Knut Dundas Mora
fysikk@dundasmora.no, he/him

School of Underground
Physics at Bertinoro

Statistics and Inference

for rare event searches

What is a statistical model?
Does it describe your data?

What kinds of conclusions can we draw?
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Summary of first topic

e We model our observations with a
statistical model, usually in terms of
probability distributions.

e We choose test statistics that distil
the information we wish to learn
from the data

e and often formulate questions in
terms of hypothesis tests— given
the data, should we favour one or
the other?

e A particularly important hypothesis
test 1s whether your data agrees with
the distribution you use!
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For today

e Example analyses
e Profile Likelihood
e Asymptotic distributions

e [ ook-Elsewhere effect
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Profiling Likelihoods & nuisance parameters s&»p 24

e We seldom have completely specified
hypotheses 600
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e QOur background and signal models 250 |
have uncertainties, parameterised by

nuisance parameters (0)— you’ll see ‘
some examples in the next slides. o -

e The global best fit we denote with 5,0 9]
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e However, we also want to test other s
— for example s=0 for discovery
significance or a range of s for
confidence intervals. A

5logZ (s, 0)180; = 0;

e In these cases, we set the other
nuisance parameters to their

conditional best-fit 6.
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The likelihood relies on the
model

e The validity of the inference relies on
the underlying model

e The signal model may be quite
forgiving— if an excess 1s 10-20
events, far tails are less significant

* Experiments typically include
uncertainties on background rates, but
not always on the distribution used.

e XENONIT added a “signal-like”
background shape to its ER
background model to lower the
chance of overconstraining the model.

e For XENONNT, this was replaced by
a more careful selection of nuisance
parameter directions, and a stronger
focus on pre-defined goodness-of-fit
tests chosen for their power to
discover mismodelling

Mismodelling Term, 10 <c¢S1< 20

A mismodelling

2.8 3.0
logi0(cs2pottom/(1pe))

3.2

N. Priel et al. A model independent safeguard against background
mismodeling for statistical inference. 2017(05):013-013, may 2017.
doi: 10.1088/1475-7516/2017/05/0183.

Preliminar

Binned Poisson y? p-value = 0.42

cS1 [PE]

Local o-deviation from i, =29.3 counts

--
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Counting Experiments

* “qust” counting events— but the
estimate of the background rate
and acceptance can be as
complicated as anything

e [f there 1s no signal/background
overlap or complete overlap, this
may be the optimal sensitivity

e Otherwise, 1t might still be a
worthwhile compromise if
you’re worried about whether
you can model your background
correctly
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DarkSide-50 532-day https://
arxiv.org/pdf/1802.07198

gsc:l(s S 919) —

POiSSOH( sci | Mb(eb) + /’ls(S S eb))
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However, shapes often matter

wall
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neutron
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No Discrimination

XENONI1T ER
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Fraction of signal included

Background Expectation
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Fraction of signal included
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Event Map

On-Off likelihoods Q) 1
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e Directional dark matter
searches and some axion
searches, on the other hand
can take representative data in
a no/low signal and high
signal state

¢ Also common in indirect A sc1(S g9 9[9) —
detection

Poisson(V,; I//tb(ﬁb) o= ,MS(S ‘919)) X
Poisson(N_,; | a X //tb(eb))




Binned Likelihood P

—— DM-n 3 GeV/c?

= DM-e 200 MeV/c*(Fpy=1)

= DM-e 200 MeV/c?(Fpy~1/q?)
E' cut( data

e With more than ~ 5 events
in each bin, you can use
computationally efficient
methods to compute test
statistic distributions
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e FEases visualisation and
goodness-of-fit

e And simpler to share results

S2 width[us]

e Minimal sensitivity loss if the
bin width 1s small compared 60 80 100 120 140 160 180 200
to the detector resolution S2 [PE]

PandaX ionisation-only search, https://
arxiv.org/abs/2212.10067

gsoi(sa 5;’ 5[9) H [POISSOH(N |:ub l(eb) + :us l(S s Qb))

i=1
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https://arxiv.org/abs/2212.10067
https://arxiv.org/abs/2212.10067

