure neutron matter to probe 
its EOS. 
 
 
(2) Instead: measure the skin thickness. 
(3) Use a theoretical model to analyze 
relation between PNM pressure and the 
skin thickness. B. A. Brown Phys. Rev. Lett. 85, 5296 (2000)

C. J. Horowitz and J. Piekarewicz Phys. Rev. Lett. 86, 5647 (2001) 
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P ⇡ L⇢0
3



Linking the neutron skin of 208Pb to nuclear forces

History Matching

Calibration

Validation

Prediction: small skin thickness 0.14-0.20 fm 
in mild (1.5sigma) tension with PREX.

Likelihood weighting

Inspect ab initio model  
and error estimates

Confronted with A=2-16 data +  
NN scattering information

We explore 109 different 
interaction parameterizations

B. Hu et al Nature Physics(2022)



Linking the neutron skin of 208Pb to nuclear forces

B. Hu et al Nature Physics(2022)

Ab initio theory reveals correlations, 
e.g., between L and Rskin previously 
indicated in mean-field models



Linking deformation and chiral nuclear forces
- good reproduction of data without effective charges

Rigid rotor  R42 = 10/3

E(J) =
J(J + 1)

2I

PPDs from importance 
resampled non-implausible 
points from 28-O study

Z. H. Sun et al arXiv (2024)

What drives deformation 
in atomic nuclei?



Global sensitivity analysis
- what is responsible for the variance in the output?

Global methods deal with the uncertainties of the outputs due to input variations 
over the whole domain. 

A sensitivity analysis addresses the question ‘How 
much does each model parameter contribute to the 
uncertainty in the prediction?’

Variance-based methods for GSA decompose the variance 
of a certain model output in terms of each input and their 
combinations.

Bottleneck: Converging the MC sampling of the variance integrals require approximately  
samples

106

A. Saltelli et al. Global sensitivity analysis: the primer, John Wiley & Sons



Global sensitivity analysis
- what is responsible for the variance in the output?

Consider a model  where  follow some (iid) distribution.Y = f(X) X = (X1, X2, …, Xn)

By the law of total variance Var(Y) = Vari(𝔼X−i
[Y |Xi]) + 𝔼i[VarX−i

(Y |Xi)]

small/largelarge/small

From this we define the main effect Si =
Vari(𝔼X−i

[Y |Xi])
Var(Y)

∈ [0,1]

A large value of  indicates large first-order sensitivity to  
A small value of  indicates small first-order sensitivity to 

Si Xi
Si Xi

𝔼X−i
[Y |Xi] = ∫ dX−i f(X1, …, Xn)p(X−i |Xi)

• If we set  (true), how would  change? 

• This is measured by the conditional variance  

• However, since we don’t know , we average 

Xi = x⋆
i Var(Y)

VarX−i
(Y |Xi = x⋆

i )

x⋆
i 𝔼i[VarX−i

(Y |Xi)]

This is a very convenient scalar 
quantity to convey essential 
information about a model 

A. Saltelli et al. Global sensitivity analysis: the primer, John Wiley & Sons



Global sensitivity analysis
- higher-order effects

Variances are computed with MC sampling: a show-stopper for expensive models.  

We can define high-order sensitivities  etc. 

Computing  and even higher-order sensitivites quickly becomes a formidable task. 
Fortunately, it is possible to compute the total effect  of model parameter i, including its 
first order effect and sensitivities to all orders as 

  ( , equality for additive models)

Sij =
Varij(𝔼X−ij

[Y |Xi, Xj])

Var(Y)
− Si − Sj

Sijk
STi

STi = 1 −
VarX−i

(𝔼i[Y |X−i])
Var(Y)

= Si + Sij + Sijk + … STi ≥ Si

A. Saltelli et al. Global sensitivity analysis: the primer, John Wiley & Sons



 - Non-linear, non-additive, X3 has no additive effect on Y but interacts only with X1 - 

The Ishigami function f(X1, X2, X3) = sinX1 +A sin2 X2 +BX4
3 sinX1, Xi ⇠ U(�⇡,+⇡), A = 7.0, B = 0.1
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Global sensitivity analysis
- an example

no interaction. purely 1st order1st order and 2nd order via X3 2nd order via X1



Global sensitivity analysis of an atomic nucleus

Ekström and Hagen Phys Rev Lett (2019)

- Radii higher-order sensitivity to low-energy constants



Linking deformation and chiral nuclear forces
  Monte Carlo samples Si =

Vari(𝔼X−i[Y |Xi])
Var(Y )

∈ [0,1] 106

of deformation∼ 50 %

• Adding short-range repulsion appears to increase 
deformation, probably via reduced pairing.  

• Increasing medium-range -exchange increases 
deformation, presumbably by adding attraction in 
higher partial waves

2π

Z. H. Sun et al (2024)



If there was a fifth lecture

How can recent advances in ab initio theory and Bayesian inference generate more knowledge?



Bayesian model mixing

There are several competing 
models. Which one to choose?
Let’s not choose in the traditional 
sense.
The theory of Bayesian model mixing 
(and related methods) enables 
construction of composite models in 
a statistically meaningful way. “We 
average over all considered models”. 

Consider a combination of, e.g., 
pionless and pionfull EFT, or mixing 
ab initio and DFT predictions,…

Yuling Yao, Aki Vehtari, Daniel Simpson, Andrew Gelman, Bayesian Anal. 13, 917 (2018)

p(y |x, 𝒟) =
K

∑
i=1

wi(x)p(y |x, 𝒟, Mk)



Bayesian experimental design
Which experiment(s) to do, given: 0) your priors, 1) the present experimental data, 2) 
estimated model uncertainty, 3) current experimental constraints, and 4) your desired benefit

 

Specify a utility U reflecting the purpose of the experiment, regard the design choice as a 
decision problem, and select the design that maximizes the expected utility. Numerically very 
demanding…

d* = arg max
d ∫ ∫ U(d, 𝒟, ⃗α ) p( ⃗α , 𝒟 |d, I) d ⃗α d𝒟

Melendez et al  EPJA (2021)


