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                          OUTLINE 
 
 
-  Three-body model for two-neutron halo nuclei (11Li) 
-  Including core polarization and medium effects 
-  Two-nucleon transfer reactions 



Properties of 11Li,9Li  



Density-dependent delta-force   
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Three-body model with density-dependent delta force 

11Li, 6He 
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n continuum states:  
discretized in a large box 

 contact interaction 
 v0: free n-n 
 density dependent term: medium many-body effects 



uncorrelated basis 

diagonalization of Hamiltonian 
matrix 
 (~ 1500 dimensions) 



IV. COMPARISONS TO FADDEEV CALCULATIONS

We apply our three-body model to calculate the ground
state of 11Li and 6He and compare the results to similar
Faddeev calculations, which are based on realistic nn inter-
actions. The comparison will hopefully indicate how reliable
our contact interaction �2.1� is.
The empirical knowledge of the structure of 11Li is still

quite uncertain, mainly due to uncertainties in the neutron-
core interaction. This is discussed and explored in more de-
tail in Sec. V. Here we adopt a shallow neutron-core poten-
tial which does not support any bound states. The advantage
is that we do not have to worry about effects of Pauli block-
ing when we compare to the corresponding Faddeev calcu-
lation.
The ground state of 6He is under better control. The

neutron-core interaction can be calibrated to reproduce the
measured low-energy neutron scattering on 4He, and 6He
serves therefore as a good test case for three-body models.
Finally, we also discuss the results we obtain in the limit
where we ignore the recoil of the core nucleus.

A. Shallow single-particle potential

The ground state of 11Li has been studied in several three-
body calculations �4,5,10,11� which make use of the shallow
neutron-core interaction

Vnc�r ���7.8 exp���r/2.55�2� MeV �4.1�

and a simple Gaussian interaction between the valence neu-
trons,

Vnn�r12���31 exp���r12/1.8 �2� MeV. �4.2�

The s-wave phase shifts generated by the latter interaction
are in good agreement with the empirical values. We quote
the ground state properties that have been obtained from the
hyperspherical method �10� in line 1 of Table I. The results
have apparently not fully converged since they differ slightly
from the results of the most recent Faddeev calculation �11�
which are shown in line 2. We shall therefore test our ap-
proach against the latter Faddeev calculation.
The results we obtain from the same neutron-core inter-

action �4.1�, and different approximations for the contact in-
teraction between the valence neutrons, are shown in lines

3–5 of Table I. All calculations are based on the same cutoff
energy Ecut�15 MeV and employ single-particle wave func-
tions that are confined to a radial box of 40 fm. The recoil of
the core is included in the three-body Hamiltonian, which is
diagonalized as described in Sec. III.
In the first calculation �line 3 of Table I� the nn interac-

tion �2.1� was determined by a scattering length of ann�
�18.5 fm and v� was set to zero. This interaction is clearly
too strong; it produces a binding energy of 569 keV. By
reducing the nn scattering length to �9.81 fm �see line 4� it
is possible to reproduce the 318 keV binding energy obtained
in the Faddeev calculation. The associated mean square dis-
tances are in reasonable but not perfect agreement with the
Faddeev calculation.
The nn interaction associated with the smaller scattering

length is, however, too weak. This is illustrated in Fig. 2
where nn phase shifts obtained from different contact inter-
actions are compared to the prediction of the Gaussian inter-

TABLE I. Ground state properties of 11Li obtained with the shallow neutron-core potential �4.1�. All of
our calculations employ a radial box of 40 fm; the cutoff in the two-particle spectrum is 15 MeV, except in
line 6. Line 7 is the no-recoil limit corresponding to line 5.