5

Unbinned (extended)
likelihood

sci

BN ER B Wall

If the events are too few to fill
bins, the unbinned likelihood
promises the best performance

Might still have to rely on
binned methods for goodness-
of-fit

if you rely on Monte Carlo
methods to generate

distributions, that can require 40 60 80 100
a lot of statistics and be harder cS1 [PE]
to validate XENONNT first WIMP search

N,

N

—_— o ) = — = //ls Ny — = l[/l S
(5, 0y, 0,) = Poisson(Nyg; | 45(0,) + p (s, 0,0, x | | £ s, 0,.6,) + ———f£,(%,16,)

- Mgt Hp Hs + Hp
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Likelihoods can be
composed 4 |

& ¥

g(s S ‘gb)Smence run — gsm(s gb) X 3 l(éb) X ganc(éb)

10 20 30 40 80 100
Number of Events csl [pel Nuisance Parameter

L(s, 6,0 )tot = Z(5, 0, O )rot X Z(5, 6,0, )tot X Lshared(®)
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A massive shortcut 9[ you're careﬁﬂ/ [ucéy @ Q

e The log-likelihood for a number e
of gaussian-distributed numbers

has the same form as the y?

-formula (WllkS’ theorem) ASYMPTOTIC: Sufficient data is observed.

INTERIOR: Only values of y and 6 which are far
from the boundaries of their parameter space are
™ admitted.

Necessary conditions for Wilks’ theorem

e [t turns out that if a set of
conditions that are quite often : - e ofth
. . . DENTIFIABLE: Different values o € parame-
fplﬁl.led, the (.11str1but10n of the ) ters specify distinct models.
likelithood ratio converges to a y

1stributi ; NESTED: Hj is a limiti f Hy, e.g. with
-distribution with some number of pasahmbngicase ottty e

some parameter fixed to a sub-range of the entire

free parameters parameter space.
. . . . CORRECT: The true model is specified either
e This can massively simplify your under Hy or under Hi.
computations, and so it 1s worth to
look through 1n detail
Z(s,8)

q(s) = =2 - log(———)
Z(5,5 https://arxiv.org/abs/1911.10237




As our example: the profile log-likelihood
ratio test for a counting experiment with a
known background but uncertain efficiency

Parameters:

e Signal s

o efficiency e

Fixed, known parameters:

e Background expectation b
e cfficiency uncertainty o,
Data:

e Number of events N

e cfficiency estimate e, .,

(L)(s,e) = Pois(N|s - e + b) X Gaus(e

f90
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Fraction of toy results below

10Y

Ho: N ~ Pois(s-e + b)
s=20.0

b=20.0 [fixed]

e ~Gaus(1.0,0.1)

L(s,e)=
Pois(N|s-e + b) %

Gaus(é|e, oe)

=
o
o

=
o
N

103

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
Log-likelihood ratio testing Hy
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Asymptotic Distributions

What does “suﬁcientfy data” mean?

Necessary conditions for Wilks’ theorem
ASYMPTOTIC: Sufficient data is observed.

INTERIOR: Only values of u and 6 which are far

e Wilks’ theorem holds in the
asymptotic case of infinite data,

but convergence can often be
quick:

e Poisson counting with more
than ca. 10 events

e (Gaussian measurements

However, if you have an unbinned

likelihood, the important
consideration 1s signal-like

background events— for example

seen with 1Xe TPC searches

from the boundaries of their parameter space are
admitted.

IDENTIFIABLE: Different values of the parame-
ters specify distinct models.

NESTED: H) is a limiting case of H;, e.g. with
some parameter fixed to a sub-range of the entire
parameter space.

CORRECT: The true model is specified either
under Hy or under H;.

https://arxiv.org/abs/1911.10237



Fraction of toy results below

10Y

=
o
o

=
o
N

103

I
o

‘N ~ Pois(s-e + b)

s=0.0
b=0.2 [fixed]
e ~ Gaus(1.0,0.0)

L(s,e)=
Pois(N|s-e + b) %

Gaus(é|e, oe)

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5 20.0
Log-likelihood ratio testing Hy
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Asymptotic Distributions

What does “interior of the parameter syace” mean?