Line Comments ann S2n �rc ,2n
2 � �rn ,n

2 � (s1/2)2

�fm� �keV� �fm2) �fm2) �%�

1 HHM �10� �18.5 300 25.0 60.8 98.4
2 Faddeev �11� �18.5 318 28.1 62.4 95.1

3 v��0 �18.5 569 20.3 49.0 92.1
4 v��0 �9.81 318 26.0 65.3 93.5
5 v��0 �15.0 318 28.3 67.1 92.4
6 v��0, Ecut�25 MeV �15.0 318 27.6 62.9 91.1

7 line 5, no recoil �15.0 318 25.3 67.9 94.4

FIG. 2. Calculated nn phase shifts for s-wave scattering ob-
tained from a contact interaction with an energy cutoff at 15 MeV
and different scattering lengths, ann � �10, �15, and �18.5 fm.
The open circles are the phase shifts obtained from the Gaussian
interaction �4.2�.
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Good agreement with Faddeev calculations  

H. Esbensen, G.F. Bertsch, K. Hencken, Phys. Rev. C 56 (1997) 3054  



Remaining problems 

spatial structure of dineutron (cf. a large pair coherence length?) 
dineutron correlation in heavy nuclei? 
E1 excitations? 
Pair transfer? 

 

9Li 

n 

n What is the spatial structure  
of the valence neutrons? 
 
To what extent is this picture correct? 
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Calculated ground state 

+!+=+ 213.087.02/1 2/52/1 ds

Exp.:  
J.S. Winfield et al., Nucl.Phys. A683 (2001) 48 

+!+=+ 216.084.02/1 2/52/1 ds

11Be(p,d)10Be in inverse kinematic 
detecting both the ground state and 
the 2+ excited state of 10Be. 



Introduction

We will try to draw information about the halo structure of
11

Li from the

reactions
1
H(

11
Li,

9
Li)

3
H and

1
H(

11
Li,

9
Li

∗
(2.69 MeV))

3
H (I. Tanihata et

al., Phys. Rev. Lett. 100, 192502 (2008))

Schematic depiction of
11

Li First excited state of
9
Li

Berkeley, August 9, 2010 slide 2/8



Inert core 
 
 
 
Different potentials 
for s- and p- waves 
 
Zero range interaction,  
with ad hoc 
density dependence 

Low-lying collective  
modes of the core taken 
into account 
 
Standard mean field  
potential 
 
Bare N-N interaction  
(Argonne) 
 

Relax some of the assumptions of Bertsch and Esbensen: 

10Li,   11Li   F. Barranco et al. EPJ A11 (2001) 385  
11Be, 12Be  G. Gori et al. PRC 69 (2004) 041302(R)  

H. Esbensen, G.F. Bertsch, K. Hencken, 
Phys. Rev. C 56 (1997) 3054  



ja 

jb 

λ

From B(EL) experimental value  
in the core nucleus 

Mean field potential 

Include particle-vibration coupling 



SELF ENERGY RENORMALIZATION OF  
SINGLE-PARTICLE STATES: CLOSED SHELL   

C. Mahaux, P.F. Bortignon, R.A. Broglia, C.H. Dasso and Mahaux, Phys. Rep.(1985)1 

208Pb 
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Pauli blocking of 
core ground state 
correlations 

Self-energy 

Level inversion  
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11Be 

H. Sagawa et al., PLB 309 (1993)1 



Fermionic degrees of freedom:  

•  s1/2, p1/2, d5/2 Wood-Saxon levels up to 150 MeV (discretized 
continuum) from a standard (Bohr-Mottelson) Woods-Saxon 
potential 

Bosonic degrees of freedom:  

•  2+ and 3- QRPA solutions with energy up to 50 MeV; residual 
interaction: multipole-multipole separable with the coupling 
constant tuned to reproduce E(2+)=3.36 MeV and 0.6<!2<0.7 

Main ingredients of our calculation 

==3")
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Phenomenological 
input:  
properties 
of collective models 
 
Predictions: 
binding energy,  
spectroscopic factors 



B(E1) calculated with  
separable force; coupling 
constant tuned to reproduce 
experimental strength; 
part of the strength comes 
from admixture of GDR   



0.369  MeV 

11Li correlated wave function 

Results for 10Li and  11Li 
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11Li correlated wave function 

The halo wavefunction is made out of components which are  
superposition of single-particle wavefunctions in the  
discretized continuum, leading to a bound state:   

A part of the wavefunction is explicitly coupled to 1- and 2+ 
 vibrations: 
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B.F. Bayman and J. Chen, 
Phys. Rev. C 26 (1982) 150 
M. Igarashi, K. Kubo and K. 
Yagi, Phys. Rep. 199 (1991) 1 
G. Potel et al., arXiv:
0906.4298 
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G. Potel et al., PRL 105 (2010) 172502 

g.s. 