Necessary conditions for Wilks’ theorem

e As a mental shortcut— if under
your null or signal hypothesis,
parameters sometimes or often goes
to a physical boundary, it will not
behave asymptotically

e This 1s very often the case e.g. 1f
you’re looking for a signal with
expectation value > 0O

e If you are testing the hypothesis that
the model that has the parameter at
the boundary— for example that the
signal 1s 0, you may be able to use

Chernoff's theorem if all other f (q)
conditions are met

ASYMPTOTIC: Sufficient data is observed.

INTERIOR: Only values of u and 6@ which are far
from the boundaries of their parameter space are

admitted.

IDENTIFIABLE: Different values of the parame-
ters specify distinct models.

NESTED: H) is a limiting case of H;, e.g. with
some parameter fixed to a sub-range of the entire
parameter space.

CORRECT: The true model is specified either
under Hy or under H;.

Chernoff 1 1 .
~ 5 bor—1+ 55(/0
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Fraction of toy results below

109

Ho:N ~ Pois(s-e + b)
s=0.0

b=40.0 [fixed]

e ~Gaus(1.0,0.1)

L(s,e)=
Pois(N|s-e + b) x

Gaus(e|e, oe)

=
o
o

=
o
N

1073

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
Log-likelihood ratio testing Hy

59

20.0



Fraction of toy results below

10Y

Ho:N ~ Pois(s-e + b)
s=0.0

b=100.0 [fixed]

e ~Gaus(1.0,1.0)

L(s,e)=
Pois(N|s-e + b) x

Gaus(e|e, oe)

=
o
o

=
o
N

1073

0.0 2.5 5.0 7.5 10.0 12.5 15.0 17.5
Log-likelihood ratio testing Hy
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Asymptotic Distributions

What does it mean for parameters to be “idéntfﬁaﬁfe”?

Necessary conditions for Wilks’ theorem

. .
If the mOdel 15 degenerate fOI’ ASYMPTOTIC: Sufficient data is observed.

some parameter, the asymptotic

approximation will not hold INTERIOR: Only values of u and 6 which are far

from the boundaries of their parameter space are
admitted.

. .. . . Lol
This 1s qu1t¢ common 1 thSICS. IDENTIFIABLE: Different values of the parame-
When the signal strength 1s 0, the ters specify distinct models.

model does not depend on any NESTED: H) is a limiting case of H;, e.g. with

other signal parameter some parameter fixed to a sub-range of the entire
parameter space.
e This 1s another way of looking at CORRECT: The true model is specified either
the look-elsewhere effect, which under Ho or under Hi.

we’ll look at later
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Asymptotic Distributions

What does it mean for models to be “nested”?

Necessary conditions for Wilks’ theorem

e [f the model tested is not a limit of
the general hypothesis

e Such as when testing between
two disparate models

e Or 1f your theory features a non-
zero fixed signal you wish to test
against the no-signal hypothesis

e You can always linearly add the
two hypotheses’ models together
with a new parameter, but then you
introduce Non-identifiability at the
boundary!

ASYMPTOTIC: Sufficient data is observed.

INTERIOR: Only values of y and 6 which are far
from the boundaries of their parameter space are
admitted.

IDENTIFIABLE: Different values of the parame-
ters specify distinct models.

NESTED: H) is a limiting case of H;, e.g. with
some parameter fixed to a sub-range of the entire
parameter space.

CORRECT: The true model is specified either
under Hy or under H;.

https://arxiv.org/abs/1911.10237



‘Tﬁe TYLOC[Q[S sti[fneea[ro 66 correct .‘(

All our inference results are reliant on the
true model being somewhere in our model
space!

However, we should be cognisant that this
1s never guaranteed

If you have a mismodelling you are
concerned about, you should test how much
it can affect your results— you might well
find that your method 1s robust to it, or you
can add model uncertainties to represent
this

Another way to increase robustness is to
make your model simpler— a counting
experiment makes fewer assumptions on
the energy spectrum than if you include the
energy information

Necessary conditions for Wilks’ theorem

ASYMPTOTIC: Sufficient data is observed.

INTERIOR: Only values of y and 6 which are far
from the boundaries of their parameter space are
admitted.

IDENTIFIABLE: Different values of the parame-
ters specify distinct models.

NESTED: H) is a limiting case of H;, e.g. with
some parameter fixed to a sub-range of the entire
parameter space.

CORRECT: The true model is specified either
under Hy or under H;.

https://arxiv.org/abs/1911.10237



Asymptotic Distributions
fX&lWl}?[@S (2}[ wﬁen tﬁey may 66 USQC[

e Any gaussian-distributed
measurements

e Including histograms with high
bin counts

e unbinned likelihoods with
significant signal-like backgrounds

e Most common extra consideration
1s taking care of the parameter
boundaries

e The below paper presents some
cases:

https://arxiv.org/abs/1007.1727

(4(0) if 0 < ji

(discovery — <
0 else

\
2

q(p) if o < p

upper limi = 3
Gupper limit (1) 0 olse

\

o L(,0) -
zcmaﬁoé“
L(p,0)
L(070,u=0)

q (,LL) unified —

—2. else

Note that these three can
be seen as the same test

statistic if you always

restrict ji, u to be
positivel




Your probability to roll 6 on a dice
increases the more dice you get to
roll

Similarly, if your experiment tests
several signals, they will increase
their chance to see unusual effects
just by chance

Separate between “local”
significance— the probability that
one single signal model tests
fluctuates to some significance

and “global” significance— the
probability that any test fluctuates to

that extent 8 e AN ]
----- 2012 Exp. \s =7 TeV: [ Ldt=4.81b" :
104 —— 2012 Obs. Vs =8 TeV: [Ldt=5.9 "
10° G
----- 2011 Exp. -----2011-2012 Exp.
10°E — 2011 Obs. — 2011-2012 Obs.

PN RN R R AP AR AR PR R
110 115 120 125 130 135 140 145 150

m,, [GeV]
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The Look Elsewhere Effect

The trial facwr migﬁt sometimes be rather small:

100 o 10-43 1 o sensitivity 2 0 sensitivity
=
>,
10—1 N
S 1 -44
= 10
) o
B 1072 B
g o
2 10745
— 1073 %
@ )]
5 o
= @) 10—46
Qo 10—4 -
o)
2 [
O
= F
-5 4 3 2 1 0 - -
10 10 10 10 10 10 §10—48 o . o

Minimal local p-value 10 102

WIMP Mass MpMm [GeV/c?]
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Homeopathic poison
— the fewer events |
the greater danger

Experimenter bias is a
danger with few events

e With few events the effect can
be drastic 1f you chance
something in your analysis—
the plot shows the 60% change
in limit available to you
between the best post-
unblinding and the worst p()St— by viewing this graph you are obligated not to optimise based on it
unblinding radial cut.

e This is a necessary
consequence of making your
analysis sensitive to few
events!

e Further, with only some
hundreds of events, and many 0 250 500 750 1000 1250 1500 1750
variables, every event may well i
be an outlier in some space
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Experimenter bias is a
danger with few events

e The most common
experimenter bias mitigation
method 1s “blinding”— not
showing the signal-like region
of parameter space until the
analysis has been frozen

LUX developed a “salting”
procedure where synthetic

signals were made by
stitching together genuine S1
and S2 signals into full events

S1 event ln the data

A : 544 pages of summary
, ' _ notes for the XENONNT

S2 event

SRO analyses

Salt event

Tyler Anderson “Salting as a Bias Mitigation
Technique in LZ”, presentation at LIDINE 2021




For today

Hands-on session: profile
likelihood, comparison with the
 Example analyses: we saw asymptotic:
how experiments compose
analytical and other models

to make their full statistical eonfdence manars ymatcn rece

model

e Profile Likelithood: we = i
discussed minimising |
nuisance parameters only,
if we wish to test some
hypothesis

e Asymptotic distributions:
How useful they are, and
the common failures we
encounter

e [ook-Elsewhere effect: one

of these effects
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