1/2-  exc. state: 
!(p3/2) x 2+ 



Decomposition into successive and simultaneous contributions 

3/2- ground state  1/2- excited state  



Convergence of the  calculation 
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R=40fm
R=30fm

With box  radius 
With number of intermediate 
states 



Channels c leading to the first 1/2− excited state of 9Li

c = 1: Transfer of the two halo neutrons
c = 2: Transfer of a p1/2 halo neutron and a p3/2 core neutron
c = 3: Transfer to the ground state + inelastic excitation

P(1) = 1.3× 10−3

P(2) = 4.6× 10−5

P(3) = 2.6× 10−6

σc = π
k2

�
l(2l + 1)|S (c)

l |2, P(c) =
�

l |S (c)
l |2 (c = 1, 2, 3).

Small probabilities ⇒ use of second order perturbation theory.
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Results for 11Be,12Be 
Good  agreement between theory and experiment 
concerning energies and   spectroscopic factors   
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 total
successive
simultaneous
simultaneous+non−orthogonal
non−orthogonality
experiment

 Data:   
H.T. Fortune, G.B. Liu, D.E. Alburger,  Phys. 
Rev C50 (1994) 1355 

10Be(t,p) cross section to the  
g.s.state is well reproduced  

Excited 0+ is not seen in (t,p) 

H.T. Fortune and  
R. Sherr, 
PRC74(2006)
024301 



CONCLUSION: 
 
According to a  dynamical model of the halo nucleus 11Li,  
a key role is played by the  coupling of the valence nucleons 
with the vibrations of the system. 
The structure model has been tested with a detailed reaction 
calculation, comparing with data obtained in a recent (t,p) experiment.  
Theoretical and experimental cross section are in reasonable agreement. 
 

Many open issues, among them: 
Optical potentials 
The role of the tensor force 



ASn(p,t)A−2Sn, results

0 10 20 30 40 50 60 70

102

103

104

θCM

dσ
/d

Ω
(µ

b/
sr

)

102

103

104

dσ
/d

Ω
(µ

b/
sr

)

0 10 20 30 40 50 60 70
θCM

0 10 20 30 40 50 60 70
θCM

102

103

104

dσ
/d

Ω
(µ

b/
sr

)

101

0 10 20 30 40 50 60 70
θCM

102

103

104

dσ
/d

Ω
(µ

b/
sr

)
0 10 20 30 40 50 60 70

θCM

101

102

103

104

dσ
/d

Ω
(µ

b/
sr

)

0 20 40 60 80θCM

102

103

104

dσ
/d

Ω
(µ

b/
sr

)

105

101

Comparison with the experimental
data available so far for superfluid tin
isotopes
Potel et al., PRL 107, 092501 (2011)
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 experiment
BCS
Shell Model
pure (d5/2)2 configuration

112Sn(p,t)110Sn, Elab=26 MeV112Sn(p,t)110Sn!
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108Sn(p,t)106Sn, Elab=26 MeV

Fig. 2. (left) The absolute differential cross section for the reaction 112Sn (p,t)110Sn, calculated
making use of the BCS amplitudes (solid curve), already shown in Fig. 1, is compared to the
result obtained making use of shell-model amplitudes.18) Also shown is the result calculated
assuming a pure (d5/2)

2 configuration. (right) The theoretical differential cross section for
the reaction 108Sn (p,t)106Sn is decomposed into successive, simultaneous and non orthogonal
contributions. Also shown is the sum of non ortohogonal and successive amplitudes.
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Fig. 3. (a) The squares show the experimental values of the cross section integrated in the range
0o < θ < 80o for the two-neutron transfer reaction ASn (p,t)A−2Sn, (cf. Fig. 1), compared with
the theoretical value (triangles). The solid curve shows the integrated cross sections along the Sn
isotopic chain, calculated at the matching (optimum) bombarding energy where it reaches the
maximum value for a given mass number A. (b) Dependence of the integrated cross section of
the matching reaction 112Sn (p,t)110Sn on the laboratory bombarding energy in the laboratory.
Also shown in the inset is the optimum energy as a function of mass number.
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